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§1. Introduction

There has been considerable and theoretical interest in how well the
Poisson distribution approximates the distribution of the sums of arbitrary
indicator (zero-one) variables. Results of this type, either limit theorems or
quantitative estimates of the distance to a Poisson distribution, have been
shown under various conditions by many authors. Janson [14] gave a suffi-
cient condition (not of mixing type) for convergence to Poisson distribution of a
sequence of sums of dependent indicator (zero-one) random variables. Chen
[5] gave a general method of obtaining and bounding the error in approxi-
mating the distribution of the sums of dependent Bernoulli random variables by
the Poisson distribution. Dobrushin and Sukhov [9], gave necessary and
sufficient conditions for convergence to a Poisson process of infinite particle
systems under the action of free dynamic (see also Willms [22] and Zessin
[23]). The other investigations in this direction were conducted within the
rapidly developing field of symmetric statistics. Silverman and Brown [20]
have obtained Poisson limit theorems for certain sequences of symmetric
statistics

(1.1) Y Xy Xi) s

based on a sample of identically distributed independent random variables
X, ...., X,, where h, is a symmetric zero-one function and the summation is
extended over all sets {i,..., i} of distinct integers drawn from {1,...,n}.
Barbour and Eagleson [2], [3] gave a general Poisson approximation theorem
for symmetric statistics (1.1) from a sample of independent but not necessarily
identically distributed random variables and with a symmetric zero-one function
of k variables.

The Poisson limit theorems in the more general setting of symmetric
statistics have been obtained by Mustafid and Kubo [18]. They have obtained
the asymptotic distribution of the sums of symmetric statistics

(1.2) y (X, X,s)

n,sg® 0o n,sy
1<sy < <s§<n
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in terms of multiple Poisson-Wiener-Ito integrals, where the symmetric statistics
(1.2) is based on samples of identically distributed independent random elements
X, 1 -o-es Xpn and h is a symmetric function. The results also still hold,
even if random elements are not identically distributed, provided that random
elements are infinitesimal (see Mustafid [17]). An alternative approach to
limiting distribution due to Avram and Taqqu [1] in a simple case when the
symmetric statistics (1.2) is symmetric polynomials. They have expressed the
asymptotic distribution of symmetric polynomials in terms of a multiple integral
with respect to a Lévy process. In the case of central limit theorems, the
limiting distributions of symmetric statistics (1.2) have been obtained by several
authors. See Dynkin and Mandelbaum [10], Mandelbaum and Taqqu [16],
Dehling [6], Dehling, Denker and Philipp [7], Denker and Keller [8] and
Teicher [21].

The aim of this paper is the following. First we establish a method of the
Poisson approximation for sequences of dependent p-dimensional Bernoulli
arrays, while secondly we extend the Poisson limit theorems in [17] to depen-
dent random elements case. In Section 2, we will discuss convergence of
Radon measures and a mixing condition of sequences of random elements.
The results are stated in Sections 3 and 4.

§2. Dependent random elements

Let X be a locally compact second countable Hausdorff space. Let &/
denote the topological Borel field in X and # the ring of all bounded (i.e.
relatively compact) sets in /. Let .#(X) be the family of all Radon measures
on (X, /) with vague topology. For a given A€ #(X), a random measure
{P,(B) = P,(w, B), B€ %} is called a Poisson random measure with intensity A if
for any natural number p, any disjoint sets B,, ..., B,€ # and any non-
negative integers g, ..., 4,

Pr(P}.(Bl) =dq15---» P).(Bp) = qp)

- ;17{71(31)« - AB, ) exp [~ A(B,) — -~ — A(B,)] .

We define a class of bounded sets %, by
B, ={BeB;MoB)=0},

where 0B denotes the boundary of B.

By a random element X in the space ¥ we mean a measurable mapping
from some fixed probability space (€2, &, Pr) into (X, &f). A sequence of random
elements X, converges to X in distribution sense and is denoted as X, L x, if
the distribution v, of X, converges weakly to the distribution v of X as n — co.
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Let X, 15 .o0s Xpi, (1 <k, <00),n=1,2,...., be sequences of dependent
random elements on X with marginal distributions v, {, ...., v, € #(¥),
respectively. Denote by £ the o-algebra of events generated by {X, ;;a <
j<b},1 <a<b<k, Weassume the following:

(A1) A, = Y%, v, converges vaguely to a A e #(X) without atoms as n — oo,
(A.2) }1}2 max v, {(K) = 0 for any compact set K,

(A.3) for any events 4 € #{) and Be B, n 2 1,
|Pr(AB) — Pr(4)Pr(B)| < o(m)Pr(4)Pr(B),

with ¢(m) ] 0 and ¢(1) < 0.
We denote « = ¢(1) + 1. We refer to Philipp [19] for a detailed treatment of
such mixing condition (A.3).

Lemma 2.1 ([19]). If the condition (A.3) is satisfied, and if X and Y are
bounded measurable over #) and B, , respectively. Then

|E(XY) — E(X)E(Y)| < ¢(m)E|X|E|Y] .

LEMMA 2.2. Suppose that the family of o-fields {B%, 1 <i< j<k,} satis-

ij s
fies the mixing condition (A.3). Let M, be a natural number such that ¢(M,) < 1.

Then there exists a constant p such that for any m > M, and any bounded ran-
dom variables X, Y, Z measurable over &%), B, B} respectively, with ¢ — b >
me—d>mandc<d,

|E(XZY) — E(XZ)E(Y)| < pp(m)E|XZ|E|Y] .
ProOF. Let A€ 8%, Be % and C € 8. By (A.3), we have inequalities
Pr(ABC) < {1 + ¢(m)} Pr(A)Pr(BC) < {1 + ¢(m)}*Pr(4)Pr(B)Pr(C),
{1 — ¢(m)} Pr(4)Pr(C) < Pr(AC).

Therefore, we see
Pr(ABC) — Pr(B)Pr(AC) < {3 + %} @(m)Pr(B)Pr(AC).

Similarly, we see

Pr(ABC) — Pr(B)Pr(AC) > — {3 + %—)} @(m)Pr(B)Pr(AC).

4o(M,)
Take p =3 + ———-2—. Then
p = op(My)

|Pr(ABC) — Pr(B)Pr(AC)| < po(m)Pr(B)Pr(AC), forany m> M, .



174 MUSTAFID

Therefore, for any D € 8% v %8} and B € 8.7, we have
|Pr(BD) — Pr(B)Pr(D)| < pp(m)Pr(B)Pr(D), forany m> M, .

The assertion of the lemma follows from Lemma 2.1.
§3. Poisson approximation for dependent Bernoulli arrays

In this section, we discuss the case when {X, ;}¥=, is a sequence of depen-
dent p-dimensional Bernoulli arrays, ie. for each n and i, X, ; is a random p-
vector of the form X, ;= (X{,..., X)), where X%, =0 or 1 and such that
X, =0 except for at most one, 1 < j < p. In other words,

Pr(X() =0,..., X970 =0, X9, = 1, XYV = 0,..., X = 0)
= Pr(X,‘.{",- =1)= P,‘.’:’i ;

where Y 7_, p¥; + Pr(X{}) = , XP =0)= 1.

We will prove the convergence of the distribution of );X,; to a p-
dimensional Poisson distribution under the assumptions:
(Aly lim Yk, pdi=4,j=12,.

(A.2y lim max p¥;, =0
n—+o j,i
and the mixing condition (A.3).
We denote W = Ykn) X9, 4, =Yk p 1< j <pand

—supZ 2, P
We extend Chen’s method (cf. [5]) to prove the following lemma.

LEmMMA 3.1.  Under the mixing condition (A.3), let M, and p be as in Lemma
2.2. Then for any q < p and m > M, there exist constants C,(m, p, q) and C,(q)
such that

G.1) [E{(WM .. W@ — "4, \ WP . WD) exp [i Y2, ; W]}
<Cy(m,p,q )sup P + Cy(@)o(m + 1).

Proor. We have

(32)  E{(WOW . W — i, WOWS . W) exp [i Y1, t;W9]}

X (E{(Xz0, - Xaft, — pod e X2, . X0 ) exp [ 25y 4 W01}),
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where the sum ) * is extended over iy, ..., i, with |i, — i > 2m, for any k

and I, 1<k, 1<q, k#1, and the sum Z** is extended over iy, ..., i, with
lip. — )| <2m, for some k, [, 1 <k, I<q, k#L
Let Vi =3Y'XY, where the sum )’ is extended over all k with
|k —i,)]>m,z=1,...,q. Let
H(iy,...,ip)=exp [i Y4y ;] exp [i ) 2oy ; Vi 9]

The first sum on the right-hand side of (3.2) can be rewritten as

(3 ¥* E{(X®,... XE, — o e X2, .. X0 ) exp [i T2y 4,0}

1
Y* E(X{Y,... X9,
lq

.....

Z* ) E(X2) ... X9
iy

__ n,ip " n,i,
Bgseens

x {exp [it; (W0 + ) +i )4, tj(Zk#inr(l{)k + 1)+ iy E g W]
—H(iy,...,i)})
+ X* E{(XG), - pR)XE, X8 HGy )}

n,iy

,,,,,

We know that |H(i,,...,i,)|<1. By Lemma 2.1 and Lemma 2.2, the third
sum on the right-hand side of (3.3) can be estimated as
YEOIE{XS), — p)X2), . XS Hy, i)}

[Pt

<p Z*i E(X32, — pIIEIX2), .. X0 lo(m + 1)

q

<2 »* pi)... PR et 2e(m + 1)

< 2pa® 2 A% (m + 1),

for any m > M,,.
Take X, to be identically zero when i <0 or i>k, Fora=1,...,q,
s=1,..., p, we define

Y(a,s,)=Y(iy,...,1i, a; s, )

= expli Y5=1 (V' + Yo iy Xi)
P
it 1+ o Tl X+ Ty XD
o k#i, ) ki,
+ i25',=s+1 tj(Vn(,'}""'l") + z;;i ;,':i':_m X)(u{)k)] s

k#i,
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fori, —m<I1<i,+mand

Y(a, S, ia -—m-— 1) = €Xp [l ;;{ tj(V;t(,i} .... ta) + Zg=l Z;::,,:—m Xl(l{)k)
ki,
+i Y (Vi + Y Y X1

for l=i,—m—1. We write Y'(a,s,]) and Y'(a, s, i, — m — 1) for the sums of
XY, over k #i,,a=2, ..., q, in the above definition. Furthermore, we define

A4Y(a, s, 1) = exp[i Y, t1{Y(a s, 1) — Y(a,s,1 - 1)},
4Y'(a, s, ) =exp [i Y9, t;1{Y'(a,s, ) = Y'(a,s, | — 1)} .

Since each XY, 1<j<p, 1<i<k, is 0 or 1, and |4Y(a,s )| and
|4Y’(a, s, )| < 2, (3.3) can be estimated as

I=i,—m iyt

=',Z*. P Yo Y (X . X0 XE1AY (a, 2, 1))
iseig 1#

ia

* iq+ 1 2

— DX Mier Yoz Yymi o PRLE{X, . X0 X AY (0, 2, 1)}
e 1#i,

+ . Z*. E{(X'(l»ll)l - Ps,f,)l)X,(,_zLX,(,?qu(ll, MR lq)}
iy iq

.....

* igt+ 1
<2 ¥ Y, Vi, Vit E(XWY,... X9 X9)

igyeennig 1#i,

* iqt 1 2
+2 Y YE, e, Yietm ph E(XP), ... X9 XE)
gyeens ig 1#i,

£ Y B, — XS, XOHs, o i)

.....

<2qa 1+ aEm ) T A {0 sup )
1% Jst

+ 2pa% 2 A% (m + 1)
< 2pq(2m + Da® Y(a + 1)4%sup pY; + 2pa?~2A%p(m + 1),
i

by using Lemma 2.1. Furthermore, since forr #s5,1 <r,s<p,
EXD XS = Pr(X =1, X =1)=0,

the second sum on the right-hand side of (3.2) can be estimated as
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335 ‘.Z** E({X50, - X0, — Pk e X320, ... X0 Yexp [i Y 0oy 4, W])

1o

<

n,t

1 1 it 2
Y E{XW) ... X — pi)e lX,‘,,,-’z...X“"-q}l
i1, nig

-2 1
<ot (14 o) Y** pl) .. P

Igyeney iq

<a’?1+4+a)(2m+ 1) {/1,,,2/1,,,3...1,,,,1 sup pi) 4

+ in, 1 A.,,, 2:e- 'ln,q—1 sup ps:f)l}

q(q —1)
2

<a?7?(1 + a) (2m + 1) A% *sup p; ,
Jsi

again by Lemma 2.1. Summarizing (3.4) and (3.5) in sup p¥; and ¢(m + 1), we
N Ji
have (3.1), and the proof of lemma is completed.
THEOREM 3.2. Under the assumptions (A.1), (A.2) and (A.3),
(36) ks X, Yy X S (P oos Py
as n— oo, where P, are independent Poisson distributed random variables with

means 4;, j = 1, ..., p, respectively.

Proor. The proof of the theorem bases on Lemma 3.1. To prove (3.6),
we shall show the convergence of the characteristic functions of {W,?};

(3.7 Eexp [i Y7, t;W9] > exp [) 2=, Aje™ — 1)] asn— oo,

by induction. From the assumptions (A.2) and (A.3), for any ¢ > 0, there exists
an mgy > M, such that

C:(@o(my +1) <¢/2, forany 1 <gq<p,
and for the fixed m,, we can choose N, such that

C,(myg, r, q) max p{); < ¢/2, foranyn>N,andanyr,q, 1 <q<r<p.
i

Then we have

3-8 Cy(mo, 7, q) max p; + Cy(@)p(mo + 1) <&,

It

foranyn> N,and anyr,q, 1 <gq<r<p.
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First, we shall prove for p = 1, ie,

E exp[itW,V] - exp [4,(e" — 1)]

as n— co. By Lemma 3.1 for p =g =1 and (3.8), we have

& Efexp W1} exp [, (1 — )]

= |E{(W," — 4, ,e") exp [itWV]}i exp [4,,,(1 — )]

< Cy(m, 1, ymax pil} + C,(Do(m + 1) <e.

Whence by integration

(3.10)

lim E{exp [itW, "]} exp [4,, (1 —e*)] —1=0.

n—o0

Consequently, by (A.1), we have (3.9).

(3.11)

Furthermore, we assume that (3.7) is valid for p — 1. Then

E{exp [i 3351 st; W, P17} exp [Y551 4(1 — e*9)] > 1

asn—oo,foranysand¢, j=1,...,p—1. Let

@ult, 5) = E{exp [itW,® + is Y22} t, W9} .

Note that we can apply Lemma 3.1 for

E{WPW," — e"rd, ;W) exp [i }.0-, ;W 01},
E{W? — e}, ,) exp [i Y7oy t; W]} .

Then by Lemma 3.1 and (3.8),

(3.12)

0 . '
335 Onlls 9) €xp [hy (1 — ) + T2 41 — )]

2

= (22! LE{(WPWD — 4, e WD) exp [it W + is Y221 ;W91
= X e (WD — 4, pet) exp W + is TI- 4 W01))
x i2 exp [An, (1 = e") + Zf;} A1 — e4)]|

< {Cl(m, p, 2) max p; + C,(2)p(m + 1)} Yot |gl
Jri

+ {Cx(m, p, 1) max pl; + C,(1)op(m + 1)} 5=t 1At
Ji

<eY PGl + 4).
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Furthermore, by (3.10) and (3.11),

t s 62 ) .
j J\ Bt _as (Pn(t, S) €xXp [A‘n,p(l — e") + Z;‘;ll )’J(l _ elstj)] dt ds
0JO

= @ult, 5) exp [, ,(1 — ") + Y22} (1 — e™)]

— E{exp [itW,P1} exp [4,,,(1 — €*)]

— Ef{exp [i Y22} st; W9} exp [D.22) A(1 — e*¥)] + 1
— lim @,(t, s) exp [4, ,(1 —e™) + Y P21 A1 —e™9)] — 1.

n—a

By (3.12), the left hand side of the above relation converges to 0 as n— oo.
Hence, by (A.1),

lim @,(t, s) exp [A,(1 — e*) + Y 22! A(1 —e*¥)] —1=0.
Replacing t =t, and s=1, we have (3.7), and the proof of the theorem is
completed.

§4. The asymptotic distribution of symmetric statistics

In this section, we extend the Poisson limit theorems in [17] to the case of
dependent random elements. Let X, ;, ..., X, (1 <k, <o), n=1,2,..., be
sequences of random elements on X as in Section 2 which satisfy the assump-
tions (A.1), (A.2) and (A.3). For a symmetric function h(x,,..., x;), we define
symmetric statistics by

h(Xns,s -5 Xns) fork <k,
a',:'(hk) = 1<sy< <5<k,

0 for k > k, .

Let (%) be the family of sequences of continuous symmetric functions {i,},>o
defined by Notation 1 of [17] and let &(¥) be the family of sequences of
symmetric step functions of special form defined in §3 of [17]. We investigate
the asymptotic distribution of the symmetric statistics

Y,(h) = Y kzo o (hy)

for h = (hy, hy,...) € #(X). We show that the limiting distribution is expressed
in terms of multiple Poisson-Wiener-Ito integrals with respect to a Poisson
random measure P, with intensity A;
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1
Wh) =20 o j fhk(xl, oy X)) APy(x4)...dPy(x,) .

We denote
x*=(x1,..., x,) e X and dAk(x*) = dA,(x,)...dA(x;) .
By Lemma 2.1 and the same way as in [17] (cf. [18]), we have the following
estimation of the covariance,
E|a}(hy)oi'(9))]
= Z Z Elhk(Xn,s,: R Xn,sk)gl(Xn,r19 LRRE] Xn,r,)l
1<s) < <s§ <k, 1<ry<--<r <k,

= Z?'—/'\Ol Z# Elhk(Xn,s,9 EEX) Xn,s_,, Xn.sjﬂ’ EERE) Xn,sk)
X X +ees Xns X, , X,

n,s; “An,Speq0 0 n,sk+,_j)|

by 111
- = (k - .])' (l - ])' ]' 1<s5,.00y Sic41-5<kp

X ER(Xpss o> Xnsis Xnsioir --or Xns)

n,s;> “n,sj.1 n, Sy

X GiXpsir o> Xnsr X,

n,8;5 “An,5040 000

X,

n,s,‘”,j)l

1 1 1

knl 2 k+l-j—1

= 2T = )t

X f flhk(xi, Y Ngi(xd, 29) dAi(xd) dAXTi(p* Ty dal iz ),

for k, > k, k, > | and

Eloi(h)ai'(9) =0,

for k, < k or k, <1, where k A [ is the minimum of k and I, the sum Y * is
extended over all different 5;, 1 <i<k+1—j such that 1 <s;, <'*- <s5;<k,,

1 <54y <" <8 <Ky 1 <5444 <" < 844y-;< k,. Then we have
@.1) E|Y, B <Yk YENS ! L1 ens
' e R ) N ()

x f .. flhk(x", Yy, 20| dAj(xd) dAETI(y* ) dAk ()

As in [17] (cf. [18]), for a given Radon measure v, we define a norm ||h|, of a
sequence of symmetric functions h = {h,};2, by
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2 Al 1 1
CH IR TTHED Y 34 °(k Na=)j

xf~ﬁMﬂﬂﬂMﬂ#wummMH@HMwwHy

By (4.2), we have

(4.3) EIY, (WP < [hlZ,, -
Furthermore, we define a norm |- || by
(44 Ikl = Tim ||k, <2 lim [z, > “h”).) .

NoTATION 1. Denote by #/(¥) the set of all sequences h = {h};»o Which
can be approximated by elements of &(X) with respect to the norm |- ||, that is,
for any h € #(X) and any ¢ > 0, there exists an h® € &) such that

lh—h%|| <e.

LEMMA 4.1. For he &%),

1
LW SWE =T X by PaBy). PiB,)

1<iy,..,ixg <P

as n — oo.

Proor. By 15.7.2 in [15] (cf. Lemma 2.1 in [17]), we know that for each
n>1, X, ;= (s, (X, x8,(Xn.1)) 1 <i <k, is a dependent p-dimensional
Bernoulli array which satisfies (A.1)’ and (A.2), i.e.

lim Zz 1 Pr(XB(Xn l) = 1 = lim Zz 21 Vn, I(Bj) = }'(BJ)’ ] =1..., P

n-—>wo n—w

lim max Pr(xp,(X,,:) = 1) = lim max v, (B;) =

n—o j,i n—oo j,i

Therefore, by Theorem 3.2,

ey 1, (X -0 Tm 25,(X0,0) > (Py(By), ..., Pi(B,))

as n— oo, where P,(B;) are independent Poisson random variables with means
ABj), j=1,..., p. Then by Corollary 5.1 of [4], we have the assertion of the
lemma.

THEOREM 4.2. For he #(X), Y,(h) > W(h) as n— co. Particularly, for
he A(X), Y,(h) > W(h) as n > oo.
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Proor. By Lemma 4.1, (4.3) and (4.4), the following estimation
fim |E {expl[itY,(1)]} — E{exp [itW (1)1}

< fim | E{exp [itY,(h)]} — E{exp[itY, ()]}

n—w

+ fim |E{exp [itY,(h)]} — E{exp[itW(h*)1}|

n—o

+ |E{exp [itW(h*)]} — E{exp[itW ()]}
< Tim |t) |h = by, + 12l |h — b7

<20t|Ilh — h¥|| < 2|tle

is shown, for h® e &(X) with |h — h?| <& Thus the first assertion is seen. To
prove the second assertion, it is sufficient to show that /' (¥) = #(¥). Define
h® = {hi}i>0 by (3.7)in §3 of [17]. Then we have

lh — h2l2,,
ak+l—j

=Y i0 245 k=) =)

X f f (e — h)(xd, y* =) (hy — hi)(x, 20| dAJ(xT) dAy™(y* ™)) dA (2" )

. (AK) + 1)—2Lak+t—j
< kim0 25%0 k= ad—jj

(482,1"(K)1' + 8Hk+,_2Lin(K)k'H“f“1)

1 ;
+2Y Y20 240 *— ) a=7 7 H* 12, (K))e+

< (4% + g)e®* + 2¢.

Therefore, any h e (%) can be approximated by elements of &(¥) with respect
to the norm |- || defined by (4.4). Hence, ' (X) c #(X) is clear.
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