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Let 1, be a lattice with 0 and 1. We say that/, is a direct sum of L(n,z 1) (i=l, .. ,11),::Z 

if and only if every element a of L is expressible uniquely in the form r 

a=a 1 U···Ua,,, a 1 fL(o, 7 1) (i=l,··,n). 

And in this case z1 (i=l, .. ,n) are elements of the center of /,. In this paper, we shall 

extend this notion to the case where th~ existence of 1 is not assumed. And next, we 

shall define normal ideals in a modular lattice with some properties, and show that the 

set of all normal ideals acts as the center. And we shall apply this property to the general 

continuous geometry, that is, the continuous geometry without the assumption of the 

existence of 1, and show that the theories of dimension function and subdirect product 

representation hold also in the general continuous geometry as in the continuous geometry. 

§ 1. Direct Sum of Lattices. 

In this section, L is a lattice with the zero clement 0. 

DEFJNJTJ<l.N' 1-1. By avu, it is meant that anl,=0, and (a,1',b)V for every element 

:1:!L, that is, (aUJ:)nb=(anb)u(,rnb)=.rnli. If 8 is any subset of L, denote by 8 7 the 

set of a such that avb for all bf S. 

If avb aud bVa simultaneously, we say that a and l, is di.~joint. 

REMARK 1- 1. When L is modular, since (a,r,!,)D implies (h,r:,a)D, avb is equivalent to 

/,'ya, and Definition l • 1 is equivalent to that of von Neumann: anl>=0, (a,b)D.m 

LK'11MA t,1. lf 8 is any sub8ct r1f L, ,9'1 is an ideal of L 

P1tno1,', (i) If a1 ,a~f87 , then for all /,f8 and ., .. f L, 

a 1 nb=0, a 2 nb=0, (ri 1 u.c)nb=.rr'i'b, (a~u.i:)nb=xn/,. 

Hence (u 1 ua2)nb =a2 nb=0, (a 1 u a~ ux)n /1 = (a 2 U .r)nb = ;1: r,. b, 

and a 1 .__..J a. 2 d3". 

(ii) If ad,.,, a 1 ;Sa, then 

a 1 tik5,anb= 0, (a 1 ux)n(a·u;i:)r--.b=(a1 v J:)nxn b = .rn b, 

that is a 1 d,". Consequently 8., is an ideal of L. 

D.1<'.l:'INITION 1--2. Let 8 1 ;··,8" be subsets of L which contain 0. If 

(1 °) for any element a of L, 

a=a 1 U ··· u:.1 11 , a; u91 (i= 1, .. ,n), 

(2°) i*j implies 8j;SS'f, 

then we say that Lis a direct sum of 8 1 ,··, 8,,, and write L=.5\ffi···ffiS,,, 8; 1s called 

the cu1n1,unent of the direct sum. 

(I) v. Neumann [I] I, 41-46. Numbers in brack~ts refer to the bibliography at the end of the 
paper. 
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LEMMA l •2. Let L be a direct sum of 8 1 , .. ·.,s,,, Then any e!,ement a EL is eJ:ziressible 

uniq·uely as 

a=a1 U"·Uan, a1+81 (i= 1,. .. ,,,.). 

PnooF. If a is expressible as 

a=b 1 U···Ubn, b;E8t (i=l, .. ·,n), 

then since b2 U "· ub,,u5'f. by Lemma 1 -1, 

al= G r-.a 1 = { b1 u(b2 U ·" U bn)} /""\a1 = bi /""\a1.. 

That is a 1 ~b1, Similarly b1 <a1 • Hence a 1 =b1• Generally a 1 =b 1 (i=l, .. ,n). 

LEMMA 1-3. The component of a direct sum is an ideal of L. 

PROOF. Let L=S1ffi···ffiSn. If .'1:,y181 , then 

a:Uy=a 1 U···Uan, a1+81 (i=l,-··,n). 

For i=2, .. ,n, .'1:,yu5Y, hence a;=(:1:Uy)/""\a;=yi'ia;=O. Therefore xuy=a1 d?1 • 

If a:df1 , y<a:, then 

y= b1 U · .. ub,,, b1 +81 (i = 1,· .. ,n). 

For i=2,-··,n, b 1<y<:1: and b 1'\7.i:. Hence b1=0. Therefore y=b 1 E81 • Consequently 8 1 

is an ideal of L. 

THEOREM 1 · 1. Wlien L=L1 ... L 11 , if we denote by 8 1 , the set of elements of L which 

are e.qJTessed as (01 ; .. , 0 1 _ 1 , a1, 0 1 +1 ; .. ,0,,J (a1ELt), then Lis a d-irect sum of 8 1;", 8 11 , 

Conversely if L ·i.~ a direct sum of ,'h;··, Sn, then L is isomorphic to the product 8 1 , .. 8 11 , 

PROOF. (i) When L=L1 • .. L,,, if we put a 1 =(01,"·,0 1 _ 1 ,a!,01+ 1 ; .. ,0nJ, then any 

element a=(at; .. , a:J of L is expressed as 

a=a1U .. •Uan, n;+S1 (i=l,-··, 11), 

and i=t=j implies a1"vai, that is 8 1-:£,8/". Consequently Lis a direct sum of 8 1 ; .. , Sn. 

(ii) Let L be a direct sum of 8 1 ; .. , 8 11• By Lemma 1-3, 8 1 ; .. , Sn are sublattices 

of L, and by Lemma l •2, any a+L is expressible uniquely as 

a=a 1 U··•Uan, a1 +8; (i=l,· .. ,n). 

Hence there exists a one-one con;espondence between Land 8 1 .. ·Sn, Let a=a1U· ua,,, 

b=b 1 U .. ·Ubn (a 1 ,b1E81). If a::£b, then since b~U···U!Jn+SY, we have 

a 1 =bi'ia 1 = {b1 u(b~ u ... ub,,)}f"la1 =b1 f"la 1 , 

that is a 1 <b1 • Generally a1 <ht (i = 1, .. , n). It is evident that a1 ~b; (i= 1, ... , n) imply 

a~b. Hence the above correspondence preserves the lattice-order. Therefore L is isomor­

phic to 8;· .. 8 11 , 

LEMMA 1-4 • .If L=81Ei,82 , then 8 1 =,'f'g, 8~=S'f.. 

PnooF. By Definition 1-2, 8 1 <S'!f. Let aE,'f;, then since 

and a"va 2 , we have a 2 =ai',a~=0. Therefore a=a 1 E8 1 , Consequently 8 1 =8'!f. Similarly 

8 2 =S'f.. 
LEMMA 1-5. Let 8 be a component of a direct S'Ltm of L. Then L=SffiS"'. 

PROOF. When L= EffiS'iffi .. ·EBS'n, denote by T the set of elements which are expres­

sible as a 1 u, .. uan (at +Si), then as in the proof (ii) of Theore~ l • l, L is isomorphic to 

the product ST. Therefore by Theorem 1-1, L=EffiT, and by Lemma l •4 T=,S"", 
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LEMMA 1-6. If L= L(o,?'f:f,IJ..o,?)9 , then z is a neui,ral element of L. 

PROOF. By Theorem l • 1, I. is isomorphic to the product L(o, z)L(o, z)9 , where z 

corresponds to (1 t,O~)- Hence z is a neutral element of L. 

LEMMA 1 • 7. If z is a neutral element of a relatively complemented lattice L, then 

L= L(o, z'f:f,L(o, z)9 • 

PROOF. Put B={b; bf"'lz=O}. Let aEL(o, z), bd,, XEL, then 

ar-,b<zr"lb=O, 

(aua:)l"'\b=(au.1:)1"'\(zuJ:)r"lb=(au .i;)/"'\xl"'\iJ =J:f"'I b. 

Hence a"yb. Consequently L(o,?)~89 • And since 

(bux)r"la=(bua:)rizr"la= J:i'\zria= ,vr-. a, 

b'va. Therefore 8<L(o,z)9 • 

For any XEL, let x=(:1:r:,z)El,y.<1> Then x/"'\:HL(o, z), yd,. Therefore L=L(o, z'f:f,S, 

By Lemma 1 • 4 8= L(o,z)v. 

§ 2. Subdireot Sum of Conditionally Complete Lattices. 

DEFINITION 2•1. Let L 0 be a sublattice of ll(La;ad), and a=(aa;ad) be an arbi­

trary element of L 0 • If, for any w l, La is the image of L 0 under the homomorphism 

a.-oa, we say that L 0 is a subdirect product of La (w l). 

DEFINITION 2-2. Let {a,s; a ED} be a directed set of a conditionally complete lattice 

L. When 

a,s ta implies 

we say that L is a coniitionally upper cont·inuous lattice. Dually, when 

a,s i a implies a,sub i aub, 

we say that L is a cJnditionally lower continuous latt'ice. When L is a conditionally upper 

continuous and conditionally lower continuous !attic~, we say that L is a conditionally 

continuous lattice. 

In this section, we assume tha.t the conditionally complete lattice L has the zero 

element. 

DEFINITION 2-3. Let {Sa; ad} be a family of subsets with O of a conditionally com­

plete lattice L. If 

(1 °) every a, L is expressible in the form 

a= V(oa; ad), llaESa (ad). 

~2°) a,t=.{1 implies 8(3~8';., 

then we say that L is a subdirect sum of Sa (ad), and we write L = l'*(ffi 'i'a: 'lE I). Sa is 

called the component of the subdirect sum .. 

If for any U-aEBa (ad), V(aa; ad) exists and belongs to L, then we say that L is a 

direct sum of Sa (ad), -and write L = l'(ffiS'a; ad~. 

LJ,MMA 2-1. Let L be a conditionally ·upper continuous lattice. 

(I) When (a~;ad)..L, we write V(Sa.,;aEl) instead of V(a,;wl). 
(2) This condition is equivalent to that of von Neumann, i.e. if a</3<0 implies a ~ .8, 

then V(a.,nb;a<O)=V(aa;a<mnb. Cf. Sasaki [I]. 
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acl t a imply a'vb. 

(ii) If T<Sv aiul V(a;a,T) e1:ists, then V(a;a•T)fl,v. 

(iii) The components of .a SYbdirect sum L=.l'*(ffiPa;<1.d) are- connditionally complete 

sublatlices of L. 

PROOF. (i) Since a,1'vb, for every :nL, 

a0 r-,b=0, (a0ux)f",b=xr'!b. 

L~t a.i t a, then 

af",b=0, (aux)r'lb=.x:f",b. 

That is a'\7b. 

(ii) Denote by J.1 the finite subset of T, and put i<v = V(a; a, J.1), s= V(a;a• T). Since 

Bv t s, and svd,v by Lemma l · 1, we have ·"v 'vb for every bd.:. Hence by (i) 8'\7b for 

every b, 8; That is, s, 8"'. 

(iii) As Lemma l •3, we can prove that Sa is an ideal of L. When s= V(a; a, T) 

exists where T<Sa, put Sv = V(a;a, J.1), s = V(a;a, T) as in (ii), then Sv t s. If 

·then, since Pvd-fa, f1+a implies flv'var:i• Therefore by (i) ;,'ya Consequently a =0, that 
~ /3, p 

is s=aa,Sa. 

Since Pa is an ideal of L, j\(a;a, T)d'a. 

LEMMA 2-2. Let a conditionaily upper contin:aous .'attice L be a subdirect sum of 

Sa (w l). Then any element a,L is expressible uniquely a.~ 

a= V(aa; aE l), aad?a (ml), 

PROOF. We can prove as Lemma 1 ·2, using Lemma 2-1 (ii). 

THEOREM 2 • 1. (i) Let 0a be the zero element of a conditionally complete lattice 

La (ml). Deiwte by f,'{3 the set of elements (a!;ad) of L=ll(La;wl), such that a:=0a 

when a=t,p. Then L is the direct sum of 8a (aEl). 

(ii) Tf a conditionally upper conlimwu.~ lattice L is a su/Jdirect sum of Sa (w l), then 

L is isomorphic to a su,bdirect product of Sa (a, I) as a conditionally complete lattice. 

PROOF. (i) can be proved as the proof (i) of Theorem l • l, 

(ii) By Lemma 2·2, any aEL is expressibk uniquely as 

a= V(aa;aE l), aaf Sa (a, l). (1) 

Denote by L 0 the set of ( aa; ad) E ll(Sa; ad) which correspond to llE L by (1). Then 

using Lemma 2• l, we can prove that L is isomorphic to L 0 as a conditionally complete 

lattice. And L 0 is a subdirect product of Sa (aE l). 

DEFINITION 2•4. When a conditionally upper continuous lattice L is a subdirect sum 

of Sa (ad), identifying the elements of L= ll(Sa; ad), which correspond to the elements 

of L= .P(EBSa; m I), we write l, = .. !'(ffiSa; (,HI), and L is called an e,i;tended lattice of L. 

§ a. Normal Ideals of Modular Lattices. 

In this section, we assume that L is a conditionally upper continuous, relatively compl­

emented, modular lattice with 0. 

LEMMA 3 • 1. Tlie following two tyropositions (a) aiul 01) are equivalent: 
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(a) avb, 

(fl) a 1 ~a, b,~b, a 1~b 1 

PROOF. Cf. v.Neumann(lJ I 42. 

LEMMA 3,2, ar-.b=0, a::o::,b imply a~b. 

PROO};'. Cf. v.Neumann and Halperin(lJ 93. 

LE:\IMA 3-3. Let 8 be a sul>Set of L. Then 8"' is a neutral ideal of L, and if 
V(a;af T), where T~8"', e.1Jst,;, then V(a;af T), 8"'. Especia:ty when L has 1, there e.cists 

a.n element z of the center, suc.'i that 8"'= L(o, z). 

PROOF. By Lemmas 1 • 1 and 2 • 1, /,"' is an ideal of L, and if V(a;a, T), where T~8"', 

exists, then V(a;af T)u5"'. Next let a(,',"' and a-c. For bd,, if there exist b1 and c1 , such 

that c1 ~1:, b1 ~/1, c 1~b1 then there exists a 1 such that c1 ~a1 ~a. Since a 1 1"'1b 1 ~anb=0, 

by Lemma 3,2 ·a 1 ~b1. But since avb, by Lemma 3-1, b1 =0. Therefore cvb, and cd,"'. 
That is, h"' is a neutral ideal. 

Especially when L has t, z=V(a;af.5"') exists and z,8"'. From above z~c implies 

c,,5"'. Hence c=z and z is an element of the center. 

DEJ;'INl'l'ION 3-1. Let 8 be a subset of L. \Vhen .5"'"'=,'-', we say that 8 is a n<Yrmai, 

ideal of L. 

LEM:\IA 3,4. Let 8 be l! normal ideal of l,, then L is the direct sum of 8 and ,'JV. 

PuooF. For any ,nL, put :1: 5 =V(.,:na;adf), :r:=J:5 ffir:'s. Then by Lemma 3.3 x 5 ,S. 

If .r 1 ~x's, a 1~a, J: 1~a 1 for a!S, then, since Sis a neutral ideal, we have x 1 d,. Hence 

x 1=J:/i.r1 ~,vs, aud x 1 ~.1: 5 r,;1:' 5 =0. Therefore by Lemma 3-1 :r;' 5va, that is x' 5 f,5"'. 

Consequently /, is the direct sum of 8 and ,5"'. 

THEOREM 3, l. A nece,;sary and sufficient condition that L is irreducible is (!tat there 

exist no normal ideals e.rcept (0) and L. 

PROOF. (i) Necessary. If there exists a normal ideal 8 which is different to (0) and 

L, then by Lemma 3.4 L 1s the direct sum of S and Fi'", and Ly Theorem 1-1, L is 

isomorphic to the product 88"'. Hence L is reducible. 

(ii) Sufficient. If Lis reducible, then Lis isomorphic to a product L 1L 2 • By Theorem 

1-1, L is a direct sum of 8 1 and 8 2 which correspond to L 1 and L 2 respectively. By 

Lemma l •4, 8 1 and 8 2 are normal ideals of L. 

THEOHEl\l 3-2.' The fam1:Zy Z of all normal idea:,S in L is a compl,ete Boolean algebra, 

where lattice-order means set-inclusion. 

Prwor'. Since 8-8"'"' is a closure operation, Z is a complek lattice. Since 8r,8"'=(o) 

and by Lemma 3.4 8u8"'=L, 8"' is a complement of 8. 

Next, let 8 and T be normal ideals such that 81"'1T=(0). If T,$8"', then there exists 

a!L, such that a!T, a*S"'. Then by Lemma 3-1, for an element b,8, there exist a 1,b1 

such that 0<a 1 ~a, 0<b 1 ~b, at~b1 , But by Lemma 3-3, a1 dl. This is contradictory, 

since a 1 ,81iT. Consequently Sr,T=(0) implies T-5,8"', and Z is a Boolean algebra.\1l 

LEMMA 3,5 • . A necessary and S'i~fficient condition that L(o, z) is a normal ideal is tliat 

(I) Cf. Ogasawara[!], 5. 
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z is a neutral e/,emen~. 

PR001''. (i) If z is a neutral element, then by Lemma l • 7 L= L(u, ,)EBL(o, z)". Hence 

by Lemma 1 • 4 I.(o,z)"" = L(c•, z). 

(ii) If L(o, z) is a normal ideal, by Lemma 3 • 4 L= L(o, z)EBL(o, z)", Hence by Lemma 

1-6 z is a neutral element. 

THEORJ<:M 3-3. In the compZete Boolean alyebra Z l?f normal ideals, the set Zo of 

normat ideaZs c.1;t1re.~sed in the form L(o, z) i.~ an ideal of Z, and is i.~umorphic to the set 

Zu of al, neutral ehments of L. 

PROOI'. By Lemma 3-5, between Z 0 and Zo, there exists a one-one correspondence 

Z•--L(o, z), and we can easily prove that Z 0 and Zo is lattice-isomorphic by the relation: 

L(o, z1)U L(o, z2)= L(o, z1 uz 2 ), L(u, z1 )1'"': L(o, z2)= L(o, z 1 liz 2 ). 

Let 8 be a normal ideal such that S~L(o, z). Then z1 = V(a; ad,) exists, and by 

Lemma 3-3 z1 d{ Hence 8= L(o, z1). Therefore Zo is an ideal of z. 
THRORJ<:M 3-4. Let Z 0 be the set of a2l neutral clements rif L, and put Z':"=L 1, 

Z'J= L 00 • Then L= Llf!JL00 , where L 00 has no neatra; eiements e.1;cept O, and _L 1 is 

embedded in au upper 1·011.tinaous, rnm11lemented, rnodu!ar ialtice l 1 , who.~e center co11.tll'ins 

Zo. 

PnooF. Since l,~ is a normal ideal, by Lemma 3-4 L=L/d,L00 • It is evident that 

L 00 = zg contains no neutral elements of L except 0. Since the neutral element of L 00 is 

the neutral element of L, L00 has no neutral elements except 0. 

Since L 1 = Z";J" is the smallest normal ideal which contains all, neutral elements of L, 

by Lemma 3.5 we have L 1 = V(L(o, z); z,Z0 ). Applying v.Neumann(l) III, 32 Lemma 

3-3 to Z, there exist neutral elements Za (af I), such that L 1 = V(ffil(o, Za); ml). This 

means that L 1 is a subdirect sum of L(o, za) (ad). And the extended lattice l,, 1 = l'(ffiL 

(o, za)i ad) is an upper continuous, complemented, modular lattice with the unit element 

V(ffiza;a.d), and to the neutral element z of L corresJ_JOnds .z=V(ffi:znza);ml), which is 

an element of the center of l. 

§ 4i. Dimension Function and Subdirect Product Representation of 
General Continuous Geometry. 

By a generaZ conlimwail ueome!r!J L, we shall mean a conditionally' continuous, relati­

vely complemented, modular lattice with 0. If L has I, then it is a continuous geometry. 

For a (reducible) continuous geometry L, Iwamura[l) and Kawada-Matsushima-1:Iiguchi(l) 

gave complete results about the dimension function and the subdirect product sepresentation 

of L. But these theories can be applied to the general continuous geometry with slight 

modifications. Since the whole discussions are complicated, we shall give brief expla­

nations and notices. 

By Theorem 3-2, the set Z of all normal ideals in a ge·neral contiuous geometry L 

is a complete Boolean algebra, and by Lemma 3-3, when L has I, that is, L is a con­

tinuous geometry, Z is isomorphic to the center of L. Hence we may expect that in the 

general continuous geometry, Z has the same role as the center of the continuous 
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geometry. 

Let 81%. By Lemma 3-4, any tr1L is expressed uniquely as 

If we denote ;t: s by F!;x:, then we have 

F(.ruy)= Fa:uSy, F(.r:r.y)= 8.1.:r,Sy, 

(8 LU S~}r= 81;1:U 8 2.1:, (81 r, SJ.r:= 8 L;J;/""', 82:r. 

Therefore the operation f{1: corresponds to zr,.r, where z is an element of the center of 

the continuous geometry. Instead of the central envelope e(a), we must use a"", which is 

the smallest normal ideal which contains a. And we have the fundamental theorems 

about the general continuous geometry, as in the case of the continuous geometry disc­

cussed in v.Neumann(lJ III. 

Hereafter, L is a general c:mtinuous geometry. 

An element a1L is minimal in case ,i:.,g;a implies ;r:=0. Denote by L 1 the join of 

normal ideals a"", where a runs over all minimal elements of L, and let Lu be the comp­

lement of L 1 in Z. Then L=LidJLn. There exists a minimal element h of the extend­

ed lattice Z 1 of L1 such that h""= T 1 , which we shall call a b,isie minimai element of Li. 
By Theorem 3-4. L=L 1 ffiL 00 • Hence if we put L 111 =L1 nLu, L 100 =L00 r,L1, 

L t::: 00 =L00 ,-..,Ln, then 

L =(Lr r, L1ffiL Tl1 ffiL loo ffiL Iloo• 

An element e1 L such that e"" =Lis called a .subunit element uf' L. Since L= V(a"";a1 L), 

there exist aa (ad) such that L=V(ffi:i"(,.'7;ail). Then e=V(ffi..ia;a1I) is a subunit el­

ement of L=l.'(ffiia"";wl), which is the extended lattice of L. 

Hereafter, we take the subunit element e of the extended lattice l, of L=L1ffiL 100 
ffiLu 00 , such that 

e=etffi 'tootiJJ lloo' 

where e1 is the unit element of J, 1 , h00 1s a basic minimal element of L 100., and e Jloo 

is a subunit element of l ,100 . 

The se_t Z of ,'?e, where ,q runs over the normal ideals of L, is called the subeenter 

of l. Z is isomorphic to Z. 
We can prove as v.Neumann(l) III, 34 Theorem 3-2, that 

Hence we have 

L=.2'ffiLr ffiLn ffiL1 ffiLu . 
J::k(CXJ k 1 oo oo 

Denote by Q the set of all maximal ideals 'I of Z (ur Z), and by E(S) the set of 

all maximal ideals 'I which do not c:mtain 8. Then by the correspondence 8--+E(S), Z 
is isomorphic to a set-lattice {£(8); F1Z} in the Boolean space Q. 

As Iwamura(l) did, we can obtain a dimension D(a) (a1 l), which is a continuous 

function Ja('/) defined in Q. The range L:::.. of oa('I) is as follows: 

when '/1L(L1 ), L:::.. consists of all m/k, m=O, 1, .... , k; 

when '/iE(Lu1), L:::.. consists of all A, 0;£i.~1; 

when '/1.E(L 1 ), L:::.. consists of all m, m=0,-1, .... ; 00 
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when ff!,:(Lu 0), 6. consists of all J., O~l<oo. 

D(a) has the same properties of dimension functions as the c0ntinuous geometry, 

except the normalizasion, which is expressed as follows: 

For any element z of Z, a ,('1) = 0 or 1 according as z~ '1 or not. 

And as Kawada-Matsushima-Higuchi(l) did, we have the following subdirect product 

representation: 

The extended lattice L of a general continuous geometry L is isomorphic to a sub­

direct product of lj,T (,TdJ), where Q is the set of all maximal neutral ideals of L, and 

Z/J are simple general continuous geometries. 
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