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Abstract. We give new representations of solutions for the periodic linear di¤erence

equation of the type xðnþ 1Þ ¼ BðnÞxðnÞ þ bðnÞ, where complex nonsingular matrices

BðnÞ and vectors bðnÞ are r-periodic. These are based on the Floquet multipliers and

the Floquet exponents, respectively. By using these representations, asymptotic be-

havior of solutions is characterized by initial values. In particular, we can characterize

necessary and su‰cient conditions that the equation has a bounded solution (or a r-

periodic solution), and the Massera type theorem by initial values.

1. Introduction

Let C be the set of all complex numbers. Set N ¼ f1; 2; . . .g and

N0 ¼ NU f0g. In the present paper we consider the periodic linear di¤erence

equation of the form

xðnþ 1Þ ¼ BðnÞxðnÞ þ bðnÞ; xð0Þ ¼ w A Cp; ðn A N0Þ; ð1Þ

where p� p complex matrices BðnÞ and bðnÞ A Cp, n A N0, satisfy the con-

ditions BðnÞ ¼ Bðnþ rÞ and bðnÞ ¼ bðnþ rÞ, ðrb 2; r A NÞ.
We know the variation of constants formula as a representation of

solutions for the equation (1), cf. [1]. However, this representation is not

proper to obtain asymptotic behavior of solutions to the equation (1).

More recently, T. Naito and J. S. Shin [7] gave new representations

and asymptotic behavior of solutions to the linear di¤erence equation of the

form
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xðnþ 1Þ ¼ BxðnÞ þ b; xð0Þ ¼ w: ð2Þ

Refer to [3, 7] for the case where B ¼ etA. In particular, by using these

representations, the necessary and su‰cient conditions that the equation (2)

has a bounded solution (or a r-periodic solution) are characterized by initial

values.

In [8], a representation and asymptotic behavior of solutions for the case

where BðnÞ ¼ B in the equation (1) are investigated in the same direction as

above.

The purpose of this paper is to extend the result obtained in [8] to the

general equation (1). In the paper, we give two representations of solutions

for the equation (1), which are based on the Floquet multipliers and the

Floquet exponents, respectively. Using these representations, by initial values

we characterize asymptotic properties of solutions to the equation (1). In

particular, we obtain the necessary and su‰cient conditions that the equation

(1) has a bounded solution (or a r-periodic solution). Moreover, the Massera

type theorem for the equation (1) is characterized by initial values. Finally, we

illustrate our results through an example. We emphasize that our approach

employed in this paper and in a series of our articles [3, 7, 8] is more valid and

e¤ective for the study of the subject in this paper, rather than the one utilizing

the Jordan form.

2. Preliminaries

In this section, we state some notations and known results for a general

matrix H. Let E be the p� p unite matrix. For a p� p complex matrix H

we denote by sðHÞ the set of all eigenvalues of H, and by hHðhÞ the index of

h A sðHÞ. Let GHðhÞ ¼ NððH � hEÞhH ðhÞÞ be the generalized eigenspace cor-

responding to h A sðHÞ and QhðHÞ : Cp ! GHðhÞ the projection corresponding

to the direct sum decomposition

Cp ¼
X

h A sðHÞ
lGHðhÞ:

These projections have the following properties:

QhðHÞCp ¼ GHðhÞ; HQhðHÞ ¼ QhðHÞH; QnðHÞQhðHÞ ¼ 0 ðn0 hÞ;

Q2
hðHÞ ¼ QhðHÞ; E ¼

X
h A sðHÞ

QhðHÞ:

We make use of the factorial numbers ðnÞk such that
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ðnÞk ¼
1; ðk ¼ 0Þ;
nðn� 1Þðn� 2Þ . . . ðn� k þ 1Þ; ðk ¼ 1; 2; . . . ; nÞ;
0; ðk ¼ nþ 1; nþ 2; . . .Þ:

8<
:

Clearly,

ðnÞk
k!

¼ n

k

� �
; ðnÞn ¼ n! and ðnÞk ¼ 0 ðk > nÞ:

The following result is a fundamental one in the studying the qualitative

theory of linear di¤erence equations, which is well known.

Lemma 1. If 0 B sðHÞ, then

H n ¼
X

h A sðHÞ

XhH ðhÞ�1

j¼0

ðnÞj
j!

hn�jðH � hEÞ jQhðHÞ; n ¼ 0; 1; 2; . . . : ð3Þ

Let h A sðHÞ. If h0 0, then

H nQhðHÞ ¼
XhH ðhÞ�1

j¼0

ðnÞj
j!

hn�jðH � hEÞ jQhðHÞ:

If h ¼ 0, then

H nQ0ðHÞ ¼ O ðnb hHð0ÞÞ
HnQ0ðHÞ ðna hHð0Þ � 1Þ:

�

For a function aðzÞ ¼ ðz� 1Þ�1 ðz0 1Þ, we have

aðkÞðzÞ :¼ d k

dzk
aðzÞ ¼ ð�1Þkk!ðz� 1Þ�k�1: ð4Þ

For every h A sðHÞ ðh0 1Þ, two matrices ZhðH;mÞ and ZhðHÞ are given

as follows:

ZhðH;mÞ ¼
Xm�1

k¼0

aðkÞðhÞ
k!

ðH � hEÞk

¼ �
Xm�1

k¼0

1

ð1� hÞkþ1
ðH � hEÞk ðm ¼ 1; 2; . . . ; hHðhÞÞ;

and

ZhðHÞ ¼ ZhðH; hHðhÞÞ:

Put

137Representations of solutions



SnðHÞ ¼
Xn�1

k¼0

Hk ðnb 1Þ; S0ðHÞ ¼ 0:

The following lemma can be found in [7].

Lemma 2 [7]. Let h A sðHÞ and n A N0.

1) If h0 1, then

SnðHÞQhðHÞ ¼ HnZhðHÞQhðHÞ � ZhðHÞQhðHÞ:

In particular, if h0 1, h0 0, then the right side is written as

SnðHÞQhðHÞ ¼
XhH ðhÞ�1

k¼0

ðnÞk
k!

hn�kðH � hEÞkZhðHÞQhðHÞ � ZhðHÞQhðHÞ:

2) If h ¼ 1, then

SnðHÞQ1ðHÞ ¼
XhH ð1Þ�1

i¼0

n

i þ 1

� �
ðH � EÞ iQ1ðHÞ:

3. Floquet representations of solutions of periodic linear di¤erence equations

In this section, two representations of solutions for the equation (1) are

given by using the Floquet multipliers and the Floquet exponents, respec-

tively.

3.1. Periodic map. First, we consider the periodic linear homogeneous dif-

ference equation of the form

xðnþ 1Þ ¼ BðnÞxðnÞ: ð5Þ

Throughout this paper we assume that for all n A N0, BðnÞ is nonsingular.

Put

Yn�1

i¼m

BðiÞ ¼ Bðn� 1ÞBðn� 2Þ . . .BðmÞ ðn > mÞ
E ðn ¼ mÞ:

�

Then the fundamental matrix X ðnÞ ðn A N0Þ and the fundamental solution

Uðn;mÞ, nbm, of the equation (5) are given as

XðnÞ ¼
Yn�1

i¼0

BðiÞ ð6Þ
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and

Uðn;mÞ ¼ X ðnÞX�1ðmÞ ¼
Yn�1

i¼m

BðiÞ; ð7Þ

respectively. Clearly, Uðn; 0Þ ¼ XðnÞ. If nam, then Uðn;mÞ is defined

by

Uðn;mÞ ¼ U�1ðm; nÞ ¼
Ym�1

i¼n

BðiÞ
 !�1

:

Lemma 3 [1]. The fundamental solution Uðn;mÞ ðm; n A N0Þ of the equa-

tion (5) has the following properties:

1) Uðn; nÞ ¼ E.

2) Uðn; rÞUðr;mÞ ¼ Uðn;mÞ.
3) Uðnþ r;mþ rÞ ¼ Uðn;mÞ.
4) Unðmþ r;mÞ ¼ Uðmþ nr;mÞ.
5) Uðmþ nr; rÞ ¼ U nðmþ r;mÞUðm; rÞ ¼ Uðm; rÞU nðrþ r; rÞ.

For the fundamental matrix X ðnÞ of the equation (5) there are a non-

singular matrix PðnÞ with period r and a matrix M such that

XðnÞ ¼ PðnÞMn: ð8Þ

Since Uðn;mÞ ¼ XðnÞX�1ðmÞ, we have Uðn;mÞ ¼ PðnÞMn�mP�1ðmÞ. More-

over, since PðnÞ is r-periodic, P�1ðnÞ is also r-periodic; clearly, PðrÞ ¼
Pð0Þ ¼ E, P�1ðrÞ ¼ P�1ð0Þ ¼ E and X ðrÞ ¼ M r.

Next, we define the well known periodic map VðnÞ ðn A N0Þ by VðnÞ ¼
Uðnþ r; nÞ. Then it is easy to check the following properties:

Vðnþ rÞ ¼ VðnÞ; VðnÞUðn;mÞ ¼ Uðn;mÞVðmÞ;

and

VðnÞ ¼ PðnÞVð0ÞP�1ðnÞ; Vð0Þ ¼ M r:

In particular, Vð0Þ is called a periodic matrix or a monodromy matrix for the

equation (5). Clearly, we have

X ðmþ krÞ ¼ V kðmÞX ðmÞ ¼ X ðmÞV kð0Þ ðm; k A N0Þ: ð9Þ

Let n A sðVð0ÞÞ. We set Qn ¼ QnðVð0ÞÞ, QnðnÞ ¼ QnðVðnÞÞ and hðnÞ ¼
hVð0ÞðnÞ. Then we have

Qnðnþ rÞ ¼ QnðnÞ; QnðnÞUðn;mÞ ¼ Uðn;mÞQnðmÞ:
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Lemma 4. Let n A sðVð0ÞÞ. The periodic map VðnÞ, n A N0, has the fol-

lowing spectral properties:

1) sðVðnÞÞ ¼ sðVð0ÞÞ and 0 B sðVð0ÞÞ.
2) hVðnÞðnÞ ¼ hVðmÞðnÞ and

Uðn;mÞGVðmÞðnÞ ¼ GVðnÞðnÞ:

In particular,

XðnÞGVð0ÞðnÞ ¼ GVðnÞðnÞ:

3)

dim GVðnÞðnÞ ¼ dim GVðmÞðnÞ:

3.2. A Floquet representation of solutions (I). Every n A N0 is expressed by

n ¼ kðnÞrþmðnÞ, kðnÞ ¼ n
r

h i
, 0amðnÞ < r� 1, where for a A R the symbol

½a� stands for the maximum integer which is not greater than a. Hereafter,

throughout this paper we will use this expression for n A N0.

First, we give a representation of the solution xðn;wÞ of the equation (5)

with xð0Þ ¼ w. From the relation (9) the fundamental solution Uðn; 0Þ of

the equation (5) is expressed as Uðn; 0Þ ¼ X ðmðnÞÞV kðnÞð0Þ. Thus the solution

xðn;QnwÞ of the equation (5) satisfying the initial condition Qnxð0Þ ¼ Qnw,

n A sðVð0ÞÞ, is expressed as

xðn;QnwÞ ¼ Uðn; 0ÞQnw ¼ XðmðnÞÞV kðnÞð0ÞQnw:

Clearly, QnðnÞxðn;wÞ ¼ xðn;QnwÞ. By Lemma 1 we have

QnðnÞxðn;wÞ ¼ X ðmðnÞÞ
XhðnÞ�1

j¼0

ðkðnÞÞj
j!

nkðnÞ�jðVð0Þ � nEÞ jQnw: ð10Þ

Next, we consider the periodic linear inhomogeneous di¤erence equation

(1). We denote by xðn;w; bð�ÞÞ the solution of the equation (1).

For every k A N0 and n A sðVð0ÞÞ, we set

Skðbð�ÞÞ ¼
Xk�1

i¼0

Uðk; i þ 1ÞbðiÞ ð1a ka rÞ; S0ðbð�ÞÞ ¼ 0

and

Sk; nðbð�ÞÞ ¼
Xk�1

i¼0

Uðk; i þ 1ÞQnði þ 1ÞbðiÞ ð1a ka rÞ; S0; nðbð�ÞÞ ¼ 0:

140 Toshiki Naito, Pham Huu Anh Ngoc and Jong Son Shin



Lemma 5. The solution xðnÞ :¼ xðn;w; bð�ÞÞ of the equation (1) is expressed

as

xðnÞ ¼ XðnÞwþ X ðmðnÞÞSkðnÞðVð0ÞÞSrðbð�ÞÞ þ SmðnÞðbð�ÞÞ: ð11Þ

and

xðkðnÞrÞ ¼ V kðnÞð0Þwþ SkðnÞðVð0ÞÞSrðbð�ÞÞ: ð12Þ

Proof. Set k ¼ kðnÞ, m ¼ mðnÞ. By easy calculations, we have

xðnÞ ¼ X ðmÞV kð0ÞwþXðmÞ
Xk
j¼1

Xr
i¼1

V k�jð0ÞUðr; iÞbði� 1Þþ
Xm
i¼1

Uðm; iÞbði� 1Þ:

Since

Xk
j¼1

Xr
i¼1

V k�jð0ÞUðr; iÞbði � 1Þ ¼
Xk�1

j¼0

V jð0Þ
Xr�1

i¼0

Uðr; i þ 1ÞbðiÞ

¼ SkðVð0ÞÞSrðbð�ÞÞ;

we can obtain (11). (12) is obvious. r

From Lemma 5 the component QnðnÞxðn;w; bð�ÞÞ of solution xðn;w; bð�ÞÞ
is given by

QnðnÞxðn;w; bð�ÞÞ

¼ X ðnÞQnwþ X ðmðnÞÞSkðnÞðVð0ÞÞSr; nðbð�ÞÞ þ SmðnÞ; nðbð�ÞÞ: ð13Þ

Clearly, the solution xðn;w; bð�ÞÞ of the equation (1) is expressed as

xðn;w; bð�ÞÞ ¼
X

n A sðVð0ÞÞ
QnðnÞxðn;w; bð�ÞÞ:

For each n A sðVð0ÞÞ, we define ZnðVð0Þ; bð�ÞÞ, gnðw; bð�ÞÞ and dðw; bð�ÞÞ as

follows:

ZnðVð0Þ; bð�ÞÞ ¼ ZnðVð0ÞÞSr; nðbð�ÞÞ ðn0 1Þ;

gnðw; bð�ÞÞ ¼ gnðw; bð�Þ;Vð0ÞÞ ¼ Qnwþ ZnðVð0Þ; bð�ÞÞ ðn0 1Þ;

dðw; bð�ÞÞ ¼ dðw; bð�Þ;Vð0ÞÞ ¼ ðVð0Þ � EÞQ1wþ Sr;1ðbð�ÞÞ ðn ¼ 1Þ:

We are now to give a representation of the component QnðnÞxðn;w; bð�ÞÞ
of the solution xðn;w; bð�ÞÞ to the equation (1). The representation of solutions

is based on the Floquet multipliers.
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Theorem 1. Let n A sðVð0ÞÞ. The component QnðnÞxðn;w; bð�ÞÞ of the

solution xðn;w; bð�ÞÞ to the equation (1) is expressed as follows:

1) If n0 1, then

QnðnÞxðn;w; bð�ÞÞ

¼ X ðnÞgnðw; bð�ÞÞ � X ðmðnÞÞZnðVð0Þ; bð�ÞÞ þ SmðnÞ; nðbð�ÞÞ ð14Þ

¼ X ðmðnÞÞ
XhðnÞ�1

j¼0

ðkðnÞÞj
j!

nkðnÞ�jðVð0Þ � nEÞ jgnðw; bð�ÞÞ

� XðmðnÞÞZnðVð0Þ; bð�ÞÞ þ SmðnÞ; nðbð�ÞÞ ð15Þ

and

QnðkðnÞrÞxðkðnÞr;w; bð�ÞÞ ¼ V kðnÞð0Þgnðw; bð�ÞÞ � ZnðVð0Þ; bð�ÞÞ: ð16Þ

2) If n ¼ 1, then

Q1ðnÞxðn;w; bð�ÞÞ ¼ XðmðnÞÞ
Xhð1Þ�1

j¼0

ðkðnÞÞjþ1

ð j þ 1Þ! ðVð0Þ � EÞ jdðw; bð�ÞÞ

þ X ðmðnÞÞQ1wþ SmðnÞ;1ðbð�ÞÞ ð17Þ

and

Q1ðkðnÞrÞxðkðnÞr;w; bð�ÞÞ ¼
Xhð1Þ�1

j¼0

ðkðnÞÞjþ1

ð j þ 1Þ! ðVð0Þ � EÞ jdðw; bð�ÞÞ þQ1w:

Proof. Set N ¼ Vð0Þ � nE and k ¼ kðnÞ.
Let n0 1. By Lemma 2 we have

SkðVð0ÞÞSr; nðbð�ÞÞ ¼ SkðVð0ÞÞQnSr; nðbð�ÞÞ

¼ V kð0ÞZnðVð0ÞÞSr; nðbð�ÞÞ � ZnðVð0ÞÞSr; nðbð�ÞÞ:

Hence we get

V kð0ÞQnwþ SkðVð0ÞÞSrðQnbð�ÞÞ

¼ V kð0Þ Qnwþ ZnðVð0ÞÞSr; nðbð�ÞÞ
� �

� ZnðVð0ÞÞSr; nðbð�ÞÞ

¼ V kð0Þgnðw; bð�ÞÞ � ZnðVð0Þ; bð�ÞÞ:

Using this relation and Lemma 5, we can obtain the representation (14). The

representations (15) and (16) are obvious, because of mðnÞ ¼ 0, Xð0Þ ¼ E and

Lemma 1.
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Let n ¼ 1. Using Lemma 1 and Lemma 2 again, we have

V kð0ÞQ1wþ SkðVð0ÞÞSr;1ðbð�ÞÞ

¼
Xhð1Þ�1

j¼0

k

j

� �
N jQ1wþ

Xhð1Þ�1

j¼0

k

j þ 1

� �
N jSr;1ðbð�ÞÞ

¼
Xhð1Þ�1

j¼0

k

j þ 1

� �
N jþ1Q1wþ

Xhð1Þ�1

j¼0

k

j þ 1

� �
N jSr;1ðbð�ÞÞ þQ1w

¼
Xhð1Þ�1

j¼0

k

j þ 1

� �
N jðNQ1wþ Sr;1ðbð�ÞÞÞ þQ1w

¼
Xhð1Þ�1

j¼0

k

j þ 1

� �
N jdðw; bð�ÞÞ þQ1w;

from which the representation (17) is obtained. Therefore the proof of the

theorem is complete. r

Corollary 1. Let bðnÞ ¼ b in the equation (1). Let n A sðVð0ÞÞ. The

component QnðnÞxðn;w; bÞ of solution xðn;w; bÞ of the equation (1) is expressed

as follows:

1) If n0 1, then

QnðnÞxðn;w; bÞ ¼ XðnÞgnðw; bÞ � X ðmðnÞÞZnðVð0Þ; bÞ þ SmðnÞ; nðbÞ:

2) If n ¼ 1, then

Q1ðnÞxðn;w; bÞ ¼ XðmðnÞÞ
Xhð1Þ�1

j¼0

ðkðnÞÞjþ1

ð j þ 1Þ! ðVð0Þ � EÞ jdðw; bÞ

þ X ðmðnÞÞQ1wþ SmðnÞ;1ðbÞ:

We consider the case where BðnÞ ¼ B ðn ¼ 0; 1; . . .Þ in the equation (1).

Then

VðnÞ ¼ Vð0Þ ¼ Br; Uðr; i þ 1Þ ¼ Br�i�1 ðrb i þ 1Þ;

from which we have

QnðnÞ ¼ Qn ¼ QnðBrÞ for n A N0:

Set snðBÞ ¼ fm A sðBÞ j n ¼ mrg for n A sðBrÞ and Qm ¼ QmðBÞ. Since the

relation GB rðnÞ ¼
P

m A snðBÞ lGBðmÞ holds, it follows that for m A snðBÞ the

relation QmQn ¼ Qm holds. Thus we obtain

143Representations of solutions



ZnðVð0Þ; bð�ÞÞ ¼ ZnðBrÞ
Xr�1

i¼0

Br�i�1QnbðiÞ;

from which it follows that for m A snðBÞ

QmZnðBr; bð�ÞÞ ¼ ZnðBrÞSrðB;Qmbð�ÞÞ; ð18Þ

where

SkðB;Qmbð�ÞÞ ¼
Xk�1

i¼0

Bk�i�1QmbðiÞ; ð1a ka rÞ; S0ðB;Qmbð�ÞÞ ¼ 0:

Define a function cðzÞ and numbers
k

m

� �
j

as follows:

cðzÞ :¼ aðzrÞ ¼ 1

zr � 1
ðzr 0 1Þ;

and for k;m; j A N

k

m

� �
j

:¼ k!
X

a A pðk;m;kÞ

Yk
i¼1

ðð jÞiÞ
ai

ðai!Þði!Þai
;

k

0

� �
j

¼ 0 ðk0 0Þ
1 ðk ¼ 0Þ

�
ð jb 1Þ;

where pðk;m; nÞ stands for the set of all finite sequences a :¼ ða1; a2; . . . ; akÞ,
ai A N0, ði ¼ 1; 2; . . . ; kÞ; such that the conditions

a1 þ a2 þ � � � þ ak ¼ m; a1 þ 2a2 þ � � � þ kak ¼ n

are satisfied.

Set

Bk;m ¼
1

k!mk
ðB� mEÞk ðm0 0Þ:

Lemma 6 [8]. Let m A snðBÞ such that m0 0. If 0a ka hðmÞ � 1, then

1

k!nk
ðBr � nEÞkQm ¼

XhðmÞ�1

i¼k

i

k

� �
r

Bi;mQm:

If hðmÞa k, then ðBr � nEÞkQm ¼ 0.

Then we have that for each m A sðBÞ, ðmr ¼ 1Þ
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dmðw; bð�Þ;BÞ :¼ Qmdðw; bð�Þ;BrÞ

¼ ðBr � EÞQmwþ SrðB;Qmbð�ÞÞ

¼
XhðmÞ�1

i¼1

ðrÞiBi;mQmwþ SrðB;Qmbð�ÞÞ: ð19Þ

For each m A sðBÞ such that mr 0 1, we set

Z0
mðBÞ ¼

XhðmÞ�1

i¼0

1

i!
cðiÞðmÞðB� mEÞ i ðm0 0Þ;

�
X½ðhðmÞ�1Þ=r�

i¼0

Bri ðm ¼ 0Þ:

8>>>>><
>>>>>:

Lemma 7 [8]. Let m A snðBÞ and n ¼ mr 0 1. Then

ZnðBrÞQm ¼ Z0
mðBÞQm:

Using this lemma, (18) is reduced to

ZmðB; bð�ÞÞ :¼ QmZnðBr; bð�ÞÞ ¼ Z0
mðBÞSrðB;Qmbð�ÞÞ:

Thus for m A snðBÞ, ðmr 0 1Þ we get

gmðw; bð�Þ;BÞ :¼ Qmgnðw; bð�Þ;Vð0ÞÞ ¼ Qmwþ ZmðB; bð�ÞÞ: ð20Þ

Thus we have the following result.

Corollary 2 [8]. Let BðnÞ ¼ B in the equation (1) and m A sðBÞ. The

component QmxðnÞ of the solution xðnÞ :¼ xðn;w; bð�ÞÞ of the equation (1) is

expressed as follows:

1) If mr 0 1, then

QmxðnÞ ¼ Bngmðw; bð�Þ;BÞ � BmðnÞZmðB; bð�ÞÞ þ SmðnÞðB;Qmbð�ÞÞ ð21Þ

¼ mn
XhðmÞ�1

j¼0

ðnÞjBj;mgmðw; bð�Þ;BÞ � BmðnÞZmðB; bð�ÞÞ

þ SmðnÞðB;Qmbð�ÞÞ:

2) If mr ¼ 1, then

QmxðnÞ ¼
XhðmÞ�1

j¼0

ðkðnÞÞjþ1

j þ 1

XhðmÞ�1

i¼j

i

j

� �
r

Bi;m

 !
BmðnÞdmðw; bð�Þ;BÞ

þ BmðnÞQmwþ SmðnÞðB;Qmbð�ÞÞ: ð22Þ
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Proof. Let mr 0 1. Operating Qm to (14) we have

QmxðnÞ ¼ BnQmgnðw; bð�ÞÞ � BmðnÞQmZnðBr; bð�ÞÞ þ SmðnÞðB;Qmbð�ÞÞ:

In view of (20), we obtain (21).

Let mr ¼ 1. Operating Qm to (17) we have

QmxðnÞ ¼ BmðnÞ
XhðmÞ�1

j¼0

ðkðnÞÞjþ1

ð j þ 1Þ! ðB
r � EÞ jQmdðw; bð�ÞÞ

þ BmðnÞQmwþ SmðnÞðB;Qmbð�ÞÞ:

The representation (22) follows from (19) and Lemma 6. Therefore the proof

is complete. r

3.3. A Floquet representation of solutions (II). By the relation (8) and the

transformation xðnÞ ¼ PðnÞyðnÞ, the equation (1) is reduced to the equation

yðnþ 1Þ ¼ MyðnÞ þ hðnÞ; yð0Þ ¼ w; ð23Þ

where hðnÞ ¼ P�1ðnþ 1ÞbðnÞ. Since P�1ðnÞ is r-periodic, hðnÞ is also r-periodic.

Hence the solution xðn;w; bð�ÞÞ of the equation (1) is expressed as

xðn;w; bð�ÞÞ ¼
X

m A sðMÞ
PðnÞQmðMÞyðn;w; hð�ÞÞ:

Put

xmðn;w; bð�ÞÞ ¼ PðnÞQmðMÞyðn;w; hð�ÞÞð¼ PðnÞQmðMÞP�1ðnÞxðn;w; bð�ÞÞÞ

Applying Corollary 2, we get the following result, which is based on the

Floquet exponents.

Theorem 2. Let m A sðMÞ. The component xmðnÞ of the solution xðnÞ :¼
xðn;w; bð�ÞÞ of the equation (1) is expressed as follows:

1) If mr 0 1, then

xmðnÞ ¼ X ðnÞgmðw; hð�Þ;MÞ � X ðmðnÞÞZmðM; hð�ÞÞ

þ PðmðnÞÞSmðnÞðM;QmðMÞhð�ÞÞ

¼ PðnÞ
XhðmÞ�1

j¼0

ðnÞjmnMj;mgmðw; hð�Þ;MÞ � PðmðnÞÞMmðnÞZmðM; hð�ÞÞ

þ PðmðnÞÞSmðnÞðM;QmðMÞhð�ÞÞ:
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2) If mr ¼ 1, then

xmðnÞ ¼ PðnÞ
XhðmÞ�1

j¼0

ðkðnÞÞjþ1

j þ 1

XhðmÞ�1

i¼j

i

j

� �
r

Mi;m

 !
MmðnÞdmðw; hð�Þ;MÞ

þ PðmðnÞÞMmðnÞQmðMÞwþ PðmðnÞÞSmðnÞðM;QmðMÞhð�ÞÞ:

4. Asymptotic behavior of solutions

In this section, asymptotic behavior of solutions to the equation (1) is

characterized by using representations of solutions obtained in the previous

sections.

Let sðVð0ÞÞ ¼ fn1; n2; . . . ; nsg. We can describe asymptotic behavior of the

solution to the equation (1) by an index of growth order ðdðn1Þ; dðn2Þ; . . . ; dðnsÞÞ
for the initial value w defined as follows:

If n0 1, then dðnÞ ¼ 0 in the case that gnðw; bð�ÞÞ ¼ 0; otherwise, dðnÞ is a

positive integer such that

ðVð0Þ � nEÞdðnÞ�1gnðw; bð�ÞÞ0 0; ðVð0Þ � nEÞdðnÞgnðw; bð�ÞÞ ¼ 0:

If n ¼ 1, then dðnÞ ¼ 0 in the case that dðw; bð�ÞÞ ¼ 0; otherwise, dðnÞ is a

positive integer such that

ðVð0Þ � EÞdð1Þ�1dðw; bð�ÞÞ0 0; ðVð0Þ � EÞdð1Þdðw; bð�ÞÞ ¼ 0:

Clearly, dð1Þa hð1Þ.
Using Theorem 1, we obtain the following result.

Theorem 3. Let n A sðVð0ÞÞ, and QnðnÞxðnÞ be the component of the solu-

tion xðnÞ :¼ xðn;w; bð�ÞÞ of the equation (1).

1) The case where jnj > 1.

(1) If dðnÞ ¼ 0, then QnðnÞxðnÞ is r-periodic:

QnðkðnÞrÞxðkðnÞrÞ ¼ �ZnðVð0Þ; bð�ÞÞ:

(2) If dðnÞb 1, then QnðnÞxðnÞ is unbounded:

QnðnÞxðnÞ ¼
n
r

h i� �
dðnÞ�1

n½n=r�

ðdðnÞ � 1Þ!ndðnÞ�1
X n� n

r

	 

r

� �
ðVð0Þ � nEÞdðnÞ�1

gnðw; bð�ÞÞ

þ o
n

r

	 
� �
dðnÞ�1

n½n=r�

 !
ðn ! yÞ:

2) The case where jnj < 1. Then QnðnÞxðnÞ is bounded.
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(1) If dðnÞ ¼ 0, then QnðnÞxðnÞ is r-periodic.

(2) If dðnÞb 1, then QnðnÞxðnÞ is bounded.

3) The case where jnj ¼ 1, n0 1.

(1) If dðnÞ ¼ 0, then QnðnÞxðnÞ is r-periodic.

(2) If dðnÞ ¼ 1, then QnðnÞxðnÞ is bounded:

QnðnÞxðnÞ ¼ n½n=r�X n� n

r

	 

r

� �
gnðw; bð�ÞÞ � X n� n

r

	 

r

� �
ZnðVð0Þ; bð�ÞÞ

þ Sn�½n=r�r; nðbð�ÞÞ:

(3) If dðnÞb 2, then QnðnÞxðnÞ is unbounded:

QnðnÞxðnÞ ¼
n
r

h i� �
dðnÞ�1

n½n=r�

ðdðnÞ � 1Þ!ndðnÞ�1
X n� n

r

	 

r

� �
ðVð0Þ � nEÞdðnÞ�1

gnðw; bð�ÞÞ

þ o
n

r

	 
� �
dðnÞ�1

 !
ðn ! yÞ:

4) The case where n ¼ 1.

(1) If dð1Þ ¼ 0, then Q1ðnÞxðnÞ is r-periodic: Q1ðkðnÞrÞxðkðnÞrÞ ¼
Q1w.

(2) If dð1Þb 1, then Q1ðnÞxðnÞ is unbounded:

Q1ðnÞxðnÞ ¼
n
r

h i� �
dð1Þ

dð1Þ! X n� n

r

	 

r

� �
ðVð0Þ � nEÞdð1Þ�1dðw; bð�ÞÞ

þ o
n

r

	 
� �
dð1Þ

 !
ðn ! yÞ:

The following results on the boundedness and the r-periodicity of solutions

for the equation (1) are immediately obtained from Theorem 3.

Theorem 4. A solution xðn;w; bð�ÞÞ of the equation (1) is bounded if and

only if the following conditions hold: For every n A sðVð0ÞÞ,
1) if jnj > 1, then gnðw; bð�ÞÞ ¼ 0;

2) if jnj ¼ 1, n0 1, then ðVð0Þ � nEÞgnðw; bð�ÞÞ ¼ 0; and

3) if n ¼ 1, then dðw; bð�ÞÞ ¼ 0.

Theorem 5. The following statements are equivalent:

1) A solution xðn;w; bð�ÞÞ of the equation (1) is r-periodic.

2) For every n A sðVð0ÞÞ,
(1) gnðw; bð�ÞÞ ¼ 0, ðn0 1Þ; and

(2) dðw; bð�ÞÞ ¼ 0, ðn ¼ 1Þ.
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3)

ðE � Vð0ÞÞw ¼ Srðbð�ÞÞ:

Proof. The equivalence of 1) and 2) follows from Theorem 3. Using

(12), we have that xðr;w; bð�ÞÞ ¼ xð0;w; bð�ÞÞ if and only if ðE � Vð0ÞÞw ¼
Srðbð�ÞÞ, which means the equivalence of 1) and 3). r

In particular, we note that for a r-periodic solution xðn;w; bð�ÞÞ of the

equation (1) we have

QnðkðnÞrÞxðkðnÞr;w; bð�ÞÞ ¼
�ZnðVð0Þ; bð�ÞÞ ðn0 1Þ
Q1w ðn ¼ 1Þ:

�

Corollary 3. A bounded solution xðn;w; bð�ÞÞ of the equation (1) is r-

periodic if and only if gnðw; bð�ÞÞ ¼ 0 for all n A sðVð0ÞÞ such that jnja 1, n0 1.

Corollary 4. If 1 B sðVð0ÞÞ, then the equation (1) has a unique r-periodic

solution.

Lemma 8. The following statements are equivalent: Let 1 A sðVð0ÞÞ.
1) There is Q1w such that dðw; bð�ÞÞ ¼ 0.

2) Sr;1ðbð�ÞÞ A ðVð0Þ � EÞGVð0Þð1Þ.
3) Srðbð�ÞÞ A RðVð0Þ � EÞ, the range of Vð0Þ � E.

4) There is w satisfying the equation

ðE � Vð0ÞÞw ¼ Srðbð�ÞÞ:

Proof. The equivalence of 2) and 3) follows from Lemma 5.5 in [3].

The equivalence of 1) and 4) is given by Theorem 5. The remainder is

obvious. r

Finally, we characterize the Massera type theorem (cf. [4]) by initial values.

The proof follows from Theorem 4, Theorem 5 and Lemma 8.

Theorem 6. The following statements are equivalent:

1) The equation (1) has a solution which is bounded.

2) 1 A sðVð0ÞÞ and there is Q1w such that dðw; bð�ÞÞ ¼ 0; or 1 B sðVð0ÞÞ.
3) The equation (1) has a r-periodic solution.

5. An example

In this section, we will illustrate our results through an example. We deal

with the initial problem to the equation

xðnþ 1Þ ¼ BðnÞxðnÞ þ bðnÞ; xð0Þ ¼ w A C3; ðn A N0Þ; ð24Þ
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where

BðnÞ ¼
ð�1Þn 1 0

0 ð�1Þnþ1 0

0 ð�1Þnþ1 1

0
B@

1
CA; bðnÞ ¼

ð�1Þna
2bþ ð1� ð�1ÞnÞa

ð�1Þnc

0
B@

1
CA;

xðnÞ ¼
x1ðnÞ
x2ðnÞ
x3ðnÞ

0
B@

1
CA; w ¼

w1

w2

w3

0
B@

1
CA ða; b; c A CÞ:

Then the periodic map VðnÞ, n A N0 is given by

VðnÞ ¼ Uðnþ 2; nÞ ¼ Bðnþ 1ÞBðnÞ ¼
�1 2ð�1Þnþ1 0

0 �1 0

0 �1þ ð�1Þnþ1 1

0
B@

1
CA:

Since

Vð0Þ ¼
�1 �2 0

0 �1 0

0 �2 1

0
B@

1
CA;

we have that FVð0ÞðnÞ ¼ jnE � Vð0Þj ¼ ðnþ 1Þ2ðn� 1Þ, that is, sðVðnÞÞ ¼
sðVð0ÞÞ ¼ f�1; 1g. We note that 2 ¼ rankðVð0Þ þ EÞ > rankðVð0Þ þ EÞ2 ¼ 1.

Hence we get hVð0Þð�1Þ ¼ 2, hVð0Þð1Þ ¼ 1.

Now, we will calculate Q�1ðnÞ and Q1ðnÞ. Since

1

FVð0ÞðnÞ
¼

�1
4 n� 3

4

ðnþ 1Þ2
þ

1
4

n� 1
;

we have

Q�1ðnÞ ¼ � 1

4
VðnÞ � 3

4
E

� �
ðVðnÞ � EÞ

¼
1 0 0

0 1 0

0 1
2 þ 1

2 ð�1Þn 0

0
B@

1
CA

and

Q1ðnÞ ¼
1

4
ðVðnÞ þ EÞ2

¼
0 0 0

0 0 0

0 � 1
2 þ 1

2 ð�1Þnþ1 1

0
B@

1
CA:
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In particular, if n ¼ 0, then we get

Q�1 ¼
1 0 0

0 1 0

0 1 0

0
B@

1
CA; Q1 ¼

0 0 0

0 0 0

0 �1 1

0
B@

1
CA:

Next, we will calculate two quantities g�1ðw; bð�ÞÞ and dðw; bð�ÞÞ. We have

that

Z�1ðVð0ÞÞ ¼ � 1

2
E � 1

22
ðVð0Þ þ EÞ

¼ � 1

2
E � 1

4

0 �2 0

0 0 0

0 �2 2

0
B@

1
CA

¼ � 1

2

1 �1 0

0 1 0

0 �1 2

0
B@

1
CA

and that

S2;�1ðbð�ÞÞ ¼ Uð2; 1ÞQ�1ð1Þbð0Þ þUð2; 2ÞQ�1ð2Þbð1Þ

¼
�1 1 0

0 1 0

0 1 1

0
B@

1
CA 1 0 0

0 1 0

0 0 0

0
B@

1
CAbð0Þ þ

1 0 0

0 1 0

0 1 0

0
B@

1
CAbð1Þ

¼
�2aþ 2b

2aþ 4b

2aþ 4b

0
B@

1
CA:

Therefore we obtain

g�1ðw; bð�ÞÞ ¼ Q�1wþ Z�1ðVð0Þ; bð�ÞÞ ¼ Q�1wþ Z�1ðVð0ÞÞS2;�1ðbð�ÞÞ

¼ Q�1w� 1

2

1 �1 0

0 1 0

0 �1 2

0
B@

1
CA �2aþ 2b

2aþ 4b

2aþ 4b

0
B@

1
CA

¼ Q�1w�
�2a� b

aþ 2b

aþ 2b

0
B@

1
CA:

Moreover, we get
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S2;1ðbð�ÞÞ ¼ Uð2; 1ÞQ1ð1Þbð0Þ þUð2; 2ÞQ1ð2Þbð1Þ

¼
�1 1 0

0 1 0

0 1 1

0
B@

1
CA 0 0 0

0 0 0

0 0 1

0
B@

1
CAbð0Þ þ

0 0 0

0 0 0

0 �1 1

0
B@

1
CAbð1Þ

¼
0

0

�2a� 2b

0
B@

1
CA;

from which it follows that

dðw; bð�ÞÞ ¼ ðVð0Þ � EÞQ1wþ S2;1ðbð�ÞÞ

¼ �2

1 1 0

0 1 0

0 1 0

0
B@

1
CAQ1wþ

0

0

�2a� 2b

0
B@

1
CA:

Finally, we will check the condition 2Þ in Lemma 8, that is, S2;1ðbð�ÞÞ A
ðVð0Þ � EÞGVð0Þð1Þ. The space GVð0Þð1Þ of solutions of the equation

ðVð0Þ � EÞx ¼ 0 is given by

GVð0Þð1Þ ¼ span

0

0

1

0
B@

1
CA

8><
>:

9>=
>;:

Thus we see that

0

0

�2a� 2b

0
B@

1
CA A ðVð0Þ � EÞGVð0Þð1Þ ¼

0

0

0

0
B@

1
CA() aþ b ¼ 0:

If aþ b ¼ 0, then

dðw; bð�ÞÞ ¼ 0 () Q1w A span

0

0

1

0
B@

1
CA

8><
>:

9>=
>;:

Moreover, we have

g�1ðw; bð�ÞÞ ¼ 0 () Q�1w ¼
�2a� b

aþ 2b

aþ 2b

0
B@

1
CA:

Applying Theorem 5, we obtain the following result.
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Proposition 1. Assume that aþ b ¼ 0. Then the following statements are

equivalent:

1) xðn;w; bð�ÞÞ is a 2-periodic solution of the equation (24).

2)

w A span

0

0

1

0
B@

1
CA

8><
>:

9>=
>;þ b

1

1

1

0
B@

1
CA:

We will check the condition 2Þ in Theorem 4, that is,

ðVð0Þ þ EÞg�1ðw; bð�ÞÞ ¼ 0. By an easy calculation, we have

g�1ðw; bð�ÞÞ ¼ Q�1w�
�2a� b

aþ 2b

aþ 2b

0
B@

1
CA A span

1

0

0

0
B@

1
CA

8><
>:

9>=
>;;

from which it follows that

Q�1w A span

1

0

0

0
B@

1
CA

8><
>:

9>=
>;þ

�2a� b

aþ 2b

aþ 2b

0
B@

1
CA:

Applying Theorem 4, we obtain the following result.

Proposition 2. Assume that aþ b ¼ 0. Then the following statements are

equivalent:

1) xðn;w; bð�ÞÞ is a bounded solution of the equation (24).

2)

w A span

1

0

0

0
B@

1
CA;

0

0

1

0
B@

1
CA

8><
>:

9>=
>;þ b

1

1

1

0
B@

1
CA:
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