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Abstract. We prove that the one dimensional travelling wave solutions corresponding

to the Walker wall for the Landau-Lifshitz equation are asymptotically stable for small

external magnetic field.

1. Introduction

The Landau-Lifshitz equation was introduced by Landau and Lifshitz in

1935 [8] to describe the motion of the magnetization vectors in ferromagnetic

bodies. As the particularly interesting object of study, thin ferromagnetic films

have been studied by a number of physicists and engineers and have found

various applications in ubiquitous magnetic storage media.

It is well known that a variety of patterns of magnetization vectors appears

on thin ferromagnetic films [6]. Generally, the magnetization vector pattern

has a line called domain wall. The magnetization vectors change sharply on

the neighborhood of the domain wall, and the vectors face to almost opposite

directions on the two side of the wall. When there is no external magnetic

field, a pattern called the Bloch wall on the thin ferromagnetic film arises which

corresponds to the one-dimensional stationary solution of the Landau-Lifshitz

equation.

When some external magnetic field h is present, the Landau-Lifshitz

equation has a travelling wave solution, which moves at a constant velocity,

called the Walker wall. It is well-known [6] that h cannot be arbitrary for the

existence of such travelling wave; there is a finite limit (denoted by hw in this

paper) called the Walker limit for the existence of the Walker wall. The

explicit formula for the relation of h and velocity is recalled in Section 2.

While the velocity of the Walker wall is a monotone increasing function of h

for small h, there exists a saturation point of velocity beyond which the velocity

is monotone decreasing function of h until the Walker limit. Since stronger

external field should produce faster wall motion, the Walker walls beyond
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saturation point are expected to be ‘unstable’ in some appropriate sense. In

physics literature Magyari and Thomas [10] studied the linear stability of the

Walker wall and suggested that it is stable for small h while it is unstable for a

range of h close to the value corresponding to the maximum velocity. Later,

however, the numerical study in [12] indicates that the instability appear to set

in even with much smaller h.

Under this circum-stance, we find it worthwhile to rigorously prove the

stability of the Walker wall. In this paper we show that the Walker wall is

asymptotically stable for any Gilbert loss parameter h > 0 (see Theorem 1 for

the precise statement) when the external magnetic field is su‰ciently small.

Regarding the known results with close relevance, Guo and Fengqiu

proved the existence of the periodic global solution for the Landau-Lifshitz

equation [4, 5]. Tsutsumi studied the Cauchy problem for the noncompact

Landau-Lifshitz equation [11]. Carbou and Labbé proved the stability of the

Bloch wall with a ¼ h ¼ 0 [1] (where these constants are defined in Section 2).

They used the semigroup theory for the proof. Furthermore Carbou, Labbé

and Trélat proved that the Walker wall can be controlled by some time

dependent external field [2]. Our result is closely related to [1], while we point

out that our proof is solely based on the energy method and we require the

initial data is close in H 1 norm instead of H 2 in [1].

The organization of the paper is as follows. In Section 2 we discuss the

derivation of the Walker wall solution from the Landau-Lifshitz equation and

state our main stability theorem. In Section 3 we linearize the Landau-Lifshitz

equation around the Walker wall solution by using a moving frame. We

derive the second order di¤erential operator L and study the basic properties.

In Section 4 we give a proof of our main theorem.

2. Walker wall and its stability result

We regard R2 as a thin ferromagnetic film. Below the Curie temperature

the length of the magnetization vectors are constant which we normalize as 1.

Let m ¼ ðm1;m2;m3Þ : R2 � ½0;yÞ ! S2, where S2 is the unit sphere in R3.

We assume mðx; y; tÞ ¼ mðx; tÞ for any ðx; y; tÞ A R2 � ½0;yÞ. Let H ¼
ð0; h; 0Þ A R3 be a constant vector corresponding to the external magnetic

field. The micromagnetic energy EðmÞ is given by the following [7]:

EðmÞ ¼ 1

2

ð
R

jqxmj2dxþ a

2

ð
R

m2
1 dxþ 1

2

ð
R

ð1�m2
2Þdx�

ð
R

m �H dx;

where a > 0 is a constant. The first term is called the exchange energy which

prefers the constant vectors. The magnetization vector m causes a magnetic

field called the stray field or demagnetizing field. The second term is the
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contribution from the stray field. The third term is caused by the crystalline

anisotropies of the ferromagnetic material. The fourth term is due to the

external magnetic field H. With h ¼ 0 note that m ¼ ð0;G1; 0Þ achieve mini-

mum energy and E has the bi-stable structure.

Recall the Landau-Lifshitz equation:

qtm ¼ m� ‘L2EðmÞ þ hm� qtm; ð1Þ

where h > 0 is a constant called the Gilbert loss parameter. ‘L2EðmÞ is the

L2-gradient of Eð�Þ at m. The standard functional variation yields

‘L2EðmÞ ¼ �q2xmþ am1e1 �m2e2 �H;

here fe1; e2; e3g are the standard basis in R3. Let m be smooth and

jmðx; 0Þj ¼ 1 for any x A R. Taking the scalar product between m and (1),

we obtain m � qtm ¼ 0. Hence

jmðx; tÞj ¼ 1

for any ðx; tÞ A R� ½0;yÞ. From jmj ¼ 1 and m � qtm ¼ 0, we have

m� ðm� qtmÞ ¼ �qtm. Thus by substituting qtm to its own right-hand

side of (1) we obtain

ð1þ h2Þqtm ¼ m� ‘L2EðmÞ þ hm� ðm� ‘L2EðmÞÞ: ð2Þ

The two equations (2) and (1) are equivalent.

Suppose h ¼ 0, that is, there is no external magnetic field. We first find

a heteroclinic solution which connects the two energy minima m ¼ ð0;G1; 0Þ.
To do so, assume that m1 ¼ 0. Then from m2

3 ¼ 1�m2
2 we have ðqxm3Þ2 ¼

m2
2ðqxm2Þ2

1�m2
2

and jqxmj2 ¼ ðqxm2Þ2

1�m2
2

: From Young’s inequality we obtain

EðmÞ ¼ 1

2

ð
R

jqxmj2 þ ð1�m2
2Þdxb

ð
R

jqxmj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�m2

2

q
dx

¼
ð
R

jqxm2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�m2

2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�m2

2

q
dx ¼

ð
R

jqxm2jdx ¼ 2: ð3Þ

The equality holds if and only if jqxmj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�m2

2

q
which is jqxm2j ¼ 1�m2

2 .

The inequality (3) shows that 2 is the least energy with the boundary condi-

tions m2ðGyÞ ¼H1. Such minima is achieved by m2ðxÞ ¼ �tanhðx� aÞ for

arbitrary a A R, which is the solution of
jqxm2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�m2

2

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�m2

2

q
. The resulting

function mðxÞ ¼ ð0;�tanhðx� aÞ; sechðx� aÞÞ is called the Bloch wall. It is a

stationary solution for the Landau-Lifshitz equation.
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When the external magnetic field is switched on (h > 0), then m ¼ ð0; 1; 0Þ
has the lower energy than that of m ¼ ð0;�1; 0Þ even though they remain local

energy minima. Due to the energy di¤erence, one expects that the domain

occupied by state close to ð0; 1; 0Þ should expand, resulting in the motion of

wall towards the positive direction. One also expects that there should be a

travelling wave solution for such phenomena. One of such travelling waves is

the Walker wall. For the notational convenience denote

E0ðmÞ ¼ 1

2

ð
R

jqxmj2dxþ a

2

ð
R

m2
1 dxþ 1

2

ð
R

ð1�m2
2Þdx:

With this notation we have

‘L2EðmÞ ¼ ‘L2E0ðmÞ � he2:

Take the cross product between m and (1). Utilizing the formula m� ðm� bÞ
¼ �ð1�mnmÞb and qtm �m ¼ 0 (both due to jmj ¼ 1), we obtain another

equivalent form of the Landau-Lifshitz equation:

hqtmþm� qtmþ ð1�mnmÞ‘L2E0ðmÞ ¼ ð1�mnmÞhe2: ð4Þ

For some M0 ¼ ðm01;m02;m03Þ which is a function depending only on x,

assume that the solution of (4) is expressed as mðx; tÞ ¼ M0ðx� vtÞ, thus we

have

�vhqxM0 � vM0 � qxM0 þ ð1�M0 nM0Þ‘L2E0ðM0Þ

¼ ð1�M0 nM0Þhe2: ð5Þ

Furthermore assume that M0 has the particular form of

M0ðxÞ ¼ sech
x

d

� �
sin y;�tanh

x

d

� �
; sech

x

d

� �
cos y

� �
; ð6Þ

where d > 0 and jyja p
2 . Note that the particular choice of y ¼ 0 and d ¼ 1

corresponds to the Bloch wall solution. As a vector, note that each term of

(5) is orthogonal to M0. Note also that M0, qxM0 and M0 � qxM0 form

a system of orthogonal basis of R3. We project the equation to the latter

two linear spaces. Take the scalar product between qxM0 and (5). Then we

obtain

�vhjqxM0j2 þ ‘L2E0ðM0Þ � qxM0 ¼ hqxm02: ð7Þ

The direct calculation shows

‘L2E0ðM0Þ � qxM0 ¼ d�1 sinh
x

d

� �
sech3 x

d

� �
ðd�2 � 1� a sin2 yÞ: ð8Þ
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Since we are seeking a travelling wave solution, we may assume that

‘L2E0ðM0Þ � qxM0 ¼ 0. Hence this assumption with (8) leads us to

d�2 � 1� a sin2 y ¼ 0: ð9Þ

Again by direct calculation one can check that jqxM0j2 ¼ �d�1qxm02. Sub-

stituting this into (7) we obtain

vh ¼ hd: ð10Þ

Next by taking the scalar product between M0 � qxM0 and (5) we obtain

‘L2E0ðM0Þ �M0 � qxM0 ¼ vjqxM0j2: ð11Þ

Here jM0 � qxM0j ¼ jqxM0j and e2 �M0 � qxM0 ¼ 0 are used. The second

identity can be deduced intuitively since the image of M0 lies in a tilted plane

which includes e2 axis. With the direct calculations

‘L2E0ðM0Þ �M0 � qxM0 ¼ ad�1 sin y cos y sech2 x

d

� �
;

jqxM0j2 ¼ d�2 sech2 x

d

� �
;

8>>><
>>>:

and (11) we derive

ad sin 2y ¼ 2v: ð12Þ

By re-arranging (9), (10) and (12), we obtain

sin 2y ¼ 2h

ah
; d ¼ ð1þ a sin2 yÞ�1=2; v ¼ a sin 2y

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a sin2 y

p : ð13Þ

Note that y, d and v are determined when h, a and h are given. It is clear that

M0 with these choices is a solution of (4). The resulting travelling wave

solution is called the Walker wall. One point to note is that we need to have

jhja ah
2 for making a proper choice of y in (13). The constant hw ¼ ah

2 is called

the Walker limit (see [10]).

Throughout the rest of the paper we denote the Walker wall solution

above by M0. We denote

X ¼ fm A H 2
locðR;S2Þ; ðm�M0Þ A H 2ðR;R3Þ;mðGyÞ ¼ ð0;H1; 0Þg:

Definition 1. m ¼ mðx; tÞ is called a solution of (2) with initial data

m0 A X if ðm�M0Þ A Cð½0;yÞ;H 2ðR;R3ÞÞVC1ðð0;yÞ;L2ðR;R3ÞÞ and m sat-

isfies (2) and mð0Þ ¼ m0.
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Definition 2. M0 is called asymptotically stable if there exist e ¼
eða; h; hÞ > 0 and a ¼ aða; h; h;m0Þ A R such that

sup
km0�M0kH 1<e

kmðtÞ �M0ð� � a; tÞkH 1 ! 0 as t ! y; ð14Þ

where m is a solution of (2) with initial data m0 A X .

Our main result is the following:

Theorem 1. For any a > 0 and h > 0, there exists K ¼ Kða; hÞ > 0 with

the following property: Assume jhj < K. Then there exists e ¼ eða; h; hÞ > 0

of Definition 2 and M0 is asymptotically stable. Moreover there exist C ¼
Cða; h; hÞ > 0 and g ¼ gða; h; hÞ > 0 such that

sup
km0�M0kH 1<e

kmðtÞ �M0ð� � a; tÞkH 1 aCe�gt; for t > 0;

where m is a solution of (2) with initial data m0 A X.

The result shows that m converges exponentially to a shifted Walker wall

(by a) as t ! y if it is close to M0 at t ¼ 0. The result is in the same spirit

as [1] where they studied a ¼ h ¼ 0, the case of the Bloch wall. We remark

that K is in principle a computable number. It is expected that K is much

smaller, on the other hand, than the Walker limit hw ¼ ah
2 .

In the following we collect notations we use for the readers’ conve-

nience.

a; h > 0: material constants,

H ¼ ð0; h; 0Þ: external magnetic field,

v ¼ vða; h; hÞ: velocity of Walker wall,

y ¼ yða; h; hÞ: angle of Walker wall,

d ¼ dða; h; hÞ: A thickness of Walker

wall,

M0 ¼ M0ðv; y; dÞ: Walker wall,

fM1;M0;M2g: orthonormal basis in

R3 defined by (15),

RðaÞ: function defined by (29),

lðrÞ ¼ ð1� jrj2Þ1=2,

sdðxÞ ¼ sech x
d

� �
¼ cosh�1 x

d

� �
,

tdðxÞ ¼ tanh x
d

� �
,

L: operator defined by (20),

p ¼ 2þ a� 2d�2 ¼ a cos 2y > 0,

L, L1, L2, M: operators defined by

(21) and (22),

j ¼ 1ffiffiffiffi
2d

p tð0; sdÞ: normalized base

vector of ker L,

Q: orthogonal projection onto

ðker LÞ?,
h� ; �i: L2 inner product.

3. Linearized Landau-Lifshitz equation

In this section we linearize the Landau-Lifshitz equation (2) around the

Walker wall solution. The similar computation has been carried out by
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Carbou and Labbé [1]. First we set

M1 ¼ ðcos y; 0;�sin yÞ;
M2ðx; tÞ ¼ ð�tdðx� vtÞ sin y;�sdðx� vtÞ;�tdðx� vtÞ cos yÞ;

�
ð15Þ

where we use the notations sdðxÞ ¼ sech x
d

� �
and tdðxÞ ¼ tanh x

d

� �
. With M0

defined as in (6), the set fM1;M0;M2g forms a positively oriented orthonormal

basis in R3 for each x A R. The direct computations show that

qxM0 ¼ d�1sdM2;

q2xM0 ¼ �d�2tdsdM2 � d�2s2dM0;

qxM2 ¼ �d�1sdM0;

q2xM2 ¼ �d�2s2dM2 þ d�2tdsdM0:

8>>><
>>>:

In the following we write all the relevant quantities in terms of this frame.

For a solution m of (2), define r1, r2 and l as

m ¼ r1M1 þ r2M2 þ lM0; ð16Þ

where l ¼ ð1� r21 � r22Þ
1=2. Furthermore define f1, f2 and f3 as

‘L2EðmÞ ¼ f1M1 þ f2M2 þ f0M0:

The direct computations show that

f1 ¼ �q2xr1 þ a cos yðr1 cos y� r2td sin yþ lsd sin yÞ;
f2 ¼ �q2xr2 þ d�2r2s

2
d � 2d�1qxlsd þ d�2ltdsd þ ð�r2sd � tdlþ hÞsd

� atd sin yðr1 cos y� r2td sin yþ lsd sin yÞ;
f0 ¼ 2d�1qxr2sd � d�2r2tdsd � q2xlþ d�2ls2d þ ð�r2sd � tdlþ hÞtd

þ asd sin yðr1 cos y� r2td sin yþ lsd sin yÞ:

8>>>>><
>>>>>:

ð17Þ

We also compute that

qtm ¼ qtðr1M1 þ r2M2 þ lM0Þ

¼ qtr1M1 þ qtr2M2 þ r2ðvd�1sdM0Þ þ qtlM0 þ lð�vd�1sdM2Þ

¼ qtr1M1 þ ðqtr2 � vd�1lsdÞM2 þ ðqtlþ vd�1r2sdÞM0:

Now, rewriting (2) in terms of r1 and r2, we obtain

ð1þ h2Þqtr1 ¼ lf2 � r2 f0 þ hðlr1 f0 � l2f1 � r22 f1 þ r1r2 f2Þ;
ð1þ h2Þqtr2 ¼ r1 f0 � lf1 þ hðr1r2 f1 � r21 f2 � l2f2 þ lr2 f0Þ þ ð1þ h2Þvd�1lsd:

(

Since it is natural to adopt the coordinate which moves with the travelling

wave, we define z ¼ x� vt and replace the parameter ðx; tÞ by ðz; tÞ. This
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results in the replacements

qx ! qz; qt ! qt � vqz:

With this we obtain

ð1þ h2Þqtr1 ¼ lf2 � r2 f0 þ hðlr1 f0 � l2f1 � r22 f1 þ r1r2 f2Þ
þ ð1þ h2Þvqzr1;

ð1þ h2Þqtr2 ¼ r1 f0 � lf1 þ hðr1r2 f1 � r21 f2 � l2f2 þ lr2 f0Þ
þ ð1þ h2Þvqzr2 þ ð1þ h2Þvd�1lsd:

8>>><
>>>:

ð18Þ

We linearize (18) around ðr1; r2; lÞ ¼ ð0; 0; 1Þ. The direct computations show

that we have the following system of equations,

ð1þ h2Þqtr ¼
h �1

1 h

� �
L� p 0

0 L

� �
rþ h2Mþ �M� 0

hðMþ þM�Þ ð1þ h2ÞMþ

� �
r; ð19Þ

where p ¼ 2þ a� 2d�2 ¼ a cos 2y and

L ¼ q2z � d�2ð1� 2s2d Þ; MG ¼ vðd�1td G qzÞ: ð20Þ

We denote

L ¼ h �1

1 h

� �
L� p 0

0 L

 !
; M ¼ h2Mþ �M� 0

hðMþ þM�Þ ð1þ h2ÞMþ

� �
; ð21Þ

and

L1 ¼
hðL� pÞ 0

0 hL

� �
; L2 ¼

0 �L

L� p 0

� �
: ð22Þ

Observe that ð1þ h2Þqtr ¼ LrþMr and L ¼ L1 þL2 with the above nota-

tions.

The next Lemma follows from [3] and gives precise information on the

eigenvalues of �L.

Lemma 1. For �L ¼ �q2z þ d�2ð1� 2s2d Þ, we have the following properties.

( i ) The first eigenvalue l1 of �L equals 0 and l1 is simple. Furthermore

kerð�LÞ ¼ spanfsdg.
( ii ) sð�LÞ ¼ f0gU ½d�2;yÞ.
(iii) For u A H 1ðRÞ with hu; sdi ¼ 0, h�Lu; uib d�2kuk2L2 .

Proof. We only need to see the case d ¼ 1. Since �L is self-adjoint,

sð�LÞ is the union of the discrete and essential spectrum. We have

f ðzÞ ¼ sech z in the kernel of �L. Since f > 0, (i) follows from the standard

argument ([9]). It is known that the discrete spectrum of �L is only f0g (see

[3]).
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For (ii), since sessð�q2z Þ ¼ ½0;yÞ, we have sessð�q2z þ 1Þ ¼ ½1;yÞ. Define

the operator B : H 2ðRÞ ! L2ðRÞ by BuðzÞ ¼ ðsech zÞuðzÞ ðu A H 2ðRÞÞ. B is

compact for the graph norm of �q2z þ 1, kukG :¼ kukL2 þ kð�q2z þ 1ÞukL2 .

Hence, by Weyl’s theorem we have sessð�LÞ ¼ ½1;yÞ. From (ii), (iii) follows.

Next, since p ¼ a cos 2y > 0, we may conclude from Lemma 1 the

following

Lemma 2.

ker L ¼ span
0

sd

� �� �
:

We denote j ¼ 1ffiffiffiffiffi
2d

p 0

sd

� �
, which is normalized as kjkL2 ¼ 1.

Lemma 3. On the closed subspace H 2ðR;R2ÞV ðker LÞ? of H 2ðR;R2Þ, the
norms k � kH 2 and kL1 � kL2 are equivalent.

Furthermore, there exists C > 0 such that

kukH 2 aCh�1ð1þ p�1ÞkL1ukL2 ; ð23Þ

for any u A H 2ðR;R2ÞV ðker LÞ?. Here C depends only on a > 0.

Proof. From the definition of L1 there exists a constant C > 0 such that

kL1ukL2 aCkukH 2 ;

for any u A H 2ðR;R2ÞV ðker LÞ?. We only need to establish (23). By u A
ðker LÞ?, Lemma 1 and Hölder’s inequality, we have

ku2kL2 a d2k�Lu2kL2 :

Hence, by d ¼ ð1þ a sin yÞ�1=2
a 1 we get

ku2kL2 a k�Lu2kL2 :

We denote �L ¼ �q2z þ gd. By using d�2 ¼ 1þ a sin ya 1þ a, we have

kgdky a 1þ a. Hence

kq2z u2kL2 ¼ k�q2z u2 þ gdu2 � gdu2kL2

a k�Lu2kL2 þ kgdkyku2kL2

a ð2þ aÞk�Lu2kL2 :

By

kqzu2k2L2 ¼ �hu2; q
2
z u2ia

1

2
ðku2k2L2 þ kq2z u2k

2
L2Þ;
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we have a constant C1 ¼ C1ðaÞ > 0 such that

ku2kH 2 a h�1C1k�hLu2kL2 : ð24Þ

Since p ¼ a cos 2y > 0 and h�Lu1; u1ib 0, we get

kð�Lþ pÞu1k2L2 ¼ k�Lu1k2L2 þ 2ph�Lu1; u1iþ p2ku1k2L2

b p2ku1k2L2 :

Hence

ku1kL2 a p�1kð�Lþ pÞu1kL2 :

Furthermore

kq2z u1kL2 ¼ k�q2z u1 þ ðgd þ pÞu1 � ðgd þ pÞu1kL2

a kð�Lþ pÞu1kL2 þ kgd þ pkyku1kL2

a kð�Lþ pÞu1kL2 þ ð1þ aþ pÞp�1kð�Lþ pÞu1kL2

a f1þ ð1þ aþ pÞp�1gkð�Lþ pÞu1kL2 :

From p ¼ a cos 2ya a, we get the constant C2 ¼ C2ðaÞ > 0 such that

ku1kH 2 a h�1C2ð1þ p�1Þkhð�Lþ pÞu1kL2 : ð25Þ

By (24) and (25), we obtain (23).

We can also prove the following lemma.

Lemma 4. On the closed subspace H 1ðR;R2ÞV ðker LÞ? of H 1ðR;R2Þ, the
norms k � kH 1 and h�L1� ; �i1=2 are equivalent.

Furthermore, there exists C > 0 such that

kukH 1 aCh�1=2ð1þ p�1Þ1=2h�L1u; ui
1=2; ð26Þ

for any u A H 1ðR;R2ÞV ðker LÞ?. Here C depends only on a > 0.

Remark 1. We fix a > 0 and h > 0. From p ¼ a cos 2y, we have p ! 0

as y ! p
4 . By (13) we have y ! p

4 as jhj ! hw ¼ ah
2 . Hence we obtain

p�1 ! y as jhj ! hw. Remark that the equivalence of these norms deteriorates

as jhj ! hw.

4. Stability analysis

In this section we estimate the perturbation of the Walker wall and work

with the Landau-Lifshitz equation in the form of (18). We remark that m is a

solution of (2) in the sense of Definition 1 if and only if there exists a solution
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r A Cð½0;þyÞ;H 2ðR;R2ÞÞVC1ðð0;þyÞ;L2ðR;R2ÞÞ of (18). Here

m ¼ r1M1 þ r2M2 þ lðrÞM0:

We express (18) by

ð1þ h2Þqr ¼ LrþMrþ ~NNr; ð27Þ

where ~NNr is the nonlinear term of (18). We denote

~NNr ¼
~NN1r
~NN2r

� �
:

The direct computations show that

~NN1r ¼ �2d�1qzlsd þ d�2ðl� 1Þtdsd � ðl� 1Þtdsd � aðl� 1Þtdsd sin2 y

þ ðl� 1Þ f2 þ ð�r2 þ hr1Þf2d�1qzr2sd � d�2r2tdsd � q2zlþ d�2ðl� 1Þs2d
þ ð�r2sd � ðl� 1ÞtdÞtd þ asd sin yðr1 cos y� r2td sin yþ ðl� 1Þsd sin yÞg

þ hðl� 1Þr1 f0 � haðl� 1Þsd cos y sin y� hðl2 � 1Þ f1

� hr22 f1 þ hr1r2 f2; ð28Þ

~NN2r ¼ r1f2d�1qzr2sd � d�2r2tdsd � q2zlþ d�2ðl� 1Þs2d þ ð�r2sd � ðl� 1ÞtdÞtd

þ asd sin yðr1 cos y� r2td sin yþ ðl� 1Þsd sin yÞg

� aðl� 1Þsd cos y sin y� ðl� 1Þ f1 þ hr1r2 f1 � hr21 f2

� hf�2d�1qzlsd þ d�2ðl� 1Þtdsd � ðl� 1Þtdsd � aðl� 1Þtdsd sin2 yg

� hðl2 � 1Þ f2 þ ðl� 1Þr2 f0

þ hr2f2d�1qzr2sd � d�2r2tdsd � q2zlþ d�2ðl� 1Þs2d
þ ð�r2sd � ðl� 1ÞtdÞtd þ asd sin yðr1 cos y� r2td sin yþ ðl� 1Þsd sin yÞg;

where f0, f1 and f2 are given by (17).

Definition 3. For any a A R, we define

Rða; zÞ ¼ M0ðz� aÞ �M1ðzÞ
M0ðz� aÞ �M2ðzÞ

� �
¼ 0

tdðz� aÞsdðzÞ � sdðz� aÞtdðzÞ

� �
: ð29Þ

Since sd and td are smooth and bounded we can check that there exists C > 0

such that

kRða1Þ � Rða2ÞkH 2 < Cja1 � a2j; ð30Þ
for any a1; a2 A R.
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Lemma 5. There exists e0 > 0 such that the following holds. For any r A
Bð0; e0ÞHL2ðR;R2Þ there exists a unique ða;WÞ A R� ðker LÞ? such that

rðzÞ ¼ Rða; zÞ þWðzÞ:

Here, Bð0; e0Þ ¼ fu A L2ðR;R2Þ j kukL2 < e0g. Furthermore, there exist open

sets U HHkðR;R2Þ and V HR� ððkerLÞ? VHkðR;R2ÞÞ such that the map

F ; r 7! ða;WÞ is a homeomorphism from U to V for k ¼ 1; 2. Moreover

Fð0Þ ¼ ð0; 0Þ.

Proof. For any a A R, we define

CðaÞ ¼ hRðaÞ; ji:

We remark that Cð0Þ ¼ h0; ji ¼ 0 and C 0ð0Þ < 0. From the inverse function

theorem, there exist neighborhoods A;BHR of 0 A R such that

C : A ! B

is a homeomorphism. Let e0 > 0 satisfy ð�e0; e0ÞHB and fix r A Bð0; e0ÞH
L2ðR;R2Þ. From krkL2 < e0, we get

jhr; jija krkL2kjkL2 ¼ krkL2 < e0:

Hence from hr; ji A B we have a unique a A A such that hr; ji ¼ CðaÞ.
Denoting W ¼ r� RðaÞ, we have

hW ; ji ¼ hr; ji�CðaÞ ¼ 0:

Thus for any r A Bð0; e0Þ there exists a unique ða;WÞ A R� ðker LÞ? such that

r ¼ RðaÞ þW . Furthermore, we can check that the map F : r 7! ða;WÞ is a

homeomorphism from U HH 2ðR;R2Þ to FðUÞHR� ððker LÞ? VH 2ðR;R2ÞÞ.

Lemma 6. Let r A Cð½0;yÞ;H 2ðR;R2ÞÞVC1ðð0;yÞ;L2ðR;R2ÞÞ satisfy

krð0ÞkL2 < e0, where e0 is given by Lemma 5. Then there exists T > 0 and

the following holds. There exist unique a A Cð½0;TÞÞVC1ðð0;TÞÞ and W A
Cð½0;TÞ; ðker LÞ? VH 2ðR;R2ÞÞVC1ðð0;TÞ; ðker LÞ?Þ such that

rðtÞ ¼ RðaðtÞÞ þWðtÞ; t A ½0;TÞ;
qtrðtÞ ¼ qaRðaðtÞÞa 0ðtÞ þ qtWðtÞ; t A ð0;TÞ:

�

Proof. Since krðtÞkL2 is continuous, there exists T > 0 such that

krðtÞkL2 < e0 for any t A ½0;TÞ. By Lemma 5, for any t A ½0;TÞ, there exists

a unique ðaðtÞ;WðtÞÞ A R� ððker LÞ? VH 2ðR;R2ÞÞ such that rðtÞ ¼ RðaðtÞÞþ
WðtÞ, a A Cð½0;TÞÞ and W A Cð½0;TÞ; ððker LÞ? VH 2ðR;R2ÞÞ.

On the other hand, from hrðtÞ; ji ¼ hRðaðtÞÞ; ji ¼ CðaðtÞÞ for any

t A ½0;TÞÞ, we get

d

dt
CðaðtÞÞ ¼ d

dt
hrðtÞ; ji ¼ hqtrðtÞ; ji:
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Then we obtain

a 0ðtÞ ¼ d

dt
ðC�1ðCðaðtÞÞÞÞ

¼ ðC�1Þ0ðCðaðtÞÞÞ d
dt
ðCðaðtÞÞÞ

¼ ðC�1Þ0ðhrðtÞ; jiÞhqtrðtÞ; ji:

Hence there exists a 0ðtÞ for any t A ½0;TÞ. Furthermore, since ðC�1Þ0, hrðtÞ; ji
and hqtrðtÞ; ji are continuous, we have a A C1ðð0;TÞÞ. Hence there exists

qtðRðaðtÞÞÞ A L2ðR;R2Þ with

qtðRðaðtÞÞÞ ¼ qaRðaðtÞÞa 0ðtÞ:

From WðtÞ ¼ rðtÞ � RðaðtÞÞ and r;Rðað�ÞÞ A C1ðð0;TÞ;L2ðR;R2ÞÞ we obtain

W A C 1ðð0;TÞ;L2ðR;R2ÞÞ. Since hWðtÞ; ji ¼ 0 for any t A ½0;TÞ, we get

qtW A ðker LÞ?. Therefore W A C1ðð0;TÞ; ðker LÞ?Þ.

Lemma 7. The travelling wave M0 is asymptotically stable in the sense of

Definition 2 if and only if there exist e ¼ eða; h; hÞ > 0 and a ¼ aða; h; h; r0Þ A R

such that

sup
kr0kH 1<e

krðtÞ � RðaÞkH 1 ! 0 as t ! y; ð31Þ

where r A Cð½0;yÞ;H 2ðR;R2ÞÞVC 1ðð0;yÞ;L2ðR;R2ÞÞ and r is a solution of

(18) with initial value r0 and

m ¼ r1M1 þ r2M2 þ lðrÞM0:

Proof. If a is a constant and W 1 0, then we have

mðzÞ ¼ ðM0ðz� aÞ �M1ðzÞÞM1ðzÞ þ ðM0ðz� aÞ �M2ðzÞÞM2ðzÞ þ lðRða; zÞÞM0ðzÞ:

Hence mðzÞ ¼ M0ðz� aÞ. Therefore (14) and (31) are equivalent.

Theorem 2. For any a > 0 and h > 0, there exists K ¼ Kða; hÞ > 0 such

that M0 is asymptotically stable if jhj < K. Furthermore there exist C ¼
Cða; h; hÞ > 0 and g ¼ gða; h; hÞ > 0 such that

sup
kr0kH 1<e

krðtÞ � RðaÞkH 1 aCe�gt; for t > 0;

where r A Cð½0;yÞ;H 2ðR;R2ÞÞVC 1ðð0;yÞ;L2ðR;R2ÞÞ and r is a solution of

(18) with initial value r0.

Remark 2. Theorem 1 and 2 are equivalent.
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To prove Theorem 2 we prepare some notations and lemmas. First let Q

be the orthogonal projection onto ðker LÞ? HL2ðR2;RÞ and we calculate (27)

to estimate jaðtÞj and kWðtÞkH 1 .

Lemma 8. Let r A Cð½0;yÞ;H 2ðR;R2ÞÞVC1ðð0;yÞ;L2ðR;R2ÞÞ be a so-

lution of (27) and assume that there exists T > 0 such that krðtÞkL2 < e0 for any

t A ½0;TÞ, where e0 > 0 is given by Lemma 5. Then there exists ða;WÞ of

Lemma 6 such that

qtWðtÞ ¼ ð1þ h2Þ�1fQLWðtÞ þQMWðtÞ þQNðaðtÞ;WðtÞÞg
� a 0ðtÞQqaRðaðtÞÞ;

a 0ðtÞ ¼ 1ffiffiffiffiffi
2d

p ð1þ h2Þ�1hqaRðaðtÞÞ; ji�1f�phw1ðtÞ; sdiþ 2hhw1ðtÞ; sdtdi

þ 2hh�1ð1þ h2Þhw2ðtÞ; sdtdiþ
ffiffiffiffiffi
2d

p
hNðaðtÞ;WðtÞÞ; jig;

8>>>>>>><
>>>>>>>:

ð32Þ

for any t A ð0;TÞ. Here we denote W ¼ tðw1;w2Þ and Nða;WÞ ¼
~NNðRðaÞ þWÞ � ~NNðRðaÞÞ.

Proof. By the assumption and Lemma 5, there exists a unique ða;WÞ
with

rðz; tÞ ¼ RðaðtÞ; zÞ þWðz; tÞ;

for any t A ½0;TÞ. Fix any t A ½0;TÞ. Since RðaðtÞ; zÞ is a solution of (27), we

get

LRðaðtÞ; zÞ þMRðaðtÞ; zÞ þ ~NNRðaðtÞ; zÞ ¼ 0:

Hence (27) is expressed as follows:

ð1þ h2ÞqtðRðaðtÞ; zÞ þWðz; tÞÞ

¼ LWðz; tÞ þMWðz; tÞ

þ ð ~NNðRðaðtÞ; zÞ þWðz; tÞÞ � ~NNRðaðtÞ; zÞÞ

¼ LWðz; tÞ þMWðz; tÞ þNðaðtÞ;Wðz; tÞÞ: ð33Þ

We operate Q on (33), then we have

ð1þ h2ÞqtW ¼ QLW þQMW þQNða;WÞ � ð1þ h2Þa 0QqaRðaÞ:

Next, the direct computations show that

hLW ; ji ¼ hW ;L1jiþ 1ffiffiffiffiffi
2d

p hðL� pÞw1; sdi ¼ �pffiffiffiffiffi
2d

p hw1; sdi; ð34Þ
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here we remark that L1j ¼ 0 and Lsd ¼ 0. From (10), Mþsd ¼ 0 and M�sd ¼
2vd�1tdsd we obtain

hMW ; ji ¼ 1ffiffiffiffiffi
2d

p hhðMþ þM�Þw1 þ ð1þ h2ÞMþw2; sdi

¼ 1ffiffiffiffiffi
2d

p fhhw1; ðM� þMþÞsdiþ ð1þ h2Þhw2;M�sdig

¼ 1ffiffiffiffiffi
2d

p f2hhw1; tdsdiþ 2hh�1ð1þ h2Þhw2; tdsdig: ð35Þ

Take the L2 inner product between j and (33). From hqtW ; ji ¼ 0, (34) and

(35) we obtainffiffiffiffiffi
2d

p
ð1þ h2Þa 0hqaRðaÞ; ji ¼ �phw1; sdiþ 2hhw1; sdtdi

þ 2hh�1ð1þ h2Þhw2; sdtdiþ
ffiffiffiffiffi
2d

p
hNða;WÞ; ji:

Lemma 9. There exist C > 0 and a0 > 0 such that

kNða;WÞkL2 aCð1þ aþ hþ ahÞðjhj þ jaj þ kWkH 1ÞkWkH 2 ;

for any ða;WÞ A R� ððker LÞ? VH 2ðR;R2ÞÞ with jaj < a0, kWky a 1
4 and

kWkH 1 a 1.

Proof. From the mean-value theorem, there exists a constant C > 0 such

that

kqk
z RðaÞky aCjaj; ð36Þ

for k ¼ 0; 1; 2: Let a satisfy Cjaja 1
4 . By (36), we have

kqk
z RðaÞk

l
y aCl jaj l aCjaja 1

4
; ð37Þ

for l ¼ 1; 2; 3 . . . ; and k ¼ 0; 1; 2. From (37) and a, h which are coe‰cients of

N we obtain

jNða;WÞjaCð1þ aþ hþ ahÞ

� fjhj jW j þ jajðjW j þ jqzW j þ jq2zW jÞ þ jWq2zW j þ jqzW j2g: ð38Þ

For example, we will estimate the following term

�2d�1qzflðRðaÞ þWÞ � lðRðaÞÞgsd:

Here, this is one of the terms of Nða;WÞ. We remark that Nða;WÞ ¼
~NNðRðaÞ þWÞ � ~NNðRðaÞÞ.
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First, we note that d�1
a ð1þ aÞ1=2 and jsdja 1. From (36) and (37), we

get

ð1� jRðaÞ þW j2Þ > 1

2
;

ð1� jRðaÞj2Þ > 1

2
;

qzlðrÞ ¼ ð1� jrj2Þ�1=2
r � qzr:

8>>>>><
>>>>>:

Therefore

jqzðlðRðaÞ þWÞ � lðRðaÞÞÞj

¼ jð1� jRðaÞ þW j2Þ�1=2ðRðaÞ þWÞ � qzðRðaÞ þWÞ

� ð1� jRðaÞj2Þ�1=2ðRðaÞÞ � qzðRðaÞÞj

a ð1� jRðaÞ þW j2Þ�1=2jðRðaÞ þWÞ � qzðRðaÞ þWÞ � ðRðaÞÞ � qzðRðaÞÞj

þ jð1� jRðaÞ þW j2Þ�1=2 � ð1� jRðaÞj2Þ�1=2j

� jðRðaÞ þWÞ � qzðRðaÞ þWÞj

aCðjaj jW j þ jaj jqzW j þ jW j jqzW jÞ þ CjðRðaÞ þWÞ2 � RðaÞ2j

aCðjaj jW j þ jW j2 þ jaj jqzW j þ jW j jqzW jÞ:

Hence

j�2d�1qzflðRðaÞ þWÞ � lðRðaÞÞgsdj

aCð1þ aÞðjaj jW j þ jW j2 þ jaj jqzW j þ jW j jqzW jÞ:

As above we can obtain (38) by similar estimates. On the other hand, we have

kWq2zWk2L2 ¼
ð
R

jW j2jq2zW j2dza kWk2y
ð
R

kq2zWk2dz

aCkWk2H 1kWk2H 2 ;

kðqzWÞ2k2L2 ¼
ð
R

jqzW j2jqzW j2dza kqzWk2y
ð
R

jqzW j2dz

aCkqzWk2H 1kWk2H 1 aCkWk2H 2kWk2H 1 :

8>>>>>>>>><
>>>>>>>>>:

Therefore we obtain

kNða;WÞkL2 aCð1þ aþ hþ ahÞðjhj þ jaj þ kWkH 1ÞkWkH 2 :
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Lemma 10. Fix a > 0 and h > 0. Let jhj be su‰ciently small. Then there

exists e > 0 such that for the solution ða;WÞ of (32) with kRðað0ÞÞ þWð0ÞkH 1

< e the following hold:

( i ) There exists a A R such that

aðtÞ ! a exponentially as t ! y:

( ii ) There exist C; g > 0 depending only on a and h such that

kWðtÞkH 1 aCe�gtkWð0ÞkH 1 ; for t > 0:

(iii) For any t A ½0;yÞ, we have

kRðaðtÞÞ þWðtÞkH 1 < e0;

where e0 > 0 is given by Lemma 5.

Proof. First, we fix a > 0 and h > 0. From (23) and (26), there exists

d ¼ dða; h; pÞ > 0 such that

kukH 1 a dh�L1u; ui
1=2; kukH 2 a dkL1ukL2 ; ð39Þ

for any u A ðker LÞ? VH 2ðR;R2Þ. We remark that p depends only on a, h

and h. From (13), (23), (26) and Remark 1 there exists a constant C ¼
Cða; hÞ > 0 such that dðhÞ < C for any h A � hw

2 ;
hw
2

� 	
. Let jhj < hw

2 . We

assume that there exist T > 0, a A Cð½0;yÞÞVC 1ðð0;yÞÞ and W A Cð½0;yÞ;
ðker LÞ? VH 2ðR;R2ÞÞVC1ðð0;yÞ; ðker LÞ?Þ such that a and W satisfy (32)

for any t A ð0;TÞ. Take the L2 inner product between �L1W and the first

equation of (32). Since L1 is a self adjoint operator, we have

1

2

d

dt
hW ;�L1Wi ¼ hqtW ;�L1Wi: ð40Þ

By L1j ¼ 0 and (22), we obtain QL1 ¼ L1 and hL2W ;L1Wi ¼ 0. Then we

get

hQLW ;�L1Wi ¼ hðQL1 þQL2ÞW ;�L1Wi

¼ hL1W ;�L1Wiþ hL2W ;�QL1Wi ¼ �kL1Wk2L2 : ð41Þ

From (10) we have jvja jhjh�1. By (21) there exists C ¼ CðhÞ > such that

jhQMW ;�L1Wija kMWkL2kL1WkL2 aCjhj kWkH 1kL1WkL2 : ð42Þ

If kWkH 1 is su‰ciently small, then from Lemma 9 there exists C ¼ Cða; hÞ > 0

such that
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jhQNða;WÞ;�L1Wija kNða;WÞkL2kL1WkL2

aCð1þ aþ hþ ahÞðjhj þ jaj þ kWkH 1ÞkWkH 2kL1WkL2

aCðjhj þ jaj þ kWkH 1ÞkWkH 2kL1WkL2 : ð43Þ

The direct calculation shows that

qaRðaðtÞ; zÞ ¼ �d�1 0

sdðz� aðtÞÞftdðzÞtdðz� aðtÞÞ þ sdðzÞsdðz� aðtÞÞg

� �
: ð44Þ

From (44) we obtain

sup
a AR

jhqaRðaÞ; jij ¼ jhqaRð0Þ; jij ¼
ffiffiffi
2

p
d�1=2:

Hence if jaj is su‰ciently small, we have

1 < jhqaRðaÞ; jij: ð45Þ

Here we remark that da 1. We denote ĵj ¼ �
ffiffiffi
2

p
d�1=2j. From (44) we

obtain

kqaRðaÞ � ĵjkL2 ! 0 as a ! 0: ð46Þ

From (32) and (45), there exists C ¼ Cða; hÞ > 0 such that

ja 0ja ð1þ h2Þ�1jhqaRðaÞ; jij�1ð2dÞ�1=2

� faksdkL2kWkL2 þ 2jhj ksdkL2kWkL2

þ 2jhjh�1ð1þ h2ÞksdkL2kWkL2 þ
ffiffiffiffiffi
2d

p
kNða;WÞkL2g

aC½faþ 2jhjð1þ h�1ð1þ h2ÞÞgkWkL2 þ kNða;WÞkL2 �

aCðkWkL2 þ kNða;WÞkL2Þ; ð47Þ

here pa a, ð1þ aÞ�1=2
a da 1 and jhj < hw ¼ ah

2 are used. Hence, by (32),

(43), (47), QL1 ¼ L1 and L1ĵj ¼ 0 we get

ð1þ h2Þja 0hQqaRðaÞ;�L1Wij

a ð1þ h2Þja 0j jhqaRðaÞ;L1Wij ¼ ð1þ h2Þja 0j jhL1qaRðaÞ;Wij

¼ ð1þ h2Þja 0j jhL1ðqaRðaÞ � ĵjÞ;Wij ¼ ð1þ h2Þja 0j jhqaRðaÞ � ĵj;L1Wij

a ð1þ h2Þja 0j kqaRðaÞ � ĵjkL2kL1WkL2

aCðkWkL2 þ kNða;WÞkL2ÞkqaRðaÞ � ĵjkL2kL1WkL2

¼ CkqaRðaÞ � ĵjkL2kWkL2kL1WkL2

þ CkqaRðaÞ � ĵjkL2kNða;WÞkL2kL1WkL2 ; ð48Þ
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here C > 0 depends only on a and h. Therefore, from (26), (39), (40), (41),

(42), (43) and (48), there exist C1;C2;C3 > 0 depending only on a; h > 0 such

that

1

2
ð1þ h2Þ d

dt
hW ;�L1Wi

a�kL1Wk2L2 þ Cjhj kWkH 1kL1WkL2

þ ð1þ CkqaRðaÞ � ĵjkL2ÞkNða;WÞkL2kL1WkL2

þ CkqaRðaÞ � ĵjkL2kWkL2kL1WkL2

a�kL1Wk2L2 þ C2jhj kWkH 1kL1WkL2

þ Cð1þ CkqaRðaÞ � ĵjkL2Þðjhj þ jaj þ kWkH 1ÞkWkH 2kL1WkL2

þ CkqaRðaÞ � ĵjkL2kWkL2kL1WkL2

a�kL1Wk2L2 þ Cjhj kL1Wk2L2

þ Cð1þ CkqaRðaÞ � ĵjkL2Þðjhj þ jaj þ kWkH 1ÞkL1Wk2L2

þ CkqaRðaÞ � ĵjkL2kL1Wk2L2

a�kL1Wk2L2 þ C1jhj kL1Wk2L2

þ C2ð1þ kqaRðaÞ � ĵjkL2Þðjhj þ jaj þ h�L1W ;Wi1=2ÞkL1Wk2L2

þ C3kqaRðaÞ � ĵjkL2kL1Wk2L2 :

From (46), if jhj and L > 0 are su‰ciently small, we obtain

C1jhj <
1

4
;

C2ð1þ kqaRðaÞ � ĵjkL2Þðjhj þ jajÞ < 1

4
;

C3kqaRðaÞ � ĵjkL2 <
1

4
;

8>>>>>><
>>>>>>:

ð49Þ

for any a with jaj < L. By (49) there exists C4 ¼ C4ða; hÞ > 0 such that

1

2
ð1þ h2Þ d

dt
hW ;�L1Wia � 1

4
þ C4hW ;�L1Wi1=2

� �
kL1Wk2L2 : ð50Þ

From Lemma 4, if kWkH 1 is su‰ciently small, then

� 1

4
þ C4hW ;�L1Wi1=2

� �
< � 1

8
: ð51Þ
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Hence from Lemma 3, Lemma 4, (50) and (51), there exists C5 ¼ C5ða; hÞ > 0

such that

d

dt
hW ;�L1WiaC5 � 1

4
þ C4hW ;�L1Wi1=2

� �
hW ;�L1Wi:

On the other hand, by (32) we have

ð1þ h2Þa 0hqaRðaÞ; ji

¼ �phw1; sdiþ 2hvd�1hw1; sdtdiþ 2vd�1hw2; sdtdiþ hNða;WÞ; ji: ð52Þ

From (28), (36) and integration by parts, there exists C6 ¼ C6ða; hÞ > 0 such

that

jhNða;WÞ; jijaC6ð1þ LÞðkWkH 1 þ kWk2H 1 þ kWk3H 1Þ; ð53Þ

here we remark that

q2zlðrÞ ¼ � jqrj2 þ r � q2z r
l

� ðr � qzrÞ2

l3
:

Let kWkH 1 a 1 then from (45), (52) and (53) we have

ja 0jaC 0
6ð1þ LÞkWkH 1 ;

here C 0
6 > 0 depends only on a and h. Therefore, if jhj and kWðtÞkH 1 are

su‰ciently small and jaðtÞj < L for any t A ð0;TÞ, then we have

d

dt
hWðtÞ;�L1WðtÞiaC5 � 1

4
þ C4hWðtÞ;�L1WðtÞi1=2

� �
� hWðtÞ;�L1WðtÞi;

ja 0ðtÞjaC 0
6ð1þ LÞkWðtÞkH 1 ;

8>>>><
>>>>:

ð54Þ

for any t A ½0;TÞ. From (51) there exist C7 > 0 and C8 > 0 depending only on

a and h such that

kWðtÞkH 1 aC7e
�C8tkWð0ÞkH 1 ; ð55Þ

for any t A ½0;TÞ. Then by (54) and (55), there exists C9 > 0 such that

jaðtÞja ja0j þ C9ð1þ LÞð1� e�C8tÞkWð0ÞkH 1 ; ð56Þ

for any t A ½0;TÞ. Let Wð0Þ and að0Þ satisfy

kWð0ÞkH 1 <
L

2C9ð1þ LÞ ; jað0Þj < L

2
:
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Then we have

jaðtÞj < L; ð57Þ

for any t A ½0;TÞ. Therefore from (55), (56) and (57) we get T ¼ þy. Hence

kWðtÞkH 1 has an exponential decay, and there exists a A R such that

aðtÞ ! a exponentially as t ! y:

Furthermore we replace L > 0 and Wð0Þ to satisfy

sup
jbj<L

kRðbÞkH 1 <
e0

2
; kWð0ÞkH 1 <

e0

2C7
: ð58Þ

Hence we obtain

kRðaðtÞÞ þWðtÞkH 1 a kRðaðtÞÞkH 1 þ kWðtÞkH 1 < e0;

for any t A ½0;yÞ. From Lemma 5 there exists e > 0 such that if kRðað0ÞÞþ
Wð0ÞkH 1 < e then (58) holds. Therefore (i), (ii) and (iii) are satisfied.

Proof of Theorem 2. Let jhj and kr0kH 1 be su‰ciently small. Then

from (iii) of Lemma 10 we have

krðtÞkL2 a krðtÞkH 1 < e0;

for any t A ½0;yÞ. Here e0 > 0 is given by Lemma 5. Hence Lemma 6 holds

for any t A ½0;yÞ. Furthermore by (i) and (ii) of Lemma 10 and (30), there

exists a A R such that

rðtÞ ! RðaÞ exponentially as t ! y in H 1:
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