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Abstract. Our aim in this paper is to prove the boundedness of fractional integrals

from the Herz–Morrey space with variable exponent M _KK a; l
q1; p1ð�ÞðR

nÞ to M _KK a; l
q2 ; p2ð�ÞðR

nÞ.

1. Introduction

The fractional integral operator I b is defined by

I bf ðxÞ :¼ 1

gðbÞ

ð
R n

f ðyÞ
jx� yjn�b

dy; ð1Þ

where 0 < b < n and gðbÞ :¼ p n=22 bGðb=2Þ
Gððn�bÞ=2Þ . I b is a bounded operator from the

usual Lebesgue space Lp1ðRnÞ to Lp2ðRnÞ when 1 < p1 < p2 < y and

1=p1 � 1=p2 ¼ b=n. This is well-known as the Hardy–Littlewood–Sobolev

theorem, and generalized results on some function spaces have been studied.

Lu and Yang [8] have proved the boundedness in the setting of Herz

spaces. On the other hand, recently the Hardy–Littlewood–Sobolev theorem

is extended to the case of Lebesgue spaces with variable exponent. Capone,

Cruz-Uribe and Fiorenza [1] and Diening [3] have independently proved that

I b is a bounded operator from the Lebesgue space with variable exponent

Lp1ð�ÞðRnÞ to Lp2ð�ÞðRnÞ provided that p1ð�Þ satisfies the log-Hölder conditions,

supx AR n p1ðxÞ < n=b and 1=p1ð�Þ � 1=p2ð�Þ ¼ b=n.

Motivated by the results above, we consider the Hardy–Littlewood–

Sobolev theorem on Herz–Morrey spaces with variable exponent in this

paper. The class of Herz–Morrey spaces with variable exponent

M _KK a;l
q;pð�ÞðR

nÞ is initially defined by the author [6], and the boundedness of

sublinear operators satisfying a proper size condition on M _KK a;l
q;pð�ÞðR

nÞ is

proved. We also note that Herz–Morrey spaces with variable exponent are

generalizations of Morrey–Herz spaces [9] and Herz spaces with variable

exponent [5].
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Throughout this paper jSj denotes the Lebesgue measure and wS means

the characteristic function for a measurable set SHRn. A symbol C always

means a positive constant independent of the main parameters and may change

from one occurrence to another. Given a ball B ¼ fy A Rn : jx� yj < Rg, a

cube Q ¼
Qn

j¼1ðxj � R=2; xj þ R=2Þ (x ¼ ðx1; . . . xnÞ A Rn, R > 0) and a con-

stant s > 0, we write

sB :¼ fy A Rn : jx� yj < sRg; sQ :¼
Yn
j¼1

ðxj � sR=2; xj þ sR=2Þ:

2. Definition of function spaces with variable exponent

In this section we define Lebesgue and Herz–Morrey spaces with variable

exponent. Let E be a measurable set in Rn with jEj > 0. We first define

Lebesgue spaces with variable exponent.

Definition 1. Let pð�Þ : E ! ½1;yÞ be a measurable function.

(1) The Lebesgue space with variable exponent Lpð�ÞðEÞ is defined

by

Lpð�ÞðEÞ :¼ f f is measurable : rpð f =lÞ < y for some constant l > 0g;

where rpð f Þ :¼
Ð
E
j f ðxÞjpðxÞdx.

(2) The space L
pð�Þ
loc ðEÞ is defined by

L
pð�Þ
loc ðEÞ :¼ f f : f A Lpð�ÞðKÞ for all compact subsets KHEg:

Lpð�ÞðEÞ is a Banach space with the norm defined by

k f kLpð�ÞðEÞ :¼ inffl > 0 : rpð f =lÞa 1g:

We denote

p� :¼ ess inffpðxÞ : x A Eg; pþ :¼ ess supfpðxÞ : x A Eg:

The set PðEÞ consists of all pð�Þ satisfying p� > 1 and pþ < y. p 0ð�Þ means

the conjugate exponent of pð�Þ, namely 1=pðxÞ þ 1=p 0ðxÞ ¼ 1 holds. If

pð�Þ A PðEÞ, then the norm k f kLpð�ÞðEÞ is equivalent to

sup

ð
E

j f ðxÞgðxÞjdx : kgkLp 0 ð�ÞðEÞ a 1

� �
:

More precisely, equivalence

k f kLpð�ÞðEÞ a sup

ð
E

j f ðxÞgðxÞjdx : kgkLp 0 ð�ÞðEÞ a 1

� �
a rpk f kLpð�ÞðEÞ ð2Þ
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holds for all f A Lpð�ÞðEÞ, where rp :¼ 1þ 1=p� � 1=pþ. We also note that

generalized Hölder’s inequalityð
E

j f ðxÞgðxÞjdxa rpk f kLpð�ÞðEÞkgkLp 0 ð�ÞðEÞ

is true for all f A Lpð�ÞðEÞ and all g A Lp 0ð�ÞðEÞ (see [7]).

Next we define Herz–Morrey spaces with variable exponent motivated by

[5, 9]. We use the following notation. For each k A Z we denote

Bk :¼ fx A Rn : jxja 2kg; Rk :¼ BknBk�1; wk :¼ wRk
:

Definition 2. Let a A R, 0 < q < y, pð�Þ A PðRnÞ and 0a l < y. The

Herz–Morrey space with variable exponent M _KK a;l
q;pð�ÞðR

nÞ is defined by

M _KK a;l
q;pð�ÞðR

nÞ :¼ f f A L
pð�Þ
loc ðR

nnf0gÞ : k f k
M _KK a; l

q; pð�ÞðR
nÞ < yg;

where

k f k
M _KK a; l

q; pð�ÞðR
nÞ :¼ sup

L AZ
2�Ll

XL
k¼�y

2kaqk f wkk
q

Lpð�ÞðR nÞ

 !1=q
:

It obviously follows that M _KK a;0
q;pð�ÞðR

nÞ coincides with the Herz space with

variable exponent _KK a;q
pð�Þ ðR

nÞ defined in [6].

3. Properties of variable exponent

Given a function f A L1
locðEÞ, the Hardy–Littlewood maximal operator M

is defined by

Mf ðxÞ :¼ sup
r>0

r�n

ð
Bðx; rÞVE

j f ðyÞjdy ðx A EÞ;

where Bðx; rÞ :¼ fy A Rn : jx� yj < rg. BðEÞ is the set of pð�Þ A PðEÞ satisfy-

ing the condition that M is bounded on Lpð�ÞðEÞ. In this section we state some

properties of variable exponents belonging to the class BðEÞ. Cruz-Uribe,

Fiorenza and Neugebauer [2] and Nekvinda [10] proved the following su‰cient

conditions independently. We remark that Nekvinda [10] gave a more general

condition in place of (4).

Proposition 1. Suppose that E is an open set. If pð�Þ A PðEÞ satisfies

jpðxÞ � pðyÞja �C

logðjx� yjÞ if jx� yja 1=2; ð3Þ

jpðxÞ � pðyÞja C

logðeþ jxjÞ if jyjb jxj; ð4Þ

then we have pð�Þ A BðEÞ.
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The next proposition is due to Diening [4, Theorem 8.1]. We remark that

Diening has proved general results on Musielak–Orlicz spaces. We describe

them for Lebesgue spaces with variable exponent. Given a function f and a

cube Q, we write fQ :¼ 1
jQj
Ð
Q
f ðxÞdx. Let Y be all families of disjoint and

open cubes in Rn.

Proposition 2. Suppose pð�Þ A PðRnÞ. Then the following conditions are

equivalent.

(1) There exists a constant C > 0 such that for all Y A Y and all

f A Lpð�ÞðRnÞ,
X
Q AY

j f jQwQ

�����
�����
Lpð�ÞðR nÞ

aCk f kLpð�ÞðRnÞ: ð5Þ

(2) pð�Þ A BðRnÞ.
(3) p 0ð�Þ A BðRnÞ.

The following are the key lemmas due to the author [6].

Lemma 1. If pð�Þ A BðRnÞ, then there exist constants 0 < d < 1 and C > 0

such that for all balls B in Rn and all measurable subsets SHB,

kwSkLpð�ÞðR nÞ
kwBkLpð�ÞðR nÞ

aC
jSj
jBj

� �d
: ð6Þ

Lemma 2. If pð�Þ A BðRnÞ, then there exists a constant C > 0 such that for

all balls B in Rn,

C�1
a

1

jBj kwBkLpð�ÞðR nÞkwBkLp 0 ð�ÞðR nÞ aC: ð7Þ

In order to prove Lemma 1, we use the next proposition proved by

Diening [4, Lemma 5.5].

Proposition 3. If pð�Þ A BðRnÞ, then there exist constants 0 < d < 1 and

C > 0 such that for all Y A Y, all non-negative numbers tQ and all f A L1
locðRnÞ

with fQ 0 0 (Q A Y ),

X
Q AY

tQ
f

fQ

����
����
d

wQ

�����
�����
Lpð�ÞðRnÞ

aC
X
Q AY

tQwQ

�����
�����
Lpð�ÞðR nÞ

: ð8Þ

Proof (Proof of Lemma 1). Take a ball B and a measurable subset

SHB arbitrarily. pð�Þ A BðRnÞ implies that M satisfies the weak ðpð�Þ; pð�ÞÞ
inequality, i.e., for all f A Lpð�ÞðRnÞ and all l > 0 we have

lkwfMf ðxÞ>lgkLpð�ÞðR nÞ aCk f kLpð�ÞðR nÞ:
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If we take l A ð0; jSj=jBjÞ arbitrarily, then we get

lkwBkLpð�ÞðR nÞ a lkwfMðwSÞðxÞ>ClgkLpð�ÞðRnÞ aCkwSkLpð�ÞðR nÞ;

namely

kwBkLpð�ÞðRnÞ
kwSkLpð�ÞðRnÞ

aCl�1:

Since l is arbitrary, we obtain

kwBkLpð�ÞðRnÞ
kwSkLpð�ÞðRnÞ

aC
jBj
jSj : ð9Þ

Now we can take a open cube QB so that BHQB H
ffiffiffi
n

p
B. Putting f ¼ wS and

Y ¼ fQBg in (8), we get

kwSkLpð�ÞðR nÞ
kwQB

kLpð�ÞðR nÞ
aC

jSj
jQBj

� �d
:

By virtue of BHQB H
ffiffiffi
n

p
B and (9), we see that

kwSkLpð�ÞðR nÞ
kwBkLpð�ÞðR nÞ

¼
kwSkLpð�ÞðRnÞ
kwQB

kLpð�ÞðR nÞ
�
kwQB

kLpð�ÞðR nÞ
kwBkLpð�ÞðR nÞ

a
kwSkLpð�ÞðR nÞ
kwQB

kLpð�ÞðR nÞ
�
kw ffiffinp

BkLpð�ÞðRnÞ
kwBkLpð�ÞðR nÞ

aC
jSj
jQBj

� �d
� j

ffiffiffi
n

p
Bj

jBj

aC
jSj
jBj

� �d
:

Hence we have proved Lemma 1.

Proof (Proof of Lemma 2). The left-side inequality in (7) is easily

obtained by the generalized Hölder inequality. We will prove the right-

hand side inequality. Because pð�Þ A BðRnÞ, Proposition 2 implies that

k j f jQwQkLpð�ÞðR nÞ aCk f wQkLpð�ÞðRnÞ

for all cube Q and all f A Lpð�ÞðRnÞ. Using (2) we obtain

1

jQj kwQkLpð�ÞðRnÞkwQkLp 0 ð�ÞðRnÞ

a
1

jQj kwQkLpð�ÞðRnÞ sup

ð
R n

j f ðxÞwQðxÞjdx : k f kLpð�ÞðRnÞ a 1

� �
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¼ supfj f jQkwQkLpð�ÞðR nÞ : k f kLpð�ÞðRnÞ a 1g

aC supfk f wQkLpð�ÞðR nÞ : k f kLpð�ÞðR nÞ a 1g

aC:

For each ball B we can take a cube QB such that n�1=2QB HBHQB. Thus we

get

1

jBj kwBkLpð�ÞðR nÞkwBkLp 0ð�ÞðR nÞ a
C

jQBj
kwQB

kLpð�ÞðR nÞkwQB
kLp 0ð�ÞðR nÞ

aC:

Therefore we have obtained Lemma 2.

4. Boundedness of fractional integrals

In this section we prove boundedness of fractional integrals on Herz–

Morrey spaces with variable exponent under proper assumptions. The next

result is the Hardy–Littlewood–Sobolev theorem on Lebesgue spaces with

variable exponent due to Capone, Cruz-Uribe and Fiorenza [1, Theorem

1.8]. We remark that this result is initially proved by Diening [3] provided

that p1ð�Þ is constant outside of a large ball.

Theorem 1. Suppose that p1ð�Þ A PðRnÞ satisfies conditions (3) and (4) in

Proposition 1, 0 < b < n=ðp1Þþ, and define p2ð�Þ by

1

p1ðxÞ
� 1

p2ðxÞ
¼ b

n
:

Then we have

kI bf kLp2ð�ÞðRnÞ aCk f kLp1ð�ÞðR nÞ

for all f A Lp1ð�ÞðRnÞ.

Let p2ð�Þ A PðRnÞ satisfy conditions (3) and (4) in Proposition 1. Then

so does p 0
2ð�Þ. In particular we see that p 0

2ð�Þ A BðRnÞ. Therefore applying

Lemma 1 we can take a constant 0 < r < 1=ðp 0
2Þþ so that

kwSkLp 0
2
ð�ÞðR nÞ

kwBkLp 0
2
ð�ÞðR nÞ

aC
jSj
jBj

� �r
; ð10Þ

for all balls B in Rn and all measurable subsets SHB.
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The next theorem is the main result in the present paper.

Theorem 2. Suppose that p2ð�Þ A PðRnÞ satisfies conditions (3) and (4)

in Proposition 1, and take a constant 0 < r < 1=ðp 0
2Þþ so that (10) holds. Let

0 < b < nr, 0 < a < nr� b, 0 < q1 a q2 < y and 0 < l < a. Define the vari-

able exponent p1ð�Þ by

1

p1ðxÞ
� 1

p2ðxÞ
¼ b

n
:

Then we have

kI bf k
M _KK a; l

q2 ; p2ð�Þ
ðRnÞ aCk f k

M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

for all f A M _KK a;l
q1;p1ð�ÞðR

nÞ.

Proof. Take f A M _KK a;l
q1;p1ð�ÞðR

nÞ arbitrarily. Because 0 < q1=q2 a 1, we

apply inequality

Xy
h¼1

ah

 !q1=q2
a
Xy
h¼1

a
q1=q2
h ða1; a2; . . .b 0Þ; ð11Þ

and obtain

kI bf kq1
M _KK a; l

q2 ; p2ð�Þ
ðR nÞ

¼ sup
L AZ

2�Llq1
XL

k¼�y

2aq2kkðI bf Þwkk
q2
Lp2ð�ÞðRnÞ

( )q1=q2

a sup
L AZ

2�Llq1
XL

k¼�y

2aq1kkðI bf Þwkk
q1
Lp2ð�ÞðR nÞ:

If we denote fj :¼ f wj for each j A Z, then we can write f ¼
Py

j¼�y fj. Thus

we have

kI bf kq1
M _KK a; l

q2 ; p2ð�Þ
ðRnÞ

aC sup
L AZ

2�Llq1
XL

k¼�y

2aq1k
Xk�2

j¼�y

kðI bð fjÞÞwkkLp2ð�ÞðR nÞ

 !q1

þ C sup
L AZ

2�Llq1
XL

k¼�y

2aq1k
Xy
j¼k�1

kðI bð fjÞÞwkkLp2ð�ÞðRnÞ

 !q2

¼: U1 þU2:
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First we estimate U1. Using the generalized Hölder inequality, we have

that for every j; k A Z with kaL and ja k � 2,

jI bð fjÞðxÞwkðxÞja
1

gðbÞ

ð
Rj

j fjðyÞj
jx� yjn�b

dy � wkðxÞ

aC2kðb�nÞ
ð
Rj

j fjðyÞjdy � wkðxÞ

aC2kðb�nÞk fjkLp1ð�ÞðR nÞkwjkLp 0
1
ð�ÞðR nÞ

� wkðxÞ:

By virtue of Lemma 2 we obtain

kI bð fjÞwkkLp2ð�ÞðRnÞ

aC2kðb�nÞk fjkLp1ð�ÞðR nÞkwjkLp 0
1
ð�ÞðRnÞ

kwkkLp2ð�ÞðR nÞ

aC2kbk fjkLp1ð�ÞðR nÞkwjkLp 0
1
ð�ÞðR nÞ

� 2�knkwBk
kLp2ð�ÞðRnÞ

aC2kbk fjkLp1ð�ÞðR nÞkwjkLp 0
1
ð�ÞðR nÞ

� kwBk
k�1

L
p 0
2
ð�ÞðR nÞ

¼ C2kbk fjkLp1ð�ÞðR nÞkwjkLp 0
1
ð�ÞðR nÞ

� kwBj
k�1

L
p 0
2
ð�ÞðRnÞ

kwBj
k
L

p 0
2
ð�ÞðRnÞ

kwBk
k
L

p 0
2
ð�ÞðR nÞ

aC2kbk fjkLp1ð�ÞðR nÞkwjkLp 0
1
ð�ÞðR nÞ

kwBj
k�1

L
p 0
2
ð�ÞðR nÞ

2nrð j�kÞ:

Now note that

I bðwBj
ÞðxÞb I bðwBj

ÞðxÞwBj
ðxÞ

¼ 1

gðbÞ

ð
Bj

dy

jx� yjn�b
� wBj

ðxÞ

bC2 jbwBj
ðxÞ:

On the other hand, p1ð�Þ belongs to PðRnÞ and satisfies 0 < b < n=ðp1Þþ, (3)
and (4). Thus applying Theorem 1 and Lemma 2 we get

kwBj
kLp2ð�ÞðR nÞ aC2�jbkI bðwBj

ÞkLp2ð�ÞðR nÞ

aC2�jbkwBj
kLp1ð�ÞðR nÞ

aC2�jb � 2njkwBj
k�1

L
p 0
1
ð�ÞðR nÞ

aC2ðn�bÞ jkwjk
�1

L
p 0
1
ð�ÞðR nÞ

:
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Therefore we obtain

kI bð fjÞwkkLp2ð�ÞðR nÞ

aC2kbk fjkLp1ð�ÞðRnÞ � 2ðn�bÞ jkwBj
k�1
Lp2ð�ÞðR nÞ � kwBj

k�1

L
p 0
2
ð�ÞðR nÞ

2nrð j�kÞ

¼ C2ðb�nrÞðk�jÞk fjkLp1ð�ÞðR nÞð2�jnkwBj
kLp2ð�ÞðR nÞkwBj

k
L

p 0
2
ð�ÞðRnÞ

Þ�1

aC2ðb�nrÞðk�jÞk fjkLp1ð�ÞðR nÞ:

Hence we have

U1 aC sup
L AZ

2�Llq1
XL

k¼�y

Xk�2

j¼�y

2aj2ðb�nrþaÞðk�jÞk fjkLp1ð�ÞðR nÞ

 !q1
:

Remark that b � nrþ a < 0. We consider the two cases ‘‘1 < q1 < y’’ and

‘‘0 < q1 a 1’’.

If 1 < q1 < y, then we use the Hölder inequality and obtain

U1 aC sup
L AZ

2�Llq1
XL

k¼�y

Xk�2

j¼�y

2ajq12ðb�nrþaÞðk�jÞq1=2k fjkq1Lp1ð�ÞðRnÞ

 !

�
Xk�2

j¼�y

2ðb�nrþaÞðk�jÞq 0
1
=2

 !q1=q 0
1

¼ C sup
L AZ

2�Llq1
XL

k¼�y

Xk�2

j¼�y

2ajq12ðb�nrþaÞðk�jÞq1=2k fjkq1Lp1ð�ÞðRnÞ

¼ C sup
L AZ

2�Llq1
XL�2

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

XL
k¼jþ2

2ðb�nrþaÞðk�jÞq1=2

aC sup
L AZ

2�Llq1
XL�2

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

aCk f kq1
M _KK a; l

q1 ; p1ð�Þ
ðRnÞ

:

If 0 < q1 a 1, then we apply (11) replacing q1=q2 by q1 and get

U1 aC sup
L AZ

2�Llq1
XL

k¼�y

Xk�2

j¼�y

2ajq12ðb�nrþaÞðk�jÞq1k fjkq1Lp1ð�ÞðR nÞ

¼ C sup
L AZ

2�Llq1
XL�2

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

XL
k¼jþ2

2ðb�nrþaÞðk�jÞq1
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aC sup
L AZ

2�Llq1
XL�2

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

aCk f kq1
M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

:

Next we estimate U2. Using Theorem 1 we have

U2 aC sup
L AZ

2�Llq1
XL

k¼�y

2aq1k
Xy
j¼k�1

k fjkLp1ð�ÞðR nÞ

 !q1

¼ C sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼k�1

2aj2aðk�jÞk fjkLp1ð�ÞðR nÞ

 !q1
:

Now we consider the two cases ‘‘1 < q1 < y’’ and ‘‘0 < q1 a 1’’.

Because l < a, we can take a constant d > 1 so that l� a=d < 0. If

1 < q1 < y, then we use the Hölder inequality and obtain

U2 aC sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼k�1

2ajq12aðk�jÞq1=dk fjkq1Lp1ð�ÞðR nÞ

 !

�
Xy
j¼k�1

2aðk�jÞq 0
1
ðd�1Þ=d

 !q1=q 0
1

¼ C sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼k�1

2ajq12aðk�jÞq1=dk fjkq1Lp1ð�ÞðR nÞ

¼ C sup
L AZ

2�Llq1
XL

k¼�y

XL�1

j¼k�1

2ajq12aðk�jÞq1=dk fjkq1Lp1ð�ÞðR nÞ

þ C sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2ajq12aðk�jÞq1=dk fjkq1Lp1ð�ÞðR nÞ

¼: I1 þ I2:

Because a > 0, we get

I1 ¼ C sup
L AZ

2�Llq1
XL�1

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

Xjþ1

k¼�y

2aðk�jÞq1=d

¼ C sup
L AZ

2�Llq1
XL�1

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

aCk f kq1
M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

:
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On the other hand, it follows from l� a=d < 0 that

I2 ¼ C sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2aðk�jÞq1=d � 2ajq1k fjkq1Lp1ð�ÞðR nÞ

aC sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2aðk�jÞq1=d � 2 jlq1

� 2�jlq1
Xj

m¼�y

2amq1k fmkq1Lp1ð�ÞðR nÞ

 !

aC sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2aðk�jÞq1=d � 2 jlq1k f kq1
M _KK a; l

q1 ; p1ð�Þ
ðRnÞ

¼ C sup
L AZ

2�Llq1
XL

k¼�y

2akq1=d

 ! Xy
j¼L

2 jq1ðl�a=dÞ

 !
k f kq1

M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

¼ C sup
L AZ

2�Llq1 � 2aq1L=d � 2Lq1ðl�a=dÞ � k f kq1
M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

¼ Ck f kq1
M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

:

If 0 < q1 a 1, then we use inequality (11) replacing q1=q2 by q1 again and

get

U2 aC sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼k�1

2ajq12aq1ðk�jÞk fjkq1Lp1ð�ÞðR nÞ

¼ C sup
L AZ

2�Llq1
XL

k¼�y

XL�1

j¼k�1

2ajq12aq1ðk�jÞk fjkq1Lp1ð�ÞðR nÞ

þ C sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2ajq12aq1ðk�jÞk fjkq1Lp1ð�ÞðRnÞ

¼: J1 þ J2:

The estimate of J1 is obtained by

J1 ¼ C sup
L AZ

2�Llq1
XL�1

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

Xjþ1

k¼�y

2aq1ðk�jÞ

¼ C sup
L AZ

2�Llq1
XL�1

j¼�y

2ajq1k fjkq1Lp1ð�ÞðR nÞ

aCk f kq1
M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

:
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Because a > 0 and l� a < 0, we have the estimate of J2 by

J2 ¼ C sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2aq1ðk�jÞ � 2ajq1k fjkq1Lp1ð�ÞðR nÞ

aC sup
L AZ

2�Llq1
XL

k¼�y

Xy
j¼L

2aq1ðk�jÞ � 2 jlq1k f kq1
M _KK a; l

q1 ; p1ð�Þ
ðRnÞ

¼ C sup
L AZ

2�Llq1
XL

k¼�y

2aq1k

 ! Xy
j¼L

2q1 jðl�aÞ

 !
k f kq1

M _KK a; l

q1 ; p1ð�Þ
ðR nÞ

¼ C sup
L AZ

2�Llq1 � 2aq1L � 2Lq1ðl�aÞ � k f kq1
M _KK a; l

q1 ; p1ð�Þ
ðRnÞ

¼ Ck f kq1
M _KK a; l

q1 ; p1ð�Þ
ðRnÞ

:

Consequently we have proved the theorem.
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