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Abstract. We study Besov and Triebel–Lizorkin space estimates for fractional

di¤usion. We measure the smoothing e¤ect of the fractional heat flow in terms of

the Besov and Triebel–Lizorkin scale. These estimates have many applications to

various partial di¤erential equations.

1. Introduction

In this paper we shall consider the Cauchy problem for the following

fractional power dissipative equation

qtuþ ð�DÞa=2u ¼ f ; ð0;TÞ �Rd

u ¼ g; f0g �Rd :

(
ð1Þ

where f and g are given data. Recently, there have been many interests on

the fractional di¤usion from the theory of probability related to heavy tail

probability distribution and Lévy processes. Fractional Laplacians also have

many applications to various non-linear PDEs related to non-local phenomena

in science and engineering problems. See for example [2], [11], [3], [10], [6], [5],

and the references therein.

By the Duhamel principle, the solution u to the above linear equation (1)

can be formally written as

u ¼ e�tð�DÞ a=2gþ
ð t
0

e�ðt�sÞð�DÞ a=2 f ðsÞds:
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The action of these operators can be understood naturally in the Fourier space.

This motivates us to define the following two integral operators S a and T a.

Definition 1. Let 0 < a < y. The kernel Paðt; xÞ is defined by

Paðt; xÞ ¼
ð
Rd

e2pix�xe�tjxja dx:

The operator S a is defined by

S af ðt; xÞ ¼
ð
Rd

Paðt; x� yÞ f ðyÞdy: ð2Þ

The operator T a is defined by

T af ðt; xÞ ¼
ð t
0

ð
Rd

Paðt� s; x� yÞ f ðs; yÞdyds: ð3Þ

The present paper is devoted to understand the mapping properties of

these operators among the refined function spaces. In particular, we mea-

sure the smoothing e¤ect of the fractional heat flow in terms of the Besov and

Triebel–Lizorkin scaling. Several important function spaces in analysis can

be thought of as elements of the Besov–Lipschitz and Triebel–Lizorkin spaces.

So, we consider their natural parabolic extensions. Our main objective here is

to understand mapping properties of the above operators in the corresponding

parabolic spaces.

Definition 2. Let Q ¼ ½0;T � �Rd with 0 < T < y and s A R. The

space LrBp;q
s ðQÞ is the set of measurable functions u : Q ! C such that

kukLrB
p; q
s ðQÞ :¼

ðT
0

kuðt; �Þk r
B

p; q
s ðRd Þdt

� �1=r
< y;

where Bp;q
s ðRdÞ is the standard Besov space. Similarly, we define the space

LrF p;q
s ðQÞ for standard Triebel–Lizorkin spaces F p;q

s ðRdÞ.

We shall recall the exact definitions of Besov and Triebel–Lizorkin spaces

in the next section. We mainly focus on the parabolic Triebel–Lizorkin space

estimates and deduce the parabolic Besov space estimates by a slight modifica-

tion of the former analysis. We note that for the development of the parabolic

Besov space estimates of the Gaussian heat flow and their applications to

nonlinear PDEs one may consult the following books [4], [9] and [1].

Throughout the paper, we shall use the notation AkB, which means that

there is an absolute positive constant C such that jAjaCB.

Now we state our main theorems. Our first theorem is the simplest case

of parabolic Triebel–Lizorkin space estimates.
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Theorem 1. For 1a pay

kT af kL pF
p; p
sþaðQÞ k ð1þ TÞk f kL pF

p; p
s ðQÞ:

We note it is necessary that the operator norm of T a depends on T .

See Remark 3. The next theorem is a general version of parabolic Triebel–

Lizorkin space estimates.

Theorem 2. If one of the following conditions holds;
� r ¼ 1 and 1a qa p < y,
� 1 < r < y and 1 < p; q < y,
� r ¼ y and 1 < pa qay,

then for b < a

kT af kLrF
p; q
sþb

ðQÞ k ð1þ TÞk f kLrF
p; q
s ðQÞ:

Remark 1. This is an extension of the main theorem for the range of

exponents p, q, r, and a in the paper [13].

Remark 2. When p ¼ q ¼ r ¼ 2, Theorem 1 is better. For the general

exponents we don’t know the end point case b ¼ a continues to hold.

We also deduce the corresponding parabolic Besov space estimates.

Theorem 3. If 1 < p < y, 1 < q ¼ r < y, or 1a p < y, q ¼ r ¼ 1, or

1 < pay, q ¼ r ¼ y, then

kT af kLrB
p; q
sþaðQÞ k ð1þ TÞk f kLrB

p; q
s ðQÞ:

Theorem 4. If ð1=p; 1=q; 1=rÞ belongs to the interior of the octahedron

P1P2P3–P5P7P8, or the triangle P1P2P3nthe segment P1P2, or the triangle

P5P7P8nthe segment P5P8, then for b < a

kT af kLrB
p; q

sþb
ðQÞ k ð1þ TÞk f kLrB

p; q
s ðQÞ;

where P1 ¼ ð0; 0; 0Þ, P2 ¼ ð1; 0; 0Þ, P3 ¼ ð1; 1; 0Þ, P5 ¼ ð0; 0; 1Þ, P7 ¼ ð1; 1; 1Þ
and P8 ¼ ð0; 1; 1Þ.

Finally, related to the initial value problem, we have the following two

theorems.

Theorem 5. (i) If 1a ray and 1a qa p < y, then for b < a=r

kS agkLrF
p; q

sþb
ðQÞ k ð1þ T 1=rÞkgkF p; q

s ðRd Þ:

(ii) For 1a pa r < y

kS agkLrF
p; p

sþa=r
ðQÞ k ð1þ T 1=rÞkgkF p; p

s ðRd Þ:

The implied constants do not depend on T.
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Theorem 6. (i) Let 1a p < y, 1a qa r < y, 0 < a < y and ba a=r.

Then

kS agkLrB
p; q
sþb

ðQÞ k ð1þ T 1=rÞkgkB p; q
s ðRd Þ:

(ii) Let 1a p < y, 1a ra q < y, 0 < a < y and b < a=r. Then

kS agkLrB
p; q
sþb

ðQÞ k ð1þ T 1=rÞkgkB p; q
s ðRd Þ:

(iii) Let 1a pa r < y and 0 < a < y. Then

kS agkLrB
p; p

sþa=r
ðQÞ k ð1þ T 1=rÞkgkB p; p

s ðRd Þ:

2. Preliminaries

The Littlewood–Paley theory becomes apparent in numerous applications.

In particular, it is remarkable that the Littlewood–Paley theory characterizes

various function spaces. A classical treatment of the theory is contained in the

book of Stein [12]. For a modern and comprehensive treatment we refer to

the books of Grafakos [7, 8].

Now, we recall some standard definitions. We fix a radial Schwartz

function F on Rd whose Fourier transform is nonnegative, supported in the

ball jxja 2, equal to 1 in the ball jxja 1 and define ĈCðxÞ ¼ F̂FðxÞ � F̂Fð2xÞ.
We define the partition of unity

F̂FðxÞ þ
Xy
j¼1

ĈCð2�jxÞ ¼ 1:

Using this, the Littlewood–Paley operators S0 and Dj for j A N are defined

as

S0 f ðxÞ ¼
ð
Rd

e2pix�xF̂FðxÞ f̂f ðxÞdx ð4Þ

and

Dj f ðxÞ ¼
ð
Rd

e2pix�xĈCð2�jxÞ f̂f ðxÞdx: ð5Þ

Besov–Lipschitz and Triebel–Lizorkin spaces are defined as follows. For

s A R, 0 < p; qay, the Besov space Bp;q
s is the space of all tempered distri-

butions f with

k f kB p; q
s

:¼ kS0 f kL p þ
Xy
j¼1

k2 jsjDj f j kq
L p

 !1=q
< y: ð6Þ
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For s A R, 0 < p < y, and 0 < qay, the Triebel–Lizorkin space F p;q
s is the

space of all tempered distributions f with

k f kF p; q
s

:¼ kS0 f kL p þ
Xy
j¼1

ð2 jsjDj f jÞq
 !1=q������

������
L p

< y: ð7Þ

The following lemma is a point-wise estimate of the localized kernel, which

is obtained by the standard integration by parts argument.

Lemma 1. Let l > 0 and

Klðt; xÞ ¼
ð
Rd

e2pix�xĈCðx=lÞe�tjxj a dx:

Then there exists a positive constant c such that for all l > 0

Klðt; xÞk
ld expð�ctlaÞ
ð1þ jlxj2Þdþ1

:

The implied constant does not depend on l.

Proof. By a change of variables we have

Klðt; xÞ ¼ ld

ð
Rd

e2pilx�xĈCðxÞe�tlajxja dx:

Using the identity

ðI � DxÞe2pilx�x ¼ ð1þ 4p2jlxj2Þe2pilx�x

we can carry out repeated integration by parts to get the result. r

3. Proof of Theorem 1

The adjoint operator of T a is useful. It is given by

fT aT af ðt; xÞ ¼
ðT
t

ð
Rd

Paðs� t; y� xÞ f ðs; yÞdyds: ð8Þ

We may prove the theorem with assuming s ¼ 0. We divide its proof into

four steps.
� First we show that for 1a p; ray

kS0T
af kLrL pðQÞ kTkS0 f kLrL pðQÞ: ð9Þ

It is easy to see that the kernel

Paðt; xÞ ¼ t�d=aPað1; t�1=axÞ
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is integrable uniformly in t. Hence we have for all 1a pay

kS0ðT a f ÞðtÞkp ¼ kT aðS0 f ÞðtÞkp a
ð t
0

kPaðt� sÞ � ðS0 f ÞðsÞkpds

k

ð t
0

kðS0 f ÞðsÞkpds:

Integrating in time gives (9).
� We shall prove the case p ¼ 1. By (9) it is enough to showðT

0

ð
Rd

Xy
j¼1

jTjðt; xÞjdxdtk
ðT
0

ð
Rd

Xy
j¼1

jDj f ðs; yÞjdyds; ð10Þ

where

Tjðt; xÞ ¼ 2 jaDjT
aDj f ðt; xÞ

¼
ð t
0

ð
Rd

Pjðt� s; x� yÞDj f ðs; yÞdyds

and

Pjðt; xÞ ¼ 2 ja

ð
Rd

e2pix�xĈCð2�jxÞe�tjxja dx:

By Tonelli’s theoremðT
0

ð
Rd

Xy
j¼1

jTjðt; xÞjdxdt

a
Xy
j¼1

ðT
0

ð
Rd

ðT
s

ð
Rd

jPjðt� s; x� yÞjdxdt
� �

jDj f ðs; yÞjdyds:

Using the pointwise estimate for the kernel, Lemma 1, we obtain

sup
T ; j; s;y

ðT
s

ð
Rd

jPjðt� s; x� yÞjdxdtk sup
j

ðy
0

2 jae�ct2 ja

dt < y:

Hence we get the estimate (10).
� We shall prove the case p ¼ 2. By (9) it is enough to show

Xy
j¼1

2 j2a

ðT
0

ð
Rd

jDjT
af ðt; xÞj2dxdtk

ðT
0

ð
Rd

j f ðt; xÞj2dxdt: ð11Þ

By Plancherel’s theorem

146 Kôzô Yabuta and Minsuk Yang



ðT
0

ð
Rd

jDjT
af ðt; xÞj2dxdt

¼
ðT
0

ð
Rd

ð t
0

ĈCð2�jxÞe�ðt�sÞjxj a f̂f ðs; xÞds
���� ����2dxdt

¼
ð
Rd

jĈCð2�jxÞj2
ðT
0

ð t
0

e�ðt�sÞjxj a f̂f ðs; xÞds
���� ����2dtdx:

Using Young’s inequality we estimate the time convolution asðT
0

ð t
0

e�ðt�sÞjxj a f̂f ðs; xÞds
���� ����2dt
a

ðT
0

e�tjxj adt

� �2 ðT
0

j f̂f ðt; xÞj2dt
� �

k jxj�2a

ðT
0

j f̂f ðt; xÞj2dt:

Hence we have

Xy
j¼1

2 j2a

ðT
0

ð
Rd

jDjT
af ðt; xÞj2dxdt

k
Xy
j¼1

2 j2a

ð
Rd

jĈCð2�jxÞj2 jxj�2a

ðT
0

j f̂f ðt; xÞj2dt
� �

dx

¼
ðT
0

ð
Rd

Xy
j¼1

ðjĈCð2�jxÞj2j2�jxj�2aÞj f̂f ðt; xÞj2dxdt

k

ðT
0

ð
Rd

j f̂f ðt; xÞj2dxdt:

By Plancherel’s theorem we get the estimate (11).
� By an interpolation we have for 1a pa 2

kT af kL pF
p; p
sþaðQÞ k ð1þ TÞk f kL pF

p; p
s ðQÞ:

By the similar way, the adjoint operator also satisfies for 1a pa 2

kfT aT af kL pF
p; p
sþaðQÞ k ð1þ TÞk f kL pF

p; p
s ðQÞ:

By duality, we get the result for 2a pay. This completes the proof

of Theorem 1. r
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Remark 3. We note the necessity of the final time T in the operator norm

of T a. Even when p ¼ 2, we see that the operator norm of S0T
a is greater than

or equal to T=
ffiffiffiffiffi
12

p
. Indeed, we fix an arbitrary final time T > 1 and suppose

g depends only on x with supp ĝg � fx A Rd : jxj < T�1=ag. Using Plancherel’s

theorem and the support of ĝg, we obtain that

kS0T
agk2L2L2ðQÞ ¼

ðT
0

ð
Rd

ð t
0

e�ðt�sÞjxj a F̂FðxÞĝgðxÞds
���� ����2dxdt

¼
ð
Rd

ðT
0

ð t
0

e�ðt�sÞjxj ads

���� ����2dtjĝgðxÞj2dx
¼
ð
Rd

ðT
0

1� e�tjxj a

tjxja

 !2
t2 dtjĝgðxÞj2dx:

Since the function ð1� e�uÞ=u is monotonically decreasing for 0 < ua 1, we

have for 0 < t < T and jxj < T�1=a,

1� e�tjxja

tjxja b 1� e�1
b

1

2
:

Thus,

kS0T
agk2L2L2ðQÞ b

T 3

12

ð
Rd

jĝgðxÞj2dx ¼ T 3

12
kgk22 :

Since kgkL2L2ðQÞ ¼
ffiffiffiffi
T

p
kgk2, we conclude that

kS0T
akL2L2ðQÞ!L2L2ðQÞ bT=

ffiffiffiffiffi
12

p
:

Actually, we can make supp ĝg concentrated at the origin so that the operator

norm of S0T
a is greater than or equal to T=

ffiffiffi
3

p
.

4. Proof of Theorem 2

We may prove the theorem with assuming s ¼ 0. We divide its proof into

three steps.
� We shall show that if 1a qa p < y and 1a r < y, then for b < a=r

kT af kLrF
p; q

b
ðQÞ k ð1þ TÞk f kL1F

p; q
0

ðQÞ: ð12Þ

Consider

BðtÞ :¼
Xy
j¼1

j2 jbDjT
aDj f ðt; xÞjq

 !1=q������
������
p

:
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For notational convenience, we denote

Tjðt; xÞ :¼ 2 jbDjT
aDj f ðt; xÞ

¼
ð t
0

ð
Rd

Pjðt� s; x� yÞDj f ðs; yÞdyds

where

Pjðt; xÞ ¼ 2 jb

ð
Rd

e2pix�xĈCð2�jxÞe�tjxja dx:

By the triangle inequality and Lemma 1

BðtÞ ¼
Xy
j¼1

jTjðtÞjq
 !1=q������

������
p

a
Xy
j¼1

jTjðtÞj
�����

�����
p

a
Xy
j¼1

ð t
0

2 jbe�cðt�sÞ2 jakDj f ðsÞkpds:

By the triangle inequality and Young’s inequality for the time variable

kBkLrð½0;T �Þ k
Xy
j¼1

ð t
0

2 jbe�cðt�sÞ2 jakDj f ðsÞkpds
���� ����

Lrð½0;T �Þ

k
Xy
j¼1

ðT
0

2 jb

ðT
s

e�crðt�sÞ2 ja

dt

� �1=r
kDj f ðsÞkpds

k

ðT
0

Xy
j¼1

2 jðb�a=rÞkDj f ðsÞkpds:

If b < a=r and qa p, then we use Hölder’s inequality to get

Xy
j¼1

2 jðb�a=rÞkDj f ðsÞkp

k
Xy
j¼1

2 jp 0ðb�a=rÞ

 !1=p 0 Xy
j¼1

kDj f ðsÞkp
p

 !1=p

k
Xy
j¼1

jDj f ðsÞjp
 !1=p������

������
p

a
Xy
j¼1

jDj f ðsÞjq
 !1=q������

������
p

a k f ðsÞkF p; q
0

ðRd Þ: ð13Þ
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Hence

kBkLrð½0;T �Þ k k f kL1F
p; q
0

ðQÞ:

This together with (9) yields the result.
� We shall show that if 1a qa p < y, b < a, and 1=pb 1=r > b=a�

1þ 1=p, then

kT af kLrF
p; q

b
ðQÞ k ð1þ TÞk f kL pF

p; q
0

ðQÞ: ð14Þ

By the triangle inequality and Young’s inequality for the time variable

kBkLrð½0;T �Þ k
Xy
j¼1

ð t
0

2 jbe�cðt�sÞ2 jakDj f ðsÞkpds
���� ����

Lrð½0;T �Þ

k
Xy
j¼1

2 jb

ðT
0

e�cp ?t2 ja

dt

� �1=p ? ðT
0

kDj f ðtÞkp
pdt

� �1=p

k
Xy
j¼1

2 jðb�a=p ?Þ
ðT
0

kDj f ðtÞkp
p dt

� �1=p
where p? satisfies 1þ 1=r ¼ 1=p? þ 1=p. If b < a=p?, then by Hölder’s

inequality

kBkLrð½0;T �Þ k
Xy
j¼1

ðT
0

kDj f ðtÞkp
p dt

 !1=p
a k f kL pF

p; p
0

ðQÞ:

This together with (9) yields the result.
� Interpolating (12) with r ¼ 1 and (14) with r ¼ p, we obtain that if

1a qa p < y, b < a, and 1a ra p, then

kT af kLrF
p; q

sþb
ðQÞ k ð1þ TÞk f kLrF

p; q
s ðQÞ: ð15Þ

If r ¼ 1 and 1a qa p < y, then we get the desired estimate for T a

directly from (15).

Next, let 1 < ray, s A R and 0 < a < y. It is not di‰cult to

see that the adjoint operator fT aT a satisfies the same estimate. Indeed,

for 1a r 0 a p 0 < y and 1a q 0 a p 0 < y, we have

kfT aT af k
Lr 0F p 0 ; q 0

�s ðQÞ k ð1þ TÞk f kLrF
p; q

�s�b
ðQÞ:

Hence if pa qay, and 1 < pa ray, then by duality we have

kT af kLrF
p; q

sþb
ðQÞ k ð1þ TÞk f kLrF

p; q
s ðQÞ: ð16Þ
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Interpolating this with (15), we obtain the desired estimate for T a for

1 < p; q; r < y. If r ¼ y and 1 < pa qay, we get the desired

estimate for T a from (16). This completes the proof of Theorem 2.

r

Remark 4. It is not di‰cult to see that the adjoint operator fT aT a satisfies the

same kinds of estimates. Indeed,

kfT aT af k
L1F

1; 1
sþaðQÞ k ð1þ TÞk f k

L1F
1; 1
s ðQÞ:

If 1a qa p < y and 1a r < y, then for b < a=r

kfT aT af kLrF
p; q

sþb
ðQÞ k ð1þ TÞk f kL1F

p; q
s ðQÞ:

If 1a qa p < y, b < a, and 1=pb 1=r > b=a� 1þ 1=p, then

kfT aT af kLrF
p; q

sþb
ðQÞ k ð1þ TÞk f kL pF

p; q
s ðQÞ:

If 1a qa p < y, b < a, and 1a ra p, then

kfT aT af kLrF
p; q

sþb
ðQÞ k ð1þ TÞk f kLrF

p; q
s ðQÞ:

5. Proofs of Theorem 3 and 4

These follow from Proposition 1, a fact on Triebel–Lizorkin spaces and

duality.

Proposition 1. For 1a p < y

kT af k
L1B

p; 1
sþaðQÞ k ð1þ TÞk f k

L1B
p; 1
s ðQÞ: ð17Þ

Proof. It su‰ces to show that for 1a p < y

A :¼
ðT
0

Xy
j¼1

k2ðsþaÞ jDjT
aDj f ðt; �Þkpdtk k f k

L1B
p; 1
s ðQÞ:

We use the notation in the proof of (14). However, in this case we set

BðtÞ ¼ k2ðsþaÞ jDjT
aDj f ðt; �Þkp:

Then we have by Lemma 1

BðtÞk
ð t
0

2aje�cðt�sÞ2 ajkFjðs; �Þkpds

where Fj ¼ 2sjDj f . Hence
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Ak
Xy
j¼1

ðT
0

ð t
0

2aje�cðt�sÞ2 ajkFjðs; �Þkpdsdt

¼
Xy
j¼1

ðT
0

ðT
s

2aje�cðt�sÞ2aj

dt

� �
kFjðs; �Þkpds

k
Xy
j¼1

ðT
0

kFjðs; �Þkpds ¼
ðT
0

Xy
j¼1

kFjðs; �Þkpdsa k f k
L1B

p; 1
s ðQÞ:

Similarly we can get the same estimate for fT aT a. r

Remark 5. Modifying the proof of Proposition 1 somewhat, we have the

following estimates. If b < a=r, qa r, and 1a p < y, then

kT af kLrB
p; q
sþaðQÞ k ðT þ T 1�1=rÞk f kLrB

p; q
s ðQÞ;

kfT aT af k
L1B

p; 1
sþaðQÞ k ðT þ T 1�1=rÞk f k

L1B
p; 1
s ðQÞ:

Proof (Proof of Theorem 3.). Proposition 1 also holds for the adjoint

operator fT aT a. Hence by duality we have for 1 < pay

kT af kLyB
p;y
sþa ðQÞ k ð1þ TÞk f kLyB

p;y
s ðQÞ:

Hence, the desired conclusion follows by interpolating this case with (17).

r

Proof (Proof of Theorem 4.). (a) Since b < a, we see that

B
p;1
sþaðRdÞ � B

p;1
sþbðR

dÞ:

By Theorem 3, if ðp; q; rÞ belongs to the set

fðp; 1; 1Þ : 1a p < yg [ fðp;y;yÞ; 1 < payg;

then

kT af kLrB
p; q

sþb
ðQÞ k ð1þ TÞk f kLrB

p; q
s ðQÞ:

(b) Since Bp;q
s ðRdÞ ¼ F p;q

s ðRdÞ for p ¼ q, by Theorem 2 in the case

of Triebel–Lizorkin spaces, we have that if ð1=p; 1=q; 1=rÞ belongs to the set

fð1=p; 1=q; 1=rÞ; 1 < p ¼ q < y; 1 < r < yÞg [ fð1=p; 1=q; 1=rÞ; 1a p ¼ q < y;

r ¼ 1g [ fð1=p; 1=q; 1=rÞ; 1 < p ¼ qay; r ¼ yg, then

kT af kLrB
p; q

sþb
ðQÞ k ð1þ TÞk f kLrB

p; q
s ðQÞ:

Interpolating between the cases (a) and (b), we obtain the desired conclusion.

r
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6. Proofs of Theorems 5 and 6

First we shall prove Theorem 5.

Proof (Proof of Theorem 5.). We recall the operator

S agðt; xÞ ¼
ð
Rd

Paðt; x� yÞgðyÞdy:

We may assume to prove the theorem with assuming s ¼ 0. We divide its

proof into three steps.
� First we show that for 1a p; rayðT

0

kS0S
agðtÞkr

pdt

� �1=r
kT 1=rkS0gkp: ð18Þ

As in the proof of (9), we have for 1a pay

kS0S
agðtÞkp ¼ kS aS0gðtÞkp k kS0gkp:

Integrating in time gives the result.
� Next, we shall show (ii). Consider

AðtÞ :¼
Xy
j¼1

j2 ja=rDjS
aDjgðt; xÞjp

 !1=p������
������
p

:

For notational convenience, we denote

Sjðt; xÞ :¼ 2 ja=rDjS
aDjgðt; xÞ ¼

ð
Rd

Pjðt; x� yÞDjgðyÞdy

where

Pjðt; xÞ ¼ 2 ja=r

ð
Rd

e2pix�xĈCð2�jxÞe�tjxja dx:

Applying Young’s inequality and using Lemma 1, we have

kSjðtÞkp a
ð
Rd

jPjðt; xÞjdx
� �

kDjgkp k 2 ja=re�ct2 jakDjgkp:

Hence

AðtÞa
Xy
j¼1

kSjðtÞkp
p

 !1=p
k

Xy
j¼1

ð2 ja=re�ct2 jakDjgkpÞ
p

 !1=p
:

Since pa r, we use the triangle inequality to get
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kAkLrð½0;T �Þ k
Xy
j¼1

k2 ja=re�ct2 jakDjgkpk
p

Lrð½0;T �Þ

 !1=p

k
Xy
j¼1

kDjgkp
p

 !1=p
¼ kgk _FF p; p

0
ðRd Þ:

So, (ii) follows from (18).
� Finally we shall show (i). Consider

AðtÞ :¼
Xy
j¼1

j2 jbDjS
aDjgðt; xÞjq

 !1=q������
������
p

:

For notational convenience, we denote

Sjðt; xÞ :¼ 2 jbDjS
aDjgðt; xÞ ¼

ð
Rd

Pjðt; x� yÞDjgðyÞdy;

where

Pjðt; xÞ ¼ 2 jb

ð
Rd

e2pix�xĈCð2�jxÞe�tjxja dx:

By the triangle inequality and Lemma 1

AðtÞ ¼
Xy
j¼1

jSjðtÞjq
 !1=q������

������
p

a
Xy
j¼1

jSjðtÞj
�����

�����
p

a
Xy
j¼1

2 jbe�ct2 jakDjgkp:

By the triangle inequality

kAkLrð½0;T �Þ k
Xy
j¼1

2 jðb�a=rÞkDjgkp:

If b < a=r and qa p, then by the same estimate in (13)

Xy
j¼1

2 jðb�a=rÞkDjgkp k kgkF p; q
s ðRd Þ:

This completes the proof of (i), and hence the proof of Theorem 5.

r

154 Kôzô Yabuta and Minsuk Yang



Remark 6. In (18), the operator norm depends on T, but it is unavoidable

even for the case p ¼ r ¼ 2. Indeed, Plancherel’s theorem yieldsðT
0

ð
Rd

jS agðt; xÞj2dxdt ¼
ð
Rd

ðT
0

e�2tjxja dt

� �
jĝgðxÞj2dx:

By the same reasoning in Remark 3, we choose a suitable g so that we obtain the

following lower bound

kS akL2ðRd Þ!L2L2ðQÞ lT 1=2:

If we consider the homogeneous Triebel–Lizorkin space, the operator norm in (ii)

does not depend on T, i.e. for 1a pa r < y

kS agkLr _FF p; p

sþa=r
ðQÞ k kgk _FF p; p

s ðRd Þ;

which can be easily checked by a minor modification of the proof of (ii).

We now turn to the proof of Theorem 6.

Proof (Proof of Theorem 6.). We may assume to prove the theorem with

assuming s ¼ 0. Again we divide its proof into three steps.
� (i) We use the notations in the proof of Theorem 5 (i). By (18), it

su‰ces to show

A :¼
ðT
0

Xy
j¼1

ð
Rd

jSjðt; xÞjpdx
� �q=p" #r=q

dt

0@ 1A1=r aCkgkB p; q
s ðRd Þ:

By Lemma 1 and Young’s inequality we have

kSjðt; �Þkp k 2 jbe�ct2 jakDjgkp:

So, by Minkowski’s inequality we have under the assumption rb q as

follows:

Aa
Xy
j¼1

ðT
0

ð
Rd

jSjðt; xÞjpdx
� �r=p

dt

 !q=r0@ 1A1=q

a
Xy
j¼1

ðT
0

f2bje�ct2 ajkDjgkpg
r
dt

� �q=r !1=q

¼
Xy
j¼1

ðT
0

2 rbje�rct2 aj

dt

� �q=r
kDjgkq

p

 !1=q
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k
Xy
j¼1

2qðb�a=rÞjkDjgkq
p

 !1=q

k
Xy
j¼1

kDjgkq
p

 !1=q
k kgkB p; q

s ðRd Þ:

This finishes the proof of (i).
� Next we check (iii). This follows from (i) when p ¼ q and b ¼ a=r.
� Finally we shall show (ii). By (18), it su‰ces to show

A :¼
ðT
0

Xy
j¼1

ð
Rd

jSjðt; xÞjpdx
� �q=p" #r=q

dt

0@ 1A1=r aCkgkB p; q
s ðRd Þ:

We first prove the case r ¼ 1. For qb 1, we have

Aa

ðT
0

Xy
j¼1

ð
Rd

jSjðt; xÞjpdx
� �1=p" #

dt

k
Xy
j¼1

ðT
0

f2bje�ct2 ajkDjgkpgdt

¼
Xy
j¼1

ðT
0

2bje�ct2 aj

dt

� �
kDjgkp

k
Xy
j¼1

2ðb�aÞ jkDjgkp

a
Xy
j¼1

2�q 0ða�bÞ j

 !1=q 0 Xy
j¼1

kDjgð�Þkq

L pðRd Þ

 !1=q
k kgkB p; q

s ðRd Þ:

This shows that if b0 < a, we have

kS agkL1B
p; q

sþb0
ðQÞ kmaxð1;TÞkgkB p; q

s ðRd Þ; ð19Þ

which shows (ii) in the case r ¼ 1 at the same time.

On the other hand, by (i) we know that if b1 < a=q, we

have

kS agkLqB
p; q

sþb1
ðQÞ kmaxð1;T 1=qÞkgkB p; q

s ðRd Þ: ð20Þ
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Now, if 1 < r < q and b < a=r, we see that for y ¼
1
r
�1

q

1�1
q

we get

1

r
¼ 1� y

q
þ y

1

and we can find b0 < a and b1 < a=q such that

b ¼ ð1� yÞb0 þ yb1:

Hence by interpolation between (19) and (20) we have the desired

estimate

kS agkLrB
p; q

sþb
ðQÞ k ð1þ T 1=rÞkgkB p; q

s ðRd Þ:

This finishes the proof of (ii), and hence the proof of Theorem 6.

r

Remark 7. If we consider the homogeneous Besov space, the operator norm

in (iii) does not depend on T, i.e. for 1a pa r < y and 0 < a < y

kS agkLr _BB p; p

sþa=r
ðQÞ k kgk _BB p; p

s ðRd Þ;

which can be easily checked by a minor modification of the proof of (iii).
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