
Hiroshima Math. J.

47 (2017), 43–62

EPMC estimation in discriminant analysis when the dimension

and sample sizes are large

Tetsuji Tonda, Tomoyuki Nakagawa and Hirofumi Wakaki

(Received April 15, 2016)

(Revised October 25, 2016)

Abstract. In this paper we obtain a higher order asymptotic unbiased estimator for

the expected probability of misclassification (EPMC) of the linear discriminant function

when both the dimension and the sample size are large. Moreover, we evaluate the

mean squared error of our estimator. We also present a numerical comparison between

the performance of our estimator and that of the other estimators based on Okamoto

(1963, 1968) and Fujikoshi and Seo (1998). It is shown that the bias and the mean

squared error of our estimator are less than those of the other estimators.

1. Introduction

For k ¼ 1; 2, let Pk be a p-variate normal population with the mean

vector mk and a common covariance matrix S, where m1 0 m2, S is positive

definite and these parameters are unknown. Thus,

P1 : Npðm1;SÞ; P2 : Npðm2;SÞ:

For k ¼ 1; 2, let Xk and S be the sample mean vector and the pooled sample

covariance matrix, based on a sample of Nk independent observations from Pk,

respectively.

The observation X may be classified by the linear discriminant function

W : Rp ! R defined by

WðXÞ ¼ ðX1 � X2Þ0S�1 X � 1

2
ðX1 þ X2Þ

� �
;

where a 0 is the transpose of a. The classification rule with WðXÞ is as follows:
a new observation X is classified as coming from P1 if WðXÞ > 0 and from P2

otherwise, that is,

WðXÞ > 0 ) X A P1; WðXÞa 0 ) X A P2:
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The performance of the classification rule is evaluated by the following

probabilities of misclassification:

Pð2j1Þ ¼ Prðthe rule classifies X to P2jX A P1Þ;

Pð1j2Þ ¼ Prðthe rule classifies X to P1jX A P2Þ:

For the optimal linear discriminant rule using the true values of the

parameters, we have Pð2j1Þ ¼ Pð1j2Þ ¼ Fð�D=2Þ, where F is the distribution

function of Nð0; 1Þ and D is the Mahalanobis distance defined by D2 ¼
ðm1 � m2Þ

0S�1ðm1 � m2Þ (see [1, 5] for example). In the case that the param-

eters m1, m2 and S are unknown, we use the expected probabilities of mis-

classification (EPMC), i.e.,

eð2j1Þ ¼ PrðWðXÞa 0jX A P1Þ; eð1j2Þ ¼ PrðWðXÞ > 0jX A P2Þ;

as a risk of the rule with WðXÞ. In general, it is hard to obtain the exact

evaluation of the EPMC’s. There is considerable work for their asymptotic

approximations. It may be noted that there are typically two types (type-I,

type-II) of their approximations. The type-I approximations are the ones

under a framework such that

p is fixed; N1;N2 ! y;
N

Nk

¼ Oð1Þ ðk ¼ 1; 2Þ;

and the type-II approximations are the ones under a framework such that

p;N1;N2 ! y;
N

Nk

¼ Oð1Þ ðk ¼ 1; 2Þ; p

N
! c0 A ð0; 1Þ;

where N ¼ N1 þN2 and N � p� 2 > 0. Okamoto [7] gave an asymptotic

expansion for the EPMC of WðXÞ under the type-I approximation framework.

Moreover, McLachlan [6] gave an asymptotic unbiased estimator of the EPMC

up to terms of OðN�2Þ. Deev [2] gave an asymptotic expansion for the EPMC

of WðXÞ in the case N1 ¼ N2 under the type-II approximation framework.

Wyman et al. [10] compared the accuracy of several approximations for WðXÞ
in the case N1 ¼ N2, and pointed out that the approximation due to Raudys [8]

had overall the best accuracy for the combinations of the parameters considered

in their study. Fujikoshi and Seo [4] gave an asymptotic approximation as an

extension of Raudys [8]. Fujikoshi [3] gave an asymptotic expansion and its

error bound. However, as their approximations are the function of unknown

parameter D, it must be estimated in practice. The purpose of this paper is

to construct an asymptotic unbiased estimator of EPMC and to evaluate the

performance of several estimating methods in simulation study.
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The present paper is organized in the following way. In Section 2 an

asymptotic expansion of EPMC, as the type-II approximation, is derived. In

Section 3 we construct a higher order asymptotic unbiased estimator, and

evaluate the mean squared error (MSE) of the estimator in the type-II approx-

imation framework. In Section 4 we compare the performances of our

estimator with that of the other methods based on [4, 7].

2. Asymptotic expansion

In this section we derive an asymptotic expansion of EPMC under the

type-II approximation framework. We denote the distribution function of

WðXÞ for X coming from P1 by

PrðWðXÞawjX A P1Þ ¼ gðw;N1;N2;D
2Þ:

Then, it is easily seen that

PrðWðXÞawjX A P2Þ ¼ 1� gð�w;N2;N1;D
2Þ:

The EPMC’s of the classification rule are given by

eð2j1Þ ¼ gð0;N1;N2;D
2Þ; eð1j2Þ ¼ gð0;N2;N1;D

2Þ:

Hence, it is su‰cient to study the distribution of WðXÞ for X coming from

P1. In the following we assume that X is distributed as Npðm1;SÞ. Assuming

that the initial sample K ¼ ðX1;X2;SÞ is fixed, WðXÞ is conditionally dis-

tributed as Nðm1ðKÞ; s2ðKÞÞ, where m1ðKÞ and s2ðKÞ depend on the initial

sample. Then the conditional probability of misclassification, PKð2j1Þ, can be

expressed as

PKð2j1Þ ¼ FðTÞ; T ¼ � m1ðKÞ
sðKÞ ; ð1Þ

where

m1ðKÞ ¼ ðX1 � X2Þ0S�1 m1 �
1

2
ðX1 � X2Þ

� �
;

s2ðKÞ ¼ ðX1 � X2Þ0S�1SS�1ðX1 � X2Þ:

The EPMC can be obtained by evaluating EK ½PKð2j1Þ�, where EK ½�� is

the expectation with respect to K . Let Z ¼
ffiffiffiffi
m

p
S�1=2ðX1 � X2Þ, A ¼

nS�1=2SS�1=2 and

z1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N

s2ðKÞ

s
ðX1 � X2Þ0S�1 X2 þ

N1

N
ðX1 � X2Þ � m2

� �
;
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where m ¼ N1N2=N and n ¼ N � 2. Then

Z@Npðd; IpÞ; A@Wpðn; I pÞ; z1 @Nð0; 1Þ;

and they are independent, where d ¼
ffiffiffiffi
m

p
S�1=2ðm1 � m2Þ and d 0d ¼ mD2. By

using these variables, we can express T as

T ¼ � 1ffiffiffiffi
m

p
N

T
�1=2
3 N2T1 þ

1

2
ðN1 �N2ÞT2

� �
þ 1ffiffiffiffiffi

N
p z1; ð2Þ

where

T1 ¼ d 0A�1Z; T2 ¼ Z 0A�1Z; T3 ¼ Z 0A�2Z: ð3Þ

By using the similar distribution reduction in [4], we have the following

lemma.

Lemma 1. Suppose that n� pþ 1 > 0. Then the statistic ðT1;T2;T3Þ
in (3) can be expressed in terms of independent standard normal variables zi
ði ¼ 2; 3Þ and chi-squared variables yi ði ¼ 1; . . . ; 5Þ with fi degrees of freedom as

follows:

T1 ¼
ffiffiffiffi
m

p
D

y2
z2 þ

ffiffiffiffi
m

p
Dþ z3

y1 y3

y4ðy5 þ z23Þ

� �1=2( )
;

T2 ¼
1

y2
fy1 þ ðz2 þ

ffiffiffiffi
m

p
DÞ2g; T3 ¼

1

y22
fy1 þ ðz2 þ

ffiffiffiffi
m

p
DÞ2g 1þ y3

y4

� �
;

where f1 ¼ f3 ¼ p� 1, f2 ¼ n� pþ 1, f4 ¼ n� pþ 2 and f5 ¼ p� 2.

The proof of this lemma is given in Appendix. From this lemma, T can

be written as the function of yj’s and zj’s, i.e., T ¼ Tðy1; . . . ; y5; z1; z2; z3Þ.
Note that fj’s tend to infinity as N1, N2 and p become large. Let

uj ¼
ffiffiffi
fj

p yj

fj
� 1

� �
:

It is well known that uj is asymptotically distributed as Nð0; 2Þ when fj tends to

infinity. Using this property, the expansion of T up to a term of O3=2 can be

obtained as

T ¼ Tð0Þ þ Tð1Þ þ Tð2Þ þ Tð3Þ þO2; ð4Þ

where Tð jÞ’s are given in Appendix and Oj means a term of jth order with

respect to ðN�1
1 ;N�1

2 ; p�1Þ. Evaluating the expectation E½FðTÞ�, up to a term

of O1, leads to the following theorem.
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Theorem 1. Suppose that X comes from P1 : Npðm1;SÞ. Then, under the

type-II approximation framework, eð2j1Þ can be expanded as

eð2j1Þ ¼ eAEð2j1Þ þO2; eAEð2j1Þ ¼ FðnÞ þ fðnÞF1ðDÞ;

where fð�Þ is the density function of Nð0; 1Þ,

n ¼ nðD2Þ

¼ � 1

2

N � p

N � 1

� �1=2
D2 þ ðN1 �N2Þðp� 1Þ

N1N2

� �
D2 þNðp� 1Þ

N1N2

� ��1=2

;

and F1ðDÞ is the term of O1 given in Appendix.

Remark 1. D may tend to infinity depending on p. However,

Pð2j1Þ ! 0 when D ! y. Hence, in this paper, we assume that D ¼ Oð1Þ
even when p ! y.

Corollary 1. Under the Type-I approximation framework, eAEð2j1Þ can

be expanded as

eAEð2j1Þ ¼ F �D

2

� �

þ f �D

2

� ��
1

16DN1
fD2 þ 12ðp� 1Þg

þ 1

16DN2
fD2 � 4ðp� 1Þg þ Dðp� 1Þ

4ðN � 1Þ

�
þOðN�2Þ:

We can see from Corollary 1 that eAEð2j1Þ is the same as the type-I

approximation of Pð2j1Þ in [7] except for OðN�2Þ terms.

3. Derivation of the estimator QTNW

Under the type-I framework, several estimating techniques of EPMC are

reviewed in Siotani et al. [9]. McLachlan [6] derived a higher order asymptotic

unbiased estimator by using asymptotic expansions. In this section, by using a

technique similar to that in [6], we derive a higher order asymptotic unbiased

estimator under the type-II framework.

We consider the following estimator for EPMC:

QTNW ¼ Fðn̂nÞ þ Q̂Q1; n̂n ¼ nðD2
s Þ;

where Q̂Q1 is a term of O1, D2
s ¼ f2D

2=n� f1=m and D2 ¼ ðX1 � X2Þ0S�1 �
ðX1 � X2Þ. To construct an asymptotic unbiased estimator up to terms of O1,

47EPMC estimation in discriminant analysis



we define Q1 such that the bias of QTNW is O2. The bias of QTNW can be

expressed as

BiasðQTNW Þ ¼ EK ½PKð2j1Þ �QTNW � ¼ eð2j1Þ � E½Fðn̂nÞ� �Q1;

where E½Q̂Q1� ¼ Q1. From Theorem 1, eð2j1Þ can be expanded as

FðnÞ þ fðnÞF1ðDÞ þO2, and the expansion of E½Fðn̂nÞ� up to a term of O1 is

given in the following lemma.

Lemma 2. Suppose that X comes from P1 : Npðm1;SÞ. Then, under the

type-II framework, E½Fðn̂nÞ� can be expanded as

E½Fðn̂nÞ� ¼ FðnÞ þ fðnÞG1ðDÞ þO2;

where G1ðDÞ is the term of O1 given in Appendix.

From Theorem 1 and Lemma 2, it follows that

BiasðQTNW Þ ¼ fðnÞfF1ðDÞ � G1ðDÞg �Q1 þO2:

Therefore, for Q1 ¼ fðnÞfF1ðDÞ � G1ðDÞg, the bias of QTNW becomes O2.

From this, the estimator of EPMC defined by

QTNW ¼ Fðn̂nÞ þ Q̂Q1; Q̂Q1 ¼ fðn̂nÞfF1ðDsÞ � G1ðDsÞg ð5Þ

is asymptotically unbiased up to a term of O1. We call this estimating tech-

nique TNW method.

Moreover, n̂n can be expanded as

n̂n ¼ nð1þ nð1Þ þ nð2Þ þ nð3ÞÞ þO2;

where nðiÞ’s are given in Appendix. Then the variance of our estimator is

given by

VarðQTNW Þ ¼ E½Q2
TNW � � E½QTNW �2

¼ n2fðnÞ2E½n2ð1Þ� þO3=2

¼ fðnÞ2

4

N � p

N � 1

� �
f1 þ 2mD2

ð f1 þmD2Þ2
þ 1

f2

 !

� ðD2 þ f1ðN þ 2N2Þ=N1N2Þ2

D2 þ f1N=N1N2

þO3=2:

Thus, we have the mean squared error (MSE) of our estimator as follows:

MSEðQTNW Þ ¼ E½fQTNW � Pð2j1Þg2�

¼ VarðQTNW Þ þ fE½QTNW � � Pð2j1Þg2
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¼ fðnÞ2

4

N � p

N � 1

� �
f1 þ 2mD2

ð f1 þmD2Þ2
þ 1

f2

 !

� ðD2 þ f1ðN þ 2N2Þ=N1N2Þ2

D2 þ f1N=N1N2

þO3=2:

Therefore, the MSE of our estimator is O1 under the type-II asymptotic

framework.

4. Simulation study

We study the accuracy of asymptotic approximations and the performance

of the estimator of EPMC. Without loss of generality, we assume that m1 ¼
ð�D=2; 0; . . . ; 0Þ0, m2 ¼ ðD=2; 0; . . . ; 0Þ0 and S ¼ Ip. Let eOð2j1;DÞ denote the

asymptotic expansion up to the second order with respect to ðN�1
1 ;N�1

2 ; n�1Þ
due to Okamoto [7]. For the type-II approximation, Fujikoshi and Seo [4]

gave the asymptotic approximation defined by eFSð2j1;DÞ ¼ FðgÞ, where

g ¼ � 1

2

N � p

N

� �1=2
D2 þ p

N1N2
ðN1 �N2Þ

� �
D2 þ pN

N1N2

� ��1=2

:

4.1. Comparison of accuracy. First we compare the accuracy of eAEð2j1;DÞ
with those of eFSð2j1;DÞ and eOð2j1;DÞ. The configuration of the values

of N1, N2, p and D are N1;N2 ¼ 10; 20; 30; 40, p ¼ 5; 10; 20; 30; 40 and D ¼
1:05; 1:68; 2:56; 3:29 satisfying N � p� 2 > 0. The values of D correspond to

the values 0:30, 0:20, 0:10, 0:05 of Fð�D=2Þ, respectively. For each of the

configurations, eð2j1Þ is obtained by Monte Calro simulation as eð2j1Þ ¼
B�1

PB
i¼1 cið2j1Þ, where cið2j1Þ is the conditional probability of misclassifica-

tion, defined by (1), for the ith iteration.

The overall performance of the several asymptotic approximations across

all configurations of parameters is described graphically in Figure 1, which is

a scatter plot of eð2j1Þ [x-axis] versus each asymptotic approximation [y-axis].

In each graph, the circular (y), plus (þ) and triangle (s) marks denote the

approximations eAEð2j1;DÞ, eFSð2j1;DÞ and eOð2j1;DÞ, respectively. Table 1

gives the approximated values of eð2j1Þ by each methods in the case p ¼ 10.

From Figure 1 and Table 1, we see that eAEð2j1;DÞ is better than the other

ones.

4.2. A comparison of performance of EPMC estimators. Next, we compare

our estimator in (5) with the other estimating methods. Under the type-I

approximation framework, McLachlan [6] suggested an estimating method
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called M method. The bias of its estimator is O3 under the type-I approxima-

tion framework. Under the type-II approximation framework, we can con-

sider two estimating methods, which are based on eAEð2j1;DÞ and eFSð2j1;DÞ
with D2 replaced by D̂D2, respectively. We call them AE and FS methods,

respectively. D̂D2 is given by

D̂D2 ¼
n� p� 3

n
D2 � pN

N1N2
if D̂Db 0

0 otherwise

8<
: :

D̂D2 is a consistent estimator of D2 under both of the approximation frame-

works. The values of N1, N2, p and D are chosen as follows:

N1;N2 ¼ 10; 20; 30; N ¼ N1 þN2; p=N ¼ 0:2; 0:3; . . . ; 0:8;

D ¼ 1:05; 1:68; 2:56; 3:29; satisfying N � p� 2 > 0:

The performance of each estimator is evaluated by the MSE

B�1
XB
i¼1

fêeið2j1Þ � eð2j1Þg2;

where B is the number of iterations in Monte Calro simulation and êeið2j1Þ
denotes the estimation of eð2j1Þ in the ith iteration.

Figure 2 shows the box plot of bias E½êeð2j1Þ� � eð2j1Þ for several config-

urations of N1, N2 and p. Figure 3 shows the box plots of the di¤erence

of MSE for AE, FS and M versus TNW for several configurations of N1,

Fig. 1. True EPMC values [x-axis] versus asymptotic approximations values [y-axis].
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Table 1. Values of approximations and simulation in the case p ¼ 10.

ðN1;N2Þ D eð2j1Þ eOð2j1;DÞ eFSð2j1;DÞ eAEð2j1;DÞ

ð10; 10Þ 1.05 0.41378 0.67276 0.41243 0.41423

1.68 0.32707 0.38883 0.32477 0.32757

2.56 0.21887 0.20270 0.21411 0.21956

3.29 0.14977 0.10625 0.14261 0.15021

ð10; 20Þ 1.05 0.43789 0.63900 0.43941 0.43794

1.68 0.32245 0.35939 0.32418 0.32306

2.56 0.19271 0.17791 0.19192 0.19315

3.29 0.11767 0.09130 0.11495 0.11778

ð20; 10Þ 1.05 0.34516 0.42634 0.34254 0.34527

1.68 0.25910 0.28092 0.25707 0.25948

2.56 0.15752 0.15509 0.15512 0.15785

3.29 0.09714 0.08458 0.09394 0.09694

ð20; 20Þ 1.05 0.37076 0.44067 0.37099 0.37080

1.68 0.26532 0.28023 0.26595 0.26552

2.56 0.15127 0.14725 0.15091 0.15136

3.29 0.08742 0.07808 0.08644 0.08748

ð10; 30Þ 1.05 0.44907 0.62125 0.45188 0.44894

1.68 0.32061 0.34608 0.32351 0.32086

2.56 0.18131 0.16766 0.18202 0.18192

3.29 0.10473 0.08506 0.10358 0.10505

ð30; 10Þ 1.05 0.31524 0.35036 0.31177 0.31508

1.68 0.23233 0.24230 0.22931 0.23203

2.56 0.13513 0.13503 0.13280 0.13519

3.29 0.07897 0.07394 0.07679 0.07896

ð20; 30Þ 1.05 0.38022 0.44019 0.38178 0.38023

1.68 0.26554 0.27638 0.26724 0.26570

2.56 0.14649 0.14212 0.14664 0.14634

3.29 0.08176 0.07431 0.08137 0.08179

ð30; 20Þ 1.05 0.34213 0.37860 0.34166 0.34215

1.68 0.24208 0.25070 0.24223 0.24232

2.56 0.13496 0.13336 0.13441 0.13485

3.29 0.07556 0.07102 0.07499 0.07569

ð30; 30Þ 1.05 0.35168 0.38389 0.35259 0.35177

1.68 0.24412 0.25068 0.24520 0.24429

2.56 0.13253 0.13078 0.13281 0.13261

3.29 0.07261 0.06874 0.07249 0.07272
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N2 and p. From Figures 2 and 3, we can see that M is worse than TNW,

AE and FS. The MSE of TNW is not less than AE and FS, but the bias

of TNW is better than AE and FS. Tables 2 and 3 give the values of

estimators by M, FS, AE and TNW in the case that p=N ¼ 1=5 and 4=5,

respectively. From Tables 2 and 3, we can see that TNW has the smaller

bias than the other methods. Tables 4 and 5 give the values of 100� (the

MSE of other estimators�MSE(TNW)) in the case that p=N ¼ 1=5 and 4=5,

respectively.

From the above results, our estimator is better than the other estimators.

Fig. 2. Box plots of the bias E½êeð2j1Þ� � eð2j1Þ.

Fig. 3. Box plots of the MSE of other estimators�MSE(TNW).
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Appendix

A.1. Proof of the consistency of D̂D2 and D2
s . Let

~DD2 ¼ n� p� 1

n
D2 � pN

N1N2
:

Then

E½ ~DD2� ¼ D2; ~DD2 !p D2:

Table 2. Bias of M, FS, AE and TNW in the case p=N ¼ 1=5.

ðN1;N2Þ D M FS AE TNW

ð20; 20Þ 1.05 0.01998 0.01677 0.01636 0.01074

1.68 0.00132 0.01504 0.01425 0.00930

2.56 �0.00556 0.01195 0.01182 0.00718

3.29 �0.00750 0.00952 0.00996 0.00485

ð10; 30Þ 1.05 0.03717 0.02412 0.02074 0.01024

1.68 �0.00112 0.02697 0.02375 0.01148

2.56 �0.01427 0.01843 0.01727 0.00867

3.29 �0.01417 0.01390 0.01426 0.00650

ð30; 10Þ 1.05 0.00962 0.00794 0.01118 0.01193

1.68 0.00264 0.01192 0.01462 0.01142

2.56 �0.00226 0.01020 0.01231 0.00803

3.29 �0.00453 0.00865 0.01045 0.00544

Table 3. Bias of M, FS, AE and TNW in the case p=N ¼ 4=5.

ðN1;N2Þ D M FS AE TNW

ð20; 20Þ 1.05 �0.30832 �0.00095 0.00057 0.00984

1.68 �0.32088 0.01801 0.02068 0.01379

2.56 �0.30083 0.02651 0.03166 0.01667

3.29 �0.26022 0.02617 0.03363 0.01765

ð10; 30Þ 1.05 �0.41857 �0.00330 �0.00446 0.01011

1.68 �0.41307 0.02108 0.02124 0.01162

2.56 �0.36602 0.03978 0.04294 0.01686

3.29 �0.30990 0.04062 0.04697 0.01851

ð30; 10Þ 1.05 �0.28121 �0.00801 �0.00365 0.01390

1.68 �0.28706 0.00651 0.01170 0.01508

2.56 �0.26659 0.01817 0.02515 0.01715

3.29 �0.23129 0.02109 0.02982 0.01822
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where N ¼ N1 þN2, n ¼ N � 2. In fact, D2 can be expressed as

D2 ¼ n

m

ðz2 þ
ffiffiffiffi
m

p
DÞ2 þ y1

y2
; ðm ¼ N1N2=NÞ:

Then

Table 4. Values of the MSE of other estimators�MSE(TNW) in the case p=N ¼ 1=5.

ðN1;N2Þ D M FS AE

ð20; 20Þ 1.05 0.472 �0.036 �0.030

1.68 0.064 0.030 0.026

2.56 0.004 0.010 0.005

3.29 �0.005 0.008 0.006

ð10; 30Þ 1.05 2.082 �0.191 �0.200

1.68 0.295 0.133 0.104

2.56 0.019 0.058 0.035

3.29 �0.014 0.029 0.022

ð30; 10Þ 1.05 0.164 �0.114 �0.104

1.68 0.016 �0.012 0.002

2.56 �0.004 �0.006 0.001

3.29 �0.006 0.001 0.006

Table 5. Values of the MSE of other estimators�MSE(TNW) in the case p=N ¼ 4=5.

ðN1;N2Þ D M FS AE

ð20; 20Þ 1.05 10.553 �0.383 �0.416

1.68 10.394 �0.137 �0.177

2.56 8.363 0.078 0.037

3.29 5.913 0.077 0.047

ð10; 30Þ 1.05 17.924 �0.897 �0.956

1.68 16.388 �0.434 �0.525

2.56 12.055 0.152 0.042

3.29 8.200 0.274 0.179

ð30; 10Þ 1.05 8.437 �0.331 �0.360

1.68 8.162 �0.220 �0.245

2.56 6.506 �0.052 �0.073

3.29 4.624 �0.007 �0.017
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E½D2� ¼ n

n� p� 1

p

m
þ D2

� �
;

VarðD2Þ ¼ n2

m2

ðn� p� 1Þð2pþ 4mD2Þ þ 2ðpþmDÞ2

ðn� p� 1Þ2ðn� p� 3Þ
:

Thus, E½ ~DD2� ¼ D2 and Varð ~DD2Þ ! 0. Therefore ~DD2 is a consistent estimator

of D2. From this, we can easily show that D̂D2 and D2
s are consistent estimators

of D2, as desired.

A.2. Proof of Lemma 1. Suppose that the p� p orthogonal matrices H and

Q are given by

H ¼ ððz 0zÞ�1=2z; fd 0ðI p �P zÞdg�1=2ðIp �P zÞd;H1Þ;

Q ¼ ððd 0dÞ�1=2d;Q1Þ:

Let ~AA ¼ H 0A�1H and ~AA be partitioned as

~AA ¼
~AA11

~AA12

~AA21
~AA22

 !
; ~AA11 : 1� 1:

Then, ~AA is distributed as Wpðn; IpÞ, and

~AA�1 ¼ 0 0 0

0 ~AA�1
22

� �
þ 1

� ~AA�1
22

~AA21

� �
~AA�1
11:2ð1 � ~AA12

~AA�1
22 Þ;

~AA�2 ¼ 0 � ~AA�1
11:2

~AA12
~AA�2
22

� ~AA�1
11:2

~AA�2
22

~AA21
~AA�2
22

 !

þ 1

� ~AA�1
22

~AA21

� �
~AA�2
11:2ð1þ ~AA12

~AA�2
22

~AA21Þð1 � ~AA12
~AA�1
22 Þ;

where ~AA11:2 ¼ ~AA11 � ~AA12
~AA�1
22

~AA21. Moreover, ~AA11:2, ~AA22 and ~AA
�1=2
22

~AA21 are mu-

tually independent, and ~AA11:2, ~AA22 and ~AA
�1=2
22

~AA21 are distributed as w2n�pþ1,

Wp�1ðn; Ip�1Þ and Np�1ð0; Ip�1Þ, respectively (see [1, 5] for example). There-

fore, we have

T1 ¼ d 0A�1z ¼ d 0HH 0A�1HH 0z

¼ ððz 0zÞ�1=2ðd 0zÞ; fd 0ðI p �P zÞdg1=2; 0 0Þ ~AA�1 ðz 0zÞ1=2

0

 !

¼ ~AA�1
11:2fd 0z� ðz 0zÞ1=2fd 0ðIp �P zÞdg1=2e 01 ~AA�1

22
~AA21g;

ðe1 ¼ ð1; 0; . . . ; 0Þ0 : ðp� 1Þ � 1Þ
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¼ ~AA�1
11:2

"
d 0QQ 0z� fmD2ðz 0QQ 0zÞ � ðd 0QQ 0zÞ2g1=2

� e 01
~AA�1
22

~AA21

ð ~AA12
~AA�2
22

~AA21Þ1=2
fð ~AA12

~AA
�1=2
22 Þ ~AA�1

22 ð ~AA
�1=2
22

~AA21Þg1=2
#

¼ 1

y2

" ffiffiffiffi
m

p
Dz2 þmD2 � fmD2ðy1 þ ðz2 þ

ffiffiffiffi
m

p
DÞ2Þ � ð

ffiffiffiffi
m

p
Dz2 þmD2Þ2g1=2

� ~zz3

ðy5 þ ~zz23Þ
1=2

y3

y4

� �1=2#

¼
ffiffiffiffi
m

p
D

y2
z2 þ

ffiffiffiffi
m

p
D� ~zz3

y1 y3

y4ðy5 þ ~zz23Þ

� �1=2( )

¼
ffiffiffiffi
m

p
D

y2
z2 þ

ffiffiffiffi
m

p
Dþ z3

y1 y3

y4ðy5 þ z23Þ

� �1=2( )
; ðz3 ¼ �~zz3; ~zz3 @Nð0; 1ÞÞ;

T2 ¼ z 0A�1z ¼ z 0HH 0A�1HH 0z

¼ ~AA�1
11:2ðz 0zÞ ¼ ~AA�1

11:2ðz 0QQ 0zÞ ¼ y1 þ ðz2 þ
ffiffiffiffi
m

p
DÞ2

y2

and

T3 ¼ z 0A�2z ¼ z 0HH 0A�2HH 0z

¼ ðz 0zÞ ~AA�2
11:2ð1þ ~AA12

~AA�2
22

~AA21Þ

¼ ðz 0QQ 0zÞ ~AA�2
11:2f1þ ð ~AA12

~AA
�1=2
22 Þ ~AA�1

22 ð ~AA
�1=2
22

~AA21Þg

¼ y1 þ ðz2 þ
ffiffiffiffi
m

p
DÞ2

y22
1þ y3

y4

� �
:

A.3. Calculation of F1ðDÞ. The expansions of Tj’s, up to O1 terms, can be

given by

Ti ¼ ti;0ð1þ ti;1 þ ti;2 þ ti;3Þ þO2; i ¼ 1; 2; 3;

where ti; j ð j ¼ 0; 1; 2; 3Þ are given by
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t1;0 ¼
mD2

f2
; t1;1 ¼

1ffiffiffiffi
m

p
D

z2 þ z3

ffiffiffiffiffiffiffiffiffi
f1 f3

f4 f5

s !
� u2ffiffiffiffi

f2
p ;

t1;2 ¼
z3

2
ffiffiffiffi
m

p
D

ffiffiffiffiffiffiffiffiffi
f1 f3

f4 f5

s
u1ffiffiffiffi
f1

p þ u3ffiffiffiffi
f3

p � u4ffiffiffiffi
f4

p � u5ffiffiffiffi
f5

p
 !

þ u22
f2
� u2ffiffiffiffiffiffiffiffi

mf2
p

D
z2 þ z3

ffiffiffiffiffiffiffiffiffi
f1 f3

f4 f5

s !
;

t1;3 ¼
z3

4
ffiffiffiffi
m

p
D

ffiffiffiffiffiffiffiffiffi
f1 f3

f4 f5

s  
� u21

f1
� u23

f3
þ u24

f4
þ u25

f5
� z23

f5

þ 2u1u3ffiffiffiffiffiffiffiffi
f1 f3

p � 2u1u4ffiffiffiffiffiffiffiffi
f1 f4

p � 2u1u5ffiffiffiffiffiffiffiffi
f1 f5

p � 2u3u4ffiffiffiffiffiffiffiffi
f3 f4

p � 2u3u5ffiffiffiffiffiffiffiffi
f3 f5

p þ 2u4u5ffiffiffiffiffiffiffiffi
f4 f5

p
!

� u32

f2
ffiffiffiffi
f2

p þ u22
f4
ffiffiffiffi
m

p
D

z2 þ z3

ffiffiffiffiffiffiffiffiffi
f1 f3

f4 f5

s !

� z3u2

2
ffiffiffiffiffiffiffiffi
mf4

p
D

ffiffiffiffiffiffiffiffiffi
f1 f3

f4 f5

s
u1ffiffiffiffi
f1

p þ u3ffiffiffiffi
f3

p � u4ffiffiffiffi
f4

p � u5ffiffiffiffi
f5

p
 !

;

t2;0 ¼
f1 þmD2

f2
; t2;1 ¼

2
ffiffiffiffi
m

p
Dz2 þ

ffiffiffiffi
f1

p
u1

f1 þmD2
� u2ffiffiffiffi

f2
p ;

t2;2 ¼
z22

f1 þmD2
þ u22

f2
� u2ð2

ffiffiffiffi
m

p
Dz2 þ

ffiffiffiffi
f1

p
u1Þffiffiffiffi

f2
p

ð f1 þmD2Þ
;

t2;3 ¼
u22ð2

ffiffiffiffi
m

p
Dz2 þ

ffiffiffiffi
f1

p
u1Þ

f2ð f1 þmD2Þ
� z22u2ffiffiffiffi

f2
p

ð f1 þmD2Þ
� u32

f2
ffiffiffiffi
f2

p ;

t3;0 ¼
ð f1 þmD2Þð f3 þ f4Þ

f 22 f4
;

t3;1 ¼
ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD2
� 2u2ffiffiffiffi

f2
p þ

ffiffiffiffi
f3

p
u3 þ

ffiffiffiffi
f4

p
u4

f3 þ f4
� u4ffiffiffiffi

f4
p ;

t3;2 ¼
z22

f1 þmD2
þ 3u22

f2
� 2

ffiffiffiffi
f1

p
u1 þ 4

ffiffiffiffi
m

p
Dz2ffiffiffiffi

f2
p

ð f1 þmD2Þ
þ f3u

2
4

f4ð f3 þ f4Þ

�
ffiffiffiffi
f3

p
u3u4

ð f3 þ f4Þ
ffiffiffiffi
f4

p þ
ffiffiffiffi
f3

p
u3

f3 þ f4

ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD

 !
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� 2
ffiffiffiffi
f3

p
u2u3

ð f3 þ f4Þ
ffiffiffiffi
f2

p � f3u4

ð f3 þ f4Þ

ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD

 !

þ f3u2u4

ð f3 þ f4Þ
ffiffiffiffiffiffiffiffi
f2 f4

p ;

t3;3 ¼
3

f2

ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD2

 !
� 2u2z2

ð f1 þmD2Þ
ffiffiffiffi
f2

p � 4u32
f2

ffiffiffiffi
f2

p

þ
ffiffiffiffi
f3

p
u3u

2
4

f4ð f3 þ f4Þ
� f3u

3
4

ð f3 þ f4Þ f4
ffiffiffiffi
f4

p

þ f3u
2
4

f4ð f3 þ f4Þ

ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
D2z2

f1 þmD2

 !
� 2f3u2u

2
4

f4ð f3 þ f4Þ
ffiffiffiffi
f2

p

�
ffiffiffiffi
f3

p
u3u4

ð f3 þ f4Þ
ffiffiffiffi
f4

p
ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD2

 !
þ 2

ffiffiffiffi
f3

p
u2u3u4

ð f3 þ f4Þ
ffiffiffiffiffiffiffiffi
f2 f4

p

þ
ffiffiffiffi
f3

p
u3z

2
2

ð f3 þ f4Þð f1 þmD2Þ
þ 3

ffiffiffiffi
f3

p
u22u3

ð f3 þ f4Þ f2

� 2
ffiffiffiffi
f3

p
u2u3

ð f3 þ f4Þ
ffiffiffiffi
f2

p
ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD2

 !

� f3u4z
2
2

ð f3 þ f4Þð f1 þmD2Þ
ffiffiffiffi
f4

p � 3f3u
2
2u4

ð f3 þ f4Þ f2
ffiffiffiffi
f4

p

þ 2f3u2u4

ð f3 þ f4Þ
ffiffiffiffiffiffiffiffi
f2 f4

p
ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2

f1 þmD2

 !
:

Using these expressions, Tð jÞ’s in (4) can be written as

Tð0Þ ¼ a1 þ a2;

Tð1Þ ¼ �
Tð0Þ
2

t3;1 þ a1t1;1 þ a2t2;1 þ
1ffiffiffiffiffi
N

p z1;

Tð2Þ ¼ Tð0Þ
3

8
t23;1 �

1

2
t3;2

� �
þ a1 t1;2 �

1

2
t3;1t1;1

� �
þ a2 t2;2 �

1

2
t3;1t2;1

� �
;

Tð3Þ ¼ Tð0Þ � 5

16
t33;1 þ

3

4
t3;1t3;2 �

1

2
t3;3

� �
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þ a1 t1;3 �
1

2
t3;1t1;2 þ

3

8
t1;1t

2
3;1 �

1

2
t1;1t3;2

� �

þ a2 t2;3 �
1

2
t3;1t2;2 þ

3

8
t2;1t

2
3;1 �

1

2
t2;1t3;2

� �
;

where a1 ¼ aN2t1;0, a2 ¼ aðN1 �N2Þt2;0=2 and a ¼ N�1ðmt3;0Þ. Then F1ðDÞ
can be obtained by calculating

F1ðDÞ ¼ E½Tð2Þ� �
Tð0Þ
2

E½T 2
ð1Þ�;

where the moments of ti; j ’s are given by

E½t1;1� ¼ E½t2;1� ¼ E½t3;1� ¼ 0; E½t1;2� ¼
2

f2
; E½t2;2� ¼

1

f1 þmD2
þ 2

f2
;

E½t3;2� ¼
1

f1 þmD2
þ 6

f2
þ 2f3

f4ð f3 þ f4Þ
;

E½t1;3� ¼ 0; E½t2;3� ¼ E½t3;3� ¼ O2;

E½t21;1� ¼
1

mD2
1þ f1 f3

f4 f5

� �
þ 2

f2
; E½t22;1� ¼

2f1 þ 4mD2

ð f1 þmD2Þ2
þ 2

f2
;

E½t23;1� ¼
2f1 þ 4mD2

ð f1 þmD2Þ2
þ 8

f2
þ 2f3

f4ð f3 þ f4Þ
;

E½t1;1t2;1� ¼
2

f1 þmD2
þ 2

f2
; E½t1;1t3;1� ¼

2

f1 þmD2
þ 4

f2
;

E½t2;1t3;1� ¼
2f1 þ 4mD2

ð f1 þmD2Þ2
þ 4

f2
;

and the remainder of the moments of tij ’s are O2.

A.4. Proof of Corollary 1. From Theorem 1, we have the following result

under the type-I approximation:

Tð0Þ ¼ �D

2
þ 3ðp� 1Þ

4DN1
� p� 1

4DN2
þ Dðp� 1Þ
4ðN � 1Þ þOðN�2Þ;

a1 ¼ �N2

N
DþOðN�1Þ; a2 ¼ �N1 �N2

N
DþOðN�1Þ;

E½t21;1� ¼
1

mD2
þ 2

N
þOðN�2Þ; E½t1;2� ¼

2

N
þOðN�2Þ;
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E½t22;1� ¼
4

mD2
þ 2

N
þOðN�2Þ;

E½t2;2� ¼
1

mD2
þ 2

N
þOðN�2Þ; E½t1;1t1;2� ¼

2

mD2
þ 2

N
þOðN�2Þ;

E½t23;1� ¼
4

mD2
þ 8

N
þOðN�2Þ; E½t3;2� ¼

1

mD2
þ 6

N
þOðN�2Þ;

E½t1;1t3;1� ¼
2

mD2
þ 4

N
þOðN�2Þ; E½t3;1t2;1� ¼

4

mD2
þ 4

N
þOðN�2Þ:

Then,

F1ðDÞ ¼
D

16

1

N1
þ 1

N2

� �
þOðN�2Þ:

Therefore, Corollary 1 can be proved immediately from the above results.

A.5. Calculation of G1ðDÞ. D2
s can be expanded as

D2
s ¼ D2 þ v1 þO1;

where v1 is given by

v1 ¼
1

m
ð
ffiffiffiffi
f1

p
u1 þ 2

ffiffiffiffi
m

p
Dz2Þ �

1ffiffiffiffi
f2

p u2 D2 þ f1

m

� �
:

Then the moment of F1ðDsÞ is given by

E½F1ðDsÞ� ¼ F1ðDÞ þ F 0
1ðDÞE½v1� þO2 ¼ F1ðDÞ þO2:

n̂n can be expanded as

n̂n ¼ nð1þ nð1Þ þ nð2Þ þ nð3ÞÞ þO2;

where nð jÞ’s are given by

nð1Þ ¼ x� 1

2

� �
t2;1; nð2Þ ¼

3

8
x� 1

2

� �
t22;1 þ x� 1

2

� �
t2;2;

nð3Þ ¼ x� 1

2

� �
t2;3 þ

3

4
� 1

2
x

� �
t2;1t2;2 þ

3

8
x� 5

16

� �
t32;1

with

x ¼ D2 þ ðp� 1ÞN=N1N2

D2 þ ðp� 1ÞðN1 �N2Þ=N1N2

:
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Then G1ðDÞ can be obtained by calculating

G1ðDÞ ¼ n E½nð2Þ� �
n2

2
E½n2ð1Þ�

� �
:

The necessary moments of t2; j’s are given above. Moreover, the moment of

G1ðDsÞ is given by E½G1ðDsÞ� ¼ G1ðDÞ þO2.
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