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Abstract. One of the generalizations of McShane’s identities by Tan, Wong and

Zhang is an identity concerning lengths of simple closed geodesics which pass through

two Weierstrass points on a hyperbolic one-holed torus. The Fuchsian groups which

uniformize the surface are purely hyperbolic and free of rank two. Another type of

Fuchsian groups of the same property is of type ð0; 3Þ corresponding to hyperbolic

three-holed spheres. In this paper we show a McShane-type identity which holds for

all Fuchsian groups of type ð0; 3Þ.

1. Introduction

The group PSLð2;RÞ acts on the hyperbolic plane H ¼ fz ¼ xþ iy :

y > 0g by

A ¼ a b

c d

� �
7! AðzÞ ¼ azþ b

czþ d
:

It is identified with the group of conformal isometries of H. An element g of

PSLð2;RÞ is hyperbolic if its trace satisfies jtr gj > 2. A Fuchsian group G of

type ð0; 3Þ is a purely hyperbolic discrete subgroup of PSLð2;RÞ such that the

factor surface H=G is a sphere with three holes. The group G is a free group

of rank two generated by elements a and b which correspond to two boundary

components of H=G (see Section 3.2.) Each element g is written as a word in

the letters of G ¼ fa; a�1; b; b�1g:

g ¼ aa1bb1aa2bb2 . . . aarbbr ;

where aj and bj are integers. Since G is free, the exponent sums naðgÞ ¼Pr
j¼1 aj, nbðgÞ ¼

Pr
j¼1 bj are well defined.

For an element g of G, let ClðgÞ denote the set of elements of G conjugate

to either g or g�1. An element of G is called primitive if, along with another

group element, it generates G. Let PCl denote the set of all classes ClðgÞ of
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primitive elements g of G. We denote by Q the set of all rationals to which

we include y ¼ 1=0. Unless otherwise specified we express a rational by p=q

in lowest terms with q > 0. Let e : PCl ! Q be the map defined by eðClðgÞÞ ¼
nbðgÞ=naðgÞ. By using the representative system fEp=qgp=q AQ of PCl produced

by the Gilman-Keen enumeration scheme [3, Theorem 2.1] (see Section 1), we

see that e is bijective. Note that the absolute trace jtr gj depends only on the

class ClðgÞ of g. Our main result is to prove a McShane-type identity (see [5]

for the original McShane identity):

Theorem 1. Let ða; bÞ be a canonical generating pair of a Fuchsian group

G of type ð0; 3Þ. Let D ¼ trðaba�1b�1Þ � 2. Then it holds

Y
ClðgÞ AEþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr gÞ2 � 4

q
þ

ffiffiffiffi
D

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr gÞ2 � 4

q
�

ffiffiffiffi
D

p

0
B@

1
CA
2

¼
Y

ClðgÞ AE�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr gÞ2 � 4

q
þ

ffiffiffiffi
D

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr gÞ2 � 4

q
�

ffiffiffiffi
D

p

0
B@

1
CA
2

¼ jtrðabÞj þ jtrðab�1Þj þ 2
ffiffiffiffi
D

p

jtrðabÞj þ jtrðab�1Þj � 2
ffiffiffiffi
D

p ; ð1Þ

where EG is the set of ClðgÞ A PCl with naðgÞnbðgÞ odd and positive for the plus

sign and negative for the minus sign.

As in the case of other McShane-type identities, (1) is obtained by the follow-

ing manner. Let Jða; bÞ denote the shortest segment between the axes axðaÞ
and axðbÞ of a and b. Except for a subset E of linear measure zero, Jða; bÞ
is covered by disjoint subsegments called gaps. To each g A Eþ one gap is

associated. Then the length jJða; bÞj of the segment Jða; bÞ equals the sum

of the lengths of gaps, and this equation can be described as (1). The case for

E� is similar. We include an elementary proof of that the exceptional set E

has linear measure zero. The identity (1) is di¤erent from the one given in

[12, (17)] which also holds for hyperbolic three holed sphere. But there may

be some relation between them.

The author thanks Hirotaka Akiyoshi and Makoto Sakuma for many

valuable suggestions. He also thanks the referee for many comments and

corrections.

2. Rank two free group

2.1. An enumeration scheme by Keen and Gilman. Let F ¼ ha; bi be an

abstract free group of rank two. Each non-trivial element g of F can be

expressed by a unique reduced word in letters of G ¼ fa; a�1; b; b�1g:

g ¼ x1x2 . . . xn; ð2Þ
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where xj A G and xjxjþ1 0 1 for j ¼ 1; . . . ; n� 1. Let lðgÞ ¼ n be the word

length of g. Let R be the boundary of the hyperbolic plane H in the Riemann

sphere. For two distinct points x and y of R, let Lðx; yÞ denote the hyperbolic

line between x and y. The decomposition of H by all Lðp=q; r=sÞ with

rationals p=q and r=s satisfying jps� rqj ¼ 1 is called the Farey tessellation. It

is an ideal triangulation of H. We introduce the Gilman-Keen enumeration

scheme for a representative system of PCl given in [3]. We set

E0=1 ¼ a; E1=0 ¼ b:

For other positive rationals p=q, let m=n and r=s be the positive rationals such

that

m

n
<

p

q
¼ mþ r

nþ s
¼ m

n
l

r

s

� �
<

r

s
and ms� rn ¼ �1;

where l means the Farey sum. We define

Ep=q ¼
Er=sEm=n if pq is odd;

Em=nEr=s if pq is even:

�
ð3Þ

We see by induction on pþ q that Ep=q is a primitive word in fa; bg, lðEp=qÞ ¼
pþ q, nbðEp=qÞ ¼ p and naðEp=qÞ ¼ q, and m=n, p=q and r=s are vertices of a

Farey triangle. We call m=n and r=s the parents of p=q. For negative p=q,

define Ep=q by replacing b in the word for E�p=q by b�1. Theorems 2.1 and 2.2

in [3] state

Theorem 2. If g is a primitive element in G, then either g or g�1 is

conjugate to a unique element in fEp=qgp=q AQ. If p=q and r=s are such that

jps� rqj ¼ 1, then ðEp=q;Er=sÞ is a generating pair of F .

From this theorem, each class ClðgÞ in PCl contains a unique Ep=q. We

remark that the enumeration scheme is slightly modified in this paper; The

word for Ep=q is di¤erent from the one in [3], but only in that b is replaced

by b�1.

2.2. A family tree of rationals. Let ðg; hÞ be a pair of elements in F . For

n ¼ 1; 2; . . . we define

snðg; hÞ ¼ ðgðhgÞn�1; gðhgÞnÞ; s�nðg; hÞ ¼ ððhgÞnh; ðhgÞn�1
hÞ:

Let Z� be the set of non-zero integers. Let P0 ¼ fða; bÞg and define induc-

tively Pk to be the collection of fsnðg; hÞgn AZ � for all ðg; hÞ A Pk�1, and let

P ¼ 6
y

k¼0

Pk:
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If ðg1; h1Þ ¼ snðg; hÞ for some n A Z�, then the commutator g1h1g
�1
1 h�1

1 is

conjugate to ghg�1h�1. Hence

trðghg�1h�1Þ ¼ trðaba�1b�1Þ for all ðg; hÞ A P: ð4Þ

If p=q and r=s are positive rationals, then ps� qr ¼ �1 means p=q < r=s.

Let Q ¼ fðEp=q;Er=sÞ : ps� rq ¼ �1; pq1 rs1 0 mod 2g. We will show that

P ¼ Q. If ðEp=q;Er=sÞ A Q, then ðpþ rÞðqþ sÞ must be odd. The Gilman-

Keen scheme yields

EðpþrÞ=ðqþsÞ ¼ Er=sEp=q:

Let

A ¼ �pq� rs� 2ps ðpþ rÞ2

�ðqþ sÞ2 pqþ rsþ 2qr

 !
A SLð2;RÞ: ð5Þ

As a Möbius transformation, A fixes ðpþ rÞ=ðqþ sÞ, sends r=s to p=q, and

Anðp=qÞ ¼ Anþ1ðr=sÞ ¼ ðnþ 1Þpþ nr

ðnþ 1Þqþ ns
; A�nðr=sÞ ¼ A�n�1ðp=qÞ ¼ npþ ðnþ 1Þr

nqþ ðnþ 1Þs

for n ¼ 1; 2; . . . . Since ððnþ 1Þpþ nrÞððnþ 1Þqþ nsÞ1 nðnþ 1Þðpsþ qrÞ1 0

mod 2 for all integers n, the Gilman-Keen scheme and induction on n ¼
1; 2; . . . yield

Eððnþ1ÞpþnrÞ=ððnþ1ÞqþnsÞ ¼ Eðnpþðn�1ÞrÞ=ðnqþðn�1ÞsÞEðpþqÞ=ðrþsÞ

¼ Eðnpþðn�1ÞrÞ=ðnqþðn�1ÞsÞðEr=sEp=qÞ ¼ Ep=qðEr=sEp=qÞn;

Eðnpþðnþ1ÞrÞ=ðnqþðnþ1ÞsÞ ¼ EðpþrÞ=ðqþsÞEððn�1ÞpþnrÞ=ððn�1ÞqþnsÞ

¼ ðEr=sEp=qÞEððn�1ÞpþnrÞ=ððn�1ÞqþnsÞ ¼ ðEr=sEp=qÞnEr=s;

and hence

snðEp=q;Er=sÞ ¼ ðEAnðr=sÞ;EAnðp=qÞÞ; ð6Þ

for n A Z�. Since

npþ ðn� 1Þr ðnþ 1Þpþ nr

nqþ ðn� 1Þs ðnþ 1Þqþ ns

����
����¼ npþ ðnþ 1Þr ðn� 1Þpþ nr

nqþ ðnþ 1Þs ðn� 1Þqþ ns

����
����

equals ps� qr ¼ �1, snðEp=q;Er=sÞ A Q for all n A Z�. Starting with ða; bÞ ¼
ðE0=1;E1=0Þ A PVQ we can show that PHQ.

For each ðEp=q;Er=sÞ A Q� fða; bÞg, choose the positive rational t=u

outside the interval ðp=q; r=sÞ so that t=u, p=q and r=s are vertices of a Farey

triangle. We assume, say, that t=u < p=q. Then t=u ¼ ðp� rÞ=ðq� sÞ. Let

A A SLð2;RÞ be the parabolic transformation which fixes t=u and sends r=s
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to p=q:

A ¼ pqþ rs� 2ps �ðp� rÞ2

ðq� sÞ2 �pq� rsþ 2qr

 !
1

0 1

1 0

� �
mod 2: ð7Þ

Let n be the integer such that p1=q1 ¼ Anðr=sÞ < t=u < r1=s1 ¼ Anðp=qÞ. Since

A A SLð2;ZÞ, A preserves the Farey tessellation. Hence t=u ¼ ðp1 þ r1Þ=
ðq1 þ s1Þ and p1s1 � q1r1 ¼ �1. (Therefore A is also of the form (5) with

p, q, r and s replaced by p1, q1, r1 and s1, respectively.) From (7) p1q1 and

r1s1 are even. Thus ðEp1=q1 ;Er1=s1Þ A Q. By using A as in (6) we see that

ðEp=q:Er=sÞ ¼ s�nðEp1=q1 ;Er1=s1Þ. We define an operation t on fðp=q; r=sÞ :
ps� rq ¼ �1; pq1 rs1 0 mod 2g by ðp1=q1; r1=s1Þ ¼ tðp=q; r=sÞ if ðp=q; r=sÞ
0 ð0=1; 1=0Þ and tð0=1; 1=0Þ ¼ ð0=1; 1=0Þ. When r=s < t=u we can find in the

same way ðp1=q1; r1=s1Þ ¼ tðp=q; r=sÞ such that ðEp=q;Er=sÞ ¼ snðEp1=q1 ;Er1=s1Þ
for some n A Z�. By a finite number of operations t, we reach ða; bÞ ¼
ðE0=1;E1=0Þ from ðEp=q;Er=sÞ. Thus ðEp=q;Er=sÞ A P. Now we conclude

P ¼ Q.

Lemma 1. The two sets fEm=n : m=n > 0 and mn is oddg and

fhg : ðg; hÞ A Pg are the same.

Proof. If m=n > 0 is such that mn is odd, let p=q and r=s be the parents

of m=n with p=q < m=n < r=s. Then ðEp=q;Er=sÞ A Q ¼ P and the Gilman-

Keen scheme yields Em=n ¼ Er=sEp=q. This concludes the lemma. r

3. Fuchsian groups of type ð0; 3Þ

3.1. A pair of hyperbolic elements in SLð2;RÞ. For a hyperbolic element A,

let pA and qA denote the repelling and attracting fixed points of A, respectively.

The axis axðAÞ of A is the hyperbolic line LðpA; qAÞ and the extended axis

is axðAÞU fpA; qAg. We will find hyperbolic X and Y A SLð2;RÞ with the

following properties:

(1) The extended axes of X and Y are disjoint in H.

(2) The common orthogonal L1 of axðXÞ and axðY Þ separates the pair

fqX ; qYg from fpX ; pYg.
(3) x ¼ tr X > 2, y ¼ tr Y > 2 and z ¼ tr XY .

If L1 is the imaginary axis and qX ¼ �pX ¼ 1 < qY , then there is a unique pair

fX ;Yg of such matrices. This pair consists of

X ¼

x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p

2ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p

2

x

2

0
BBB@

1
CCCA; Y ¼

y

2

2z� xyþ 2
ffiffiffiffi
D

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p

2z� xy� 2
ffiffiffiffi
D

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p y

2

0
BBBB@

1
CCCCA; ð8Þ
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where

D ¼ x2 þ y2 þ z2 � xyz� 4 ¼ tr XYX �1Y �1 � 2:

Since 0 < 1=qY < 1 < qY we must have 2z� xy� 2
ffiffiffiffi
D

p
> 0 and hence

qY ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � 4Þðy2 � 4Þ

p
2z� xy� 2

ffiffiffiffi
D

p ¼ 2z� xyþ 2
ffiffiffiffi
D

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � 4Þðy2 � 4Þ

p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2z� xyþ 2

ffiffiffiffi
D

p

2z� xy� 2
ffiffiffiffi
D

p

s
: ð9Þ

Therefore, if X and Y are matrices as above, then they necessarily satisfy

D > 0 and

2z� xyþ 2
ffiffiffiffi
D

p
>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � 4Þðy2 � 4Þ

q
> 2z� xy� 2

ffiffiffiffi
D

p
> 0:

By adding the first term and the third term, we have z > ð2z� xyÞ=2 > 0 and

hence from the definition of D,

z ¼ xyþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � 4Þðy2 � 4Þ þ 4D

p
2

: ð10Þ

By using the matrices (8) we have

qXY ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4

p
þ

ffiffiffiffi
D

p
Þ

2y� xzþ x
ffiffiffiffi
D

p ; qYX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4

p
�

ffiffiffiffi
D

p
Þ

2y� xzþ x
ffiffiffiffi
D

p : ð11Þ

3.2. Canonical generators. Let p1, q1, p2, q2, p3 and q3 be distinct points

lying on R in this order. Then L1 ¼ Lðp1; q1Þ, L2 ¼ Lðp2; q2Þ and L3 ¼
Lðp3; q3Þ are disjoint hyperbolic lines none of which separates the other

two. Let rk denote the refection in the line Lk for k ¼ 1; 2; 3. Then

a ¼ r2r1 and b ¼ r1r3 give a canonical generating pair of a Fuchsian group

G of type ð3; 0Þ. We identify G with the free group F ¼ ha; bi. If we assume

that p1 ¼ y, q1 ¼ 0 < p2 and p2q2 ¼ 1, then a ¼ X and b ¼ Y �1 (see (8)) for

some x > 2, y > 2 and z. The configuration of L1, L2 and L3 implies that the

axes of a and b are orthogonal to L1 and

qb < qba < pba < pa ¼ �1 < 0 < qa ¼ 1 < qab < pab < pb ¼ �qb:

Let w ¼ trðabÞ ¼ tr XY �1. Then w ¼ xy� z and
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � 4

p
þ

ffiffiffiffi
D

p
Þ=

ð�2yþ xwþ x
ffiffiffiffi
D

p
Þ is a fixed point of ab ¼ XY �1. Thus we have

�2yþ xwþ x
ffiffiffiffi
D

p
> 0 and since 0 < qab < pab,

qab ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p
ð
ffiffiffiffi
D

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � 4

p
Þ

�2yþ xwþ x
ffiffiffiffi
D

p ; pab ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4

p
ð
ffiffiffiffi
D

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � 4

p
Þ

�2yþ xwþ x
ffiffiffiffi
D

p :

Since x ¼ tr a > 0 and y ¼ tr b > 0, w ¼ xy� z ¼ trðabÞ < �2 (see [13, Lemma

33.4]).
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3.3. Palindrome words in the group. Let g be an element of G and g ¼
e1e2 . . . er be the expression by a reduced word in fa; a�1; b; b�1g. Then the

axis axðgÞ is orthogonal to L1 if and only if g is a palindrome, that is,

ei ¼ erþ1�i, i ¼ 1; 2; . . . ; r. To see this, we assume that L1 is the imaginary

axis. Then a hyperbolic element A A SLð2;RÞ has an axis orthogonal to L1

if and only if A� ¼ A, where

A� ¼ s q

r p

� �
for A ¼ p q

r s

� �
:

If e A fa; a�1; b; b�1g, then e� ¼ e. Now axðgÞ is orthogonal to L1 if and only

if g ¼ e1e2 . . . er is a palindrome, because

ðe1e2 . . . erÞ� ¼ e�r . . . e
�
2e

�
1 ¼ er . . . e2e1:

This fact has interesting applications. See, for example, [4] and [10].

If ðg; hÞ is a pair in G ¼ F , then gðhgÞn and ðhgÞnh are palindrome

in fg; hg for n ¼ 1; 2; . . . . By induction on the index k of Pk (see Section 2.2),

we see that if g belongs to a pair in P, then g is palindrome as a word in a

and b.

4. Proof of the identity

In what follows, we consider G ¼ ha; bi as in Figure 1. We define the

intervals ½a� ¼ ðp2; q2Þ, ½b�1� ¼ ðp3; q3Þ, ½a�1� ¼ r1½a� and ½b� ¼ r1½b�1�, where

r1 is the reflection in the imaginary axis L1. Then a sends Rn½a�1� onto ½a�
and b sends Rn½b�1� onto ½b�. For a reduced word W ¼ e1e2 . . . ererþ1 of

letters of G ¼ fa; a�1; b; b�1g, let ½W � ¼ e1 . . . er½erþ1�. If erþ1 ¼ a, since W is

Fig. 1. Canonial generators
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orientation-preserving, the subintervals ½Wa�, ½Wb� and ½Wb�1� of ½W � are

located in this order. Similar results hold when erþ1 is one of other letters

(see (ii) in Lemma 2 below). If W A G is a non-trivial cyclically reduced

word, then f½Wn�gyn¼1 is a decreasing sequence of intervals and their limit is

the attracting fixed point qW of W . This observation leads to the following

lemma. (See also [2].)

Lemma 2. Let W1 and W2 be cyclically reduced words for non-trivial

elements in G with disjoint axes. Let n and m be positive integers such that

lðWm
1 Þb lðW2Þ and lðWn

2 Þb lðW1Þ. Let W m
1 ¼ e1e2 . . . and W n

2 ¼ f1 f2 . . . .

Then qW1
< qW2

if and only if either

( i ) ðe1; f1Þ equals ðb; a�1Þ, ðb; aÞ, ðb; b�1Þ, ða�1; aÞ, ða�1; b�1Þ or ða; b�1Þ,
or

(ii) There is a positive integer r such that ei ¼ fi for each i ¼ 1; 2; . . . ; r and

either

(a) er ¼ a and ðerþ1; frþ1Þ ¼ ða; b�1Þ, ða; bÞ or ðb�1; bÞ, or
(b) er ¼ b�1 and ðerþ1; frþ1Þ ¼ ða�1; aÞ, ða�1; b�1Þ or ða; b�1Þ, or
(c) er ¼ a�1 and ðerþ1; frþ1Þ ¼ ðb�1; bÞ, ðb�1; a�1Þ or ðb; a�1Þ, or
(d) er ¼ b and ðerþ1; frþ1Þ ¼ ðb; a�1Þ, ðb; aÞ or ða�1; aÞ.

We prove (1) for the product over Eþ. If g A G is palindrome, then the

axis axðgÞ is orthogonal to the imaginary axis L1 and hence pg ¼ �qg.

Lemma 3. If ðg; hÞ A Pða; bÞ, then for n ¼ 1; 2; . . . ,

jqðghÞn�1
g
j < jqðghÞ ngj < jqðhgÞ nhj < jqðhgÞn�1

h
j: ð12Þ

Proof. For the pair ða; bÞ, (12) follows from Lemma 2 and that ðabÞna
is palindrome:

qa < qaba < qðabÞ n�1
b
< qðabÞnb < pðbaÞ na < pðbaÞ n�1

b
< pb:

for n ¼ 1; 2; . . . and pðbaÞnb ¼ �qðbaÞnb. Let ðg; hÞ A Pða; bÞ � fða; bÞg. Note

that the first letters in the words of g and h are the same. We consider

the case where a is the first letter. In this case qg and qh belong to the

interval ½a�. We assume that qg < qh. We remark that the inequality

qg < qh is true for ðg; hÞ ¼ ððabÞn�1
a; ðabÞnaÞ for nb 1. If lðgÞa lðhÞ, then

let the reduced word expressions for g and h be g ¼ e1 . . . epepþ1 . . . eq and

h ¼ gn�1e1 . . . ep fpþ1 . . . fr for some nb 1 where epþ1 0 fpþ1. From Lemma 2

ðep; epþ1; fpþ1Þ is either ða; a; bÞ or ðb; b; aÞ. If n ¼ 1, then

gnþ1 ¼ gne1 . . . epepþ1W1; ghg ¼ gne1 . . . ep fpþ1W2;

hgh ¼ hgn�1e1 . . . epepþ1W3; h2 ¼ hgn�1e1 . . . ep fpþ1W4;
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for some words Wj, j ¼ 1; 2; 3; 4, and hence by Lemma 2 qg < qghg and

qhgh < gh. If nb 2, then

ððghÞn�1
gÞ2 ¼ ðghÞn�1

gne1 . . . epepþ1W1; ðghÞng ¼ ðghÞn�1
gne1 . . . ep fpþ1W2;

ðhgÞnh ¼ ðhgÞn�1
he1 . . . epepþ1W3; ððhgÞn�1

hÞ2 ¼ ðhgÞn�1
he1 . . . ep fpþ1W4;

with some words Wj for j ¼ 1; 2; 3; 4. Then Lemma 2 yields

0 < qðghÞ n�1g
< qðghÞ ng < qðhgÞ nh < qðhgÞ n�1h

:

The case of lðgÞ > lðhÞ can be treated in a similar way. We also proved that

the property qg < qh holds if the pair ðg; hÞ is replaced by snðg; hÞ for all

n A Z�. By induction on the index k of Pk we conclude (12) when the reduced

words for g and h start with a. The other case proceeds in a similar way.

r

For ðg; hÞ A Pða; bÞ, let Jðg; hÞ be the interval on the imaginary axis L1

between the axes of g and h. We compute the hyperbolic length jJðg; hÞj of
Jðg; hÞ. To this end, by taking their conjugates in SLð2;RÞ we may assume

that g and h are the matrices X and Y in (8), respectively, if ðg; hÞ0 ða; bÞ.
For ða; bÞ, qa and qb�1 are in the same side of L1. So we let a ¼ X and

b ¼ Y �1. Since axðgÞ and axðhÞ are orthogonal to L1 and qg ¼ 1, jJðg; hÞj ¼
logðjqhj=jqgjÞ ¼ logjqhj. We may assume that x ¼ tr g, y ¼ tr h are positive.

If ðg; hÞ0 ða; bÞ, then z ¼ tr gh > 0 and xy� z ¼ tr gh�1 < 0, and if ðg; hÞ ¼
ða; bÞ, z ¼ tr ab�1 > 0, and xy� z ¼ tr ab < 0. From (9) and (4)

jJðg; hÞj ¼ 1

2
log

2z� xyþ 2
ffiffiffiffi
D

p

2z� xy� 2
ffiffiffiffi
D

p
� �

¼ 1

2
log

jtr ghj þ jtr gh�1j þ 2
ffiffiffiffi
D

p

jtr ghj þ jtr gh�1j � 2
ffiffiffiffi
D

p
 !

: ð13Þ

We remark that exp 2jJða; bÞj is the right hand side of (1). Since ðghÞng and

ðhgÞnh are palindrome when expressed by words in fa; bg, their axes cut

L1 orhogonally. By Lemma 3, the axes axððghÞn�1
gÞ and axððghÞngÞ bound

the interval Jðsnðg; hÞÞ, and axððhgÞnhÞ and axððhgÞn�1
hÞ bound Jðs�nðg; hÞÞ.

Therefore these axes decompose Jðg; hÞ into the subintervals Jðsnðg; hÞÞ, n A Z�,

and an interval Iðg; hÞ called a gap for ðg; hÞ. Since

lim
n!y

qðghÞng ¼ qgh; lim
n!y

qðhgÞ nh ¼ qhg;

the gap Iðg; hÞ is the interval between jqghj
ffiffiffiffiffiffiffi
�1

p
and jqhgj

ffiffiffiffiffiffiffi
�1

p
. Again we

use the matrices in (8) and set ðg; hÞ ¼ ðX ;YÞ for ðg; hÞ0 ða; bÞ and ða; bÞ ¼
ðX ;Y �1Þ. Then from (11) (for ða; bÞ we use also (8) to compute qab and qba)

its hyperbolic length is
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jIðg; hÞj ¼

log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr ghÞ2 � 4

q
þ

ffiffiffiffi
D

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr ghÞ2 � 4

q
�

ffiffiffiffi
D

p

0
B@

1
CA if ðg; hÞ0 ða; bÞ

log

ffiffiffiffi
D

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr abÞ2 � 4

q
ffiffiffiffi
D

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr abÞ2 � 4

q
0
B@

1
CA if ðg; hÞ ¼ ða; bÞ:

8>>>>>>>>><
>>>>>>>>>:

ð14Þ

We define E1 ¼ Jða; bÞ � Iða; bÞ and define inductively

Enþ1 ¼ En � 6
ðg;hÞ APnða;bÞ

Iðg; hÞ ¼ 6
ðg;hÞ APnða;bÞ

6
k AZ �

Jðskðg; hÞÞ
 !

¼ 6
ðg;hÞ APnþ1ða;bÞ

Jðg; hÞ:

Then Enþ1 HEn and

Jða; bÞ � 6
ðg;hÞ APða;bÞ

Iðg; hÞ ¼ 7
y

n¼1

En:

Let j � j denote also the linear measure on L1. If we show that

lim
n!y

jEnj ¼ 7
y

n¼1

En

�����
�����¼ 0; ð15Þ

then, since two distinct gaps are disjoint,

jJða; bÞj ¼
X

ðg;hÞ APða;bÞ
jIðg; hÞj;

or

1

2
log

jtrðabÞj þ jtrðab�1Þj þ 2
ffiffiffiffi
D

p

jtrðabÞj þ jtrðab�1Þj � 2
ffiffiffiffi
D

p
 !

¼ log

ffiffiffiffi
D

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr abÞ2 � 4

q
ffiffiffiffi
D

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr abÞ2 � 4

q
0
B@

1
CAþ

X
ðg;hÞ APða;bÞ�fða;bÞg

log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr ghÞ2 � 4

q
þ

ffiffiffiffi
D

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr ghÞ2 � 4

q
�

ffiffiffiffi
D

p

0
B@

1
CA

and from this and Lemma 1 follows the desired product (1) for the plus sign.

Although (15) follows from a general theorem, we will give an elementary

proof. We need
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Lemma 4. There exists a positive constant c < 1 satisfying for all

ðg; hÞ A Pða; bÞ
jIðg; hÞj > cjJðg; hÞj: ð16Þ

If this lemma is true, then (15) follows, because

jEnþ1j ¼
X

ðg;nÞ APn

ðjJðg; hÞj � jIðg; hÞjÞ

< ð1� cÞ
X

ðg;nÞ APn

jJðg; hÞj

¼ ð1� cÞjEnj < ð1� cÞnjE1j:

Proof of Lemma 4. Since G is discrete, the sequence fjtr gj : g A Gg has

no accumulation points in R (see, for example, [1, Section 2.2]). Moreover G

is purely hyperbolic group. Therefore there exists a positive constant c0 such

that jðtr gÞj2 > c0 > 4 for all g A G � f1g, and for any positive constant m > 2

maxfjtr gj; jtr hjg > m ð17Þ

for all ðg; hÞ A Pða; bÞ but a finite number of pairs. Let ðg; hÞ A Pða; bÞ �
fða; bÞg. Let x ¼ tr g, y ¼ tr h. We may assume that x; y > 2 and since

ðg; hÞ0 ða; bÞ, by taking conjugates in SLð2;RÞ, assume also that g ¼ X and

h ¼ Y with X and Y as in (8). If z ¼ tr gh, then (10) shows z > m if ð17Þ
holds. Since

lim
x!þ0

log 1þx
1�x

� �
2x

¼ 1;

if a constant c1 with 0 < c1 < 1 is fixed, then from (13), (14) and (17)

jIðg; hÞj
jJðg; hÞj > c1

2z� xyffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4

p ¼ c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � 4Þðy2 � 4Þ þ 4D

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4

p

> c1ð1� 4=c0Þ
xy

z

except for a finite number of pairs ðg; hÞ in Pða; bÞ. Again except for a finite

number of pairs ðg; hÞ, 4D < x2y2 and hence

z ¼ xy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 4=x2Þð1� 4=y2Þ þ 4D=ðx2y2Þ

p
2

< xy:

Therefore, except for pairs in a finite subset E of Pða; bÞ

jIðg; hÞj
jJðg; hÞj > c1ð1� 4=c0Þ:
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Any constant c will do if c satisfies c < c1ð1� 4=c0Þ and

0 < c < minfjIðg; hÞj=jJðg; hÞj : ðg; hÞ A Eg: r

The proof of (1) for the negative sign is similar.

5. A characterization of generating pairs

Characterizations of primitive elements in the free group F of rank two

are found in many literatures, see, for example, [3], [8] and [9]. In this section

we introduce a simple method of finding generating pairs of F . This method

is given in [8], but we consider it with its relation to palindrome words. Let

w ¼ e1e2 . . . en be a word of G ¼ fa; a�1; b; b�1g. We denote by MðwÞ the

central subword of length one if n is odd or of length 2 if n is even. Thus

MðwÞ ¼ eðnþ1Þ=2 if n is odd and MðwÞ ¼ en=2eðnþ2Þ=2 if n is even. Let TðwÞ be

the word w with MðwÞ removed. Thus

TðwÞ ¼
e1 . . . eðn�1Þ=2eðnþ3Þ=2 . . . en if n is odd;

e1 . . . en=2�1en=2þ2 . . . en if n is even:

�

We consider the following conditions for a pair ðV ;WÞ of elements in F : If V

and W are represented by reduced words, then 1) Their lengths p ¼ lðVÞ and

q ¼ lðWÞ are relatively prime. 2) No cancellation occur in VW and hence

lðVWÞ ¼ pþ q. 3) TðVÞ, TðWÞ and TðVW Þ are palindrome. 4) From (1)

and (2) there is a unique element of even length among V , W and VW . If U

is such an element, MðUÞ consists of two di¤erent letters.

Theorem 3. If ðV ;WÞ satisfies (1)–(4) above, then it is a generating pair

of F .

The theorem is clear if p ¼ q ¼ 1. We prove the theorem by induction on

pþ q. Let

V ¼ e1e2 . . . ep; W ¼ epþ1epþ2 . . . epþq;

be the reduced words for V and W , where ej A G , j ¼ 1; . . . ; pþ q. We define

order-reversing substitution of indices of the first p letters and that of the last q

letters:

j1ð jÞ ¼
�j þ pþ 1 for j ¼ 1; . . . ; p

�j þ 2pþ qþ 1 for j ¼ pþ 1; . . . ; pþ q

�

and the order-reversing substitution on all indices:

j2ð jÞ ¼ �j þ pþ qþ 1:
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Case 1: pq is odd. In this case V and W are palindrome. By conditions

(3) and (4) ej ¼ ej1ð jÞ for all j and ej ¼ ej2ð jÞ if and only if j < ðpþ qÞ=2 or

j > ðpþ qÞ=2þ 1, and MðVW Þ is a product of two di¤erent letters. Without

loss of generality we assume that MðVWÞ ¼ eðpþqÞ=2eðpþqÞ=2þ1 ¼ ab. Let

jð jÞ ¼ j2 � j1ð jÞ1 j þ q1 j � p mod pþ q:

We consider the indices modulo pþ q. Then

ejð jÞ 0 ej if and only if jð jÞ ¼ pþ q

2
or jð jÞ ¼ pþ q

2
þ 1

if and only if j1ð jÞ ¼
pþ q

2
or j1ð jÞ ¼

pþ q

2
þ 1

if and only if j ¼ 3pþ q

2
or j ¼ 3pþ q

2
þ 1

Since p and q are relatively prime, j acts transitively on f1; 2; . . . ; pþ qg.
Hence V and W are words containing no a�1’s and b�1’s. Let x ¼ naðVÞ and

y ¼ naðWÞ. The j-orbit of indices shows

eðpþqÞ=2; eðpþqÞ=2þq; . . . ; eðpþqÞ=2þðxþy�1Þq are the letter a

eðpþqÞ=2þ1; eðpþqÞ=2þ1þq; . . . ; eðpþqÞ=2þðpþq�1Þq are the letter b

Here eðpþqÞ=2þ1 ¼ eðpþqÞ=2þðxþyÞq, and hence ðxþ yÞq1 1 mod pþ q. Since

pþ q

2
þ ðxþ y� 1Þq1 3pþ q

2
þ 1 mod pþ q;

we have

�11 pþ ð1� x� yÞq1 yp� qx mod pþ q:(*)

We consider only the case p < q, because the other case is treated in a similar

way just by reversing the order of the indices. We shall show

(i) e1 . . . ep ¼ epþ1 . . . e2p.

(ii) Tðe2pþ1 . . . epþqÞ is palindrome.

(iii) e2pþðq�pÞ=2e2pþðq�pÞ=2þ1 ¼ ba.

Suppose that these are true. Let U ¼ e2pþ1 . . . epþq. By (i) W ¼ VU and

ðV ;UÞ satisfies conditions (1)–(4). By induction, ðV ;UÞ and hence ðV ;WÞ are
generating pairs of F .

Proof of (i). Since 2p < ð3pþ qÞ=2, epþ j ¼ ejðpþ jÞ ¼ ej for j ¼ 1; . . . ; p.

Proof of (ii). Let cð jÞ ¼ �j þ 3pþ qþ 1 for j ¼ 2pþ 1; . . . ; pþ q, which

is the order-reversing substitution of the indices of U . If j0 ð3pþ qÞ=2 and
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j0 ð3pþ qÞ=2þ 1,

ej ¼ ej1ð jÞ ¼ e�jþ2pþqþ1 ¼ ejð�jþ3pþqþ1Þ ¼ e�jþ3pþqþ1 ¼ ecð jÞ:

Hence Tðe2pþ1 . . . epþqÞ is palindrome.

Proof of (iii).

e2pþðq�pÞ=2 0 ejðð3pþqÞ=2Þ ¼ eðpþqÞ=2 ¼ a0 b ¼ eðpþqÞ=2þ1

¼ ejðð3pþqÞ=2þ1Þ 0 e2pþðq�pÞ=2þ1:

Hence e2pþðq�pÞ=2e2pþðq�pÞ=2þ1 ¼ ba.

Example. If p ¼ 5 and q ¼ 7, then e6, e1, e8, e3, e10 e5 and e12 are a, and

e7, e2, e9, e4 and e11 are b. Hence V ¼ ababa and W ¼ abababa.

Case 2: pq is even. We consider the case where p is even and q is odd and

ep=2ep=2þ1 ¼ ab. From condition (3), TðVÞ, W and VW are palindrome (since

lðVÞ and lðVW Þ are odd). By condition (4)

ej1ð jÞ ¼ ej if and only if j < p=2 or j > p=2þ 1

and

ej2ð jÞ ¼ ej for all j ¼ 1; 2; . . . ; pþ q:

In this case let jð jÞ ¼ j1 � j2ð jÞ1 j þ p1 j � q mod pþ q. Again j acts

transitively on f1; 2; . . . ; pþ qg and

ejð jÞ 0 ej if and only if jð jÞ ¼ p

2
or jð jÞ ¼ p

2
þ 1

if and only if j2ð jÞ ¼
p

2
or j2ð jÞ ¼

p

2
þ 1

if and only if j ¼ pþ 2q

2
or j ¼ pþ 2q

2
þ 1:

Let x ¼ naðVÞ, y ¼ naðWÞ again. The j-orbit of indices shows the following:

ep=2; ep=2þp; . . . ; ep=2þðxþy�1Þp are the letter a;

ep=2þ1; ep=2þ1þp; . . . ; ep=2þðpþq�1Þp are the letter b:

Here ep=2þ1 ¼ ep=2þðxþyÞp, and hence ðxþ yÞp1 1 mod pþ q. Since

p

2
þ ðxþ y� 1Þp1 p

2
þ qþ 1 mod pþ q;

we have

11�qþ ðxþ y� 1Þp1 yp� qx mod pþ q:(**)
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Note that (**) means x is odd, because p is even. We first show that if p < q,

then

(i) e1 . . . ep ¼ epþ1 . . . e2p.

(ii) e2pþ1 . . . epþq and hence Tðe2pþ1 . . . epþqÞ are palindrome.

If these are true, we can write W as VU and, as in Case 1, conclude that

ðV ;UÞ and hence ðV ;WÞ are generating pairs of F . We show also

(iii) Mðepþ1 . . . epþqÞ ¼ epþðqþ1Þ=2 0 eð3pþqþ1Þ=2 ¼ Mðe2pþ1 . . . epþqÞ.

Proof of (i). Since p < p=2þ q, ej ¼ ejð jÞ ¼ epþ j for j ¼ 1; . . . ; p.

Proof of (ii). Let cð jÞ ¼ �j þ 3pþ qþ 1 for j ¼ 2pþ 1; . . . ; pþ q. If

jb 2pþ 1, then

ej ¼ ej1ð jÞ ¼ e�jþ2pþqþ1 ¼ ejð�jþ2pþqþ1Þ ¼ e�jþ3pþqþ1 ¼ ecð jÞ:

Hence e2pþ1 . . . epþq is palindrome.

Proof of (iii). If xþ y is even, then pþ q� x� y is odd.

2pþ qþ 1

2
1

p

2
þ ðxþ yÞp

2
mod pþ q hence eð2pþqþ1Þ=2 ¼ a:

3pþ qþ 1

2
1

p

2
þ 1þ ðpþ q� x� yþ 1Þp

2
mod pþ q hence eð3pþqþ1Þ=2 ¼ b:

If xþ y is odd, then pþ q� x� y is even.

2pþ qþ 1

2
1

p

2
þ 1þ ðpþ q� x� yÞp

2
mod pþ q hence eð2pþqþ1Þ=2 ¼ b:

3pþ qþ 1

2
1

p

2
þ ðxþ yþ 1Þp

2
mod pþ q hence eð3pþqþ1Þ=2 ¼ a:

Thus (iii) holds. If p > q, we can show

(i) e1 . . . eq ¼ epþ1 . . . epþq.

(ii) eqþ1 . . . ep and hence Tðeqþ1 . . . epÞ are palindrome.

(iii) Mðeqþ1 . . . epþqÞ ¼ eqþp=2eqþp=2þ1 ¼ ba.

Proof of (i). Since q < p=2þ q, ej ¼ ejð jÞ ¼ epþ j for j ¼ 1; . . . ; q.

Proof of (ii). Since VW is palindrome, (ii) is obvious.

Proof of (iii). eqþp=2 0 ejðqþp=2Þ ¼ ep=2 ¼ a, eqþp=2þ1 0 ejðqþp=2þ1Þ ¼ ep=2þ1

¼ b. Thus (iii) follows. Again we can write V as WU and conclude by

induction that ðV ;WÞ is a generating pair of F .

Example. If p ¼ 6 and q ¼ 5, then e3 and e9 are a, and e4, e10, e5, e11, e6,

e1, e7, e2 and e8 are b. Hence V ¼ bbabbb and W ¼ bbabb.
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Remark. From W ¼ VU in the above argument, naðWÞ ¼ naðVÞ þ
naðUÞ and nbðWÞ ¼ nbðVÞ þ nbðUÞ. By induction we can show that

yp� qx ¼ �1 (or yp� qx ¼ 1) in (*) (or in (**)).
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