
JOURNAL OF SCIENCE OF' 1'HE HrnosttrMA UNIVERSITY, SER. A. VoL. 22, No. 3, DECEMBER 1958 

A Note on a Theorem of N. Jacobson 

By 

Kiyosi y AMAGUTI 

(Received September 20, 1958) 

In [1] N. Jacobson proved that a Lie triple system T can be imbedded 
in a Lie algebra Lin such a way that T becomes a subspace of L and that 
[abc] = [[ab]c]. The purpose of this note is to show that this theorem is 
still valid for the homogeneous systems (h. systems) defined below. 

From this fact we have as a conclusion the following relationship 
between the h. system, general L.t.s., L.t.s. and the Lie algebra. 

( i) H. system characterizes the structure of a subspace A of a Lie 
algebra L such that L is the direct sum of two subspaces A and B, B 
being a subalgebra of L (see Remark 2). 

(ii) General L. t.s. characterizes the structure of the subspace A of a 
Lie algebra I, such that L is the direct sum of two subspaces A and B, B 
being a subalgebra of L and [A, BJCA.u 

(iii) L.t.s. characterizes the structure of the subspace A of a Lie 
algebra L such that L is the direct sum of two subspaces A and B, B 
being a subalgebra of L and [A, BJCA, [A, AJCB. 

1. Let V be a vector space over a field (JJ, 2' Suppose that there exist 
the multilinear compositions aob, [a1 • • •ak] (k=3, 4, · · ·) in V and they 
satisfy the following axioms: 
( I ) 
( II ) 
(III) 
(IV) 
( V) 

aoa=0, 
[aaa1 · · •ak] =0, 

(a ob) o c+(bo c) o a+(co a) ob+ [abc] + [bca] + [cab] =0, 
[aobcd] + [bocad] + [coabd] +[abed]+ [bead]+ [cabd] =0, 

[a1 · · •akbo c]-[a1 · · •akb] o c+ [a1 · · •akc] ob 
-[a1 · · •akbc] + [a1 · · •akcb] =0, 

(VI) [D<a,•"ak), Dcbc,J =Dc[a, .. ,akb]c) -Dc[a, .. •akc]b) 

+ Dca, .. ,akbc)-Dca1 .. ,ak'b) -Dca1, .. ak boc), 

(VII) [Dca, .. ,akl, D<b, .. •bic,J =~c[Dea 1, .. ak,, D<b, .. •bi)], c,- [Dca, .. ,akc,, Dcb, .. •bi,] 

- Dca, •••ak[b, •••bf]l + D<b, ... bl[a 1 .. ,akc]) 1 

where Dca,•"ak, (k=2, 3, · · ·) is a linear transformation: x➔ [a1 • • •akx] of 
V into itself, [Dca, .. ,ak)' D<b1•"bi)] means Dca,•"ak)DCb1•"bi)-DCb1•"bl)D(a1•"ak) and 

1) P. K. Rachevsky obtained the algebraic relations between the structure constants in 
such a Lie algebra L ([2], § 5, (28), • .. , (33)). 

2) Throughout this note we shall assume that the characteristic of (J) is 0. 
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m is defined by ;J)<D<a,•••ak),C)=Dca,•••akc) with ;J)(a+fi,c)=;J)(a,c)+:t\p,c) for 
a, /3ED, D being the vector space spanned by the linear transformations 
D<a,•••ak)• Then we call the system V, equipped with these laws of com
positions, a homogeneous system (h. system) over (/). 

Remark l. It follows from (VI) and (VII) that ;J)<[Dca,•••ak), Dcb,•••bi)J, c) is 
well defined and any commutator product [Dca,•••a J• D<b,•••h J belongs to D. 

k l 

Hence D is a Lie algebra. 
The h. system, in which [a1 • • -ak] =0 (k=3, 4, • • · ), is a Lie algebra 

with respect to the composition a ob. The h. system with a o b=0 and 
[a1 · · •ak] =0 (k=4, 5, · · ·) is a L.t.s. with respect to the ternary composi
tion [abc] [l, 3], and if [a1 • • -ak] =0 (k=4, 5, • • • ), then the axioms stated 
above reduce to the axioms of general L.t.s. [4] 3). In this sense, the h. 
system is a more general concept than those of the Lie algebra, L. t.s. and 
general L. t.s .. 

2. We shall extend the theorem of N. Jacobson by the following: 
THEOREM 1. Any h. system V over a field (/) can be imbedded in a 

Lie algebra L in such a way that L is the direct sum of V and the Lie 
algebra of some linear transformations acting on V. 

PROOF. We use the same notations as in Section 1. Let L be the 
direct sum of Vand Lie algebra D. To show that L becomes a Lie algebra, 
we define the product for the elements of L as follows: 

[a1, a 2] =a1 oa2+Dca,a,), 
[Dca,•••a H ak+IJ =-[ak+I• D<a,•••a )] = [a1 • • •akak+lJ +Dca,•••a a 1l' k k k k+ 

[Dca,•••a )' Dcb,•••b )] as above, ai, bj EV, 
k l 

and in general for x=a+.E Dca,·••a )> y=b+.E Dch,•••b) 
k l 

[x, Y] = [a, b] + .E[a, Dcb,•••b JJ +.E[Dca,··•a i, b] +.E[Dca,•••a J• Dcb,••·b JJ. 
l k k l 

We shall prove that these skew-symmetric bilinear products satisfy the 
Jacobi identity. To do this it suffices to prove the following relations: 

[[ab]c] + [[bc]a] + [[ca]b] =0, 
[[Dca,•••ak)' b] c] +[[be], Dca,•••akl] + [[c, Dca,•••akJ b] =0, 

[[Dca,•••ak)' Dcb, .. •bl)]c] + [[Dcb .. ··bi)' cJDca,•••akJ + [[c, Dca,•••akJDcb,•••biJ =0. 
In fact, the first of these follows from (III) and (IV), the second follows 
from (V) and (VI), and the last may be obtained by using (VII). 

3. PROPOSITION 1. Let L be a Lie algebra and L have a direct sum 
decomposition L=AEBB into two subspaces A and B. Assume that B is 
a subalgebra of L. Then we can define the multilinear compositions a ob, 
[ a1 • • • ak] (k = 3, 4, • • •) in A so that A can be made into an h. system with 
respect to these products. 

PROOF. For an element x in L, xA (resp. xB) denotes the A-component 
(resp. the B-component) of x with respect to the decomposition L=AEBB. 

3) We have denoted in [4] a 0 b by -a 0 b. 
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[x, y] means the Lie product of the elements x and y in L. For the 
elements a 1, • • ·, ak in A, we define the multilinear compositions in A as 
follows: 

a 1 c a2= [a1, a2JA, 
[a1a2 · · •ak] = « · · • «ai, a2)aa) · · · )ak-1) oak (k=3, 4, · · · ), 

where <a;, ai) denotes [a;, aJB. Hereafter <a1a2• · •ak) means « · · •<a1, a2) 
• • • )ak) (k=2, 3, • • •) for the sake of simplicity. We show that these 
products satisfy the conditions (III), • • •, (VII). Making use of the Jacobi 
identity for the elements a, b, c in A and of the fact that L is a direct 
sum of A and B, we obtain (III) and 

<aob, c)+<boc, a)+<coa, b)+<abc)+<bca)+<cab)=O, 

which implies immediately (IV). (V) follows by taking the A-component 
of both sides of the identity: 

[<a1• · •ak), [bc]J+[[<a1• · •ak), c]b]-[[<a1• · •ak), b]c]=O 

and by taking B-component we have 

(1) [ <a1 · · •ak), <be) J-<[a1 · · •akb]c) + <[a1 · · •akc]b) 
-<a1 • • •akbc)+<a1• · •akcb)+<a1• · •akboc)=O. 

Using the identity 
[ <a1 · · •ak)[ <b1 ···bi), c]J-[ <b1 ···bi)[ <a1 · · •ak), c]J 

-[[<a1• · •ak), <b1· · ·bi)Jc]=O, 
we obtain the following two relations: 

(2) [<a1• · •ak), <b1· · ·bic)J-<[<a1• · •ak), <b1· · ·bi)Jc)+[<a1• · •akc), <b1· · ·bi)] 
+<a1 · · •ak[b1 · · ·b1Jc)-<b1 · · ·bi[a1 · · •akc])=O, 

(3) [a1 · · •ak [b1 · · ·bicJJ - [b1 ···bi [a1 · · •akc]J - [ <a1 · · •ak), <b1 •··bi)] 0 c=O. 

From (1) and (2) we see that any [ <a1 · · • ak), <b1 · · · b1) J is a linear 
combination of elements of the form <d1 · · ·dm). If we denote by Dca,•••aki 
the linear mapping x-[a1• · •akx] in V, then from (3), we have [<a1 • • •ak), 
<b1 ••·bi)Jox=[Dca,•••aki,Dcb,•••biJ(x). And by using (1) it foliows (VI). If 
we put 'X><Dca,•••ak)+Dcb,•••bi),C)=Dca,•••akc)+Dcb,•••bie)I the identity (2) implies (VII). 
Hence the proposition is proved. 

Remark 2. Let G/ H be a homogeneous space of a Lie group G by a 
closed subgroup H of G. Let @ be its Lie algebra, which may be identified 
with the tangent space at the identity of G. Then there exists a vector 
subspace Vof @ such that @= VEB.f>, where .f> is the subalgebra of @ cor
responding to H. By virtue of the results in 2 and 3 it follows that h. 
system completely characterizes the structure of V. 

4. PROPOSITION 2. Let a L1,e algebra L have a direct sum decomposi
tion L=AEBB into two subspaces A and B. Suppose that Bis a subalgebra 
of L and have a finite dimension. Then B cannot contain a non-zero 
ideal of L if and only if boA=(O), <b,A···A)oA=(O) (k=l,2, ... ) for 

~ 
k times 
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an element b of B implies b=O. 

PROOF. Let us assume that we have a non-zero element b of B such 
that boA=(O), (bA· · ·A) oA=(O). Denote by B0 ,1c the subspace: 
<Pb+ [b, BJ+ • • • + [b, B"J, where <Pb is the vector space spanned by b and 
[b, B"J = [ • • • [b, BJ, •••,BJ, then [b, Bn°+1J is contained in B0 no for some 

'---v----' • 
k timea 

integer n 0, since B has a finite dimension. Next, there is an integer n 1 (>no) 
such that [[b, AJBn1 +1J is contained in the subspace B 1, n, = [b, AJ + [[b, AJBJ 
+ · · · + [[b, AJBn1J. Thus we obtain the series of subspaces Bo, n,, Bi, n,, · · ·, 
B;, n;• • • • (n0<n1< • • • <n;< • • • ), such that [[b, A;JBn•+1J is contained in 
B;, n;• It follows that [[[b, kJB"JAJ c [[b, AiJBJ + ... + [[b, AtJB"J 
+ [b, Ai:'" 1J + [[b, Ai+ 1JBJ + ... + [[b, k+1JB"J by induction, hence it holds 
[Bi,n;• AJ CBi,n;+Bi+l,n;+1· Let mi be the subspace Bo,n,+B1,n,+ • • • +Bi,n; 
(i=O, 1, 2, • • • ). If [B;,n;• AJ is not contained in m0 then we construct m;+1 
from m;. Therefore we have the relation [mm, AJ c mm for some integer 
m, because of the finite dimensionality of B. Hence we have a non-zero 
ideal mm of L included in B. Conversely, it is clear that if B contains an 
ideal C ( =\=O) of L, then there exists an element b ( =\=O) of C such that boA= (O), 
(bA· · ·A) oA=O. 

I wish to express my hearty thanks to Prof. K. Morinaga for his kind 
guidance. 

References 

[1] N. Jacobson: General representation theory of Jordan algebras. Trans. Amer. 
Math. Soc., vol. 70 (1951), pp. 509-530. 

[2] P. K. Rachevsky: Symmetric spaces of affine connection with torsion I. (in Russian) 
Trudy Sem. Vektor, Tenzor Analizu, vol. 8 (1950), pp. 82-92. 

[3] K. Yamaguti: On algebras of totally geodesic spaces (Lie triple systems). J. Sci. 
Hiroshima Univ. Ser. A, vol. 21 (1957-58), pp. 107-113. 

[4] K. Yamaguti: On the Lie triple system and its generalization. J. Sci. Hiroshima 
Univ. Ser. A, vol. 21 (1957-58), pp. 155-160. 

Department of Mathematics, 
Faculty of Science, 

Hiroshima University. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


