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Abstract. We study biharmonic homogeneous hypersurfaces in Riemannian symmet-

ric spaces associated to the exceptional Lie groups E6 and G2 as well as real, complex

and quaternion Grassmannian manifolds.

1. Introduction

This is a continuation of our previous work [8] (named Part I).

In this paper we study biharmonicity of homogeneous hypersurfaces in the

following compact Riemannian symmetric spaces:
� the space SUðnÞ=SOðnÞ with n > 2 (type AI),
� the space SUð2nÞ=SpðnÞ with n > 2 (type AII),
� the real Grassmannian manifolds fGrGrkðRnÞ of oriented k-planes in Rn

with 2 < k < n (type BDI),
� the space SOð2nÞ=UðnÞ with n > 2 (type DIII),
� the space SpðnÞ=UðnÞ with nb 2 (type CI),
� the quaternion Grassmannian manifold GrkðHnÞ ð2a k < nÞ, (type

CII),
� E6=SUð6Þ � SUð2Þ (type EII),
� E6=ððSpinð10Þ �Uð1ÞÞ=Z4Þ (type EIII),
� E6=F4 (type EIV), and
� the space G2=SOð4Þ (type G).

In Part I we have studied biharmonic tubes around GrkðCn�1Þ � GrkðCnÞ,
2 < ka n, biharmonic tubes around Gr2ðCnþ1Þ � Gr2ðCnþ2Þ, (n > 2) and bihar-

monic tubes around HPn � Gr2ðC2nþ2Þ. As a suppliment to Part I, in this

Part II, we study biharmonic tubes around Grk�1ðCn�1Þ in GrkðCnÞ for

2a k < n� k and ðk; nÞ0 ð2; 2mÞ, m > 2.

Our results can be summarized as follows:
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Theorem. The following compact Riemannian symmetric spaces contain

proper biharmonic homogeneous hypersurfaces:
� the real Grassmannian manifolds fGrGrkðRnÞ of oriented k-planes,
� the complex Grassmannian manifolds GrkðCnÞ,
� the space SOð2nÞ=UðnÞ with n > 2 (type DIII),
� the space SpðnÞ=UðnÞ with nb 2 (type CI),
� the quaternion Grassmannian manifolds GrkðHnÞ,
� the space E6=ððSpinð10Þ �Uð1ÞÞ=Z4Þ (type EIII) and
� the space G2=SOð4Þ (type G).

This Part II is organized as follows. First we recall basic facts on

biharmonic map theory in Section 2. In particular we recall a criterion of

biharmonicity of constant mean curvature hypersurfaces in Einstein manifolds

due to Ou [15]. Next in Section 3, we prepare useful formulas of orbits

in compact Riemannian symmetric spaces under cohomogeneity one actions

due to Verhóczki [18]. In the next ten successive sections, we study bihar-

monicity of homogeneous hypersurfaces in compact Riemannian symmetric

spaces of type AI, AII, AIII, BDI, DIII, CI, CII, EII, EIII and EIV by using

the principal curvature formulas prepared in Section 3. In the final section, we

study biharmonicity of homogeneous hypersurfaces in the quaternionic sym-

metric space G2=SOð4Þ.
The results of this article were partially reported at ‘‘International Work-

shop on Finite type Submanifolds 2014’’ held at Istanbul Technical University,

3–5, September, 2014.

2. Preliminaries

Here we recall basic ingredients of biharmonic map theory.

2.1. Let ðMm; gÞ and ðNn; ~ggÞ be Riemannian manifolds and f : M ! N a

smooth map. Then f is said to be harmonic if it is a critical point of the

energy functional:

EðfÞ ¼
ð
1

2
jdfj2dvg:

The Euler-Lagrange equation of this variational problem is

tðfÞ ¼ 0

with respect to any compact-supported variations through f. The vector field

tðfÞ along f is called the tension field of f and defined by

tðfÞ ¼
Xm
i¼1

f~‘‘dfðeiÞ dfðeiÞ � dfð‘ei eiÞg:
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Here ‘ and ~‘‘ are the Levi-Civita connections of M and N, respectively and

fe1; e2; . . . ; emg is a local orthonormal frame field of M.

More generally, a smooth map f is said to be biharmonic if it is a critical

point of the bienergy functional

E2ðfÞ ¼
ð
1

2
jtðfÞj2dvg:

The Euler-Lagrange equation of this variational problem is

DftðfÞ þ
Xm
i¼1

~RRðdfðeiÞ; tðfÞÞdfðeiÞ ¼ 0: ð1Þ

Here ~RR is the Riemannian curvature of N. The operator Df is the rough

Laplacian acting on the space Gðf�TNÞ of all smooth vector fields along f

defined by

Df :¼ �
Xm
i¼1

f~‘‘dfðeiÞ
~‘‘dfðeiÞ � ~‘‘dfð‘ei

eiÞg;

where fe1; e2; . . . ; emg is a local orthonormal frame field on M as before.

2.2. In case that f : ðMm; gÞ ! ðNmþ1; ~ggÞ is an isometric immersion of

codimension 1, the mean curvature vector field H and the tension field are

related by tðfÞ ¼ mH . This formula implies that a hypersurface immersion

f : M ! N is minimal if and only if it is a harmonic map.

Since the harmonicity of isometric immersions is equivalent to minimality

of isometric immersions, biharmonic isometric immersions are regarded as

generalizations of minimal immersions.

In [15], Ou obtained the following criterion for biharmonicity of hyper-

surfaces in Einstein manifolds.

Theorem 1 ([15]). Let f : ðMm; gÞ ! ðNmþ1; ~ggÞ ðmb 2Þ be a hypersurface

with shape operator A in an Einstein manifold N with gRicRic ¼ l~gg. Assume that

the mean curvature H ¼ jH j of the hypersurface is constant. Then f is bihar-

monic if and only if either f is minimal or non-minimal with

jAj2 ¼ l: ð2Þ

Furthermore, in the latter case, both the ambient space and the hypersurface must

have positive scalar curvatures:

~rr ¼ ðmþ 1Þl > 0; r ¼ ðm� 2Þlþm2H 2 > 0:
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2.3. Hereafter we assume that the ambient space ðN; ~ggÞ is an irreducible

compact Riemannian symmetric space G=K with compact semi-simple G. Let

us denote by B the Killing form of the Lie algebra g of G. Then B is negative

definite on g since G is semi-simple. Thus �B is an AdðGÞ-invariant inner

product on g. Moreover the tangent space ToN of N at the origin o ¼ K

is identified with the orthogonal complement p of the Lie algebra k of K in g.

The orthogonal decomposition

g ¼ kl p

is a reductive decomposition of g, that is, p satisfies adðkÞp � p. Moreover,

since N is a symmetric space, we have

½p; p� � k:

The restriction �Bjp of �B to p induces a G-invariant Riemannian metric ~gg

on N. This Riemannian metric is called the Killing metric of N. The rank of

a Riemannian symmetric space N ¼ G=K is the maximum dimension of a flat

totally geodesic submanifold of N. The Ricci tensor gRicRic of N with respect to

the Killing metric ~gg computed at the origin is

gRicRico ¼ � 1

2
Bjp:

This formula shows that N is an Einstein manifold. Ou’s criterion is

rephrased as:

Theorem 2. Let N ¼ G=K be a compact semi-simple Riemannian

symmetric space equipped with the Killing metric. Then a hypersurface

f : M ! G=K with non-zero constant mean curvature is proper biharmonic if

and only if its shape operator A has constant square norm

jAj2 ¼ 1

2
:

3. Cohomogeneity one actions

Let c : L�N ! N be an isometric action of a compact connected Lie

group L on a Riemannian manifold N ¼ ðN; ~ggÞ.
An orbit LðpÞ of a point p A N is said to be principal if for any q A N,

there exists an element g A L such that the isotropy subgroup Lp satisfies

Lp � gLqg
�1. By definition principal orbits are orbits of maximum dimension.

The cohomogeneity of the action c is the codimension of principal orbits.

An orbit LðqÞ is said to be singular if its dimension is less than that of the

principal orbits.
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A closed totally geodesic submanifold C of N is said to be a section if C

intersects orthogonally all the orbits of L, and in this case the action is called

polar. An isometric action c is said to be hyperpolar if it admits sections

which are flat totally geodesic submanifolds. Actions of isotropy subgroups on

Riemannian symmetric spaces are typical examples of hyperpolar actions.

Now let N ¼ G=K be a Riemannian symmetric space of compact type with

simply connected G and the metric ~gg which is induced from the inner product

�c2B on the Lie algebra g of G. Here B is the Killing form of g and c > 0 a

constant. Denote by s the corresponding involution, i.e., s characterize K as

K ¼ Gs ¼ fg A G j sðgÞ ¼ gg.
A connected subgroup L of G is called symmetric if there exists an

involutive automorphism t of G such that L coincides with Gt ¼ fg A G j
tðgÞ ¼ gg. In this paper we assume that the involution t commutes with s.

Note that L is a connected compact Lie group since G is simply connected.

The natural action of L on G=K is called the Hermann action.

Kollross classified hyperpolar isometric actions on compact Riemannian

symmetric spaces [14]. It should be remarked that cohomogeneity one iso-

metric actions on compact irreducible Riemannian symmetric spaces are always

hyperpolar.

We denote by LðoÞ the orbit of the origin under the induced action of L.

Then LðoÞ ¼ L=ðL \ KÞ is a Riemannian symmetric space and totally geodesic

in G=K . In our setting, ts is an involution on G since t and s commute

with each other. Let us take a symmetric subgroup H ¼ Gts. Then the orbit

HðoÞ ¼ H=ðH \ KÞ is also a totally geodesic submanifold of G=K. It is known

that the L-action is cohomogeneity one if and only if HðoÞ is a Riemannian

symmetric space of rank 1.

Remark 1. For the classification of totally geodesic submanifolds in

compact Riemannian symmetric spaces of rank 2, we refer to [5, 9, 10, 11,

12, 13].

Proposition 1 ([18]). If the action of L is of cohomogeneity one and LðoÞ
is a singular orbit, then the other orbits of L coincide with the tubular hyper-

surfaces around LðoÞ.

Thus hereafter we assume that L-action is of cohomogeneity one with

singular orbit LðoÞ.
Take the normal bundle T?LðoÞ in N ¼ G=K . At the origin, we have

ToG=K ¼ ToLðoÞlT?
o LðoÞ; T?

o LðoÞ ¼ ToHðoÞ:

Let u be a unit vector in T?
o LðoÞ and gðtÞ ¼ expðtuÞ the closed geodesic with

initial velocity u. Then the image C of g intersects orthogonally all the orbits

353Biharmonic hypersurfaces



of L. Let a be the maximal eigenvalue of the Jacobi operator Ru on ToLðoÞ
and h the length of C. We put r ¼ minfp=ð2

ffiffiffi
a

p
Þ; h=2g.

Consider the principal orbit Mr :¼ LðgðrÞÞ which is realized as a tube of

radius r A ð0; rÞ around the singular orbit LðoÞ. Then the principal curvature

of Mr can be computed in the following way (see e.g., [18]):

(1) Take non-negative eigenvalues a1; a2; . . . ; as of Ru on ToLðoÞ.
Denote by m1;m2; . . . ;ms the multiplicities of these eigenvalues.

(2) Take eigenvalues b1 ¼ w, b2 ¼ w=4, b3 ¼ 0 of Ru on T?
o LðoÞ. Denote

by k1; k2; k3 ¼ 1 the multiplicities of these eigenvalues. Here w is the

maximal sectional curvature of the Riemannian symmetric space HðoÞ
of rank 1.

(3) When HðoÞ is of constant curvature, i.e., HðoÞ is the l-sphere Sl or

real projective l-space RPl, then k2 ¼ 0.

(4) When HðoÞ ¼ FPl with F ¼ C (the field of complex numbers), H

(the skew field of quaternions) or O (the Cayley algebra), then k1 ¼
dimR F� 1.

Note that h ¼ 2p=
ffiffiffi
w

p
if HðoÞ is not a real projective space. In case

HðoÞ ¼ RPl (lb 2), h ¼ p=
ffiffiffi
w

p
. By using these data, principal curvatures

of Mr is computed as follows:

Theorem 3 ([17, 18]). The constant principal curvatures of Mr are

mi ¼
ffiffiffiffi
ai

p
tanð ffiffiffiffi

ai
p

rÞ; i ¼ 1; 2; . . . ; s

with multiplicity mi and

m̂mj ¼ �
ffiffiffiffi
bj

p
cotð

ffiffiffiffi
bj

p
rÞ; j ¼ 1; 2

with multiplicity m̂mj ¼ kj.

4. Riemannian symmetric space of type AI

4.1. Let us consider the Riemannian symmetric space AIðnÞ :¼ SUðnÞ=SOðnÞ
with n > 2. With respect to the Killing metric, this symmetric space is an

ðnþ 2Þðn� 1Þ=2-dimensional Riemannian symmetric space of rank n� 1. The

maximal sectional curvature is k ¼ 1=n. Totally geodesic singular orbits under

cohomogeneity one actions are ([2, 14, 18]):
� fAIðn� 1Þ �Uð1Þg=Zn�1 for n0 4 and
� fAIð3Þ �Uð1Þg=Z3 and fGrGr2ðR5Þ for n ¼ 4. In this case AIð4Þ ¼fGrGr3ðR6Þ because of the isomorphism SUð4ÞG Spinð6Þ.

4.2. In this section we consider biharmonic tubes around the singular orbit

fAIðn� 1Þ �Uð1Þg=Zn�1 with the symmetric subgroup L ¼ SðUðn� 1Þ �
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Uð1ÞÞ. Then H ¼ SOðnÞ and HðoÞ ¼ RPn�1. Moreover, as in [18], we

have

a1 ¼ k; a2 ¼ k=4; a3 ¼ 0; m1 ¼ 1; m2 ¼ n� 2

and r ¼ p=ð2
ffiffiffi
k

p
Þ. For a positive r < p=ð2

ffiffiffi
k

p
Þ, the tube around fAIðn� 1Þ �

Uð1Þg=Zn�1 is a homogeneous hypersurface with principal curvatures:

m1 ¼
ffiffiffi
k

p
tanð

ffiffiffi
k

p
rÞ; m2 ¼

ffiffiffi
k

p

2
tan

ffiffiffi
k

p

2
r

� �
; m3 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

p

2
cot

ffiffiffi
k

p

2
r

� �
; m̂m2 ¼ �

ffiffiffi
k

p

4
cot

ffiffiffi
k

p

4
r

� �
with multiplicities

m1 ¼ 1; m2 ¼ n� 2; m3 ¼ ðn� 1Þðn� 2Þ=2; m̂m1 ¼ n� 2; m̂m2 ¼ 0:

Theorem 4. The tube around the singular orbit fAIðn� 1Þ �Uð1Þg=Zn�1

of radius

r ¼
ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffi
n� 2

p

is minimal in AIðnÞ ¼ SUðnÞ=SOðnÞ ðn > 2Þ.
The only biharmonic tubes around fAIðn� 1Þ �Uð1Þg=Zn�1 in AIðnÞ

ðn > 2Þ are the minimal ones.

Proof. The mean curvature H of the tube around the singular orbit

fAIðn� 1Þ �Uð1Þg=Zn�1 is computed as

1

2
ðn2 þ n� 4ÞH ¼ m1 þ ðn� 2Þm2 þ ðn� 2Þm̂m1

¼
ffiffiffi
k

p
tanð

ffiffiffi
k

p
rÞ þ n� 2

2
tan

ffiffiffi
k

p

2
r

� �
� n� 2

2
cot

ffiffiffi
k

p

2
r

� �� �
:

Now we put t ¼ tanð
ffiffiffi
k

p
r=2Þ. Then we have

1

2
ðn2 þ n� 4ÞH ¼ �

ffiffiffi
k

p

2tð1� t2Þ fðn� 2Þt4 � 2nt2 þ n� 2g:

Since t2 < 1, we obtain that Mr is minimal if and only if

r ¼ 2ffiffiffi
k

p tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� 2

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p

n� 2

s0@ 1A¼
ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffi
n� 2

p
:

Next, the square norm jAj2 is
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jAj2 ¼ m2
1 þ ðn� 2Þm2

2 þ ðn� 2Þm̂m2
1

¼ k tan2ð
ffiffiffi
k

p
rÞ þ ðn� 2Þk

4
tan2

ffiffiffi
k

p
r

2
þ ðn� 2Þk

4
cot2

ffiffiffi
k

p
r

2

¼ k
4t2

ð1� t2Þ2
þ ðn� 2Þt2

4
þ ðn� 2Þ

4t2

( )

¼ k

4t2ð1� t2Þ2
f16t4 þ ðn� 2Þt4ð1� t2Þ2 þ ðn� 2Þð1� t2Þ2g:

Now we consider the biharmonicity equation jAj2 ¼ 1=2:

16t4 þ ðn� 2Þt4ð1� t2Þ2 þ ðn� 2Þð1� t2Þ2 ¼ 2nt2ð1� t2Þ2:

Hence we have

n ¼ 2ðt8 � 2t6 � 6t4 � 2t2 þ 1Þ
ðt2 � 1Þ4

;

which implies

ðt2 � 1Þ4ð3� nÞ ¼ t8 � 8t6 þ 30t4 � 8t2 þ 1

¼ ðt4 � 4t2 þ 1Þ2 þ 12t4:

The equation has no real solutions satisfying 0 < t < 1 for nb 3. r

5. Riemannian symmetric space of type AII

5.1. Let us consider the compact Riemannian symmetric space AIIðnÞ :¼
SUð2nÞ=SpðnÞ of type AII (nb 2) equipped with the Killing metric. This

Riemannian symmetric space is ðn� 1Þð2nþ 1Þ-dimensional and of rank

n� 1. The maximal sectional curvature is k ¼ 1=ð4nÞ. Moreover we have

r ¼ p=ð2
ffiffiffi
k

p
Þ. Since AIIð2Þ ¼ S5ðkÞ, hereafter we assume that n > 2. Totally

geodesic singular orbits under cohomogeneity one actions are ([2, 14, 18]):
� fAIIðn� 1Þ �Uð1Þg=Zn�1, n > 3.
� fAIIð2Þ �Uð1Þg=Z2 ¼ ðS5ðkÞ � S1Þ=Z2 and SUð3Þ, n ¼ 3.

5.2. In this section we consider biharmonicity of tubes around the singular

orbit fAIIðn� 1Þ �Uð1Þg=Zn�1 of dimension ð2n2 � 5nþ 3Þ with the corre-

sponding symmetric subgroup L ¼ SðUð2n� 2Þ �Uð2ÞÞ. Then we have

H ¼ SpðnÞ and HðoÞ ¼ HPn�1 of maximal sectional curvature k.
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The eigenvalues of Jacobi operator are given by ([18]):

a1 ¼ k; a2 ¼
k

4
; a3 ¼ 0

with multiplicities m1 ¼ 1 and m2 ¼ 4n� 8. From these, we obtain the prin-

cipal curvatures and their multiplicities of the tube:

m1 ¼
ffiffiffi
k

p
tanð

ffiffiffi
k

p
rÞ; m1 ¼ 1;

m2 ¼
ffiffiffi
k

p

2
tan

ffiffiffi
k

p

2
r

� �
; m2 ¼ 4n� 8;

m3 ¼ 0; m3 ¼ 2n2 � 9nþ 10;

m̂m1 ¼ �
ffiffiffi
k

p
cotð

ffiffiffi
k

p
rÞ; m̂m1 ¼ 3;

m̂m2 ¼ �
ffiffiffi
k

p

2
cot

ffiffiffi
k

p

2
r

� �
; m̂m2 ¼ 4n� 8:

Theorem 5. A tube around the singular orbit fAIIðn� 1Þ �Uð1Þg=Zn�1

of radius r in AIIðnÞ ¼ SUð2nÞ=SpðnÞ ðnb 3Þ is minimal if and only if

r ¼ 2
ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 5

p
:

The only biharmonic tubes around fAIIðn� 1Þ �Uð1Þg=Zn�1 are minimal ones.

Proof. The mean curvature H is

ð2n2 � n� 2ÞH ¼ m1 þ 4ðn� 2Þm2 þ 3m̂m1 þ 4ðn� 2Þm̂m2

¼
ffiffiffi
k

p �
tanð

ffiffiffi
k

p
rÞ þ 2ðn� 2Þ tan

ffiffiffi
k

p

2

� �

� 3 cotð
ffiffiffi
k

p
rÞ � 2ðn� 2Þ cot

ffiffiffi
k

p

2

� ��

¼
ffiffiffi
k

p
2ðn� 2Þ t� 1

t

� �
þ�3t4 þ 10t2 � 3

2tð1� t2Þ

� �
;

where t ¼ tanð
ffiffiffi
k

p
r=2Þ.

Thus, it follows from 0 < t < 1 that Mr is minimal if and only if

r ¼ 2ffiffiffi
k

p tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 3� 4

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p

4n� 5

s
¼ 2

ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 5

p
:

The square norm jAj2 is computed as
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jAj2 ¼ m2
1 þ 4ðn� 2Þm2

2 þ 3m̂m2
1 þ 4ðn� 2Þm̂m2

2

¼ k

�
tan2ð

ffiffiffi
k

p
rÞ þ ðn� 2Þ tan2

ffiffiffi
k

p

2
r

� �

þ 3 cot2ð
ffiffiffi
k

p
rÞ þ ðn� 2Þ cot2

ffiffiffi
k

p

2
r

� ��

¼ k
4t2

ð1� t2Þ2
þ ðn� 2Þt2 þ 3ð1� t2Þ2

4t2
þ n� 2

t2

( )
:

The biharmonicity equation jAj2 ¼ 1=2 is equivalent to

n ¼ 5t8 � 4t6 � 18t4 � 4t2 þ 5

4ð1� t2Þ4
:

It follows that

4ð1� t2Þ4ð3� nÞ ¼ 7t8 � 44t6 þ 90t4 � 44t2 þ 7

¼ ð
ffiffiffi
7

p
t4 � 9t2 þ

ffiffiffi
7

p
Þ2

þ t2fð18
ffiffiffi
7

p
� 44Þt4 � 5t2 þ ð18

ffiffiffi
7

p
� 44Þg > 0:

Therefore, the equation has no real solutions satisfying 0 < t < 1 for nb 3.

r

6. Riemannian symmetric space of type AIII

6.1. Let us denote by GrkðCnÞ the Grassmannian manifold of all complex

linear k-subspaces in complex Euclidean n-space Cn. The Grassmannian

manifold GrkðCnÞ is represented by GrkðCnÞ ¼ SUðnÞ=SðUðkÞ �Uðn� kÞÞ as

a homogeneous space. We equip the Grassmannian manifold GrkðCnÞ with

the Killing metric ~gg induced from �B. Then the resulting homogeneous

Riemannian space is a real 2kðn� kÞ-dimensional compact Riemannian sym-

metric space of rank minðk; n� kÞ. Moreover GrkðCnÞ admits a SUðnÞ-
invariant complex structure J which is compatible to the metric ~gg. Hence

ðGrkðCnÞ; ~gg; JÞ is a Hermitian symmetric space of type AIII. The maximal

sectional curvature is k ¼ 1=n.

6.2. Totally geodesic singular orbits in GrkðCnÞ under cohomogeneity one

actions are ([2, 14, 18]):

(1) GrkðCn�1Þ and Grk�1ðCn�1Þ for 2a k < n� k, ðk; nÞ0 ð2; 2mÞ for

m > 2.
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(2) Grk�1ðC2k�1Þ ¼ GrkðC2k�1Þ, if n ¼ 2k and kb 3.

(3) Gr2ðC2l�1Þ, CP2l�2 and the quaternion projective space HPl�1 if

k ¼ 2 and n ¼ 2l.

In Part I, we have classified:

(1) biharmonic tubes around GrkðCn�1Þ � GrkðCnÞ, 2 < ka n ([Theorem

4, Part1]),

(2) biharmonic tubes around Gr2ðCnþ1Þ � Gr2ðCnþ2Þ, n > 2 ([Theorem 5,

Part1]),

(3) biharmonic tubes around HPn � Gr2ðC2nþ2Þ, n > 2 ([Theorem 6,

Part1]).

In this section we study biharmonic tubes around Grk�1ðCn�1Þ in GrkðCnÞ
for 2 < k < n� k and ðk; nÞ0 ð2; 2mÞ, m > 2. The symmetric subgroup

L is L ¼ SðUð1Þ �Uðn� 1ÞÞ. Hence H ¼ SðUðk � 1Þ �Uðn� k þ 1ÞÞ and

HðoÞ ¼ CPn�k. The maximal sectional curvature of HðoÞ is w ¼ k. Moreover

we have r ¼ p=
ffiffiffi
k

p
.

The eigenvalue of Jacobi operator are given by ([18]):

a1 ¼
k

4
; a2 ¼ 0

with multiplicity m1 ¼ 2k � 2. Hence the principal curvature of the tube are

given by

m1 ¼
ffiffiffi
k

p

2
tan

ffiffiffi
k

p

2
r

� �
; m2 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

p
cotð

ffiffiffi
k

p
rÞ; m̂m2 ¼ �

ffiffiffi
k

p

2
cot

ffiffiffi
k

p

2
r

� �
with multiplicities

m1 ¼ 2ðk � 1Þ; m2 ¼ 2ðk � 1Þðn� k � 1Þ; m̂m1 ¼ 1; m̂m2 ¼ 2ðn� k � 1Þ:

Theorem 6. A tube Mr around Grk�1ðCn�1Þ of radius r in GrkðCnÞ
ð2a ka n� kÞ with ðk; nÞ0 ð2; 2mÞ, m > 2 is minimal if and only if

r ¼ 2
ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2k � 1

2k � 1

r !
:

A tube Mr is proper biharmonic if and only if

r ¼ 2
ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2kÞ2 þ 4n

q
2k � 1

vuut0BB@
1CCA:
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Proof. The mean curvature H is computed as

ð2nk � 2k2 � 1ÞH ¼ 2ðk � 1Þm1 þ m̂m1 þ 2ðn� k � 1Þm̂m2

¼
ffiffiffi
k

p
ðk � 1Þt� 1� t2

2t
� n� k � 1

t

� �
;

where t ¼ tanð
ffiffiffi
k

p
r=2Þ. The equation H ¼ 0 implies that Mr is minimal if and

only if

r ¼ 2ffiffiffi
k

p tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2k � 1

2k � 1

r !
¼ 2

ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2k � 1

2k � 1

r !
:

Next, the square norm jAj2 is computed as

jAj2 ¼ 2ðk � 1Þm2
1 þ m̂m2

1 þ 2ðn� k � 1Þm̂m2
2

¼ k
ðk � 1Þt2

2
þ ð1� t2Þ2

4t2
þ n� k � 1

2t2

( )
:

The biharmonicity equation jAj2 ¼ 1=2 becomes

f ðtÞ :¼ ð2k � 1Þt4 � 2ðnþ 1Þt2 þ 2n� 2k � 1 ¼ 0;

which gives us

t2 ¼
nþ 1G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2kÞ2 þ 4n

q
2k � 1

:

Moreover, we have

f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2k � 1

2k � 1

r !
¼ 4ð2k � 2nþ 1Þ

2k � 1
< 0:

Thus Mr is proper biharmonic if and only if

r ¼ 2
ffiffiffi
n

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2kÞ2 þ 4n

q
2k � 1

vuut0BB@
1CCA:

r

7. Riemannian symmetric space of type BDI

7.1. Let N ¼ SOðnÞ=SOðkÞ � SOðn� kÞ be the compact Riemannian sym-

metric space of type BDI. This symmetric space is the real Grassmannian
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manifold fGrGrkðRnÞ of oriented k-planes in Rn with dim N ¼ kðn� kÞ and of

rank minðk; n� kÞ. With respect to the Killing metric, fGrGrkðRnÞ has maximal

sectional curvature k ¼ 1=ðn� 2Þ. Even if SOðnÞ is not simply connected, the

procedure of computing the principal curvatures of tubes around singular orbits

still works for this space.

Totally geodesic singular orbits in fGrGrkðRnÞ under cohomogeneity one

actions are (see [2]):
� reflective submanifolds:

– fGrGrk�1ðRn�1Þ and fGrGrkðRn�1Þ, if 2a k < n� k and ðk; nÞ0 ð2; 2mÞ
for m > 2.

– fGrGrk�1ðR2k�1Þ ¼ fGrGrkðR2k�1Þ, if n ¼ 2k and kb 4.

– S2l�2, fGrGr2ðR2l�1Þ and CPl�1 if k ¼ 2 and n ¼ 2l.

– fGrGr3ðR5Þ and Uð3Þ=SOð3Þ if k ¼ 3 and n ¼ 6. In this casefGrGr3ðR6Þ ¼ AIð4Þ.
� non-reflective submanifolds:

– G2=SOð4Þ � fGrGr3ðR7Þ.

7.2. In this section we consider tubes around the singular orbit fGrGrk�1ðRn�1Þ
with k > 2 and n > 4. This orbit is obtained by the cohomogeneity one action

of the symmetric subgroup L ¼ SOðn� 1Þ. Under the action of L, we have

H ¼ SOðk � 1Þ � SOðn� k þ 1Þ and HðoÞ ¼ Sn�kðwÞ is the ðn� kÞ-sphere of

curvature w ¼ k=2. We have r ¼ p
2
ffiffi
w

p . The eigenvalues of the Jacobi operator

are ([18]):

a1 ¼
k

2
; a2 ¼ 0

with multiplicity m1 ¼ k � 1.

The principal curvatures of the tube Mr of radius r around LðoÞ
are

m1 ¼
ffiffiffi
k

2

r
tan

ffiffiffi
k

2

r
r

� �
; m2 ¼ 0; m̂m1 ¼ �

ffiffiffi
k

2

r
cot

ffiffiffi
k

2

r
r

� �
with multiplicities

m1 ¼ k � 1; m2 ¼ ðk � 1Þðn� k � 1Þ; m̂m1 ¼ n� k � 1:

Theorem 7. A tube Mr around fGrGrk�1ðRn�1Þ of radius r in fGrGrkðRnÞ
ð2a k < nÞ is minimal if and only if

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn� 2Þ

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� k � 1

k � 1

r !
:
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In case n0 2k, Mr is proper biharmonic if and only if

r ¼ p

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn� 2Þ

p
:

In case n ¼ 2k, the only biharmonic tubes are minimal ones.

Proof. The mean curvature is computed as

ðnk � k2 � 1ÞH ¼ ðk � 1Þm1 þ ðn� k � 1Þm̂m1

¼
ffiffiffi
k

2

r
ðk � 1Þt� n� k � 1

t

� �
;

where t ¼ tanð
ffiffiffiffiffiffiffiffi
k=2

p
rÞ.

Hence, H ¼ 0 if and only if

r ¼
ffiffiffi
2

k

r
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� k � 1

k � 1

r !
:

Note that in case k ¼ n� k, i.e., n ¼ 2k, two singular orbits fGrGrkðRn�1Þ
and fGrGrk�1ðRn�1Þ coincide. The mean curvature is

H ¼ 1

k þ 1

ffiffiffi
k

2

r
t� 1

t

� �
:

Hence when n ¼ 2k, Mr is minimal if and only if

r ¼ p

2
ffiffiffiffiffiffi
2k

p <
pffiffiffiffiffiffi
2k

p :

Next, the square norm jAj2 is computed as

jAj2 ¼ k

2
ðk � 1Þt2 þ n� k � 1

t2

� �
:

By solving the biharmonicity equation jAj2 ¼ 1=2, we get

t2 ¼ 1;
n� k � 1

k � 1
:

As shown above, if t2 ¼ n�k�1
k�1 , then Mr is minimal. Next we notice that

n�k�1
k�1 ¼ 1 when n ¼ 2k. Thus Mr is proper biharmonic if and only if n0 2k

and

r ¼ p

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn� 2Þ

p
: r
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Remark 2. In case k ¼ 2 and n ¼ 2l, fGrGr2ðR2lÞ is the complex quadric

Q2l�2 � CP2l�1. Biharmonic tubes around CPl�1 are classified in [Theorem 7,

Part I].

8. Riemannian symmetric space of type DIII

8.1. In this section we consider the Riemannian symmetric space N ¼ G=K of

type DIII (n > 2). The Riemannian symmetric space DIIIðnÞ :¼ SOð2nÞ=UðnÞ
is nðn� 1Þ-dimensional and of rank bn=2c. The maximal sectional curvature

is k ¼ 1=f2ðn� 1Þg with respect to the Killing metric. As in Section 7, the

procedure of computing the principal curvatures of tubes around singular orbits

still works for this space. Since DIIIð3Þ ¼ CP3 and DIIIð4Þ ¼ fGrGr2ðR8Þ is the

complex quadric Q6 � CP7, hereafter we restrict our attention to the case

n > 4.

8.2. Totally geodesic singular orbits in DIIIðnÞ under cohomogeneity one

actions are congruent to DIIIðn� 1Þ (see e.g. [2, 14]). The corresponding

symmetric subgroup is L ¼ SOð2n� 2Þ � SOð2Þ of maximal sectional curvature

k. In this case H ¼ UðnÞ and HðoÞ ¼ CPn�1 of maximal sectional curvature

w ¼ k and r ¼ p=
ffiffiffi
k

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn� 1Þ

p
p.

The eigenvalues of the Jacobi operator on ToLðoÞ are

a1 ¼
k

4
; a2 ¼ 0:

The multiplicity of a1 is m1 ¼ 2ðn� 2Þ (see [18]). From these data together

with Theorem 3, the principal curvatures of the tube Mr around DIIIðn� 1Þ
are given by

m1 ¼
ffiffiffi
k

p

2
tan

ffiffiffi
k

p

2
r

� �
; m2 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

p
cotð

ffiffiffi
k

p
rÞ; m̂m2 ¼ �

ffiffiffi
k

p

2
cot

ffiffiffi
k

p

2
r

� �
with multiplicities

m1 ¼ 2ðn� 2Þ; m2 ¼ ðn� 2Þðn� 3Þ; m̂m1 ¼ 1; m̂m2 ¼ 2ðn� 2Þ:

Theorem 8. A tube Mr around DIIIðn� 1Þ of radius r in DIIIðnÞ is

minimal if and only if r ¼
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
p=

ffiffiffi
2

p
.

A tube Mr is proper biharmonic if and only if

r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p
G 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n� 3
p

 !
:
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Proof. The mean curvature H of Mr is computed as

ðn2 � n� 1ÞH ¼ 2ðn� 2Þm1 þ m̂m1 þ 2ðn� 2Þm̂m2

¼ ðn� 2Þ
ffiffiffi
k

p
tan

ffiffiffi
k

p

2
r

� �
�

ffiffiffi
k

p
cotð

ffiffiffi
k

p
rÞ � ðn� 2Þ cot

ffiffiffi
k

p

2
r

� �

¼
ffiffiffi
k

p
ðn� 2Þt� 1� t2

2t
� ðn� 2Þ 1

t

� �

¼
ffiffiffi
k

p

2t
ð2n� 3Þðt2 � 1Þ;

where t ¼ tanð
ffiffiffi
k

p
r=2Þ. Thus Mr is minimal if and only if t ¼ 1. Namely,

r ¼ 2ffiffiffi
k

p tan�1 1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p ffiffiffi
2

p p <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn� 1Þ

p
p:

Next, we have

jAj2 ¼ 2ðn� 2Þm2
1 þ m̂m2

1 þ 2ðn� 2Þm̂m2
2

¼ k
n� 2

2
tan2

ffiffiffi
k

p

2
r

� �
þ cot2ð

ffiffiffi
k

p
rÞ þ n� 2

2
cot2

ffiffiffi
k

p

2
r

� �� �

¼ k
ðn� 2Þt2

2
þ ð1� t2Þ2

4t2
þ n� 2

2t2

( )
:

Solving the biharmonicity equation jAj2 ¼ 1=2, we obtain

t2 ¼ 2n� 1G 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p

2n� 3
ð0 1Þ:

Therefore Mr is proper biharmonic if and only if

r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 1G 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p

2n� 3

s0@ 1A
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 2

p
G 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n� 3
p

 !
: r

9. Riemannian symmetric space of type CI

9.1. Now we consider nðnþ 1Þ-dimensional Riemannian symmetric space N ¼
CIðnÞ :¼ SpðnÞ=UðnÞ of type CI (nb 2). The Riemannian symmetric space
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CIðnÞ is of rank n. With respect to the Killing metric, the maximal sectional

curvature is k ¼ 1=ðnþ 1Þ. Note that CIð2Þ ¼ fGrGr3ðR5Þ because of the iso-

morphism Spð2ÞG Spinð5Þ.

9.2. Totally geodesic singular orbits under cohomogeneity one actions are

congruent to CIðn� 1Þ � S2 ([2, 14]). The corresponding symmetric subgroup

is L ¼ Spðn� 1Þ � Spð1Þ. In this case we have H ¼ UðnÞ and HðoÞ ¼ CPn�1

of maximal sectional curvature w ¼ k=2. Moreover we have r ¼ p=
ffiffiffiffiffiffi
2k

p
. In

case n ¼ 2, CIðn� 1Þ � S2 ¼ fGrGr2ðR4Þ � fGrGr3ðR5Þ.
The eigenvalues of the Jacobi operator on ToLðoÞ are

a1 ¼
k

2
; a2 ¼

k

8
; a3 ¼ 0

with multiplicities m1 ¼ 2, m2 ¼ 2n� 4 (see [18]). From these data together

with Theorem 3, we get

m1 ¼
ffiffiffi
k

pffiffiffi
2

p tan

ffiffiffi
k

pffiffiffi
2

p r

� �
; m2 ¼

ffiffiffi
k

p

2
ffiffiffi
2

p tan

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
; m3 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

pffiffiffi
2

p cot

ffiffiffi
k

pffiffiffi
2

p r

� �
; m̂m2 ¼ �

ffiffiffi
k

p

2
ffiffiffi
2

p cot

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
with multiplicities

m1 ¼ 2; m2 ¼ 2n� 4; m3 ¼ n2 � 3nþ 4; m̂m1 ¼ 1; m̂m2 ¼ 2n� 4:

Theorem 9. A tube Mr around CIðn� 1Þ � S2 of radius r in CIðnÞ is

minimal if and only if

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 3

p ffiffiffi
2

p :

For nb 3, the only biharmonic tubes are minimal ones.

For n ¼ 2, the only biharmonic tube Mr around fGrGr2ðR4Þ is the tube of

radius

r ¼
ffiffiffi
6

p

4
p:

Proof. First we look for minimal tubes. We get

ðn2 þ n� 1ÞH ¼ 2m1 þ ð2n� 4Þm2 þ m̂m1 þ ð2n� 4Þm̂m2

¼ 2 �
ffiffiffi
k

pffiffiffi
2

p tan

ffiffiffi
k

pffiffiffi
2

p r

� �
þ ð2n� 4Þ �

ffiffiffi
k

p

2
ffiffiffi
2

p tan

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �

�
ffiffiffi
k

pffiffiffi
2

p cot

ffiffiffi
k

pffiffiffi
2

p r

� �
� ð2n� 4Þ �

ffiffiffi
k

p

2
ffiffiffi
2

p cot

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
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¼
ffiffiffi
2

p ffiffiffi
k

p
� 2t

1� t2
þ ð2n� 4Þ �

ffiffiffi
k

p

2
ffiffiffi
2

p t

�
ffiffiffi
k

pffiffiffi
2

p 1� t2

2t
� ð2n� 4Þ �

ffiffiffi
k

p

2
ffiffiffi
2

p 1

t

¼
ffiffiffi
k

p

2
ffiffiffi
2

p
tð1� t2Þ

fð3� 2nÞt4 þ 2ð2nþ 1Þt2 þ 3� 2ng;

where t ¼ tanð
ffiffiffi
k

p
r=ð2

ffiffiffi
2

p
ÞÞ.

Since 0 < t < 1, Mr is minimal if and only if

r ¼ 2
ffiffiffi
2

pffiffiffi
k

p tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 1� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 2

p

2n� 3

s0@ 1A¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n� 3

p ffiffiffi
2

p :

The square norm jAj2 is computed as

jAj2 ¼ 2m2
1 þ ð2n� 4Þm2

2 þ m̂m2
1 þ ð2n� 4Þm̂m2

2

¼ k

�
tan2

ffiffiffi
k

pffiffiffi
2

p r

� �
þ n� 2

4
tan2

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �

þ 1

2
cot2

ffiffiffi
k

pffiffiffi
2

p r

� �
þ n� 2

4
cot2

ffiffiffi
k

p

2
ffiffiffi
2

p r

� ��

¼ k
4t2

ð1� t2Þ2
þ ðn� 2Þt2

4
þ ð1� t2Þ2

8t2
þ n� 2

4t2

( )
:

The biharmonicity equation jAj2 ¼ 1=2 is equivalent to

n ¼ 3t8 � 38t4 þ 3

2ð1� t2Þ4
:

It follows that

2ð1� t2Þ4ð3� nÞ ¼ 3t8 � 24t6 þ 74t4 � 24t2 þ 3

¼ ð
ffiffiffi
3

p
t4 � 8t2 þ

ffiffiffi
3

p
Þ2 þ ð16

ffiffiffi
3

p
� 24Þt6 þ 4t4 þ ð16

ffiffiffi
3

p
� 24Þt2:

Hence, in case nb 3 the equation has no real solutions. On the other hand,

in case n ¼ 2, we obtain

t2 ¼ 3� 2
ffiffiffi
2

p
; 5� 2

ffiffiffi
6

p
;

because t2 < 1. As shown above, if n ¼ 2 and t2 ¼ 5� 2
ffiffiffi
6

p
, then H ¼ 0.

Thus, Mr is proper biharmonic if and only if

r ¼ 2
ffiffiffi
6

p
tan�1ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 2

ffiffiffi
2

pq
Þ ¼

ffiffiffi
6

p

4
p: r
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In case n ¼ 2, the above classification coincides with the one in Theorem 7

with k ¼ 3 and n ¼ 5.

10. Riemannian symmetric space of type CII

10.1. The quaternion Grassmannian manifold GrkðHnÞ (2a ka n� 1) is

the manifold of all quaternion linear k-subspaces in quaternion Euclidean

n-space Hn. The quaternion Grassmannian manifold GrkðHnÞ is represented

by GrkðHnÞ ¼ SpðnÞ=SpðkÞ � Spðn� kÞ as a Riemannian symmetric space of

real dimension 4kðn� kÞ and of rank minðk; n� kÞ. The maximal sectional

curvature is k ¼ 1=ðnþ 1Þ with respect to the metric induced from �B.

10.2. Totally geodesic singular orbits in GrkðHnÞ under cohomogeneity one

actions are ([2, 14]):

(1) GrkðHn�1Þ and Grk�1ðHn�1Þ for 2a k < n� k.

(2) Grk�1ðH2k�1Þ ¼ GrkðH2k�1Þ, if n ¼ 2k and kb 2.

Consider the singular orbit Grk�1ðHn�1Þ with the corresponding sym-

metric subgroup L ¼ Spð1Þ � Spðn� 1Þ. Then we have H ¼ Spðk � 1Þ �
Spðn� k þ 1Þ and HðoÞ ¼ HPn�k. The maximal sectional curvature of HðoÞ
is w ¼ k=2. Moreover we have r ¼

ffiffiffi
2

p
p=

ffiffiffi
k

p
. For k > 2, LðoÞ ¼ Grk�1ðHn�1Þ

is of maximal sectional curvature k and for k ¼ 2, LðoÞ ¼ HPn�k is of maximal

sectional curvature k=2.

The eigenvalues of the Jacobi operator on ToLðoÞ are given by [18]:

a1 ¼
k

8
; a2 ¼ 0

and m1 ¼ 4k � 4. Thus by using Theorem 3, the principal curvatures of the

tube Mr around Grk�1ðHk�1Þ are computed as:

m1 ¼
ffiffiffi
k

p

2
ffiffiffi
2

p tan

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
; m2 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

pffiffiffi
2

p cot

ffiffiffi
k

pffiffiffi
2

p r

� �
; m̂m2 ¼ �

ffiffiffi
k

p

2
ffiffiffi
2

p cot

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
:

Theorem 10. A tube Mr around Grk�1ðHn�1Þ of radius r in GrkðHnÞ
ð2a 2 < n� kÞ is minimal if and only if

r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 4k � 1

4k � 1

r
:
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The only proper biharmonic tube Mr is the tube of radius

r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 5G 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2kÞ2 þ 6nþ 6

q
4k � 1

vuut0BB@
1CCA:

Proof. The mean curvature is computed as

ð4nk � 4k2 � 1ÞH ¼ 4ðk � 1Þm1 þ 3m̂m1 þ 4ðn� k � 1Þm̂m2

¼
ffiffiffi
k

2

r
ð2k � 2Þt� 3ð1� t2Þ

2t
� 2ðn� k � 1Þ

t

� �
;

where t ¼ tanð
ffiffiffi
k

p
r=ð2

ffiffiffi
2

p
ÞÞ.

Hence, Mr is minimal if and only if

r ¼ 2
ffiffiffi
2

pffiffiffi
k

p tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 4k � 1

4k � 1

r
:

Next, we compute the square norm jAj2.

jAj2 ¼ 4ðk � 1Þm2
1 þ 3m̂m2

1 þ 4ðn� k � 1Þm̂m2
2

¼ k
ðk � 1Þt2

2
þ 3ð1� t2Þ2

8t2
þ n� k � 1

2t2

( )
:

The biharmonicity equation jAj2 ¼ 1=2 can be written as

gðtÞ :¼ ð4k � 1Þt4 � 2ð2nþ 5Þt2 þ 4n� 4k � 1 ¼ 0:

By solving this equation, we obtain

t2 ¼
2nþ 5G 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2kÞ2 þ 6nþ 6

q
4k � 1

:

Moreover, we have

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 4k � 1

4k � 1

r !
¼ 12ð4k � 4nþ 1Þ

4k � 1
< 0:

Therefore, Mr is proper biharmonic if and only if

r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 5G 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2kÞ2 þ 6nþ 6

q
4k � 1

vuut0BB@
1CCA: r
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11. Symmetric space of type EII

11.1. Exceptional Lie group E6. Let us denote by J the real linear space of

all 3 by 3 Hermitian matrices of octonions. On this linear space the Jordan

product � is defined by

X � Y :¼ 1

2
ðXY þ YX Þ; X ;Y A J:

The real algebra J equipped with Jordan product is called the exceptional

Jordan algebra.

The automorphism group F4 of the Jordan algebra J is a simply connected

compact simple Lie group of dimension 52. The exceptional Jordan algebra J

is parametrized as

J ¼ ðX;XÞ :¼
x1 x3 x2

x3 x2 x1

x2 x1 x3

0B@
1CA
�������X ¼ ðx1; x2; x3Þ A R3;X ¼ ðx1; x2; x3Þ A O3

8><>:
9>=>;:

The trace trðX;XÞ of ðX;X Þ is defined by trðX;X Þ ¼ x1 þ x2 þ x3.

The inner product ð� ; �Þ on J and trilinear form trð� ; � ; �Þ are defined by

([21])

ðX ;YÞ ¼ trðX � YÞ; trðX ;Y ;ZÞ ¼ ðX ;Y � ZÞ:

Next, the Freudental product � is defined by

X � Y ¼ 1

2
ð2X � Y � trðX ÞY � trðY ÞX

þ ðtrðX Þ trðYÞ � ðX ;Y ÞÞEÞ; X ;Y A J:

By using �, triple product ðX ;Y ;ZÞ and determinant function det are defined

by

ðX ;Y ;ZÞ ¼ ðX ;Y � ZÞ; det X ¼ 1

3
ðX ;X ;X Þ:

Now we consider the complexification JC of J. The resulting complex algebra

JC ¼
x1 x3 x2

x3 x2 x1

x2 x1 x3

0B@
1CA A JC

������� x1; x2; x3 A C; x1; x2; x3 A OC

8><>:
9>=>;

is called the exceptional complex Jordan algebra. On the complexification JC

of J, Hermitian inner product h� ; �i is defined by

hX ;Yi ¼ ðX y;YÞ;
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where y is the complex conjugation of the exceptional complex Jordan algebra

JC.

The simply connected compact Lie group E6 is given by ([21, § 3.1]):

E6 ¼ fa A GLðJCÞ j detðaðX ÞÞ ¼ detðXÞ; haðX Þ; aðYÞi ¼ hX ;Yig:

The Lie group E6 is a 78-dimensional Lie subgroup of Uð27Þ ¼ UðJCÞ. For

more informations on E6, we refer to [21].

11.2. The simply connected compact Riemannian symmetric space of type EII

is represented by N ¼ E6=SUð6Þ � SUð2Þ. This is a 40-dimensional quaternionic

symmetric space of rank 4. The maximal sectional curvature is k ¼ 1=12 with

respect to the Killing metric. Totally geodesic singular orbits under coho-

mogeneity one actions are congruent to FI ¼ F4=Spð3Þ � Spð1Þ with maximal

sectional curvature k. The symmetric subgroup corresponding to FI is L ¼ F4

([2, 14, 20]). In this case, H ¼ Spð4Þ=Z2 and HðoÞ ¼ HP3 with maximal

sectional curvature w ¼ k=2 and r ¼ p=ð
ffiffiffiffiffiffi
2k

p
Þ ¼

ffiffiffi
6

p
p.

We consider tubes of radius r < p=ð
ffiffiffiffiffiffi
2k

p
Þ around F4=Spð3Þ � Spð1Þ. The

principal curvatures of Mr are given by Verhóczki [20, (11), 8 Proposition]:

m1 ¼
ffiffiffi
k

pffiffiffi
2

p tan

ffiffiffi
k

pffiffiffi
2

p r

� �
; m2 ¼

ffiffiffi
k

p

2
ffiffiffi
2

p tan

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
; m3 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

pffiffiffi
2

p cot

ffiffiffi
k

pffiffiffi
2

p r

� �
; m̂m2 ¼ �

ffiffiffi
k

p

2
ffiffiffi
2

p cot

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
with multiplicities

m1 ¼ 5; m2 ¼ 8; m3 ¼ 15; m̂m1 ¼ 3; m̂m2 ¼ 8:

Theorem 11. A tube Mr around F4=Spð3Þ � Spð1Þ of radius r in

E6=SUð6Þ � SUð2Þ is minimal if and only if

r ¼ 4
ffiffiffi
6

p
tan�1 4�

ffiffiffi
5

pffiffiffiffiffi
11

p
 !

<
ffiffiffi
6

p
p:

The only biharmonic tubes are minimal ones.

Proof. We put t ¼ tanð
ffiffiffi
k

p
r=

ffiffiffi
8

p
Þ and a ¼

ffiffiffiffiffiffiffiffi
k=8

p
, then we have

39H ¼ 5m1 þ 8m2 þ 3m̂m1 þ 8m̂m2

¼ 5 2a
2t

1� t2

� �� �
þ 8ðatÞ þ 3 �2a

1� t2

2t

� �� �
þ 8 � a

t

� �

¼ �að11t4 � 42t2 þ 11Þ
tð1� t2Þ :
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Thus Mr is minimal if and only if

r ¼
ffiffiffi
8

k

r
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21� 8

ffiffiffi
5

p

11

s0@ 1A¼ 4
ffiffiffi
6

p
tan�1 4�

ffiffiffi
5

pffiffiffiffiffi
11

p
 !

<
ffiffiffi
6

p
p:

The square norm jAj2 is computed as follows:

jAj2 ¼ 5m2
1 þ 8m2

2 þ 3m̂m2
1 þ 8m̂m2

2

¼ k
10t2

ð1� t2Þ2
þ t2 þ 3ð1� t2Þ2

8t2
þ 1

t2

( )
:

The biharmonicity equation jAj2 ¼ 1=2 becomes

11t8 � 76t6 þ 210t4 � 76t2 þ 11 ¼ 0:

However, the LHS of the equation can be transformed into

ð
ffiffiffiffiffi
11

p
t4 � 13t2 þ

ffiffiffiffiffi
11

p
Þ2 þ ð26

ffiffiffiffiffi
11

p
� 76Þt6 þ 19t4 þ ð26

ffiffiffiffiffi
11

p
� 76Þt2;

which shows that the biharmonicity equation has no real solutions. r

12. Symmetric spaces of type EIII

12.1. We consider the complex projective space PðJCÞ ¼ CP26 over JC.

According to Atsuyama [1], the simply connected 32-dimensional Riemannian

symmetric space of type EIII is realized as EIII ¼ ðgEIIIEIIInf0gÞ=C� � PðJCÞ ¼
CP26, where

gEIIIEIII :¼

8><>:ðX;XÞ ¼
x1 x3 x2

x3 x2 x1

x2 x1 x3

0B@
1CA A JC

�������
x2x3 ¼ jx1j2; x3x1 ¼ jx2j2; x1x2 ¼ jx3j2;
x2x3 ¼ x1x1; x3x1 ¼ x2x2; x1x2 ¼ x3x3

9>=>;
This symmetric space EIII is represented by E6=ððSpinð10Þ �Uð1ÞÞ=Z4Þ and of

rank 2. The maximal sectional curvature is k ¼ 1=12.

12.2. The only singular orbits under cohomogeneity one actions are OP2 of

maximal sectional curvature k=2 ([2, 14, 20]). In this case L ¼ H ¼ F4 and

LðoÞ ¼ HðoÞ ¼ OP2 of maximal sectional curvature w ¼ k=2. In addition we

have r ¼ p=
ffiffiffiffiffiffi
2k

p
¼

ffiffiffi
6

p
p. The principal curvatures of a tube Mr around OP2

with radius r < p=
ffiffiffiffiffiffi
2k

p
are given by Verhóczki [20, 12 Proposition]:
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m1 ¼
ffiffiffi
k

pffiffiffi
2

p tan

ffiffiffi
k

pffiffiffi
2

p r

� �
; m1 ¼ 1;

m2 ¼
ffiffiffi
k

p

2
ffiffiffi
2

p tan

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
; m2 ¼ 8;

m3 ¼ 0; m3 ¼ 7;

m̂m1 ¼ �
ffiffiffi
k

pffiffiffi
2

p cot

ffiffiffi
k

pffiffiffi
2

p r

� �
; m̂m1 ¼ 7;

m̂m2 ¼ �
ffiffiffi
k

p

2
ffiffiffi
2

p cot

ffiffiffi
k

p

2
ffiffiffi
2

p r

� �
; m̂m2 ¼ 8:

Theorem 12. A tube Mr of radius r around OP2 in E6=ððSpinð10Þ �
Uð1ÞÞ=Z4Þ is minimal if and only if

r ¼ 4
ffiffiffi
6

p
tan�1

ffiffiffi
3

5

r !
:

A tube Mr is proper biharmonic if and only if r ¼ ð2
ffiffiffi
6

p
pÞ=3 or r ¼

2
ffiffiffi
6

p
tan�1

ffiffiffi
5

p
.

Proof. The mean curvature is computed as

31H ¼
ffiffiffi
k

8

r
4t

1� t2
þ 8t� 7ð1� t2Þ

t
� 8

t

� �
;

where t ¼ tanð
ffiffiffi
k

p
r=

ffiffiffi
8

p
Þ.

Thus H ¼ 0 if and only if 15t4 � 34t2 þ 15 ¼ 0. It follows from 0 < t < 1

that Mr is minimal if and only if

r ¼
ffiffiffi
8

k

r
tan�1

ffiffiffi
3

5

r !
¼ 4

ffiffiffi
6

p
tan�1

ffiffiffi
3

5

r !
<

ffiffiffi
6

p
p:

Next, we have

jAj2 ¼ k

8

16t2

ð1� t2Þ2
þ 8t2 þ 7ð1� t2Þ2

t2
þ 8

t2

 !
:

The biharmonicity equation jAj2 ¼ 1=2 can be written as

15t8 � 92t6 þ 170t4 � 92t2 þ 15 ¼ 0:

It follows from 0 < t < 1 that Mr is proper biharmonic if and only if

r ¼ 4
ffiffiffi
6

p
tan�1 1ffiffiffi

3
p
� �

¼ 2
ffiffiffi
6

p

3
p;
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or

r ¼ 4
ffiffiffi
6

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7� 2

ffiffiffi
6

p

5

s0@ 1A¼ 2
ffiffiffi
6

p
tan�1

ffiffiffi
5

p
: r

13. Symmetric spaces of type EIV

The simply connected compact Riemannian symmetric space of type EIV

is realized as

fX A JC j det X ¼ 1; hX ;Yi ¼ 3g:

On this manifold, E6 acts transitively and the isotropy subgroup at the identity

matrix E is F4 (see [21, § 3.7, § 3.8]). With respect to the Riemannian metric

induced from the inner product �B on e6, E6=F4 is a 26-dimensional compact

simply connected Riemannian symmetric space of rank 2. The maximal

sectional curvature is k ¼ 1=24.

We consider tubes of radius r < p=ð2
ffiffiffi
k

p
Þ ¼

ffiffiffi
6

p
p around SUð6Þ=Spð3Þ.

The corresponding symmetric subgroup L of SUð6Þ=Spð3Þ is L ¼ SUð6Þ �
SUð2Þ. In this case we have H ¼ Spð4Þ=Z2 and HðoÞ ¼ HP3 is of maximal

sectional curvature w ¼ k.

The principal curvatures of Mr are

m1 ¼
ffiffiffi
k

p
tanð

ffiffiffi
k

p
rÞ; m2 ¼

ffiffiffi
k

p

2
tan

ffiffiffi
k

p
r

2
; m3 ¼ 0;

m̂m1 ¼ �
ffiffiffi
k

p
cotð

ffiffiffi
k

p
rÞ; m̂m2 ¼ �

ffiffiffi
k

p

2
cot

ffiffiffi
k

p

2

with multiplicities

m1 ¼ 5; m2 ¼ 8; m3 ¼ 1; m̂m1 ¼ 3; m̂m2 ¼ 8:

Theorem 13. A tube Mr of radius r around AIIð3Þ ¼ SUð6Þ=Spð3Þ in

E6=F4 is minimal if and only if

r ¼ 8
ffiffiffi
3

p
tan�1 4�

ffiffiffi
5

pffiffiffiffiffi
11

p
 !

:

The only biharmonic tubes around AIIð3Þ are minimal ones.

Proof. The mean curvature H of a tube Mr around AIIð3Þ is computed

as

25H ¼ 5m1 þ 8m2 þ 3m̂m1 þ 8m̂m2

¼
ffiffiffi
k

p
5 tanð

ffiffiffi
k

p
rÞ þ 8

2
tan

ffiffiffi
k

p
r

2
� 3 cotð

ffiffiffi
k

p
rÞ � 8

2
cot

ffiffiffi
k

p

2

� �
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¼
ffiffiffi
k

p 5 � 2t
1� t2

þ 4t� 3ð1� t2Þ
2t

� 4

t

� �

¼
ffiffiffi
k

p

2tð1� t2Þ ð20t
2 þ 8t2ð1� t2Þ � 3ð1� t2Þ2 � 8ð1� t2ÞÞ

¼ �
ffiffiffi
k

p

2tð1� t2Þ ð11t
4 � 42t2 þ 11Þ:

Thus Mr is minimal if and only if

r ¼ 8
ffiffiffi
3

p
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21� 8

ffiffiffi
5

p

11

s0@ 1A¼ 8
ffiffiffi
3

p
tan�1 4�

ffiffiffi
5

pffiffiffiffiffi
11

p
 !

<
ffiffiffi
6

p
p:

The square norm jAj2 is

jAj2 ¼ 5m2
1 þ 8m2

2 þ 3m̂m2
1 þ 8m̂m2

2

¼ k
20t2

ð1� t2Þ2
þ 2t2 þ 3ð1� t2Þ2

4t2
þ 2

t2

( )
:

We see that the biharmonicity equation jAj2 ¼ 1=2 is same as the one in

Section 11. Thus, it has no real solutions. r

14. Riemannian symmetric space of type G

In this section we consider the space G2=SOð4Þ of all quaternionic

subalgebras of the Cayley algebra O equipped with the Killing metric. Then

the resulting homogeneous Riemannian space G2=SOð4Þ is an 8-dimensional

quaternionic symmetric space of rank 2. This space has the same real

homology as the quaternion projective plane HP2. With respect to the Killing

metric, the maximal sectional curvature of G2=SOð4Þ is 1=4.

Let us consider the singular orbit CP2 under the cohomogeneity one

action of SUð3Þ. The maximal sectional curvature of CP2 is 1=4. Note that

G2=SUð3Þ ¼ S6 is not Riemannian symmetric, but nearly Kähler 3-symmetric.

The principal curvatures of a tube Mr of radius r A ð0;
ffiffiffi
3

p
pÞ around CP2

are computed explicitly by Verhóczki [19] (cf. Garcı́a, Hullet [6]):

l1 ¼ � 1

2
ffiffiffi
3

p cot
r

2
ffiffiffi
3

p ;

l2 ¼ 0;
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l3 ¼
1

4
ffiffiffi
3

p �2 cot
rffiffiffi
3

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 cot2

rffiffiffi
3

p þ 3

r� �
;

l4 ¼
1

4
ffiffiffi
3

p �2 cot
rffiffiffi
3

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 cot2

rffiffiffi
3

p þ 3

r� �
with multiplicities

m1 ¼ 1; m2 ¼ m3 ¼ m4 ¼ 2:

By using this table, we obtain the following result:

Theorem 14. A tube Mr around CP2 in G2=SOð4Þ is minimal if and only

if its radius is

r ¼ 2
ffiffiffi
3

p
tan�1

ffiffiffi
3

2

r
:

The only proper biharmonic tube Mr around CP2 are tubes of radius

r ¼ 2pffiffiffi
3

p or r ¼ 2
ffiffiffi
3

p
tan�1 1ffiffiffi

2
p :

Proof. The mean curvature H is computed as

7H ¼ � 1

2
ffiffiffi
3

p cot
r

2
ffiffiffi
3

p � 2ffiffiffi
3

p cot
rffiffiffi
3

p

¼ 1

2
ffiffiffi
3

p
tan r

2
ffiffi
3

p
2 tan2 r

2
ffiffiffi
3

p � 3

� �
:

Hence Mr is minimal if and only if r ¼ 2
ffiffiffi
3

p
tan�1

ffiffi
3
2

q
<

ffiffiffi
3

p
p.

Next the square norm jAj2 is given by

jAj2 ¼ 1

12
cot2

r

2
ffiffiffi
3

p þ 4 cot2
rffiffiffi
3

p þ 4 cot2
rffiffiffi
3

p þ 3

� �

¼ 1

12
8 cot2

rffiffiffi
3

p þ cot2
r

2
ffiffiffi
3

p þ 3

� �

¼ 1

12 tan2 r

2
ffiffi
3

p
2 tan4 r

2
ffiffiffi
3

p � tan2 r

2
ffiffiffi
3

p þ 3

� �
:

The biharmonicity equation jAj2 ¼ 1=2 becomes:

2t4 � 7t2 þ 3 ¼ 0;
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where t ¼ tan r

2
ffiffi
3

p . Hence t ¼
ffiffiffi
3

p
or t ¼ 1=

ffiffiffi
2

p
. Thus we have

r ¼ 2
ffiffiffi
3

p
tan�1

ffiffiffi
3

p
¼ 2pffiffiffi

3
p <

ffiffiffi
3

p
p or r ¼ 2

ffiffiffi
3

p
tan�1 1ffiffiffi

2
p <

ffiffiffi
3

p
p <

ffiffiffi
3

p
p: r

Remark 3. For the classification of all totally geodesics submanifolds in

G2=SOð4Þ, we refer to [13].

Concluding remark

The unit sphere Sn is a typical example of simply connected irreducible

Riemannian symmetric space of compact type. Based on this fact, in Part I

and this Part II, we have studied biharmonic homogeneous hypersurfaces in

Riemannian symmetric spaces of compact type. Next, the odd-dimensional

sphere S2nþ1 is a standard example of Sasakian space form (see [3] and [4]).

The Berger sphere is a typical example of Sasakian space form. Sasakian

space forms are naturally reductive homogeneous Riemannian spaces. The

odd-dimensional sphere is the only Riemannian symmetric Sasakian manifold.

Berger spheres equipped with canonical Sasakian structure are normal homo-

geneous spaces which are not Riemannian symmetric. Thus the study on

biharmonic hypersurfaces in compact normal homogeneous Riemannian spaces,

e.g., Berger spheres is another generalization of ‘‘biharmonic submanifold

geometry in Sn’’.

In [7], the first named author of the present paper classified proper

biharmonic anti-invariant surfaces in 3-dimensional Sasakian space forms.

Next, the second named author of this paper classified proper biharmonic

Legendre surfaces in 5-dimensional Sasakian space forms [16].

To close this paper we propose the following problems.

Problems.

(1) Classify all biharmonic homogeneous hypersurfaces in simply con-

nected irreducible Riemannian symmetric space of compact type.

(2) Construct explicit examples of proper biharmonic hypersurfaces in

normal homogeneous Riemannian spaces.

(3) Classify all biharmonic homogeneous hypersurfaces in the Berger

sphere.
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[ 3 ] D. E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, Progress in
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