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Let 7, be a lattice with 0 and 1. We say that L is a direct sum of L{o,z;) (i=1,---m),2

if and only if every element a of /. is expressible uniquely in the form T

=0, Ua,, a;el(o,z;) (T=1,--,n).
And in this case z; (i=1,---,n) are elements of the center of L. In this paper, we shall
extend this notion to the case where the existence of 1 is not assumed. And next, we
shall define normal ideals in a modular lattice with some properties, and show that the
set of all normal ideals acts as the center. And we shall apply this property to the general
continuous geometry, that is, the continuous geometry without the assumption of the
existence of 1, and show that the theories of dimension function and subdirect product

representation hold also in the general continuous geometry as in the continuous geometry.

§ 1. Direct Sum of Lattices.

In this section, L is a lattice with the zero element 0.

DrerINITION 1-1. By @), it is meant that anb=0, and (¢,,b)D for every element
xel, that is, (aux)Nb=(@Nb)u(znb)=rnb. If S is any subset of L, denote by SY the
set of a such that a<7) for all beS.

If <7 aud D<7a simultaneously, we say that ¢ and b is disjoint.

REMARK 1-1. When /. is modular, since (a,2,0)D implies (h,x,a)D, a~7) is equivalent to
t<7a, and Definition 1-1 is equivalent to that of von Neumann: anb=0, (¢,0)D.?

LeEMMA 1-1. If 8 4s any subset of L, 8% is an ideal of I.

Proor. (i) If a, @5¢S9, then for all beS and wel,

a,; Nb=0, asMb=0, (@, Jr)nb=anb, (asur)Ab=xnD.
Hence (ayvas)nb=a:Nb=0, (ayvaox)Nb=(@sIr)nb=xnD,
and ay, JageSv.
(if) If aeSY, ay<a, then
a,N0=Zanb=0, (a, ur)Nnevr)Nb=(@a, vrH)Nnxnb=xnb,
that is a,¢SY. Consequently Sv is an ideal of L.
DEFINITION 1-2. Let S-S, be subsets of L which contain 0. I
(1°) for any element a of L,
a=a,J- U, a;eS; (i=1,---n),
(2°) i=kj implies S;<5%,
then we say that L is a direct sum of §;,--, S, and write L=S,® -PDS,. S; is called

the component of the direct sum.

(1) v. Neumann (1] I, 41-46. Numbers in brackets refer to the bibliography at the end of the
paper.
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LEMMA 1-2. Let L be a direct sum of S,:,8, Then any element acl is expressible
uniquely as
a=a,U-Ua,, a;eS; (i=1,--+ym).
Proor. If a is expressible as
a=b,U--Ub, b; ¢S (t=1,---,n),
then since boU---Ub, ¢SY by Lemma 1-1,
gy =ana,={b; Uy J--Ub,)tna =biNa,,
‘That is ¢, <b,, Similarly b, <ae,, Hence a;=>b,, Generally a;=0; ({=1,-,n).
LEMMA 1.3. The component of a direct sum s an ideal of L.
Proor. Let L=8,®-®S,. I x,y¢S,, then
TIY=a1J " Ja,, a;eS; (€=1,---n).
For {=2,---,n, x,y¢5Y, hence a; =(xUy)na;=yMa;=0. Therefore xUy=0a,¢5;,
If x¢S;, y<z, then
y=0b0U-Ub,  b;S; (i=1,m). ‘
For ¢=2,---,n, b;<y<r and b;~vx. Hence b; =0. Therefore y=b,¢S;, Consequently S,
is an ideal of L.
THEOREM 1-1. When L=L,-L,, if we denote by S;, the set of elements of L which
are expressed as [0y, 0;_y, a%, 0;44,-,0,] (afeL;), then L s a divect sum of Sy -, S,,
Conversely if L is a direct sum of Sy, S, then L is isomorphic to the product Sy:--Sy,
Proo¥. (i) When L=L,---L, if we put a;=(0,,0;.1, 0} 0;+,,0,), then any
element a=(af -, a3) of L is expressed as
a=a,U--Ja,, a;e8; (i=1,-+),
and 7# implies a;aj, that is §;=<S;%. Consequently L is a direct sum of S, -, S,
(i) Let L be a direct sum of §8,-, S, By Lemma 1:3, S, -, S, are sublattices
of L, and by Lemma 1.2, any acL is expressible uniquely as
A= U Iy, a;eS; (i=1,-+,n).
Hence there exists a one-one correspondence between L and S,---S,. Let a=a, V- Ua,,
b=byu-Ub, (@;bs<S,;). If a<b, then since by Ub,S7, we have
a1=b0a,={b, U(b: U Ub,)}na, =byna,,
that is a,<b, Generally a;<b; (i=1,--,n). It is evident that ¢;<b; (=1, n) imply
a<b. Hence the above correspondence preserves the lattice-order. Therefore L is isomor-
phic to S;---S,,. ‘
LEMMA 1-4. . If L=S,®S., then S,=8Y, S.=5Y.
ProoF. By Definition 1.2, §,=<S7, Let a«Sy, then since
a=a,Ja,, ay¢S4, ageS,,
and ava, we have a;=ama,=0. Therefore a=«, ¢S, Consequently §,=S3, Similarly
8o =155,
LEMMA 1.5. Let S be a component of a direct sum of L. Then L=S®DS".
ProoF. When L= @®S,@®---@DS,, denote by T the set of elements which are expres-
sible as @, \JU:-VUan (a;¢8;), then as in the proof (ii) of Theorem 1.1, L is isomorphic to
the product ST. Therefore by Theorem 1.1, L=SPT, and by' Lemma 1.4 T'=5°,
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LEMMA 1-6. If L=L(o,2)®L(0,2)% then z is a neutral element of L.
Proor. By Theorem 1-1, I is isomorphic to the product Z(o,z)L{o,2)°, where z
corresponds to [1,,0,). Hence z is a neutral element of L.
LEMMA 1.7. If z is a neutral element of a relatively complemented. lattice L, then
L= L(o, 2D L(0, 2)°.
Proor. Put S={b;bnz=0}. Let acL(o,z), beS, xzeL, then
anb=znb=0,
(av)nb=(@V.r)~(zur)~b=(@Jr)Nx~no=xnb.
Hence awb. Consequently L(0,2)<SY, And since
buz)ne=0bur)nzna=cnzNnae=axnNa,
bva. ‘Therefore S=1(o,2)".
For any xe¢L, let x=(xnz)Py.Y Then xnzcL(o,2), yeS. Therefore L=L(o,2)PS.:
By Lemma 1-4 S= L(o,2)".

§ 2. Subdirect Sum of Conditionally Complete Lattices.

DEFINITION 2-1. Let L, be a sublattice of //(Ly; a¢I), and a={a,; #¢I) be an arbi-
trary element of L,. If, for any a¢/ L, is the image of L, under the homomorphism
a~a,, we say that L, is a subdirect product of Ly (ucl),

DEFINITION 2-2. Let {as; 0D} be a directed set of a conditionally complete lattice
L. When

agta implies asnb 1 and?
we say that I is a conditionally upper continuous laitice. Dually, when

ag L a implies agub | aub,
we say that L is a conditionally lower continuous lattice. When L is a conditionally upper
continuous and conditionally lower continuous latticz, we say that L is a conditionally
continuous lattice.

In this section, we assume that the condiiionally complete lattice L has the zero
element.

DEFINITION 2-3. Let {S,; a<I} be a family of subsets with 0 of a conditionally com-
plete lattice L. 1If

(1°) every a: L is expressible in the form
a=\/(0g; acl),  aqeS, (acl),
(2°) a#3 implies SB=SY,
then we say that L is a subdirect sum of S, (a<I) and we write L=X*@S: x¢I), S, is
called the component of the subdirect sum.

If for any aqeS, (eel), \/(aq; acl) exists and belongs to [, then we say that L is a

direct sum of S, (a¢l), and write L=X(@S,; acl), .

LuMMA 2-1. Let L be a conditionally upper continuous lattice.

(1) When (a ;ac¢D)), we write V(Ta,;ae¢l) instead of \/(a“a&I)
(2) This condition is equivalent to that of von Neumann, i.e. if a<ﬂ<9 implies a =ag,
then V(e ,Nb;a<Q)=V(a,;al2)nb. Cf. Sasaki [1].
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(i) asgvb (0eD), asta imply a<7b.
(il) If T<SY and \/(a;acT) erists, then \/(a;ae T)eS”.
(i) The components of a subdirect sum L=23*@ q; aecl) are connditionally complete
sublattices of L.
Proor. (i) Since asVb, for every x¢l,
agnb=0, (agux)nb=xnb.
Iet ag 1 @, then
anb=0, (avx)nb=xnb.
That is a<b.
(i) Denote by v the finite subset of T'| and put s,=\/(a;aer), s=\/(aa¢T) Since
s, 1 s and s,¢5Y by Lemma 1-1, we have ¢,;\vb for every b¢S. Hence by (i) swb for
every beS. 'That is, seSv.
(iii) As Lemma 1.3, we can prove that S, is an ideal of L. When s=\/(a; a¢T)
exists where TS, put s, =\/(a;aev), s=\/(g;a¢T) as in (ii), then s, 1 5. If
s=\/(agael),  aq,eSq (acl)
‘then, since £,¢S,; B==a implies £, 7a 5 Therefore by (i) svaﬁ. Consequently aﬁ:O, that
is s=a,¢8S,.
Since £, is an ideal of L, N(a;6¢T)eSq,
LEMMA 2-2. Let a conditionaily upper continuous laltice L be a subdirect sum of
S (aeD), Then any element ae L is expressible uniquely as '
a=\/(aq; acl), ageSy (ael),
ProoF. We can prove as Lemma 1-2, using Lemma 2-1 (ii).
THEOREM 2-1. (i) Let 0, be the zero element of a conditionally complete lattice
L, (ael), ~Denote by Sg the set of elements (a§; ael) of L=1I1KLg; acl), such that a}=0,
when a3, Then L is the direct sum of Sy (ael),
(i) If a conditionaily upper continuous lallice L is a subdirect sum of Sq(ael), then
L is tsomorphic to a subdirect product of S, (ael) as a conditionally complete lattice.
ProoF. (i) can be proved as the proof (i) of Theorem 1-.1.
(i) By Lemma 2-2, any a¢L is expressible uniquely as
a=\/(agsa¢ ), aq¢S, (ael), (N
Denote by L, the set of (aq; a¢l) ¢ll(Sy; acl) which correspond to a¢L by (1). Then
using LLemma 2-1, we can prove that L is isomorphic to L, as a conditionally complete
lattice. And L, is a subdirect product of S, (a¢l),
DEFINITION 2-4. When a conditionally upper continuous lattice L is a subdirect sum
of 8, (a¢l), identifying the elements of L=11(8,; ael) which correspond to the elements
of L=3*@S,; acl), we write L=3(@S,; acl), and L is called an eatended laitice of L.

§ 3. Normal Ideals of Modular Lattices.

In this section, we assume that L is a conditionaily upper continucus, relatively compl-
emented, modular lattice with 0.
LEMMA 3-1.  The following two propositions («) and (8) are equivalent:
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(@) a<7d,
B a<a, b;<h, a,~b, imply a,=b; =0,

Proor. Cf. v.Neumann[1] I 42.

LEMMA 3-2. anb=0, a=sh imply a~>.

Proor. Cf. v.Neumann and Halperin(1] 93.

LEMMA 3.3. Let S be a subset of L. Then SY is a neutral ideal of L, and if
Via;aeT), where TXSY, evists, then \/(a;ae¢T)eSY. FEspecialy when L has 1, there exists
an element z of the center, such that SY= Lo, z). ‘

Proor. By Lemmas 1-1 and 2-1, SY is an ideal of L, and if \/(a;a¢<T), where T<8°7,
exists, then \/(a;a¢T)¢5%. Next let aeSY and a~c. For beS, if there exist b; and ¢;, such
that ¢, <¢, 0, b, ¢;~b, then there exists a, such that ¢,~a,<a. Since a,nb,<anb=0,
by Lemma 3.2 a,~b,, But since b, by Lemma 3-1, b, =0. Therefore c</b, and ce S,
That is, 87 is a neutral ideal. .

Especially when I has 1, z=\/(a¢;a¢S") exists and z¢SY. From above z~c implies
ceSY. Hence ¢=z and z is an element of the center.

DEFINITION 3-1. Let S be a subset of L. When Svv= S, we say that S is a normal
‘ideal of L. ‘

LEMMA 3.4. Let S be a normal ideal of L, then L is the direct sum of S and S°.

Proor. For any xe¢L, put x5=\/(rna;ael), x=x@P+r’s, Then by Lemma 3.3 xg¢S.
If vy Sa's, 6,=a, x;~a, for acS, then, since § is a neutral ideal, we have z,¢S. Hence
zi=xOn Sz, aud 2, Swegna’g=0. Therefore by Lemma 3-1 2/gVa, that is 2'5¢S9,
Consequently L is the direct sum of S and Sv.

THEOREM 3-1. A4 necessary and sufficient condition that L is irreducible is {kat there
exist no normal ideals except (0) and L.

Proor. (i) Necessary. If there exists a normal ideal S which is different to (0) and
L, then by L.emma 3.4 [, is th® direct sum of S and SY, and by Theorem 1.1, L is-
isomorphic to the product S5v. Hence L is reducible. .

(i) Sufficient. If I is reducible, then I is isomorphic to a product L, L, By Theorem
1.1, L is a direct sum of S, and S, which correspond to I, and L, respectively. By
Lemma 1.4, 8§, and S, are normal ideals of L.

THEOREM 3.2, The famity Z of all normal ideass in L is a complete Boolean algebra,
where lattice-order means set-inclusion.

Proor. Since S— 577 is a closure operation, & is a complete lattice. Since SN SY=(0)
and by Lemma 3.4 SUSY=/1, SY is a complement of S.

Next, let S and 7' be normal ideals such that S~ T=(0). If T£L£5", then there exists
a¢L, such that aeT, a¢Sv. Then by Lemma 3.1, for an element b¢S, there exist a, b,
such that 0<a,<a, 0<b,<b, a,~b,, But by Lemma 3.3, ¢,¢«S. This is contradictory,
since a,¢SNT. Consequently SA7T=(0) implies T<Sv, and Z is a Boolean algebra.V)

LEMMA 3.5. A necessary and sufficient condition that L(o,z) i3 ¢ normal ideal is that

(h  Cf. Ogasawara[l], 5.
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z 18 a neutral element.

Proor. (i) 1If z is a neutral element, then by Lemma 1.7 L= L(v, :YPL(o, 2)°. Hence
by Lemma 1-4 1(0,2)°9= L(c, 2).

(if) 1If L(o,z) is a normal ideal, by Lemma 3-4 L= L{o, 2)®L(o, z)°. Hence by Lemma
1.6 z is a neutral element.

THEOREM 3.3. [In the compieie Boolean algebra & of normal ideals, the set Zo of
normai tdeacs expressed in the form L(o,z) is an ideal of &, and i3 tsomorphic to the set
Zy of ali neubral elements of L.

Prooy. By Lemma 3.5, between 7, and Z,, there exists a one-one correspondence
Z+«—IL(0,2), and we can easily prove that Z, and &, is lattice-isomorphic by the relation:

1o, 2,)0 L(0, 20)= L(0, 2y U 23), L{o, 2,)~ L0, zo)= L0, 2, N z2),

Let S be a normal ideal such that S<I(o,z). Then z,=\/(a;a¢S) exists, and by
Lemma 3-3 z,¢S. Hence S=1(o,z,), Therefore z,,' is an ideal of &.

THEOREM 3-4. Let Z, be the set of ail neulral elements of L, and put Z3%=L,,
ZY=1L.. Then L=L ML, where L. has no neulra. eiements except 0, and L, s
embedded in an upper conlinuous, complemented, modular cattice Zl, whose center contains
7, |

Proor.  Since ZY is a normal ideal, by Lemma 3-4 L=L ,@®L.,. It is evident that
L.,=Z7 contains no neutral elements of L except 0. Since the neutral element of L, i
the neutral element of L, L., has no neutral elemenfs except 0.

Since L,=2Y7 is the smallest normal ideal which contains all neutral elements of 7,
by Lemma 3-5 we have L,=\/(L{o,2);2¢Z,). Applying v.Neumann(1] III - 32 Lemma
3.3 to &, there exist neutral elements z,(@¢/) such that L,=\/(@L{o, z¢); a«I). This
means that L, is a subdirect sum of L(b, 2q) (@el). And the extended lattice L,=3(@L
(0, 24); @< I) is an upper continuous, complemented, modular lattice with the unit element
V(@245 ac), and to the neutral element 2z of I corresponds z=\/(@zNz,); a¢l), which is
an element of the center of Z. :

§ & Dimension Fanction and Subdirect Product Representation of
General Continuous Geometry.

By a generac continuous geomelry L, we shall mean a conditionally continuous, relati-
vely complemented, modular lattice with 0. If L has 1, then it is a continuous geometry.
For a (reducible) continuous geometry L, Iwamura{1] and Kawada.—Matsushlma;Higuchi[lj
gave complete results about the dimension function and the subdirect product sepresentation
of L. But these theories can be applied to the general continuous geometry with slight
modifications. Since the whole discussions are complicated, we shall give brief expla-
nations and notices.

By Theorem 3.2, the set & of all normal ideals in a general contiuous geometry L
is a complete Boolean algebra, and by Lemma 3.3, when L has 1, thatis, L is a con-
tinuous geometry, & is isomorphic to the center of L. Hence we may expect thatin the

general continuous geometry, Z has the same rdle as the center of the continuous
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geometry.
Let S¢Z. By Lemma 3.4, any x¢L is expressed uniquely as

r=x,P s, xS, 2’ geS.
If we denote g by Sr, then we have

Llruy)=Lxu Sy, Sxny)=SenSy,

(S uS)e=8,208,r, (S, nS)r=8xnS.x.
‘Therefore the operation S corresponds to znx, where z is an element of the center of
the continuous geometry. Instead of the central envelope e(¢), we must use a¥Y, which is
the smallest normal ideal which contains . And we have the fundamental theorems
about the general continuous geometry, as in the case of the continuous geometry disc-
cussed in v.Neumann{1]) III

Hereafter, L is a general continuous geometry.

An element a¢l, is minimal in case xr<a implies x=0. Denote by L; the join of
normal ideals a¥v, where a runs over all minimal elements of Z, and let L;; be the comp- -
lement of Ly in &, Then L= Li@®Ly. There exists a minimal element i of the extend-
ed lattice Zy of Ly such that hvv= 7 which we shall call a basic minimai element of Ly,

By Theorem 3-4. L=L,®L.. Hence if we put LHI=L10LH’ .LI°°=L°°hLI,
L& =LoMLy, then

L=(IanLi)P Ly, DLy BLy .

An element ee¢ L such that evv= [ is called a subunit elzmenl of L. Since L=\/(a"7;a¢L),
there exist a, (acl) such that L=\/(@a?% acl), Then e=\/(@Psy; acl) is a subunit el-
ement of L =2(@1,"%; ac]), which is the extended lattice of L.

Hereafter, we take the subunit element e of the extended lattice 7, of L=L.®Ly_
@®Ly,,, such that

e=¢,P 1 ®? i1,
where e, is the unit element of /., /A, is a basic minimal element of Lloo" and e
is a subunit element of /. g i ‘

The set Z of Se, where § runs over the normal ideals of I, is called the subcenter
of L. Z is isomorphic to Z. :

We can prove as v.Neumann(1]) III, 34 Theorem 3-2, that

*
ILnLi=3PLy,, Hence we have
1skdco  F

L;—:é@LI,‘@Lnl@LIw@an.

Denote by £ the set of all maximal ideals # of Z (or Z), and by FE(S) the set of
all maximal ideals # which do not contain S. Then by the correspondence S—-E(S), &
is isomorpbic to a set-lattice {L(S); £¢Z&} in the Boolean space .

As Iwamura(1) did, we can obtain a dimension D(a) (ae L), which is a continuous
function 04(fF) defined in £. The range A of J4(f) is as follows:

when ?e]i(LIk), A\ consists of all m/k, m=0,1,....,k;
when #¢E(Ly,), A consists of all 4, 0<S1=<1;

when feE(LIOQ), A\ consists of all m, m=0;1,....;
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when Fel(Ly ), A consists of all 1, 0=1<eco.

D(a) has the same properties of dimension functions as the continuous geometry,
except the normalizasion, which is expressed as follows:

For any element z of Z, J,(F)=0 or 1 according as z¢# or not.

And as Kawada-Matsushima-Higuchi(1] did, we have the following subdirect product
representation: i

The extended lattice I of a general continuous geometry L is isomorphic to a sub-
direct product of Z/J (Je£), where 2 is the set of all maximal neutral ideals of L, and
E/J are simple general continuous geometries.
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