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Introduction

Chao and Stitzinger [4] proved that a common subideal of two sub-
algebras of a finite-dimensional soluble Lie algebra is a subideal of their
join. Aldosray [1, 2] showed a similar theorem for a finite-dimensional or a
soluble-by-finite Lie algebra over a field of characteristic zero and Togo [8] did
it for a weak subideal. Recently Stonehewer [6, 7] has shown that a common
subnormal subgroup of two permutable subgroups of a $IX n 9)-group is sub-
normal in their product if a common subnormal subgroup of two permutable
subgroups of an 2I3E n 2)-group is always subnormal in their product, where
X = sX and 9) = s9) = Q?) are classes of groups. The purpose of this paper is
to prove some generalizations of these results and an analogue of Stonehewer's
result.

In Section 1, we shall show that a common weak subideal of an arbitrary
number of subalgebras of a Lie algebra, being finite-codimensional in their join,
is a weak subideal of the join (Theorem 3), which is a generalization of Togo's
theorem and we have the theorem of Chao and Stitzinger as a corollary. In
Section 2, we shall show some analogue of Stonehewer's result [7] for Lie
algebras (Theorem 6) and have also a similar result for finite-by-soluble Lie
algebras to Aldosray [2, Theorem 1] (Theorem 7).

The author wishes to thank Dr. I. Stewart for his encouragement during
the preparation of this paper and also the Mathematics Institute of the Univer-
sity of Warwick for its hospitality.

1.

We shall be concerned with Lie algebras over a field I which are not
necessarily finite-dimensional. Throughout the paper, L will be a Lie algebra
over a field f of arbitrary characteristic unless otherwise specified.

Notation and terminology will follow Amayo and Stewart [3] and Togo
[8]. By H < L, / / o L, H si L and H<3m L we mean respectively that H is a
subalgebra, an ideal, a subideal and an m-step subideal of L. if is a weak
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subideal of L provided that H is a subalgebra of L and [L, nH~\ £ H for some
integer n ^ 0, and we write i / wsi L, more precisely H <n L [5].

We recall the definitions of some classes, g, E91 and 9T denote respec-
tively the classes of finite-dimensional, soluble, and soluble of derived length ^ c
(c e N) Lie algebras over a field I. Let X and 9) be classes of Lie algebras over f.
Xty is the class of Lie algebras L having an ideal I eX such that L/I e ty, and
L is called an 3£-by-9) Lie algebra.

We recall the following result [8, Corollary of Theorem 2] without proof,
being useful for us.

LEMMA 1. Let L be a soluble Lie algebra over I and let H be a subalgebra
of L. Then H wsi L if and only if H si L.

PROPOSITION 2. Let L be a Lie algebra over t Let X < Ht (i = 1 , . . . , n)
be subalgebras of L such that (Hl9..., Hn} = H1 H + Hn. If X wsi Ht for
any i, then X wsi H1 + • • • + Hn.

PROOF. Let X be an m-step weak subideal of Ht for each i. Then
[Hi9 mJT| s X for each i. Therefore [Hl + • • • + #„, mX] c AT and hence X is
an m-step weak subideal of H1 + ••• + //„.

By Lemma 1 we have immediately the following

COROLLARY. Let L be a soluble Lie algebra over I Let X < Ht

(i= 1 , . . . , n) be subalgebras of L such that <H l 9 . . . , Hn} = Hx + • • • + Hn. If
X si Ht for any i9 then X si Hl + •- + Hn.

We can prove the main theorem in this section.

THEOREM 3. Let L be a Lie algebra over a field I. Let X < Ha (a e /) be
subalgebras of L such that X is of finite codimension in (Ha\o e />. If X is a
weak subideal of Ha for any a e /, then X is a weak subideal of (Ha\(T e />.

PROOF. Let M = {ae L|[a, nX~\ ̂  X for some n e N}. Then M is a sub-
algebra of L. In fact, let a, b e M. Then there exist s, t e N such that
[a, SX] c x and [fc, tX] ^ X. Let / = max (s, t). By the Jacobi identity and
induction on fe,

Therefore
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[[a, b], 2,-1*] £ £ [[a, , * ] , [6, ,
i+j2ll

S E ([[«, , * ] , A"1''] + [[*, iXl A"1"'])
i=0

Hence [a, ft] e M and clearly a + i e M . Thus M is a subalgebra of L. Since
X wsi Hff (d G /), #ff < M for each a. Then if = (Ha\o e /> < M. Since X is
of finite codimension in H by the assumption, there exist al9 . . . , ameH such
that if = X + (a l 9 . . . , am). Therefore there exists n{ G N such that [ah n.X~\ c X
for each i. Let n = m a x ^ . Then [if, nX~\ c jf. Hence X <n H.

As a consequence of the theorem, we have immediately the following result
([8, Theorem 7]).

COROLLARY 1. Let L be a finite-dimensional Lie algebra over I. Let
X < Hi (i = 1 , . . . , n) be subalgebras of L. If X wsi Ht for any i, then
* wsi <#!,...,#„>.

We have the following which is the analogue of [1, Corollary 2], without
restriction for characteristic of a basic field.

COROLLARY 2. Let L be a finite-dimensional Lie algebra over I. Let
H(<L ( i = l , . . . , n ) and L = (Hu . . . , ff,). i / i f , wsi <ifi5 if7> (i,j = 1, . . . , n),
£/*£« //,- wsi L for any i.

From Lemma 1 and the theorem, we obtain a generalization of [4,
Theorem 6]:

COROLLARY 3. Let L be a soluble Lie algebra over t Let X < Ha {a e I)
be subalgebras of L. If the codimension of X in (Ha\a e f> is finite and X si Ha

for any o e I, then X si <ifff |cr e I>.

2.

We begin with a key lemma in this section.

LEMMA 4. Let L be a Lie algebra over a field I such that L = A + X with
X <L,A<iLand AeW. If X <m L, then X^cm L.

PROOF. We use induction one . If c = 1, then X^mL by [8, Lemma
3]. Assume that c > 1 and the statement is true for c — 1. Let N = A(c~1}
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(#0) . Then N is an abelian ideal of L. Let bars denote subalgebras of L
modulo N. Then

L=A + X, A^L, AeW'1 , X <m L .

By inductive hypothesis X^^'^L and so X + AT-=cim(c~1) L. Now, JV is an
abelian ideal of X + AT and X <m X + JV. By [8, Lemma 3] X<3m X 4- AT.
Therefore X o c m L .

REMARK. Under the same condition as the lemma, we can show similarly
that X is a Ac-step ascendant subalgebra of L if X is A-step weakly ascendant in
L. This is a generalization of [8, Lemma 3].

PROPOSITION 5. Let L be a Lie algebra over I such that L = H + K =
A + X with X, H, K<L9 A^L and Ae 2TC. If X <m H and X <m K, then
X^cmL. Especially, if X^m H and X^m X, then X^cmL.

PROOF. By Proposition 2 X <m L and then X<\cm L by Lemma 4.

We now obtain a main theorem which is an analogue of Stonehewer's
result [7] for Lie algebras and is better than that in group theory.

THEOREM 6. Let X be a class of Lie algebras over a field I and suppose that
L = H + KeX,H and K subalgebras of L and X a subideal of both H and K
always implies that X is subideal in L. Then L = H + Ke (E21)£ and X a
subideal of H and K always implies that X is a subideal of L. Moreover suppose
that there is an integer fx = ft (X, m) such that X <afl L whenever L — H + K e X
with X<3mH and X^mK. Then there is an integer f2 = fx + cm such that
Z < i / 2 L whenever L = H + K € 2T3E with X o m H and X^m K.

PROOF. Let L = H + K e WX, I < m i f and I < m X . Then there exists
an ideal N of L such that N e W and L/N e X. Since L/N = (H + N)/N +
(K + N)/N e X, (X + N)/N<im(H + N)/N and (X + N)/Nom (K + N)/N, we
have (X + N)/N*=3fl L/N by the assumption. Then X + N<\fl L. Since
X <m L by Proposition 2, X <m X + N. Now, N is an ideal of X + N and
N e ST. Therefore Xocm X + N by Lemma 4. Hence AT<3/2 L, / 2 = /x + cm.

By taking 3E = g in the theorem, we obtain the following ([2, Theorem 1])
by [1, Theorem].

COROLLARY. Let L be a soluble-by-finite Lie algebra over a field of char-
acteristic zero and let X, H, K be subalgebras of L such that L = H + K and
X si H, X si K. Then X si L. Moreover suppose that there exists an ideal N
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of L = H + K such that NeW and dim L/N = n (< oo) with X^mH and
K. Then X^f L, / = cm + n.

We can show a similar result for a finite-by-soluble Lie algebra.

THEOREM 7. Let L be a finite-by-soluble Lie algebra over a field of char-
acteristic zero and X9 H, K be subalgebras of L such that L — H + K and
X si H, X si K. Then X si L. Moreover suppose that there exists an ideal F of
L = H + K such that dim F = n (< oo) and L/F e W with X^m H and X^mK.
Then X<a / L, where f = /(c, m, n).

PROOF. Let F o L, dim F = n (< oo) and L/F e 9T. Let X<i m H and
Z < : m K . Let 5 = <r(F) be the radical of F. Then S is an ideal of L. We
write B = (B + S)/S for a subalgebra B of L Then L = H + X, X^mH,
X^m K, F<i L, dim F < n and L/F e 9T. Let C = ^ ( F ) . Then C is an ideal
of L. We claim that L = F®C. I f x e L then ad x|F e Der (F). Since F is a
finite-dimensional semisimple Lie algebra, there exists f e F such that ad x\f —
a d / | F (cf. [3, Summary 13.1.1]). Then a d ( x - / ) | F = 0 and so x - f e C.
Therefore L< F + C. F n C = Ci(F) = 0 since F is semisimple. Therefore
L = F®C and dim L/C < n. By [1, Theorem] X + C^nL. C^L/FeW
and Jf < m X + C by Proposition 2. Therefore X<ic m X + C by Lemma 4.
Thus X<ic m + n L and then X + S<icm+n L. Now, 5 is a soluble ideal of X + S,
with derived length < n, and AT < m X + S. Again by Lemma 4, Xomn X + S.
Hence X^f L, where / = m(c + n) + n.

REMARK. The theorem does not hold for a field of characteristic p > 0
(cf. [1]).
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