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Abstract. We consider quasilinear elliptic equations with lower order term and

general measure data. We define renormalized solutions of Dirichlet problems and

show the existence of such solutions. We also give uniqueness in some special cases.

Introduction

In this paper, we consider Dirichlet problems for quasilinear elliptic

equations with measure data:

�div Aðx;‘uÞ þBðx; uÞ ¼ nðEnÞ

on a bounded domain G in the N-space RN ðNb 2Þ, where A and B satisfy

weighted structure conditions with p > 1 as in [8, 9, 10] and n is a finite signed

Radon measure on G.

Existence and uniqueness of solutions with vanishing boundary values for

such equations (with structure conditions without weight) have been discussed

by many people; [1], [2], [7], [3], [4] and others. These works except [4] treat

the case where n is absolutely continuous with respect to the p-capacity and

give uniqueness results by considering ‘‘entropy solutions’’. In [4], the case n is

general (i.e., the case n is not necessarily absolutely continuous with respect to

the p-capacity) is treated and so-called ‘‘renormalized’’ solutions are discussed.

The purpose of this paper is to extend most of the results in [4] in the

following three directions:
� We consider equations with the lower order term Bðx; uÞ, while in [4]

only the case B ¼ 0 is discussed;
� We consider a weight w, which is p-admissible in the sense of [6], in the

structure conditions for A and B;
� We consider non-vanishing boundary conditions.

2000 Mathematics Subject Classification. Primary 35J65; Secondary 31C45.

Key words and phrases. quasi-linear equation, renormalized solution, Dirichlet problem, general

measure data.



There are five kinds of formulation for the definition of renormalized

solutions in [4], which are shown to be equivalent to each other. We adopt

one of these formulations with slight modification. With our definition, it

becomes clear that renormalized solutions are entropy solutions, so that the

uniqueness of entropy solution would immediately imply the uniqueness of

renormalized solution.

Because we consider a weight w, our discussions are forced to be based on

the weighted Sobolev spaces H 1;pðG; mÞ and H
1;p
0 ðG; mÞ, where dm ¼ w dx, while

the theory in [4] is based on the ordinary Sobolev spaces W 1;pðGÞ and W
1;p
0 ðGÞ.

Boundary conditions will be given by a function y A H 1;pðG; mÞ. We regard

that y1 and y2 determine the same boundary condition if y1 � y2 A H
1;p
0 ðG; mÞ.

We shall prove the existence of a renormalized solution of ðEnÞ with

boundary data y for a general finite signed measure n. The uniqueness can be

shown only in the case n is absolutely continuous with respect to the ðp; mÞ-
capacity and in the linear case for general finite signed measure.

1. Preliminaries

Throughout this paper, let G be a bounded open set in RN ðNb 2Þ and

we consider a quasi-linear elliptic di¤erential operator

Lu ¼ �div Aðx;‘uÞ þBðx; uÞ

on G. Here, A : G � RN ! RN and B : G � R ! R satisfy the following

conditions for a fixed 1 < p < y and a weight w which is p-admissible in the

sense of [6]:

(A.1) x 7! Aðx; xÞ is measurable on G for every x A RN and x 7! Aðx; xÞ
is continuous for a.e. x A G;

(A.2) Aðx; xÞ � xb a1wðxÞjxjp for all x A RN and a.e. x A G with a

constant a1 > 0;

(A.3) jAðx; xÞja a2wðxÞjxjp�1 for all x A RN and a.e. x A G with a

constant a2 > 0;

(A.4) ðAðx; x1Þ �Aðx; x2ÞÞ � ðx1 � x2Þ > 0 whenever x1; x2 A RN , x1 0 x2,

for a.e. x A G;

(B.1) x 7! Bðx; tÞ is measurable on G for every t A R and t 7! Bðx; tÞ is

continuous for a.e. x A G;

(B.2) jBðx; tÞja a3wðxÞðjtjp�1 þ 1Þ for all t A R and a.e. x A G with a

constant a3 b 0;

(B.3) t 7! Bðx; tÞ is nondecreasing on R for a.e. x A G.

For the nonnegative measure m : dmðxÞ ¼ wðxÞdx, we consider the weighted

Sobolev spaces H 1;pðG; mÞ, H 1;p
0 ðG; mÞ and H

1;p
loc ðG; mÞ (see [6] for details). For
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the notion of ðp; mÞ-capacity capp;m and the notion of ðp; mÞ-quasicontinuity of

functions, we refer to [6, Chap. 2 and Chap. 4] (also see [12]). Note that every

element in H
1;p
loc ðG; mÞ has a ðp; mÞ-quasicontinuous representative ([6, Theorem

4.4]), and so we shall always assume that functions in H
1;p
loc ðG; mÞ are ðp; mÞ-

quasicontinuous.

We shall use the following cut-o¤ functions Tk : R ! R for k > 0:

TkðtÞ ¼ maxðminðt; kÞ;�kÞ:

We denote by Y pðG; mÞ the set of measurable functions u on G such that

juðxÞj < y for ðp; mÞ-q.e. x A G and TkðuÞ A H
1;p
loc ðG; mÞ for all k > 0. Since

‘Tk 0 ðuÞ ¼ ‘TkðuÞ a.e. on fjuj < kg whenever k 0 > k, Du ¼ limk!y ‘TkðuÞ
is well defined a.e. and measurable in G for u A Y pðG; mÞ. Obviously,

H
1;p
loc ðG; mÞHY pðG; mÞ and Du ¼ ‘u a.e. for u A H

1;p
loc ðG; mÞ. Y pðG; mÞ is not

a linear space, but if u, v, uþ v are all in Y pðG; mÞ, then Dðuþ vÞ ¼ DuþDv

a.e.

Let ~YY pðG; mÞ ¼ Y pðG; mÞ þH
1;p
loc ðG; mÞ. For u ¼ vþ y A ~YY pðG; mÞ with

v A Y pðG; mÞ and y A H
1;p
loc ðG; mÞ, we define Du ¼ Dvþ ‘y. Then Du is

defined a.e. independent of the expression u ¼ vþ y, since if v1 þ y1 ¼
v2 þ y2 with vj A Y pðG; mÞ and yj A H

1;p
loc ðG; mÞ, then Dv1 ¼ Dðv2 þ y2 � y1Þ ¼

Dv2 þ ‘ðy2 � y1Þ ¼ ðDv2 þ ‘y2Þ � ‘y1 a.e.

Lemma 1.1. If v is a measurable function on G such that TkðvÞ A H
1;p
0 ðG; mÞ

for all k > 0 and

lim
k!y

1

kp

ð
G

j‘TkðvÞjpdm ¼ 0;

then jvj < y ðp; mÞ-q.e. and v is ðp; mÞ-quasicontinuous in G.

Proof. Let Ek ¼ fx A G j jvðxÞjb kg for k > 0. Then, since jTkðvÞj A
H

1;p
0 ðG; mÞ and jTkðvÞj ¼ k on Ek,

1

kp

ð
G

j‘TkðvÞjpdmb capp;mðEk;GÞ

(cf. [6, Corollary 4.13]; see also [12, p. 11]). Hence, by hypothesis,

capp;mðEk;GÞ ! 0 ðk ! yÞ, so that capp;mð7k>0
Ek;GÞ ¼ 0. This means

that jvj < y ðp; mÞ-q.e. in G.

Since TkðvÞ is ðp; mÞ-quasicontinuous in G and TkðvÞ ¼ v on GnEk, v is

ðp; mÞ-quasicontinuous in G.

Given a signed Radon measure n on G, a function u A ~YY pðG; mÞV
L

p�1
loc ðG; mÞ is called a solution of the equation

Lu ¼ �div Aðx;‘uÞ þBðx; uÞ ¼ nðEnÞ
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in G if jDuj A L
p�1
loc ðG; mÞ andð
G

Aðx;DuÞ � ‘j dxþ
ð
G

Bðx; uÞj dx ¼
ð
G

j dn ð1:1Þ

for all j A Cy
0 ðGÞ. Note that Aðx;DuÞ A L1

locðG; dxÞ by (A.3) and Bðx; uÞ A
L1

locðG; dxÞ by (B.2), so that the left hand side of (1.1) is well defined.

Recall ([8], etc.) that, for an open set U HG, u A H
1;p
loc ðG; mÞ is said to be

ðA;BÞ-harmonic in U if it is a continuous solution of Lu ¼ 0 in U . By [8,

Theorem 1.1], if u is a solution of Lu ¼ n in G and if its restriction to GnðsptjnjÞ
belongs to H

1;p
loc ðGnðsptjnjÞ; mÞ, then u is equal to an ðA;BÞ-harmonic function

a.e. in GnðsptjnjÞ. (Here, sptjnj means the support of jnj.)
A nonnegative measure l on G is said to be absolutely continuous with

respect to the ðp; mÞ-capacity, if lðEÞ ¼ 0 for every Borel set EHG whose

ðp; mÞ-capacity is zero. We shall denote this fact by lW capp;m. Note that if

l A ðH 1;p
0 ðG; mÞÞ�, then lW capp;m (cf. [12, Lemma 2.4]).

A nonnegative measure l on G can be decomposed as l ¼ la þ ls, where

la W capp;m and ls ¼ wEs
l with a Borel set Es HG such that capp;mðEsÞ ¼ 0 (see

[5, Lemma 2.1]). We shall call la the absolutely continuous part of l and ls
the singular part of l (with respect to the ðp; mÞ-capacity).

Lemma 1.2. Let n be a finite signed measure on G and let u A H 1;pðG; mÞ be
a solution of the equation Lu ¼ n. If jnj A ðH 1;p

0 ðG; mÞÞ�, then (1.1) holds for all

j A H
1;p
0 ðG; mÞ. If jnjW capp;m, then (1.1) holds for all j A H

1;p
0 ðG; mÞVLyðGÞ.

Proof. If jn A Cy
0 ðGÞ and jn ! j in H 1;pðG; mÞ then, by (A.3) and (B.2),ð

G

Aðx;‘uÞ � ‘jn dxþ
ð
G

Bðx; uÞjn dx !
ð
G

Aðx;‘uÞ � ‘j dxþ
ð
G

Bðx; uÞj dx:

If jnj A ðH 1;p
0 ðG; mÞÞ�, then

Ð
G
jn dn ¼ nðjnÞ ! nðjÞ ¼

Ð
G
j dn (cf. [12, Lemma

2.5]). Hence (1.1) holds.

In case jnjW capp;m, we take j A H
1;p
0 ðG; mÞVLyðGÞ. Then we can

choose fjng to be uniformly bounded. We may also assume that jn ! j

ðp; mÞ-quasieverywhere. Thus by Lebesgue’s convergence theorem,
Ð
G
jn dn !Ð

G
j dn, since jn ! j jnj-a.e. in G. Thus, (1.1) holds for j A H

1;p
0 ðG; mÞV

LyðGÞ.

2. The case n A ðH 1;p
0 ðG; mÞÞ�

By modifying the proof of [12, Corollary 2.7], we obtain

Theorem 2.1. Let y A H 1;pðG; mÞ and n A ðH 1;p
0 ðG; mÞÞ�. Then there exists

a unique u A H 1;pðG; mÞ such that Lu ¼ n in G and u� y A H
1;p
0 ðG; mÞ.

54 Fumi-Yuki Maeda



Proof. The uniqueness follows from (A.4) and (B.3). Note that if u1
and u2 are two solutions, then u1 � u2 A H

1;p
0 ðG; mÞ.

In order to show the existence, let X ¼ H
1;p
0 ðG; mÞ and consider

Q : X ! X � defined by

ðQu; vÞ ¼
ð
G

Aðx;‘ðuþ yÞÞ � ‘v dxþ
ð
G

Bðx; uþ yÞv dx:

Since

jðQu; vÞja a2

ð
G

j‘ðuþ yÞjp�1j‘vjdmþ a3

ð
G

ð1þ juþ yjp�1Þjvjdm

a a2

ð
G

j‘ðuþ yÞjpdm
� �1=p 0 ð

G

j‘vjpdm
� �1=p

þ a3 mðGÞ1=p
0
þ

ð
G

juþ yjpdm
� �1=p 0( ) ð

G

jvjpdm
� �1=p

ðp 0 ¼ p=ðp� 1ÞÞ, we see that Q defines a bounded operator X ! X �.

Next, let uj A X tend to u in X . As in the proof of [12, Corollary 2.7]

(also cf. [13, Lemma 3.3]), we see thatð
G

Aðx;‘ðuj þ yÞÞ � ‘v dx !
ð
G

Aðx;‘ðuþ yÞÞ � ‘v dx

and ð
G

Bðx; uj þ yÞv dx !
ð
G

Bðx; uþ yÞv dx

as j ! y for any v A X . Thus, Q : X ! X � is demicontinuous.

Finally, to show that Q is a coercive mapping, let v A X . Then, noting

that Bðx; vþ yÞvbBðx; yÞv by (B.3), we have

ðQv; vÞ ¼
ð
G

Aðx;‘ðvþ yÞÞ � ‘v dxþ
ð
G

Bðx; vþ yÞv dx

b

ð
G

Aðx;‘ðvþ yÞÞ � ‘ðvþ yÞdx

�
ð
G

Aðx;‘ðvþ yÞÞ � ‘y dxþ
ð
G

Bðx; yÞv dx

b a1

ð
G

j‘ðvþ yÞjpdm

� a2

ð
G

j‘ðvþ yÞjp�1j‘yjdm� a3

ð
G

ð1þ jyjp�1Þjvjdm
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b c1

ð
G

j‘vjpdm� c2

ð
G

j‘yjpdm

� c3

ð
G

ð1þ jyjpÞdm
� �1=p 0 ð

G

jvjpdm
� �1=p

;

where c1, c2 and c3 are positive constants depending only on p, a1, a2 and a3;

we used Young’s and Hölder’s inequalities to derive the last inequality. Using

this inequality and the Poincaré inequality, we can see that ðQv; vÞ=kvkX ! y
as kvkX ! y, namely, Q is coercive.

Hence, by a general result on nonlinear operators (see [12, Theorem 2.6]),

we conclude that there exists ~uu A X such that Q~uu ¼ n. Then, u ¼ ~uuþ y is the

required solution.

Theorem 2.2. Let y1; y2 A H 1;pðG; mÞ and n1; n2 A ðH 1;p
0 ðG; mÞÞ�. Let uj,

j ¼ 1; 2 be the solutions (in H 1;pðG; mÞ) of Lu ¼ nj with uj � yj A H
1;p
0 ðG; mÞ. If

maxðy1 � y2; 0Þ A H
1;p
0 ðG; mÞ and n1 a n2, then u1 a u2 ðp; mÞ-quasieverywhere in

G.

Proof. Let v ¼ maxðu1 � u2; 0Þ. Since uj � yj A H
1;p
0 ðG; mÞ, j ¼ 1; 2 and

maxðy1 � y2; 0Þ A H
1;p
0 ðG; mÞ, v A H

1;p
0 ðG; mÞ. Obviously, vb 0. Thus, noting

that uj A H 1;pðG; mÞ, we haveð
G

Aðx;‘ujÞ � ‘v dxþ
ð
G

Bðx; ujÞv dx ¼ njðvÞ; j ¼ 1; 2

and n1ðvÞa n2ðvÞ. Henceð
G

ðAðx;‘u1Þ �Aðx;‘u2ÞÞ � ‘v dxþ
ð
G

ðBðx; u1Þ �Bðx; u2ÞÞv dxa 0

or ð
fu1>u2g

ðAðx;‘u1Þ �Aðx;‘u2ÞÞ � ð‘u1 � ‘u2Þdx

þ
ð
fu1>u2g

ðBðx; u1Þ �Bðx; u2ÞÞðu1 � u2Þdxa 0:

By (A.4) and (B.3), it follows that ‘u1 ¼ ‘u2 a.e. in G, so that ‘v ¼ 0 a.e. in

G. Since v A H
1;p
0 ðG; mÞ, this implies that v ¼ 0 a.e. in G, i.e., u1 a u2 a.e. in

G. Then u1 a u2 ðp; mÞ-quasieverywhere in G by [6, Theorem 4.12].

Proposition 2.1. Let n be a finite signed measure on G such that

jnj A ðH 1;p
0 ðG; mÞÞ� and y A H 1;pðG; mÞ. If u A H 1;pðG; mÞ is the solution of

Lu ¼ n in G such that u� y A H
1;p
0 ðG; mÞ, then for 0a a < b < y
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a1

p

ð
faaju�yj<bg

j‘ujpdmþ ðb� aÞ
ð
fju�yjbbg

jBðx; uÞ �Bðx; yÞjdx

a
a2

a1

� �p
a1

p

ð
faaju�yj<bg

j‘yjpdm

þ ðb� aÞ
ð
fju�yjbag

djnj þ
ð
fju�yjbag

jBðx; yÞjdx
( )

:

Proof. Given 0a a < b < y, let lðtÞ ¼ Tb�aðt� TaðtÞÞ. Then, lðu� yÞ
A H

1;p
0 ðG; mÞ. Since u A H 1;pðG; mÞ, (1.1) holds with j ¼ lðu� yÞ by Lemma

1.2. Thus we haveð
faaju�yj<bg

Aðx;‘uÞ � ‘ðu� yÞdxþ
ð
fju�yj>ag

Bðx; uÞlðu� yÞdx

¼
ð
fju�yj>ag

lðu� yÞdn:

Since ðBðx; uÞ �Bðx; yÞÞlðu� yÞb 0 and jlja b� a, it follows that

a1

ð
faaju�yj<bg

j‘ujpdmþ ðb� aÞ
ð
fju�yjbbg

jBðx; uÞ �Bðx; yÞjdx

a a2

ð
faaju�yj<bg

j‘ujp�1j‘yjdm

þ ðb� aÞ
ð
fju�yjbag

jBðx; yÞjdxþ
ð
fju�yjbag

djnj
( )

:

By Young’s inequality,

a2

ð
faaju�yj<bg

j‘ujp�1j‘yjdm

a
a1

p 0

ð
faaju�yj<bg

j‘ujpdmþ a2

p

a2

a1

� �p�1ð
faaju�yj<bg

j‘yjpdm:

From these inequalities we obtain the inequality in the proposition.

Corollary 2.1. Under the same assumptions as in Proposition 2.1,

ð
fju�yj<kg

j‘ujpdma a2

a1

� �pð
G

j‘yjpdmþ pk

a1
jnjðGÞ þ

ð
G

jBðx; yÞjdx
� �

for any k > 0.
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Let p� ¼ kpðp� 1Þ=½kðp� 1Þ þ 1�, where k > 1 is the constant appearing

in the weighted Sobolev inequality ([6, § 1.1]). Note that p� 1 < p� < p.

Proposition 2.2. Under the same assumptions as in Proposition 2.1, let

H ¼
ð
G

j‘yjpdm and M ¼ jnjðGÞ þ
ð
G

jBðx; yÞjdx:

Then

mðfju� yjb kgÞa C1

kkðp�1Þ
H

k
þM

� �k
ð2:1Þ

and

mðfj‘ðu� yÞjb kgÞa C2

kp � ½ðkp ��pH þMÞ þ ðkp ��pH þMÞk� ð2:2Þ

for k > 0, where C1 and C2 are positive constants depending only on p, a1, a2,

diam G, mðGÞ and constants appearing in the conditions for the weight w

(including k).

Proof. In this proof, cj denote positive constants depending only on those

given for C1 and C2 in the proposition. Since Tkðu� yÞ A H
1;p
0 ðG; mÞ and G is

bounded, the Sobolev inequality impliesð
G

jTkðu� yÞjkpdm
� �1=kp

a c1

ð
G

j‘Tkðu� yÞjpdm
� �1=p

:

Hence,

mðfju� yjb kgÞa 1

kkp

ð
G

jTkðu� yÞjkpdm

a
c2

kkp

ð
G

j‘Tkðu� yÞjpdm
� �k

¼ c2

kkp

ð
fju�yj<kg

j‘u� ‘yjpdm
 !k

a
c3

kkp

ð
fju�yj<kg

j‘ujpdmþ
ð
fju�yj<kg

j‘yjpdm
 !k

a
c4

kkp
ðH þ kMÞk;

where we used Corollary 2.1 to derive the last inequality. This implies (2.1).

To prove (2.2), let

Fðl;mÞ ¼ mðfju� yjb l; j‘ðu� yÞjp bmgÞ

for lb 0 and mb 0. Since Fðl;mÞ is nonincreasing both in l and m,
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Fð0;mÞa 1

m

ðm
0

fFð0; sÞ �Fðl; sÞgdsþFðl; 0Þ:

Since Fð0; sÞ �Fðl; sÞ ¼ mðfju� yj < l; j‘ðu� yÞjp b sgÞ,ðm
0

fFð0; sÞ �Fðl; sÞgdsa
ð
fju�yj<lg

j‘ðu� yÞjpdm

a 2p�1

ð
fju�yj<lg

j‘ujpdmþ
ð
fju�yj<lg

j‘yjpdm
 !

:

Hence, noting that Fðl; 0Þ ¼ mðfju� yjb lgÞ, we have

mðfj‘ðu� yÞjb kgÞ ¼ Fð0; kpÞ

a
2p�1

kp

ð
fju�yj<lg

j‘ujpdmþH

 !
þ mðfju� yjb lgÞ

for k > 0. Thus, by Corollary 2.1 and (2.1),

mðfj‘ðu� yÞjb kgÞa c5
l

kp
ðH=l þMÞ þ 1

l kðp�1Þ ðH=l þMÞk
� �

:

Now, choose l > 0 so that l=kp ¼ 1=l kðp�1Þ. Then l ¼ kp�p �
and l kðp�1Þ ¼ kp �

.

Hence we obtain (2.2).

Corollary 2.2. Under the same assumptions as in Proposition 2.1,ð
G

ju� yjqdma mðGÞ þ CqðH þMÞk ð2:3Þ

for 0 < q < kðp� 1Þ andð
G

j‘ðu� yÞjqdma mðGÞ þ C 0
qfðH þMÞ þ ðH þMÞkg ð2:4Þ

for 0 < q < p�, where H and M are as in Proposition 2.2 and Cq, C
0
q are positive

constants depending only on q and those on which C1 and C2 in Proposition 2.2

depend.

Proof. Let 0 < q < kðp� 1Þ. By using (2.1), we haveð
G

ju� yjqdma
ð
fju�yja1g

dmþ
ðy
1

mðfju� yjq > tgÞdt

a mðGÞ þ C1ðH þMÞk
ðy
1

t�kðp�1Þ=q dt;

which shows (2.3). Similarly, we obtain (2.4) from (2.2).
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3. Convergence results

In this section, we first prove the following theorem:

Theorem 3.1. Let y A H 1;pðG; mÞ be fixed. Let fnng be a sequence of

finite signed measures on G such that jnnj A ðH 1;p
0 ðG; mÞÞ� for each n and

supnjnnjðGÞ < y. Let un be the solution of Lu ¼ nn such that un � y A
H

1;p
0 ðG; mÞ for each n. Then there exist a subsequence funjg and a function

u A ~YY pðG; mÞ such that

(1) unj ! u a.e. as well as in the measure m as j ! y,

(2) ‘unj ! Du a.e. as well as in the measure m as j ! y,

(3) Tkðu� yÞ A H
1;p
0 ðG; mÞ for all k > 0,

(4) u A LqðG; mÞ for q > 0 satisfying q < kðp� 1Þ and qa p,

(5) jDuj A LrðG; mÞ for 0 < r < p�.

Before proving this theorem, we prepare two lemmas.

Lemma 3.1 ([12, Theorem 2.14]). Let fung be a sequence of functions in

H
1;p
0 ðG; mÞ such that f

Ð
G
j‘unjpdmg is bounded. Then there are a subsequence

funjg and u A H
1;p
0 ðG; mÞ such that unj ! u in LpðG; mÞ.

Lemma 3.2. Let fnng be a sequence of signed Radon measures in G such

that jnnj A ðH 1;p
0 ðG; mÞÞ� and supnjnnjðGÞ < y. Let un A H 1;pðG; mÞ be the so-

lution of Lu ¼ nn such that un � y A H
1;p
0 ðG; mÞ for each n. If fung converges in

m, i.e., mðfjun � umj > lgÞ ! 0 as n;m ! y for all l > 0, then f‘ung also

converges in m.

Proof. Let Axðx; hÞ ¼ ðAðx; xÞ �Aðx; hÞÞ � ðx� hÞ. First, we showð
fjun�umjaag

Axð‘un;‘umÞdxa 2aM0 ð3:1Þ

for a > 0, where M0 ¼ supnjnnjðGÞ.
Since Taðun � umÞ A H

1;p
0 ðG; mÞVLyðGÞ and uj is a solution of Lu ¼ nj,ð

G

Aðx;‘ujÞ � ‘Taðun � umÞdxþ
ð
G

Bðx; ujÞTaðun � umÞdx ¼
ð
G

Taðun � umÞdnj:

Subtracting the above equalities for j ¼ n and m, we haveð
fjun�umjaag

Axð‘un;‘umÞdxþ
ð
G

ðBðx; unÞ �Bðx; umÞÞTaðun � umÞdx

¼
ð
G

Taðun � umÞdnn �
ð
G

Taðun � umÞdnm:

Since
Ð
G
ðBðx; unÞ �Bðx; umÞÞTaðun � umÞdxb 0, it follows that
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ð
fjun�umjaag

Axð‘un;‘umÞdxa aðjnnjðGÞ þ jnmjðGÞÞa 2aM0;

which shows (3.1).

Given e > 0, Proposition 2.2 implies that there exists k > 0 such that

mðfj‘ðuj � yÞjb kgÞ < e for all j: ð3:2Þ

For this k and a given l > 0, we consider the function

fk;lðxÞ ¼ inffAxðx; hÞ; jx� ‘yðxÞja k; jh� ‘yðxÞja k; jx� hjb lg:

This is a measurable function in G. Since j‘yðxÞj < y, Axðx; hÞ > 0 if x0 h

and ðx; hÞ 7! Axðx; hÞ is continuous for a.e. x A G, we see that fk;lðxÞ > 0 for

a.e. x A G. Hence, if we set E
ð1Þ
d;k;l ¼ f fk;l < dwg, then there exists 0 < da e

such that

mðEð1Þ
d;k;lÞ < e: ð3:3Þ

Next, let

E
ð2Þ
d ðun; umÞ ¼ fjun � umja d2;Axð‘un;‘umÞb dwg:

Then by (3.1),

mðEð2Þ
d ðun; umÞÞ ¼

ð
E

ð2Þ
d

ðun;umÞ
w dx

a
1

d

ð
fjun�umjad2g

Axð‘un;‘umÞdxa 2dM0 a 2eM0: ð3:4Þ

Now, if j‘ðun � yÞðxÞja k, j‘ðum � yÞðxÞja k, j‘unðxÞ � ‘umðxÞj > l,

junðxÞ � umðxÞja d2 and x B E
ð2Þ
d ðun; umÞ, then fk;lðxÞaAxð‘unðxÞ;‘umðxÞÞ <

dwðxÞ, and hence x A E
ð1Þ
d;k;l. This means that

fj‘un � ‘umj > lgH fj‘un � ‘yjb kgU fj‘um � ‘yjb kgUE
ð2Þ
d ðun; umÞUE

ð1Þ
d;k;l

U fjun � umj > d2g;

and hence, in view of (3.2), (3.3) and (3.4)

mðfj‘un � ‘umj > lgÞa ð3þ 2M0Þeþ mðfjun � umj > d2gÞ:

This shows the assertion of the lemma.

Proof of Theorem 3.1. For each k A N, sinceð
G

j‘Tkðun � yÞjpdm ¼
ð
fjun�yj<kg

j‘un � ‘yjpdm;
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Corollary 2.1 implies that f
Ð
G
j‘Tkðun � yÞjpdmgn is bounded. Hence by

Lemma 3.1, there exist a subsequence fuðkÞn g of fung and vk A H
1;p
0 ðG; mÞ

such that TkðuðkÞn � yÞ ! vk in LpðG; mÞ. We may also assume that

TkðuðkÞn � yÞ ! vk a.e. in G and fuðkþ1Þ
n g is a subsequnce of fuðkÞn g for each

k A N. We denote the diagonal sequence fuðnÞn g again by fung. Then

Tkðun � yÞ ! vk in LpðG; mÞ as well as a.e. in G.

We show that fung is convergent in the measure m. By Proposition 2.2,

given e > 0 there exists k > 0 such that mðfjun � yjb kgÞ < e for all n. Let

l > 0. Since fTkðun � yÞg is convergent in LpðG; mÞ and

mðfjTkðun � yÞ � Tkðum � yÞj > lgÞa 1

lp

ð
G

jTkðun � yÞ � Tkðum � yÞjpdm;

there is n0 such that

mðfjTkðun � yÞ � Tkðum � yÞj > lgÞ < e

for n;mb n0. Hence

mðfjun � umj > lgÞa mðfjun � yjb kgÞ þ mðfjum � yjb kgÞ

þ mðfjTkðun � yÞ � Tkðum � yÞj > lgÞ < 3e

for n;mb n0, that is fung is Cauchy in m.

Thus there exists a measurable function u such that un ! u in m. By

taking a subsequence, we may also assume that un ! u a.e. in G. By

Corollary 2.2, f
Ð
G
jun � yjqdmg is bounded for q > 0 with q < kðp� 1Þ, so

that u� y A LqðG; mÞ for such q. Thus u A LqðG; mÞ if in addition qa p.

Since Tkðu� yÞ ¼ vk a.e., TjðvkÞ ¼ TjðTkðu� yÞÞ ¼ Tjðu� yÞ ¼ vj a.e.

if ja k. Since TjðvkÞ and vj are ðp; mÞ-quasicontinuous, it follows that

TjðvkÞ ¼ vj ðp; mÞ-q.e. if ja k (cf. [6, Theorem 4.14]). Hence we may assume

that Tkðu� yÞ ¼ vk ðp; mÞ-q.e., and so Tkðu� yÞ A H
1;p
0 ðG; mÞ.

By Lemma 3.2, f‘ung is also convergent in m, and hence, by taking further

subsequence if necessary, we may assume that f‘ung is convergent a.e. in G.

Let g ¼ limn!y ‘un. By Corollary 2.2, we see that jg� ‘yj A LrðG; mÞ and

hence jgj A LrðG; mÞ for 0 < r < p�.

We shall show that g ¼ Du ¼ ‘yþ limk!y ‘Tkðu� yÞ a.e. in G. First we

remark that ‘Tkðun � yÞ ! ‘Tkðu� yÞ weakly in LpðG; mÞ by [6, Theorem

1.32] and ‘Tkðu� yÞ ¼ Du� ‘y a.e. on fju� yj < kg. Let G0 be the set

of points x A G for which juðxÞj < y, jyðxÞj < y, jgðxÞj < y, j‘yðxÞj < y,

unðxÞ ! uðxÞ, ‘unðxÞ ! gðxÞ, ‘Tkðun � yÞðxÞ ¼ ‘un � ‘yðxÞ whenever k A N,

k > junðxÞ � yðxÞj for all n A N and ‘Tkðu� yÞðxÞ ¼ DuðxÞ � ‘yðxÞ whenever

k A N, k > juðxÞ � yðxÞj. Then, mðGnG0Þ ¼ 0. For d > 0, set

Ed ¼ fx A G0 : jgðxÞ �DuðxÞj > dg:
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We claim that mðEdÞ ¼ 0 for any d > 0. Supposing the contrary, let mðEd0Þ > 0

for some d0 > 0. For k;m A N, set

Fk;m ¼ x A Ed0 :
ð‘Tkðun � yÞðxÞ � ‘Tkðu� yÞðxÞÞ � gðxÞ �DuðxÞ

jgðxÞ �DuðxÞj
b d0=2 for all nbm

8<
:

9=
;:

Let x A Ed0 and take k A N such that juðxÞ � yðxÞj < k. Then there exists

mx A N such that junðxÞ � yðxÞj < k and jgðxÞ � ‘unðxÞj < d0=2 for all nbmx.

Thus for nbmx

ð‘Tkðun � yÞðxÞ � ‘Tkðu� yÞðxÞÞ � ðgðxÞ �DuðxÞÞ

¼ ðð‘unðxÞ � ‘yðxÞÞ � ðDuðxÞ � ‘yðxÞÞÞ � ðgðxÞ �DuðxÞÞ

¼ ð‘un �DuÞ � ðgðxÞ �DuðxÞÞ

b jgðxÞ �DuðxÞj2 � jgðxÞ � ‘unðxÞj jgðxÞ �DuðxÞj

> d0 �
d0

2

� �
jgðxÞ �DuðxÞj ¼ d0

2
jgðxÞ �DuðxÞj;

namely, x A Fk;mx
. Therefore, Ed0 ¼ 6y

k¼1
6y

m¼1
Fk;m. By our assumption that

mðEd0Þ > 0, there are k;m A N such that mðFk;mÞ > 0. Thenð
Fk;m

ð‘Tkðun � yÞ � ‘Tkðu� yÞÞ � g�Du

jg�Duj dmb
d0

2
mðFk;mÞ > 0

for all nbm, which contradicts the weak convergence of f‘Tkðun � yÞg in

LpðG; mÞ. Thus, mðEdÞ ¼ 0 for all d > 0, which means that g ¼ Du a.e., i.e.,

‘un ! Du a.e.

The inequality in Corollary 2.1 with u and n replaced by un and nn,

respectively, yields the same inequality with ‘u replaced by Du, by Fatou’s

lemma. Hence, juj < y ðp; mÞ-q.e. by Lemma 1.1, and hence u A ~YY pðG; mÞ.

The next two lemmas will be used in the proof of Theorem 4.1.

Lemma 3.3. (i) If fgng is a sequence of RN-valued measurable functions

on G such that f
Ð
G
jgnjqdmg is bounded for some q > p� 1 and gn ! g in the

measure m, then Aðx; gnÞ ! Aðx; gÞ in L1ðG; dxÞ.
(ii) If f fng is a sequence of measurable functions on G such that

f
Ð
G
j fnjqdmg is bounded for some q > p� 1 and fn ! f in the measure m,

then Bðx; fnÞ ! Bðx; f Þ in L1ðG; dxÞ.

Proof. We prove only (i). The proof of (ii) is quite similar.

Let e > 0 be arbitrarily given. For j ¼ 1; 2; . . . , set
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Ee; j ¼ fx A G; jAðx; xÞ �Aðx; gðxÞÞj < ewðxÞ whenever jx� gðxÞja 1=jg:

Then fEe; jgj is nondecreasing and by the continuity of Aðx; xÞ in x,

mðGn6
j
Ee; jÞ ¼ 0. Choose j0 such that mðGnEe; j0Þ < e and let Fn ¼

fx A G; jgnðxÞ � gðxÞj > 1=j0g. Since mðFnÞ ! 0 ðn ! yÞ by assumption, there

is n0 such that mðFnÞ < e for nb n0. Let

Dn; e ¼ fx A G; jAðx; gnðxÞÞ �Aðx; gðxÞÞjb ewðxÞg:

Then ð
GnDn; e

jAðx; gnðxÞÞ �Aðx; gðxÞÞjdxa emðGÞ ð3:5Þ

for all n. Since Dn; e H ðGnEe; j0ÞUFn,

mðDn; eÞa mðGnEe; j0Þ þ mðFnÞa eþ e ¼ 2e

for nb n0. Let
Ð
G
jgnjqdmaM for all n. Then

Ð
G
jgjqdmaM. Hence, by

(A.3) and Hölder’s inequality, we haveð
Dn; e

jAðx; gnðxÞÞ �Aðx; gðxÞÞjdx

a a2

ð
Dn; e

ðjgnjp�1 þ jgjp�1Þdm

a cMðp�1Þ=qmðDn; eÞ1�ðp�1Þ=q
a cMðp�1Þ=qð2eÞ1�ðp�1Þ=q ð3:6Þ

for nb n0 with a constant c ¼ cðp; a2Þ > 0. Since e is arbitrary, (3.5) and (3.6)

show that

lim
n!y

ð
G

jAðx; gnðxÞÞ �Aðx; gðxÞÞjdx ¼ 0:

Lemma 3.4. Let n be a finite signed measure such that jnjW capp;m. Let

Eþ
n HG and E�

n HG ðn ¼ 1; 2; . . .Þ be Borel sets in G such that fEþ
n g, fE�

n g are

non-decreasing, nþðGn6
n
Eþ
n Þ ¼ 0, n�ðGn6

n
E�
n Þ ¼ 0, wEþ

n
nþ A ðH 1;p

0 ðG; mÞÞ�
and wE�

n
n� A ðH 1;p

0 ðG; mÞÞ� for each n. Set nn ¼ wEþ
n
nþ � wE�

n
n�. If f fng is a

bounded sequence in H
1;p
0 ðG; mÞ such that fk fnkyg is also bounded and fn ! f

a.e. in G, then

lim
n!y

ð
G

fn dnn ¼
ð
G

f dn:

Proof. Let k fnky aM for all n ðM > 0Þ. Given e > 0, there is n0 such

that nþðGnEþ
n0
Þ < e=ð3MÞ. Then for nb n0
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ð
G

fnwEþ
n
dnþ �

ð
G

f dnþ
����

����
a

ð
G

ð fn � f ÞwEþ
n0
dnþ

����
����þ

ð
G

fnðwEþ
n
� wEþ

n0
Þdnþ

����
����þ

ð
G

f ð1� wEþ
n0
Þdnþ

����
����

a

ð
G

ð fn � f ÞwEþ
n0
dnþ

����
����þ 2MnþðGnEþ

n0
Þ

a

ð
G

ð fn � f ÞwEþ
n0
dnþ

����
����þ 2

3
e: ð3:7Þ

Since f fng is a bounded sequence in H
1;p
0 ðG; mÞ and fn ! f a.e. in G by

assumption, fn ! f weakly in H
1;p
0 ðG; mÞ. Since wEþ

n0
nþ A ðH 1;p

0 ðG; mÞÞ�, there
is n1 b n0 such that ð

G

ð fn � f ÞwEþ
n0
dnþ

����
����< e

3

for nb n1. Thus, in view of (3.7), we haveð
G

fnwEþ
n
dnþ !

ð
G

f dnþ ðn ! yÞ:

Similarly, we have ð
G

fnwE�
n
dn� !

ð
G

f dn� ðn ! yÞ;

and hence the assertion of the lemma follows.

4. Existence of renormalized solutions

Let L be the family of all Lipschitz continuous functions l on R such that

lðtÞ ¼ lðyÞ (const.) for tbM and lðtÞ ¼ lð�yÞ (const.) for ta�M with some

M ¼ MðlÞ > 0.

Denote by LðGÞ the family of all bounded locally Lipschitz continuous

functions j in G such that ‘j is also bounded. We know that LðGÞH
H 1;pðG; mÞ (see [6, Lemma 1.11]). Let LþðGÞ ¼ fj A LðGÞ; jb 0g.

We also denote by Y
p
0 ðG; mÞ the set of v A Y pðG; mÞ such that TkðvÞ A

H
1;p
0 ðG; mÞ for every k > 0.

Lemma 4.1. Let l A L, j A LðGÞ, v A Y
p
0 ðG; mÞ and c A H

1;p
0 ðG; mÞV

LyðGÞ. If either lð0Þ ¼ 0 or j A H
1;p
0 ðG; mÞ, then lðvþ cÞj A H

1;p
0 ðG; mÞV

LyðG; mÞ.
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Proof. Let lðtÞ ¼ const: on ð�y;�M� as well as on ½M;yÞ, and let

M 0 ¼ kcky. Then, lðvþ cÞ ¼ lðTMþM 0 ðvÞ þ cÞ. Since TMþM 0 ðvÞ þ c A
H

1;p
0 ðG; mÞ, it follows that lðvþ cÞ A H 1;pðG; mÞVLyðGÞ and lðvþ cÞ A

H
1;p
0 ðG; mÞVLyðGÞ if lð0Þ ¼ 0. Thus we obtain the assertion of the lemma.

We denote by UðyÞ the set of all u A ~YY pðG; mÞVLp�1ðG; mÞ such that

u� y A Y
p
0 ðG; mÞ and jDuj A Lp�1ðG; mÞ. Note that if y1; y2 A H 1;pðG; mÞ and

y1 � y2 A H
1;p
0 ðG; mÞ, then Uðy1Þ ¼ Uðy2Þ.

Lemma 4.2. Let u A UðyÞ, l A L, c A H
1;p
0 ðG; mÞVLyðGÞ and j A LðGÞ.

Then Aðx;DuÞ � ‘ðlðu� yþ cÞjÞ A L1ðG; dxÞ.

Proof. Let v ¼ u� y and let M and M 0 be as in the proof of Lemma

4.1. Then we have

Aðx;DuÞ � ‘ðlðu� yþ cÞjÞ

¼ ½Aðx;‘TMþM 0 ðvÞ þ ‘yÞ � ‘lðvþ cÞ�jþ ½Aðx;DuÞ � ‘j�lðvþ cÞ:

Since TMþM 0 ðvÞ þ y A H 1;pðG; mÞ and lðvþ cÞ A H 1;pðG; mÞ as in the proof of

Lemma 4.1, the first term in the right hand side belongs to L1ðG; dxÞ by (A.3).

The last term also belongs to L1ðG; dxÞ by (A.3) since jDuj A Lp�1ðG; mÞ and

‘j, lðvþ cÞ are bounded.

Given y A H 1;pðG; mÞ and a finite signed measure n on G, u is called a

renormalized solution of Lu ¼ n with boundary data y if u A UðyÞ andð
G

Aðx;DuÞ � ‘ðlðu� yþ cÞjÞdxþ
ð
G

Bðx; uÞlðu� yþ cÞj dx

¼
ð
G

lðu� yþ cÞj dna þ lðyÞ
ð
G

j dnþs � lð�yÞ
ð
G

j dn�s ð4:1Þ

whenever l A L, c A H
1;p
0 ðG; mÞVLyðGÞ, j A LðGÞ and either lð0Þ ¼ 0 or

j A H
1;p
0 ðG; mÞ, where na ¼ nþa � n�a .

The first term of the left hand side of (4.1) is well defined by Lemma 4.2.

As to the second term, we note that Bðx; uÞ A L1ðG; dxÞ for u A Lp�1ðG; mÞ by

(B.2). Since na is finite, jnajW capp;m and the integrand is bounded, we see that

the first term of the right hand side of (4.1) is also well defined. The last two

terms are well defined since nþs and n�s are finite measures and j is bounded

continuous.

By Lemma 4.1 and Lemma 1.2, the solution u A H 1;pðG; mÞ given in

Theorem 2.1 is a renormalized solution in case n A ðH 1;p
0 ðG; mÞÞ�.

Remark. The renormalized solution u is an ‘‘entropy solution’’ in the

following sense (cf. [1], [2], [7], [12]): u satisfies
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ð
G

Aðx;DuÞ � ‘Tkðu� yþ cÞdxþ
ð
G

Bðx; uÞTkðu� yþ cÞdx

¼
ð
G

Tkðu� yþ cÞdna þ kðnþs þ n�s ÞðGÞ

for any k > 0 and c A H
1;p
0 ðG; mÞVLyðGÞ.

In fact, we obtain the above equality by taking l ¼ Tk and j ¼ 1 in (4.1).

In order to prove the existence of renormalized solutions, we prepare some

lemmas.

Lemma 4.3. For any x; h A RN,

1

2
½Aðx; xÞ � x� � cjhjpwðxÞaAðx; xÞ � ðxþ hÞa 2½Aðx; xÞ � x� þ cjhjpwðxÞ

for a.e. x A W with a constant c ¼ cðp; a1; a2Þ > 0.

Proof. By (A.3), Young’s inequality and (A.2),

jAðx; xÞ � hja a2jxjp�1jhjwðxÞa 1

2
a1jxjpwðxÞ þ cjhjpwðxÞ

a
1

2
½Aðx; xÞ � x� þ cjhjpwðxÞ

a.e. with c ¼ cðp; a1; a2Þ > 0. From this, the required inequalities immediately

follow.

Lemma 4.4 ([12, Lemma 2.12]). Let l be a finite nonnegative measure on

G. Then there exists a sequence flng of nonnegative measures on G such that

lnðGÞa lðGÞ and ln A ðH 1;p
0 ðG; mÞÞ� for every n, andð

G

j dln !
ð
G

j dl

for all bounded continuous j.

Lemma 4.5 ([12, Proof of Theorem 6.1 and Remark 6.3 (ii)]). Let l be

a finite nonnegative measure such that lW capp;m. Then there exists an

increasing sequence fEng of Borel sets in G such that lðGn6
n
EnÞ ¼ 0 and

wEn
l A ðH 1;p

0 ðG; mÞÞ� for each n.

Now we prove our main theorem: the existence of renormalized solutions.

Theorem 4.1. Given y A H 1;pðG; mÞ and a finite signed measure n, there

exists a renormalized solution of Lu ¼ n with boundary data y. Further, we can

take u to be ðA;BÞ-harmonic in GnðsptjnjÞ.
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Proof. We have decompositions nþ ¼ nþa þ nþs and n� ¼ n�a þ n�s with

nþa W capp;m, n
�
a W capp;m, n

þ
s ¼ wSþnþ and n�s ¼ wS�n� with Borel sets Sþ HG,

S� HG such that capp;mðSþÞ ¼ capp;mðS�Þ ¼ 0 and Sþ VS� ¼ q. Let

na ¼ nþa � n�a and ns ¼ nþs � n�s .

Applying Lemma 4.5 to nþa and n�a , we choose Borel sets Eþ
n HG

and E�
n HG such that fEþ

n g, fE�
n g are nondecreasing, nþa ðGn6n

Eþ
n Þ ¼ 0,

n�a ðGn6
n
E�
n Þ ¼ 0, wEþ

n
nþa A ðH 1;p

0 ðG; mÞÞ� and wE�
n
n�a A ðH 1;p

0 ðG; mÞÞ� for each

n. Set ðnaÞn ¼ wEþ
n
nþa � wE�

n
n�a .

Applying Lemma 4.4 to nþs and n�s , we choose nonnegative measures ðnþs Þn
and ðn�s Þn in ðH 1;p

0 ðG; mÞÞ� such that ðnþs ÞnðGÞa nþs ðGÞ, ðn�s ÞnðGÞa n�s ðGÞ andð
G

j dðnþs Þn !
ð
G

j dnþs ;

ð
G

j dðn�s Þn !
ð
G

j dn�s ðn ! yÞ

for all bounded continuous j. Set ðnsÞn ¼ ðnþs Þn � ðn�s Þn.
For each n, nn ¼ ðnaÞn þ ðnsÞn is a finite signed measure on G and

jnnj A ðH 1;p
0 ðG; mÞÞ�. Hence, by Theorem 2.1, there is a unique solution

un A H 1;pðG; mÞ of Lu ¼ nn such that un � y A H
1;p
0 ðG; mÞ for each n. Then

by Theorem 3.1, there is a subsequence, which we denote by fung again, such

that un ! u a.e. in G with u A UðyÞ, un ! u in the measure m, ‘un ! Du a.e. in

G and ‘un ! Du in the measure m. We shall show that this u is the required

function. We divide the proof into several steps.

We set vn ¼ un � y and v ¼ u� y for simplicity. Note that vn A H
1;p
0 ðG; mÞ

and TkðvÞ A H
1;p
0 ðG; mÞ for all k > 0.

1st step. If j A LþðGÞ, then

lim sup
k!y

lim sup
n!y

1

k

ð
fk<vn<2kg

½Aðx;‘unÞ � ‘un�j dxa 2

ð
G

j dnþs ; ð4:2Þ

lim sup
k!y

lim sup
n!y

ð
fvnb2kg

j dðn�s Þn a
ð
G

j dnþs ; ð4:3Þ

lim sup
k!y

lim sup
n!y

1

k

ð
f�2k<vn<�kg

½Aðx;‘unÞ � ‘un�j dxa 2

ð
G

j dn�s ; ð4:4Þ

lim sup
k!y

lim sup
n!y

ð
fvna�2kg

j dðnþs Þn a
ð
G

j dn�s : ð4:5Þ

Proof of (4.2) and (4.3): Let lkðtÞ ¼ maxðTkðt� kÞ=k; 0Þ for k > 0.

Then lkðvnÞ A H
1;p
0 ðG; mÞ and ‘lkðvnÞ ¼ ð1=kÞ‘vnwfk<vn<2kg a.e. Since lkðvnÞj A

H
1;p
0 ðG; mÞ,ð

G

Aðx;‘unÞ � ‘ðlkðvnÞjÞdxþ
ð
G

Bðx; unÞlkðvnÞj dx ¼
ð
G

lkðvnÞj dnn;
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so that

1

k

ð
fk<vn<2kg

½Aðx;‘unÞ � ‘vn�j dxþ
ð
G

lkðvnÞj dðn�a Þn þ
ð
G

lkðvnÞj dðn�s Þn

¼ �
ð
G

½Aðx;‘unÞ � ‘j�lkðvnÞdx�
ð
G

Bðx; unÞlkðvnÞj dx

þ
ð
G

lkðvnÞj dðnþa Þn þ
ð
G

lkðvnÞj dðnþs Þn:

By Lemma 4.3,

Aðx;‘unÞ � ‘vn b
1

2
½Aðx;‘unÞ � ‘un� � cj‘yjpw

a.e. in G with a constant c ¼ cðp; a1; a2Þ > 0. Also, by (B.3), Bðx; unÞlkðvnÞb
Bðx; yÞlkðvnÞ a.e. in G. Hence, from the above equality we obtain

1

2k

ð
fk<vn<2kg

½Aðx;‘unÞ � ‘un�j dxþ
ð
fvnb2kg

j dðn�s Þn

a
c

k

ð
G

j‘yjpdmþ
ð
G

½Aðx;‘unÞ � ‘j�lkðvnÞdx
����

����
þ
ð
G

Bðx; yÞlkðvnÞj dx

����
����þ
ð
G

lkðvnÞj dðnþa Þn þ
ð
G

lkðvnÞj dðnþs Þn: ð4:6Þ

By Corollary 2.2 and Lemma 3.3, we see that Aðx;‘unÞ ! Aðx;DuÞ in

L1ðG; dxÞ as n ! y. Since lkðvnÞ ! lkðvÞ a.e. in G and fj‘jj lkðvnÞgn is

uniformly bounded,

lim
n!y

ð
G

½Aðx;‘unÞ � ‘j�lkðvnÞdx ¼
ð
G

½Aðx;DuÞ � ‘j�lkðvÞdx:

Noting that lkðvÞ ! 0 a.e. in G, by Lebesgue’s convergence theorem we have

lim
k!y

lim
n!y

ð
G

½Aðx;‘unÞ � ‘j�lkðvnÞdx ¼ 0: ð4:7Þ

Since Bðx; yÞ A L1ðG; dxÞ,

lim
k!y

lim
n!y

ð
G

Bðx; yÞlkðvnÞj dx ¼ lim
k!y

ð
G

Bðx; yÞlkðvÞj dx ¼ 0: ð4:8Þ

Next, flkðvnÞjgn is bounded in H
1;p
0 ðG; mÞ by Proposition 2.1. Since it is also

uniformly bounded in G and lkðvnÞj ! lkðvÞj a.e. in G as n ! y, Lemma 3.4

implies
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lim
n!y

ð
G

lkðvnÞj dðnþa Þn ¼
ð
G

lkðvÞj dnþa :

We know that v < y ðp; mÞ-q.e, so that v < y nþa -a.e. in G. Hence

lkðvÞ ! 0 ðk ! yÞ nþa -a.e. in G, so that

lim
k!y

lim
n!y

ð
G

lkðvnÞj dðnþa Þn ¼ 0: ð4:9Þ

Finally,

0a

ð
G

lkðvnÞj dðnþs Þn a
ð
G

j dðnþs Þn !
ð
G

j dnþs ðn ! yÞ: ð4:10Þ

From (4.6), (4.7), (4.8), (4.9) and (4.10), we obtain (4.2) and (4.3).

(4.4) and (4.5) can be similarly proved.

2nd step. If j A LþðGÞVH
1;p
0 ðG; mÞ and 0 < k < m, then

lim sup
n!y

1

2

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�j dxþ
ð
f�m<vn<kg

ðk � TkðvnÞÞj dðnþs Þn

( )

a c

ð
G

j‘yjpj dmþ 4k

m
lim sup
n!y

ð
f�2mavn<�mg

½Aðx;‘unÞ � ‘un�j dx

þ 2k

�ð
fjvja2mg

jAðx;DuÞ � ‘jjdxþ
ð
fjvja2mg

jBðx; uÞjj dx

þ
ð
G

j dðn�a þ n�s Þ
�

ð4:11Þ

and

lim sup
n!y

1

2

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�j dxþ
ð
f�k<vn<mg

ðk þ TkðvnÞÞj dðn�s Þn

( )

a c

ð
G

j‘yjpj dmþ 4k

m
lim sup
n!y

ð
fmavn<2mg

½Aðx;‘unÞ � ‘un�j dx

þ 2k

�ð
fjvja2mg

jAðx;DuÞ � ‘jjdxþ
ð
fjvja2mg

jBðx; uÞjj dx

þ
ð
G

j dðnþa þ nþs Þ
�

ð4:12Þ

with a constant c ¼ cðp; a1; a2Þ > 0.

Proof of (4.11): Let hmðtÞ ¼ 1� jT1ððt� TmðtÞÞ=mÞj and fn ¼
ðk � TkðvnÞÞhmðvnÞj with j A LþðGÞVH

1;p
0 ðG; mÞ. Then, fn A H

1;p
0 ðG; mÞ, so

that
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ð
G

Aðx;‘unÞ � ‘fn dxþ
ð
G

Bðx; unÞ fn dx ¼
ð
G

fn dnn: ð4:13Þ

Now

‘fn ¼ �‘TkðvnÞhmðvnÞjþ ðk � TkðvnÞÞh 0
mðvnÞ‘vnjþ ðk � TkðvnÞÞhmðvnÞ‘j:

By Lemma 4.3, we have

1

2
½Aðx;‘unÞ � ‘un�wfjvnjakg a ½Aðx;‘unÞ � ‘TkðvnÞ� þ cj‘yjpw ð4:14Þ

a.e. with c ¼ cðp; a1; a2Þ > 0. Since ðk � TkðvnÞÞh 0
mðvnÞ ¼ ð2k=mÞwf�2m<vn<�mg

for m > k > 0, by Lemma 4.3 again, we have

½Aðx;‘unÞ � ‘vn�ðk � TkðvnÞÞh 0
mðvnÞ

a
4k

m
f½Aðx;‘unÞ � ‘un� þ cj‘yjpwgwf�2m<vn<�mg ð4:15Þ

a.e. Thus, using (4.14), (4.13) and (4.15), we have

0a
1

2

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�j dxþ
ð
f�m<vn<kg

ðk � TkðvnÞÞj dðnþs Þn

¼ 1

2

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�hmðvnÞj dxþ
ð
G

fn dðnþs Þn

a

ð
G

½Aðx;‘unÞ � ‘TkðvnÞ�hmðvnÞj dxþ
ð
G

fn dðnþs Þn þ c

ð
G

j‘yjpj dm

¼ �
ð
G

Aðx;‘unÞ � ‘fn dxþ
ð
G

fn dðnþs Þn þ c

ð
G

j‘yjpj dm

þ
ð
G

½Aðx;‘unÞ � ‘vn�ðk � TkðvnÞÞh 0
mðvnÞj dx

þ
ð
G

½Aðx;‘unÞ � ‘j�ðk � TkðvnÞÞhmðvnÞdx

a

ð
G

Bðx; unÞ fn dxþ
ð
G

fn d½ðn�a Þn þ ðn�s Þn� þ c

ð
G

j‘yjpj dm

þ 4k

m

ð
f�2m<vn<�mg

½Aðx;‘unÞ � ‘un�j dx

þ
ð
G

½Aðx;‘unÞ � ‘j�ðk � TkðvnÞÞhmðvnÞdx: ð4:16Þ

Since Aðx;‘unÞ ! Aðx;DuÞ in L1ðG; dxÞ,
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ðk � TkðvnÞÞhmðvnÞ ! ðk � TkðvÞÞhmðvÞ

a.e. and fðk � TkðvnÞÞhmðvnÞgn is uniformly bounded,

lim
n!y

ð
G

½Aðx;‘unÞ � ‘j�ðk � TkðvnÞÞhmðvnÞdx

¼
ð
G

½Aðx;DuÞ � ‘j�ðk � TkðvÞÞhmðvÞdx

a 2k

ð
fjvja2mg

jAðx;DuÞ � ‘jjdx:

Similarly, since Bðx; unÞ ! Bðx; uÞ in L1ðG; dxÞ by Corollary 2.2 and Lemma

3.3, we have

lim
n!y

ð
G

Bðx; unÞ fn dx

¼
ð
G

Bðx; uÞðk � TkðvÞÞhmðvÞj dxa 2k

ð
fjvja2mg

jBðx; uÞjj dx:

Finally

0a

ð
G

fn d½ðn�a Þn þ ðn�s Þn�

a 2k

ð
G

j d½ðn�a Þn þ ðn�s Þn� ! 2k

ð
G

j dðn�a þ n�s Þ ðn ! yÞ:

Hence we obtain (4.11) from (4.16).

Inequality (4.12) is similarly proved.

3rd step. Let j A LþðGÞ and k > 0. If ffjg is a nonincreasing sequence

of functions in Cy
0 ðGÞ such that 0a fj a 1 for each j, fj ! 0 ðp; mÞ-q.e. in G

and
Ð
G
j‘fj j

p
dm ! 0 as j ! y, then

lim sup
j!y

lim sup
n!y

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�jfj dx

a 20k min

ð
G

j dnþs ;

ð
G

j dn�s

� �
; ð4:17Þ

lim sup
j!y

lim sup
n!y

ð
G

jAðx;‘unÞ � ‘TkðvnÞjjfj dx

a 40k min

ð
G

j dnþs ;

ð
G

j dn�s

� �
; ð4:18Þ
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lim sup
m!y

lim sup
j!y

lim sup
n!y

ð
f�m<vn<kg

ðk � TkðvnÞÞfjj dðnþs Þn a 10k

ð
G

j dn�s ; ð4:19Þ

lim sup
m!y

lim sup
j!y

lim sup
n!y

ð
f�k<vn<mg

ðk þ TkðvnÞÞfjj dðn�s Þn a 10k

ð
G

j dnþs : ð4:20Þ

Proof of (4.17), (4.19) and (4.20): Obviously, jfj A LþðGÞVH
1;p
0 ðG; mÞ.

Thus (4.11) with jfj in place of j holds for each j. By Lebesgue’s

convergence theorem, limj!y

Ð
G
j‘yjpjfj dm ¼ 0, limj!y

Ð
G
jBðx; uÞjjfj dx ¼ 0

and limj!y

Ð
G
jfj djnaj ¼ 0. Using (4.4), we have

lim sup
m!y

lim sup
j!y

lim sup
n!y

1

m

ð
f�2m<vn<�mg

½Aðx;‘unÞ � ‘un�jfj dx

a lim sup
m!y

lim sup
n!y

1

m

ð
f�2m<vn<�mg

½Aðx;‘unÞ � ‘un�j dxa 2

ð
G

j dn�s :

Since

Aðx;DuÞwfjvja2mg ¼ Aðx;‘T2mðvÞ þ ‘yÞwfjvja2mg

a.e. in G, Aðx;DuÞwfjvja2mgw
�1=p A Lp 0 ðG; dxÞ. By assumption, ‘ðjfjÞw1=p ! 0

in LpðG; dxÞ. Hence,

lim
j!y

ð
fjvja2mg

jAðx;DuÞ � ‘ðjfjÞjdx ¼ 0:

Thus, (4.11) with jfj in place of j yields

lim sup
m!y

lim sup
j!y

lim sup
n!y

(
1

2

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�jfj dx

þ
ð
f�m<vn<kg

ðk � TkðvnÞÞjfj dðnþs Þn

)
a 10k

ð
G

j dn�s :

Similarly, we obtain

lim sup
m!y

lim sup
j!y

lim sup
n!y

(
1

2

ð
fjvnjakg

½Aðx;‘unÞ � ‘un�jfj dx

þ
ð
f�k<vn<mg

ðk þ TkðvnÞÞjfj dðn�s Þn

)
a 10k

ð
G

j dnþs :

These two inequalities imply (4.17), (4.19) and (4.20).

Proof of (4.18): Since
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jAðx;‘unÞ � ‘TkðvnÞja 2½Aðx;‘unÞ � ‘un�wfjvnjakg þ cj‘yjpw
a.e. by Lemma 4.3, (4.17) implies (4.18).

4th step. For k > 0,

lim
n!y

ð
fvn<kg

dðnþs Þn ¼ 0 and lim
n!y

ð
fvn>�kg

dðn�s Þn ¼ 0: ð4:21Þ

Proof: Given e > 0, choose compact sets Kþ HSþ and K� HS� such that

nþs ðSþnKþÞ < e and n�s ðS�nK�Þ < e. Choose j A Cy
0 ðGÞ such that j ¼ 1 on

Kþ, j ¼ 0 on K� and 0a ja 1 in G. Since capp;mðKþÞ ¼ 0, we can choose a

nonincreasing sequence fj in Cy
0 ðGÞ such that fj ¼ 1 on Kþ, 0a fj a 1 in G

and
Ð
G
j‘fj j

p
dm ! 0 ð j ! yÞ. Since 1� jfj A LþðGÞ,

0a lim sup
n!y

ð
fvn<kg

ð1� jfjÞdðnþs Þn a lim
n!y

ð
G

ð1� jfjÞdðnþs Þn

¼
ð
G

ð1� jfjÞdnþs a nþs ðSþnKþÞ < e ð4:22Þ

for every j. On the other hand, since k þ 1� Tkþ1ðvnÞb 1 on fvn a kg,

0a

ð
fvn<kg

jfj dðnþs Þn

a

ð
f�m<vn<kþ1g

ðk þ 1� Tkþ1ðvnÞÞjfj dðnþs Þn þ
ð
fvna�mg

jfj dðnþs Þn ð4:23Þ

if m > k þ 1. By (4.19)

lim sup
m!y

lim sup
j!y

lim sup
n!y

ð
f�m<vn<kþ1g

ðk þ 1� Tkþ1ðvnÞÞjfj dðnþs Þn

a 10ðk þ 1Þ
ð
G

j dn�s a 10ðk þ 1Þn�s ðS�nK�Þ < 10ðk þ 1Þe: ð4:24Þ

By (4.5)

0a lim sup
m!y

lim sup
j!y

lim sup
n!y

ð
fvna�mg

jfj dðnþs Þn

a lim sup
m!y

lim sup
n!y

ð
fvna�mg

j dðnþs Þn a
ð
G

j dn�s a n�s ðS�nK�Þ < e: ð4:25Þ

From (4.22), (4.23), (4.24) and (4.25), we obtain

0a lim sup
n!y

ð
fvn<kg

dðnþs Þn < lim sup
j!y

lim sup
n!y

ð
fvn<kg

jfj dðnþs Þn þ e

< ð10k þ 12Þe:

Since e > 0 is arbitrary, this shows the first equality in (4.21).
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The second equality can be similarly shown.

5th step. If j A LþðGÞ and k > 0, then�����
ð
fjvjakg

½Aðx;DuÞ �Dv�j dxþ
ð
G

½Aðx;DuÞ � ‘j�TkðvÞdx

þ
ð
G

Bðx; uÞTkðvÞj dx�
ð
G

TkðvÞj dna

�����a 5k

ð
G

j dðnþs þ n�s Þ: ð4:26Þ

Proof: For m > 0 let hmðtÞ be as in Step 2. Then TkðvÞjhmðvnÞ A
H

1;p
0 ðG; mÞ and

‘ðTkðvÞjhmðvnÞÞ ¼ ðDvÞwfjvjakgjhmðvnÞ þ ð‘jÞTkðvÞhmðvnÞ

þ 1

m
ð‘vnÞfwf�2m<vn<�mg � wfm<vn<2mggTkðvÞj

a.e. in G. Henceð
fjvjakg

½Aðx;‘unÞ �Dv�jhmðvnÞdxþ
ð
G

½Aðx;‘unÞ � ‘j�TkðvÞhmðvnÞdx

þ 1

m

ð
f�2m<vn<�mg

�
ð
fm<vn<2mg

( )
½Aðx;‘unÞ � ‘vn�TkðvÞj dx

þ
ð
G

Bðx; unÞTkðvÞjhmðvnÞdx ¼
ð
G

TkðvÞjhmðvnÞdnn: ð4:27Þ

Since

jAðx;‘unÞjhmðvnÞw�1=p
a a2j‘unjp�1

w1=p 0
wfjvnj<2mg

a.e., fAðx;‘unÞhmðvnÞw�1=pgn is bounded in Lp 0 ðG; dxÞ by Corollary 2.1. Fur-

ther Aðx;‘unÞhmðvnÞ ! Aðx;DuÞhmðvÞ a.e. in G. Hence

Aðx;‘unÞhmðvnÞw�1=p ! Aðx;DuÞhmðvÞw�1=p

weakly in Lp 0 ðG; dxÞ. Since ðDvÞwfjvjakgjw
1=p ¼ ‘TkðvÞjw1=p A LpðG; dxÞ, it

follows that

lim
n!y

ð
fjvjakg

½Aðx;‘unÞ �Dv�jhmðvnÞdx ¼
ð
fjvjakg

½Aðx;DuÞ �Dv�jhmðvÞdx: ð4:28Þ

Since Aðx;‘unÞ ! Aðx;DuÞ in L1ðG; dxÞ, hmðvnÞ ! hmðvÞ a.e. in G and

fTkðvÞhmðvnÞj‘jjgn is uniformly bounded,

lim
n!y

ð
G

½Aðx;‘unÞ � ‘j�TkðvÞhmðvnÞdx ¼
ð
G

½Aðx;DuÞ � ‘j�TkðvÞhmðvÞdx: ð4:29Þ
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Similarly, since Bðx; unÞ ! Bðx; uÞ in L1ðG; dxÞ, hmðvnÞ ! hmðvÞ a.e. in G and

fTkðvÞhmðvnÞjgn is uniformly bounded,

lim
n!y

ð
G

Bðx; unÞTkðvÞjhmðvnÞdx ¼
ð
G

Bðx; uÞTkðvÞjhmðvÞdx: ð4:30Þ

Also, using Corollary 2.1 again, we see that fTkðvÞjhmðvnÞgn is bounded in

H
1;p
0 ðG; mÞ. Since it is uniformly bounded and tends to TkðvÞjhmðvÞ a.e. in G,

Lemma 3.4 implies that

lim
n!y

ð
G

TkðvÞjhmðvnÞdðnaÞn ¼
ð
G

TkðvÞjhmðvÞdna: ð4:31Þ

Note that 0a hmðvÞa 1 and hmðvÞ ! 1 a.e. as well as jnaj-a.e. in G as

m ! y. Thus, combining (4.28), (4.29), (4.30) and (4.31), and letting

m ! y, we have

lim
m!y

lim
n!y

(ð
fjvjakg

½Aðx;‘unÞ �Dv�jhmðvnÞdx

þ
ð
G

½Aðx;‘unÞ � ‘j�TkðvÞhmðvnÞdx

þ
ð
G

Bðx; unÞTkðvÞjhmðvnÞdx�
ð
G

TkðvÞjhmðvnÞdðnaÞn

)

¼
ð
fjvjakg

½Aðx;DuÞ �Dv�j dxþ
ð
G

½Aðx;DuÞ � ‘j�TkðvÞdx

þ
ð
G

Bðx; uÞTkðvÞj dx�
ð
G

TkðvÞj dna: ð4:32Þ

By Lemma 4.3,ð
f�2m<vn<�mg

�
ð
fm<vn<2mg

( )
½Aðx;‘unÞ � ‘vn�TkðvÞj dx

�����
�����

a 2k

ð
fm<jvnj<2mg

½Aðx;‘unÞ � ‘un�j dxþ ckkjky
ð
G

j‘yjpdm:

Hence, by (4.2) and (4.4),

lim sup
m!y

lim sup
n!y

1

m

ð
f�2m<vn<�mg

�
ð
fm<vn<2mg

( )
½Aðx;‘unÞ � ‘vn�TkðvÞj dx

�����
�����

a 4k

ð
G

j dðnþs þ n�s Þ: ð4:33Þ
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Since j
Ð
G
TkðvÞjhmðvnÞdðnsÞnja k

Ð
G
j dððnþs Þn þ ðn�s ÞnÞ ! k

Ð
G
j dðnþs þ n�s Þ

ðn ! yÞ, we obtain (4.26) from (4.27), (4.32) and (4.33).

6th step.

lim
n!y

ð
G

Aðx;‘unÞ � ‘TkðvnÞdx ¼
ð
G

Aðx;DuÞ � ‘TkðvÞdx ð4:34Þ

for every k > 0.

Proof: First we show

lim sup
n!y

ð
G

½Aðx;‘unÞ � ‘TkðvnÞ�j dx�
ð
G

½Aðx;DuÞ � ‘TkðvÞ�j dx

����
����

a 6k

ð
G

j dðnþs þ n�s Þ ð4:35Þ

for any j A LþðGÞ.
Since TkðvnÞj A H

1;p
0 ðG; mÞ,

ð
G

½Aðx;‘unÞ � ‘TkðvnÞ�j dxþ
ð
G

½Aðx;‘unÞ � ‘j�TkðvnÞdx

þ
ð
G

Bðx; unÞTkðvnÞj dx ¼
ð
G

TkðvnÞj dnn: ð4:36Þ

By the same arguments as those showing (4.29), (4.30) and (4.31), we

see

lim
n!y

ð
G

½Aðx;‘unÞ � ‘j�TkðvnÞdx ¼
ð
G

½Aðx;DuÞ � ‘j�TkðvÞdx;

lim
n!y

ð
G

Bðx; unÞTkðvnÞj dx ¼
ð
G

Bðx; uÞTkðvÞj dx

and

lim
n!y

ð
G

TkðvnÞj dðnaÞn ¼
ð
G

TkðvÞj dna:

Hence from (4.36) we obtain

lim sup
n!y

����
ð
G

½Aðx;‘unÞ � ‘TkðvnÞ�j dxþ
ð
G

½Aðx;DuÞ � ‘j�TkðvÞdx

þ
ð
G

Bðx; uÞTkðvÞj dx�
ð
G

TkðvÞj dna

����
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a lim sup
n!y

ð
G

jTkðvnÞjj dððnþs Þn þ ðn�s ÞnÞ

a lim
n!y

k

ð
G

j dððnþs Þn þ ðn�s ÞnÞ ¼ k

ð
G

j dðnþs þ n�s Þ:

Combining this inequality with (4.26), we have (4.35).

Next, given e > 0, choose compact sets Kþ HSþ and K� HS� such that

nþs ðSþnKþÞ < e and n�s ðS�nK�Þ < e. Since capp;mðKþÞ ¼ capp;mðK�Þ ¼ 0, we

can choose nonincreasing sequences ffðþÞ
j g and ffð�Þ

j g in Cy
0 ðGÞ such that

0a f
ðGÞ
j a 1 in G, f

ðþÞ
j ¼ 1 on Kþ, f

ð�Þ
j ¼ 1 on K�, ðspt fðþÞ

1 ÞV ðspt fð�Þ
1 Þ ¼ q,

f
ðGÞ
j ! 0 ðp; mÞ-q.e. in G and

Ð
G
j‘fðGÞ

j jpdm ! 0 ð j ! yÞ. Set jj ¼ f
ðþÞ
1 f

ðþÞ
j þ

f
ð�Þ
1 f

ð�Þ
j . Then, 0a jj a 1 and jj ¼ 1 on Kþ UK�. Hence,ð

G

ð1� jjÞdðnþs þ n�s Þa nþs ðSþnKþÞ þ n�s ðS�nK�Þ < 2e;

so that by (4.35)

lim sup
n!y

����
ð
G

½Aðx;‘unÞ � ‘TkðvnÞ�ð1� jjÞdx

�
ð
G

½Aðx;DuÞ � ‘TkðvÞ�ð1� jjÞdx
����a 12ke ð4:37Þ

for every j. On the other hand, by (4.18) we have

lim sup
j!y

lim sup
n!y

ð
G

½Aðx;‘unÞ � ‘TkðvnÞ�jj dx
����

����
a 40k

ð
G

f
ðþÞ
1 dn�s þ

ð
G

f
ð�Þ
1 dnþs

� �

a 40kðn�s ðS�nK�Þ þ nþs ðSþnKþÞÞ < 80ke: ð4:38Þ

Since Aðx;DuÞ � ‘TkðvÞ A L1ðG; dxÞ by Lemma 4.2, Lebesgue’s convergence

theorem implies

lim
j!y

ð
G

½Aðx;DuÞ � ‘TkðvÞ�jj dx ¼ 0: ð4:39Þ

Now, by (4.37), (4.38) and (4.39)

lim sup
n!y

ð
G

Aðx;‘unÞ � ‘TkðvnÞdx�
ð
G

Aðx;DuÞ � ‘TkðvÞdx
����

����a 92ke:

Since e > 0 is arbitrary, this means (4.34).
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7th step.

Aðx;‘TkðvnÞ þ ‘yÞw�1=p ! Aðx;‘TkðvÞ þ ‘yÞw�1=p

in Lp 0 ðG; dxÞ for every k > 0.

Proof: Since

ðjAðx;‘TkðvnÞ þ ‘yÞjw�1=pÞp
0
a a

p 0

2 j‘TkðvnÞ þ ‘yjpw

a a�1
1 a

p 0

2 ½Aðx;‘TkðvnÞ þ ‘yÞ � ð‘TkðvnÞ þ ‘yÞ�

a.e., using Lemma 4.3 we have

ðjAðx;‘TkðvnÞ þ ‘yÞjw�1=pÞp
0
aC1½Aðx;‘unÞ � ‘TkðvnÞ� þ C2j‘yjpw

a.e., where C1 ¼ 2a�1
1 a

p 0

2 and C2 ¼ C2ðp; a1; a2Þ > 0. Similarly, we have

ðjAðx;‘TkðvÞ þ ‘yÞjw�1=pÞp
0
aC1½Aðx;DuÞ � ‘TkðvÞ� þ C2j‘yjpw

a.e. Hence

jAðx;‘TkðvnÞ þ ‘yÞw�1=p �Aðx;‘TkðvÞ þ ‘yÞw�1=pjp
0

aC 0
1f½Aðx;‘unÞ � ‘TkðvnÞ� þ ½Aðx;DuÞ � ‘TkðvÞ�g þ C 0

2j‘yj
p
w

a.e. with C 0
1 ¼ 2p 0

C1 and C 0
2 ¼ 2p 0

C2. Now, consider the functions

fn ¼ C 0
1f½Aðx;‘unÞ � ‘TkðvnÞ� þ ½Aðx;DuÞ � ‘TkðvÞ�g þ C 0

2j‘yj
p
w

� jAðx;‘TkðvnÞ þ ‘yÞw�1=p �Aðx;‘TkðvÞ þ ‘yÞw�1=pjp
0
:

Then fn b 0 a.e. for each n and fn ! 2C 0
1½Aðx;DuÞ � ‘TkðvÞ� þ C 0

2j‘yj
p
w a.e. as

n ! y. Hence by Fatou’s lemma

2C 0
1

ð
G

Aðx;DuÞ � ‘TkðvÞdxþ C 0
2

ð
G

j‘yjpdma lim inf
n!y

ð
G

fn dx

¼ C 0
1 lim

n!y

ð
G

Aðx;‘unÞ � ‘TkðvnÞdxþ
ð
G

Aðx;DuÞ � ‘TkðvÞdx
� �

þ C 0
2

ð
G

j‘yjpdm

� lim sup
n!y

ð
G

jAðx;‘TkðvnÞ þ ‘yÞw�1=p �Aðx;‘TkðvÞ þ ‘yÞw�1=pjp
0
dx:

Therefore by (4.34),

lim sup
n!y

ð
G

jAðx;‘TkðvnÞ þ ‘yÞw�1=p �Aðx;‘TkðvÞ þ ‘yÞw�1=pjp
0
dxa 0:
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8th step. Let l A L, c A H
1;p
0 ðG; mÞVLyðGÞ, j A LðGÞ and either

lð0Þ ¼ 0 or j A H
1;p
0 ðG; mÞ. Let lðtÞ ¼ lðyÞ for tbM and lðtÞ ¼ lð�yÞ

for ta�M. Let k ¼ M þ kcky. Then lðvn þ cÞ ¼ lðTkðvnÞ þ cÞ and

lðvn þ cÞj A H
1;p
0 ðG; mÞ by Lemma 4.1. Henceð

G

Aðx;‘unÞ � ‘½lðvn þ cÞj�dxþ
ð
G

Bðx; unÞlðvn þ cÞj dx

¼
ð
G

lðvn þ cÞj dnn: ð4:40Þ

Since j‘lðvn þ cÞja kl 0kyðj‘TkðvnÞj þ j‘cjÞ, Corollary 2.1 implies that the

sequence f
Ð
G
j‘lðvn þ cÞjpdmgn is bounded. Also, flðvn þ cÞgn is uniformly

bounded and lðvn þ cÞ ! lðvþ cÞ a.e. Hence ‘lðvn þ cÞ ! ‘lðvþ cÞ weakly

in LpðG; mÞ (cf. [6, Theorem 1.32]) and hence

‘lðvn þ cÞw1=p ! ‘lðvþ cÞw1=p weakly in LpðG; dxÞ:

Since j is bounded, from the result in the previous step it follows that

lim
n!y

ð
G

½Aðx;‘unÞ � ‘lðvn þ cÞ�j dx ¼
ð
G

½Aðx;DuÞ � ‘lðvþ cÞ�j dx: ð4:41Þ

In the same way as those for the proof of (4.29), (4.30), (4.31), we have

lim
n!y

ð
G

½Aðx;‘unÞ � ‘j�lðvn þ cÞdx ¼
ð
G

½Aðx;DuÞ � ‘j�lðvþ cÞdx; ð4:42Þ

lim
n!y

ð
G

Bðx; unÞlðvn þ cÞj dx ¼
ð
G

Bðx; uÞlðvþ cÞj dx; ð4:43Þ

lim
n!y

ð
G

lðvn þ cÞj dðnaÞn ¼
ð
G

lðvþ cÞj dna: ð4:44Þ

As to the integral with respect to ns, we haveð
G

lðvn þ cÞj dðnþs Þn � lðyÞ
ð
G

j dðnþs Þn
����

����
a

ð
G

jlðvn þ cÞ � lðyÞj jjjdðnþs Þn

a 2klkykjky
ð
fvn<kg

dðnþs Þn ! 0 ðn ! yÞ

by (4.21). Since
Ð
G
j dðnþs Þn !

Ð
G
j dnþs , it follows that

lim
n!y

ð
G

lðvn þ cÞj dðnþs Þn ¼ lðyÞ
ð
G

j dnþs : ð4:45Þ
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Similarly we have

lim
n!y

ð
G

lðvn þ cÞj dðn�s Þn ¼ lð�yÞ
ð
G

j dn�s : ð4:46Þ

Combining (4.40), (4.41), (4.42), (4.43), (4.44), (4.45) and (4.46), we finally

obtain (4.1).

Final step. In order to show that we can take u to be ðA;BÞ-harmonic in

GnðsptjnjÞ, we consider the solutions u
ðþÞ
n (resp. u

ð�Þ
n ) of Lu ¼ ðnaÞþn þ ðnþs Þn

(resp. Lu ¼ �ðnaÞ�n � ðn�s Þn) with boundary data y. By Theorem 2.2, u
ð�Þ
n a

un a u
ðþÞ
n a.e. in G for all n. By the above arguments, we may assume that

u
ðþÞ
n ! uðþÞ and u

ð�Þ
n ! uð�Þ a.e. in G and that uðþÞ (resp. uð�Þ) is a (renor-

malized) solution of Lu ¼ nþ (resp. Lu ¼ n�) with boundary data y. Then

uð�Þ a ua uðþÞ a.e. in G. We can take uðþÞ to be ðA;BÞ-superharmonic in G

(cf. the proof of [14, Theorem 3.2 and Lemma 3.4]). Likewise, we can take

uð�Þ to be ðA;BÞ-subharmonic in G.

Now, let U and U 0 be open sets such that U TU 0 TGnðsptjnjÞ. Set

R ¼ dist ðqU 0;UÞ=2. Then, by [14, Theorem 4.1]

uðþÞðxÞa c
1

mðBðx;RÞÞ

ð
Bðx;RÞ

ðmaxðuðþÞ; 0ÞÞgdm
 !1=g

þ Rp=ðp�1Þ

for all x A U with g > p� 1 and a constant c > 0 which is independent of

x. Here, we used the fact that nþ ¼ 0 on U 0, so that the Wol¤ potential

W nþ

p;mðx; 2RÞ ¼ 0 for every x A U . We know (see, Theorem 3.1 or [14, Theorem

2.3]) that uðþÞ A LgðU 0; mÞ for g < minðp; kðp� 1ÞÞ. By the doubling property

for m, we see that

1

mðBðx;RÞÞ

ð
Bðx;RÞ

ðmaxðuðþÞ; 0ÞÞgdmaC

ð
U 0

juðþÞjgdm < y

for all x A U with a constant C independent of x. It follows that uðþÞ is

bounded from above on U .

Similarly, we can show that uð�Þ is bounded from below on U . Since

uð�Þ a ua uðþÞ a.e., we conclude that u is essentially bounded on U . Let hy be

the ðA;BÞ-harmonic function in G such that hy � y A H
1;p
0 ðG; mÞ. Then u� hy

is also essentially bounded on U . Hence u� hy ¼ Tkðu� hyÞ a.e. on U for

some k > 0. Since Tkðu� hyÞ A H
1;p
0 ðG; mÞ, it follows that u A H 1;pðU ; mÞ.

Thus, (4.1) with l ¼ 1 and j A Cy
0 ðGÞ such that ðspt jÞHU implies that u can

be taken to be ðA;BÞ-harmonic in U .

5. Some properties of renormalized solutions

Throughout this section, let y A H 1;pðG; mÞ and n be a finite signed measure

on G.
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Proposition 5.1. Let u be a renormalized solution of Lu ¼ n with boundary

data y. If l A L and lðyÞ ¼ lð�yÞ ¼ 0, thenð
G

Aðx;DuÞ � ‘ðlðu� yþ cÞjÞdxþ
ð
G

Bðx; uÞlðu� yþ cÞj dx

¼
ð
G

lðu� yþ cÞj dna ð5:1Þ

for j;c A H
1;p
0 ðG; mÞVLyðGÞ.

Proof. By (4.1), (5.1) holds for j A LðGÞVH
1;p
0 ðG; mÞ and c A H

1;p
0 ðG; mÞ

VLyðGÞ. If j A H
1;p
0 ðG; mÞVLyðGÞ, then we can choose a uniformly bounded

sequence fjjg in Cy
0 ðGÞ such that jj ! j in H

1;p
0 ðG; mÞ as well as ðp; mÞ-q.e. in

G.

Let v ¼ u� y. Since Aðx;DuÞ � ‘lðvþ cÞ A L1ðG; dxÞ as in the proof of

Lemma 4.2 and Bðx; uÞlðvþ cÞ A L1ðG; dxÞ, Lebesgue’s convergence theorem

implies

lim
j!y

ð
G

½Aðx;DuÞ � ‘lðvþ cÞ�jj dx ¼
ð
G

½Aðx;DuÞ � ‘lðvþ cÞ�j dx

and

lim
j!y

ð
G

Bðx; uÞlðvþ cÞjj dx ¼
ð
G

Bðx; uÞlðvþ cÞj dx:

Also, since jj ! j jnaj-a.e.,

lim
j!y

ð
G

lðvþ cÞjj dna ¼
ð
G

lðvþ cÞj dna:

Finally, let lðtÞ ¼ 0 for jtjbM. Then, for k > M þ kcky,

lðvþ cÞAðx;DuÞ ¼ lðvþ cÞAðx;‘TkðvÞ þ ‘yÞ:

Since jAðx;‘TkðvÞ þ ‘yÞjw�1=p A Lp 0 ðG; dxÞ and ‘jjw
1=p ! ‘jw1=p in

LpðG; dxÞ,

lim
j!y

ð
G

½Aðx;DuÞ � ‘jj�lðvþ cÞdx ¼
ð
G

½Aðx;DuÞ � ‘j�lðvþ cÞdx:

Hence by letting j ! y in (5.1) with jj , we obtain (5.1) for this j.

Let CbðGÞ be the set of all bounded continuous functions on G and Cþ
b ðGÞ

be the set of nonnegative functions in CbðGÞ.

Proposition 5.2. Let u A UðyÞ be a renormalized solution of Lu ¼ n in G

and set v ¼ u� y. Let jðkÞb 1 for every k > 0. Then
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(1)

lim
k!y

1

jðkÞ

ð
fk<v<kþjðkÞg

½Aðx;DuÞ �Dv�j dx ¼
ð
G

j dnþs ð5:2Þ

and

lim
k!y

1

jðkÞ

ð
f�k�jðkÞ<v<�kg

½Aðx;DuÞ �Dv�j dx ¼
ð
G

j dn�s ð5:3Þ

for j A CbðGÞ;
(2)

lim
k!y

1

jðkÞ

ð
fk<v<kþjðkÞg

½Aðx;DuÞ �Du�j dx ¼
ð
G

j dnþs ð5:4Þ

and

lim
k!y

1

jðkÞ

ð
f�k�jðkÞ<v<�kg

½Aðx;DuÞ �Du�j dx ¼
ð
G

j dn�s ð5:5Þ

for j A CbðGÞ.

Proof. First, let j A LðGÞ. For each k > 0, let lkðtÞ ¼
maxð0;TjðkÞðt� kÞ=jðkÞÞ. Then, lk A L and lkð0Þ ¼ 0, so that by (4.1)

1

jðkÞ

ð
fk<v<kþ jðkÞg

½Aðx;DuÞ �Dv�j dxþ
ð
fv>kg

½Aðx;DuÞ � ‘j�lkðvÞdx

þ
ð
fv>kg

Bðx; uÞlkðvÞj dx ¼
ð
fv>kg

lkðvÞj dna þ
ð
G

j dnþs : ð5:6Þ

Since jAðx;DuÞ � ‘jj A L1ðG; dxÞ, jBðx; uÞjj A L1ðG; dxÞ, j A L1ðG; jnajÞ and

v < y a.e. as well as jnaj-a.e.,

lim
k!y

ð
fv>kg

jAðx;DuÞ � ‘jjdx ¼ lim
k!y

ð
fv>kg

jBðx; uÞjjdx

¼ lim
k!y

ð
fv>kg

jjjdjnaj ¼ 0:

Hence, (5.6) implies (5.2) for j A LðGÞ. Similarly, we obtain (5.3) for j A LðGÞ.
Next, we show

lim
k!y

1

jðkÞ

ð
Ek

jAðx;DuÞ � ‘yjdx ¼ 0; ð5:7Þ

where Ek ¼ fk < jvj < k þ jðkÞg. By Lemma 4.3 and (A.2), jDujpwa

ð2=a1Þ½Aðx;DuÞ �Dv� þ cj‘yjpw a.e. with c ¼ cðp; a1; a2Þ > 0. Since
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lim
k!y

ð
fjvj>kg

j‘yjpdm ¼ 0;

it follows from (5.2) and (5.3) with j ¼ 1 that

lim sup
k!y

1

jðkÞ

ð
Ek

jDujpdma 2

a1
jnsjðGÞ:

By (A.3) and Hölder’s inequality

1

jðkÞ

ð
Ek

jAðx;DuÞ � ‘yjdx

a a2
1

jðkÞ

ð
Ek

jDujpdm
� �ðp�1Þ=p 1

jðkÞ

ð
fjvj>kg

j‘yjpdm
 !1=p

:

Hence we have (5.7).

By (5.7), we immediately obtain (5.4) and (5.5) from (5.2) and (5.3) when

j A LðGÞ. Now, let j A Cþ
b ðGÞ. Let fk ¼ ð1=jðkÞÞ½Aðx;DuÞ �Du�wfk<v<kþjðkÞg

for simplicity. Note that fk b 0. Then (5.4) for c A Cy
0 ðGÞ impliesð

G

j dnþs ¼ sup

ð
G

c dnþs

����c A Cy
0 ðGÞ; 0aca j

� �

¼ sup lim
k!y

ð
G

fkc dx

����c A Cy
0 ðGÞ; 0aca j

� �

a lim inf
k!y

ð
G

fkj dx: ð5:8Þ

If M ¼ kjky, then applying (5.8) for M � j in place of j, we have

ð
G

ðM � jÞdnþs a lim inf
k!y

ð
G

fkðM � jÞdx:

Since (5.4) holds for j ¼ M, it follows thatð
G

j dnþs b lim sup
k!y

ð
G

fkj dx:

This, together with (5.8), shows that (5.4) holds for j A Cþ
b ðGÞ, and hence for

all j A CbðGÞ. Similarly, we see that (5.5) holds for all j A CbðGÞ.
Finally we deduce from (5.7) that (5.2) and (5.3) also hold for all

j A CbðGÞ.

Corollary 5.1. If u A UðyÞ is a renormalized solution of Lu ¼ n, then
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1

a2

ð
G

j dnþs a lim inf
k!y

ð
fk<v<kþ1g

jDujpj dm

a lim sup
k!y

ð
fk<v<kþ1g

jDujpj dma
1

a1

ð
G

j dnþs

and

1

a2

ð
G

j dn�s a lim inf
k!y

ð
f�k�1<v<�kg

jDujpj dm

a lim sup
k!y

ð
f�k�1<v<�kg

jDujpj dma
1

a1

ð
G

j dn�s

for j A Cþ
b ðGÞ, where v ¼ u� y.

Corollary 5.2. If u A UðyÞ is a renormalized solution of Lu ¼ n and if E

is a relatively closed subset of G such that jnsjðEÞ ¼ 0, then

lim
k!y

ð
fk<ju�yj<kþ1gVE

jDujpdm ¼ 0:

Proof. Let v ¼ u� y and let Sþ and S� be as in the proof of Theorem

4.1. We may assume that E V ðSþ US�Þ ¼ q. Given e > 0, choose a com-

pact set KH ðSþ US�Þ such that jnsjððSþ US�ÞnKÞ < e and choose c A Cy
0 ðGÞ

such that c ¼ 1 on K , 0aca 1 in G and c ¼ 0 on E. Applying Corollary

5.1 with j ¼ 1� c, we have

lim sup
k!y

ð
fk<jvj<kþ1gVE

jDujpdma lim sup
k!y

ð
fk<jvj<kþ1g

jDujpð1� cÞdm

a
2

a1

ð
G

ð1� cÞdjnsj <
2

a1
e:

This shows the required result.

6. Uniqueness results

In this section, we give two types of uniqueness of renormalized solutions.

Uniqueness in the general case is not known (cf. [4, Section 10]).

6.1. The case jnjW capp;m

Theorem 6.1. Given y A H 1;pðG; mÞ and a finite signed measure n on G, if

jnjW capp;m, then the renormalized solution of Lu ¼ n with boundary data y is

unique.

Proof. Let u1 and u2 be renormalized solutions of Lu ¼ n with the same

boundary data y. Let vi ¼ ui � y, i ¼ 1; 2. By assumption, na ¼ n and ns ¼ 0.
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Thus, by taking l ¼ Tk for k > 0, c ¼ �TmðviÞ or �TmðvjÞ for m > 0 and j ¼ 1

in (4.1),ð
G

Aðx;DuiÞ � ‘Tkðvi � TmðvjÞÞdxþ
ð
G

Bðx; uiÞTkðvi � TmðvjÞÞdx

¼
ð
G

Tkðvi � TmðvjÞÞdn ði; j ¼ 1; 2; i0 jÞ: ð6:1Þ

Fix k > 0 and for m > k let

A0ðmÞ ¼ fju1 � u2j < k; jv1j < m; jv2j < mg:
Thenð

A0ðmÞ
Aðx;DuiÞ � ‘Tkðvi � TmðvjÞÞdx ¼

ð
A0ðmÞ

Aðx;DuiÞ � ðDui �DujÞdx: ð6:2Þ

Next, let

AiðmÞ ¼ fjvi � TmðvjÞj < k; jvj jbmg
and

A 0
i ðmÞ ¼ fjvi � TmðvjÞj < k; jvijbm; jvjj < mg

ði; j ¼ 1; 2; i0 jÞ. Thenð
A1ðmÞ

Aðx;Du1Þ � ‘Tkðv1 � Tmðv2ÞÞdx ¼
ð
A1ðmÞ

Aðx;Du1Þ �Dv1 dx

b�
ð
A1ðmÞ

Aðx;Du1Þ � ‘y dx ð6:3Þ

andð
A 0

1
ðmÞ

Aðx;Du1Þ � ‘Tkðv1 � Tmðv2ÞÞdx

¼
ð
A 0

1
ðmÞ

Aðx;Du1Þ � ðDu1 �Du2Þdxb�
ð
A 0

1
ðmÞ

Aðx;Du1Þ �Du2 dx: ð6:4Þ

Since fjv1 � Tmðv2Þj < kg ¼ A0ðmÞUA1ðmÞUA 0
1ðmÞ (disjoint union), (6.2), (6.3)

and (6.4) implyð
G

Aðx;Du1Þ � ‘Tkðv1 � Tmðv2ÞÞdx

b

ð
A0ðmÞ

Aðx;Du1Þ � ðDu1 �Du2Þdx

�
ð
A1ðmÞ

Aðx;Du1Þ � ‘y dx�
ð
A 0

1
ðmÞ

Aðx;Du1Þ �Du2 dx: ð6:5Þ
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Similarly, we obtainð
G

Aðx;Du2Þ � ‘Tkðv2 � Tmðv1ÞÞdx

b

ð
A0ðmÞ

Aðx;Du2Þ � ðDu2 �Du1Þdx

�
ð
A2ðmÞ

Aðx;Du2Þ � ‘y dx�
ð
A 0

2
ðmÞ

Aðx;Du2Þ �Du1 dx: ð6:6Þ

Now, let A�
0 ðmÞ ¼ fjv1j < m; jv2j < mg. Thenð

A �
0
ðmÞ

Bðx; u1ÞTkðv1 � Tmðv2ÞÞdxþ
ð
A�

0
ðmÞ

Bðx; u2ÞTkðv2 � Tmðv1ÞÞdx

¼
ð
A �

0
ðmÞ

ðBðx; u1Þ �Bðx; u2ÞÞTkðu1 � u2Þdxb 0 ð6:7Þ

and ð
A�

0
ðmÞ

ðTkðv1 � Tmðv2ÞÞ þ Tkðv2 � Tmðv1ÞÞdn

¼
ð
A�

0
ðmÞ

ðTkðu1 � u2Þ þ Tkðu2 � u1ÞÞdn ¼ 0: ð6:8Þ

Combining (6.1), (6.5), (6.6), (6.7) and (6.8), we obtainð
A0ðmÞ

fAðx;Du1Þ �Aðx;Du2Þg � ðDu1 �Du2Þdx

a

ð
A1ðmÞ

jAðx;Du1Þj j‘yjdxþ
ð
A2ðmÞ

jAðx;Du2Þj j‘yjdx

þ
ð
A 0

1
ðmÞ

jAðx;Du1Þj jDu2jdxþ
ð
A 0

2
ðmÞ

jAðx;Du2Þj jDu1jdx

þ k

ð
fjv1jbmgUfjv2jbmg

fjBðx; u1Þj þ jBðx; u2Þjgdx

þ k

ð
fjv1jbmgUfjv2jbmg

djnj: ð6:9Þ

Since AiðmÞH fm� ka jvij < mþ kg and A 0
i ðmÞH fma jvij < mþ kgV

fm� ka jvjj < mg, as in the proof of Proposition 5.2, we see

lim
m!y

ð
AiðmÞ

jAðx;DuiÞj j‘yjdx ¼ 0 ði ¼ 1; 2Þ
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and

lim
m!y

ð
A 0

i
ðmÞ

jAðx;DuiÞj jDujjdx ¼ 0 ði; j ¼ 1; 2; i0 jÞ:

Since Bðx; uiÞ A L1ðG; dxÞ, jvij < y jnj-a.e. and jnjðGÞ < y, the last two

terms in (6.9) also tend to 0 as m ! y. Therefore, letting m ! y in (6.9), we

have ð
fju1�u2j<kg

fAðx;Du1Þ �Aðx;Du2Þg � ðDu1 �Du2Þdxa 0:

Hence, by (A.4), Du1 ¼ Du2 a.e. in fju1 � u2j < kg. Since this holds for

all k > 0, Du1 ¼ Du2 a.e. in G, so that Dv1 ¼ Dv2 a.e. in G. Thus,

‘Tkðv1Þ ¼ ‘Tkðv2Þ a.e. in G for all k > 0. Since TkðviÞ A H
1;p
0 ðG; mÞ,

i ¼ 1; 2, it follows that Tkðv1Þ ¼ Tkðv2Þ ðp; mÞ-q.e. in G for all k > 0, which

shows v1 ¼ v2 or u1 ¼ u2 ðp; mÞ-q.e. in G.

Remark. The above proof shows the uniqueness of ‘‘entropy solutions’’

(see the Remark after (4.1)) in case jnjW capp;m.

Theorem 6.2. Let y1; y2 A H 1;pðG; mÞ and nj ð j ¼ 1; 2Þ be finite signed

measures on G such that jnj jW capp;m. Let uj be the renormalized solutions of

Lu ¼ nj with boundary data yj ð j ¼ 1; 2Þ. If maxðy1 � y2; 0Þ A H
1;p
0 ðG; mÞ and

n1 a n2, then u1 a u2 ðp; mÞ-q.e. in G.

Proof. By Lemma 4.5 we can choose Borel sets Eþ
n HG and E�

n HG

ðn ¼ 1; 2; . . .Þ such that fEþ
n g, fE�

n g are nondecreasing, nþ2 ðGn6n
Eþ
n Þ ¼ 0,

n�1 ðGn6
n
E�
n Þ ¼ 0, wEþ

n
nþ2 A ðH 1;p

0 ðG; mÞÞ� and wE�
n
n�1 A ðH 1;p

0 ðG; mÞÞ� for all

n. Then nþ1 ðGn6
n
Eþ
n Þ ¼ 0, n�2 ðGn6

n
E�
n Þ ¼ 0, wEþ

n
nþ1 A ðH 1;p

0 ðG; mÞÞ� and

wE�
n
n�2 A ðH 1;p

0 ðG; mÞÞ� for all n.

Let n
ð jÞ
n ¼ wEþ

n
nþj � wE�

n
n�j , and let u

ð jÞ
n be the solution of Lu ¼ n

ð jÞ
n such

that u
ð jÞ
n � yj A H

1;p
0 ðG; mÞ ð j ¼ 1; 2Þ. Since n

ð1Þ
n a n

ð2Þ
n , u

ð1Þ
n a u

ð2Þ
n ðp; mÞ-q.e. by

Theorem 2.2. By Theorem 3.1 and the proof of Theorem 4.1, there exist

subsequences fuð jÞnm gm, j ¼ 1; 2, which converge to renormalized solutions uð jÞ of

Lu ¼ nj with boundary data yj a.e. in G. By the above theorem, uð jÞ ¼ uj
ðp; mÞ-q.e. for each j ¼ 1; 2. Obviously, uð1Þ a uð2Þ a.e., so that u1 a u2 ðp; mÞ-
q.e.

Theorem 6.3. Let y1; y2 A H 1;pðG; mÞ and n be a finite signed measure on

G such that jnjW capp;m. Let uj be the renormalized solution of Lu ¼ n with

boundary data yj , j ¼ 1; 2. Then ju1 � u2ja ky1 � y2kqG ðp; mÞ-q.e. in G, where

ky1 � y2kqG ¼ inffd > 0 : maxðjy1 � y2j � d; 0Þ A H
1;p
0 ðG; mÞg:
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Proof. We may assume ky1 � y2kqG < y. Let d > ky1 � y2kqG and let

u1; d be the renormalized solution of Lu ¼ n with boundary data y1 þ d. Since

maxðy2 � ðy1 þ dÞ; 0Þ A H
1;p
0 ðG; mÞ, Theorem 6.2 implies u2 a u1; d ðp; mÞ-q.e.

Next, let nd ¼ nþ ðBðx; u1 þ dÞ �Bðx; u1ÞÞdx. Then nd is a finite signed

measure on G such that nd W capp;m and nd b n. Since u1 þ d is a renor-

malized solution of Lu ¼ nd with boundary data y1 þ d, Theorem 6.2 implies

u1; d a u1 þ d ðp; mÞ-q.e. Hence, u2 a u1 þ d ðp; mÞ-q.e. Similarly, we see that

u1 a u2 þ d ðp; mÞ-q.e., and hence ju1 � u2ja d ðp; mÞ-q.e. in G. Hence the

conclusion of the theorem holds.

6.2. The linear case

In this subsection, we consider the linear case, namely the case

Aðx; xÞ ¼ AðxÞx and Bðx; tÞ ¼ bðxÞt;

where AðxÞ is a linear operator RN ! RN (i.e., an N �N-matrix) for each

x A G such that x ! AðxÞ is measurable in G and

AðxÞx � xb a1wðxÞjxj2 and jAðxÞxja a2wðxÞjxj(AL)

for a.e. x A G with positive constants a1 and a2; bðxÞ is a measurable function

on G such that

0a bðxÞa bwðxÞ(BL)

for a.e. x A G with a nonnegative constant b. Then A satisfies (A.1)–(A.4)

and B satisfies (B.1)–(B.3) with p ¼ 2. Thus

Lu ¼ �div AðxÞ‘uþ bðxÞu:

As in [4], we use the adjoint operator L� of L:

L�u ¼ �div AðxÞ�‘uþ bðxÞu;

where AðxÞ� is the adjoint operater of AðxÞ for each x A G.

Lemma 6.1. Let c A LyðGÞ. Then the solution of L�u ¼ cw belonging to

H
1;2
0 ðG; mÞ is bounded continuous.

Proof. Let Aðx; xÞ ¼ AðxÞ�x and Bðx; tÞ ¼ bðxÞt� cðxÞwðxÞ ðx A GÞ.
Then they satisfy (A.1), (A.2), (A.3), (A.4), (B.1), (B.3) and (B.2) with D ¼ G

and a3ðDÞ ¼ b þM in [MO1] with p ¼ 2. Since L�u ¼ cw can be written

as

�div Aðx;‘uÞ þBðx; uÞ ¼ 0;
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the existence of the solution u of L�u ¼ cw with u A H 1;2
0 ðG; mÞ is assured by

Theorem 2.1, and by [8, Theorem 1.1] u is continuous.

To show that u is bounded, let

A1ðx; xÞ ¼
AðxÞ�x; if x A G

wðxÞx; if x A RNnG

�

and

B1ðxÞ ¼
kckywðxÞ; if x A G

0; if x A RNnG:

�

Then A1 satisfies (A.1)–(A.4) on RN � RN and GB1 satisfies (B.1)–(B.3) on

RN � R (with p ¼ 2). Further note that

jBðx; 0ÞjaB1ðxÞ for x A G: ð6:10Þ

Let Lþu ¼ �div A1ðx;‘uÞ �B1ðxÞ and L�u ¼ �div A1ðx;‘uÞ þB1ðxÞ.
Take a ball B such that GTB. Let uðþÞ (resp. uð�Þ) be the continuous

solution of Lþu ¼ 0 (resp. L�u ¼ 0) on B belonging to H
1;2
0 ðB; mÞ. Since

B1 b 0, the comparison principle (cf. [8, Proposition 1.1]) implies that uþ b 0

and u� a 0 in B and hence Bðx; uð�ÞÞaBðx; 0ÞaBðx; uðþÞÞ for x A G. Thus,

by (6.10), L�uðþÞ � cwbLþuðþÞ ¼ 0 and L�uð�Þ � cwaL�uð�Þ ¼ 0 in G.

Hence, again by the comparison principle, uð�Þ a ua uðþÞ in G. Since uðþÞ

and uð�Þ are continuous in B, they are bounded on G. Therefore, u is bounded

on G.

Theorem 6.4. Let y A H 1;2ðG; mÞ, n be a (general) finite signed measure on

G and let hL
y be the solution of Lu ¼ 0 in G such that hL

y � y A H
1;2
0 ðG; mÞ. If u

is a renormalized solution of Lu ¼ n in G with boundary data y, thenð
G

uc dm ¼
ð
G

hL
y c dmþ

ð
G

u�
c dn: ð6:11Þ

for any c A LyðGÞ, where u�
c denotes the solution of L�u ¼ cw in G belonging to

H
1;2
0 ðG; mÞVCbðGÞ.

Proof. Let hmðtÞ ¼ maxðminðmþ 1� jtj; 1Þ; 0Þ ðm > 0Þ. Then hm A L,

hmðyÞ ¼ hmð�yÞ ¼ 0 and hmðtÞ ! 1 as m ! y. Let v ¼ u� y. Since

u�
c A H

1;2
0 ðG; mÞ and it is bounded by Lemma 6.1, by Proposition 5.1 we

have ð
G

AðxÞDu � ‘½hmðvÞu�
c�dxþ

ð
G

bðxÞuhmðvÞu�
c dx ¼

ð
G

hmðvÞu�
c dna;

so that
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ð
G

½AðxÞDu � ‘u�
c�hmðvÞdx

�
ð
fm<v<mþ1g

½AðxÞDu �Dv�u�
c dxþ

ð
f�m�1<v<�mg

½AðxÞDu �Dv�u�
c dx

þ
ð
G

bðxÞuhmðvÞu�
c dx ¼

ð
G

hmðvÞu�
c dna: ð6:12Þ

Now, let HmðtÞ ¼
Ð t
0 hmðsÞds for m > 0. Then, Hm A L and HmðtÞ ! t as

m ! y. Since Hmð0Þ ¼ 0, HmðvÞ A H
1;2
0 ðG; mÞ. Henceð

G

AðxÞ�‘u�
c � ‘HmðvÞdxþ

ð
G

bðxÞu�
cHmðvÞdx ¼

ð
G

HmðvÞc dm;

so thatð
G

½AðxÞDv � ‘u�
c�hmðvÞdx ¼ �

ð
G

bðxÞu�
cHmðvÞdxþ

ð
G

HmðvÞc dm

! �
ð
G

bðxÞu�
cv dxþ

ð
G

vc dm ðm ! yÞ;

where we used the facts that u�
c is bounded and HmðvÞ ! v a.e. in G. Also,ð

G

½AðxÞ‘y � ‘u�
c�hmðvÞdx !

ð
G

½AðxÞ‘y � ‘u�
c�dx ðm ! yÞ;

since ½AðxÞ‘y � ‘u�
c� A L1ðG; dxÞ and hmðvÞ ! 1 a.e. in G. Hence

lim
m!y

ð
G

½AðxÞDu � ‘u�
c�hmðvÞdx

¼
ð
G

½AðxÞ‘y � ‘u�
c�dx�

ð
G

bðxÞu�
cv dxþ

ð
G

vc dm:

Thus, letting m ! y in (6.12) and using Proposition 5.2, we haveð
G

½AðxÞ‘y � ‘u�
c�dx�

ð
G

bðxÞu�
cv dxþ

ð
G

vc dm

�
ð
G

u�
c dnþs þ

ð
G

u�
c dn�s þ

ð
G

bðxÞuu�
c dx ¼

ð
G

u�
c dna;

which impliesð
G

uc dm ¼ �
ð
G

½AðxÞ‘y � ‘u�
c�dxþ

ð
G

bðxÞyu�
c dx�

ð
G

yc dm

� �

þ
ð
G

u�
c dn: ð6:13Þ
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Since LhL
y ¼ 0, u�

c A H 1;2
0 ðG; mÞ, L�u�

c ¼ cw and hL
y � y A H 1;2

0 ðG; mÞ,ð
G

AðxÞ‘hL
y � ‘u�

c dxþ
ð
G

bðxÞhL
y u

�
c dx ¼ 0

and ð
G

AðxÞ�‘u�
c � ‘ðhL

y � yÞdxþ
ð
G

bðxÞu�
cðhL

y � yÞdx ¼
ð
G

ðhL
y � yÞc dm:

These two equalities implyð
G

½AðxÞ‘y � ‘u�
c�dxþ

ð
G

bðxÞyu�
c dx�

ð
G

yc dm ¼ �
ð
G

hL
y c dm:

Hence (6.13) means (6.11).

Theorem 6.5. Let y1; y2 A H 1;2ðG; mÞ and n1, n2 be finite signed measures

on G. Let uj, j ¼ 1; 2 be the renormalized solutions of Lu ¼ nj with boundary

data yj . If maxðy1 � y2; 0Þ A H
1;2
0 ðG; mÞ and n1 a n2, then u1 a u2 ð2; mÞ-

quasieverywhere in G.

Proof. Let c be an arbitrary nonnegative bounded measurable function

on G and let hL
yj

be the solution of Lu ¼ 0 such that hL
yj
� yj A H 1;2

0 ðG; mÞ for

each j ¼ 1; 2. By the comparison principle (cf. [8, Proposition 1.1]), we see

that u�
c b 0 and hL

y1
a hL

y2
in G. Hence, by Theorem 6.4,ð

G

u1c dm ¼
ð
G

hL
y1
c dmþ

ð
G

u�
c dn1 a

ð
G

hL
y2
c dmþ

ð
G

u�
c dn2 ¼

ð
G

u2c dm:

Since this is true for every nonnegative bounded measurable c, we conclude

that u1 a u2 a.e. in G. Since we have assumed that u1, u2 are ð2; mÞ-
quasicontinuous, the assertion of the theorem follows.

Corollary 6.1. Given y A H 1;2ðG; mÞ and a finite signed measure n on G,

the renormalized solution of Lu ¼ n with boundary data y is unique.
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