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By Hs, — oo < s < oo5 we shall understand the space of temperate distri-
butions / defined on Euclidean rc-space Rn such that the Fourier transform /
is a function satisfying

1 + \ξ\2)Sdξ<oo.

Let S£s be the space of distributions / such that fφ c Hs for any φ e Q), and Xs

be the space of distributions composed of elements of W with compact support
[4]. A sequence of functions ψj e QJ, j = 1, 2,..., is called uniform partition
of a function ψ 6 88 when the following conditions are satisfied:

(1 i ^S ι\ in Λ <v* i " t\F/if *v i TΠT 1

^J y i γ j\Ju) \U \Λ/J I v i

(ii) {ψj} is bounded in 88.
(iii) For any compact set A C Rn, at most 7iA of the supports of ψj can

meet A, where nA is a positive integer depending on the diameter of A.
(iv) The diameters of the supports of ψj are uniformly bounded. If, in

addition, ψ = 1 and ψj I> 0, / = 1, 2, , we shall say that {ψj} is a uniform
partition of the unity.

In connection with the estimates of differential inequalities J. Peetre has
established the following lemma with slightly weaker definition of uniform
partition ([2], Lemma 1, p. 65).

LEMMA. Let s^>0. If {ψj} is a uniform partition of' ψ e 88, there exists a
constant Cs> {<,, .y such that

for any f e Hs.
Conversely, if f is a distribution of £?s such that there exists a uniform

partition {φy} of the unity with ΣllΦ;/ll?< °°, then fe Hs.
j

He carried out the proof by making use of the norm o\\f\\*2 = \\\fa—f\\2/

a In+2s da, 0 < s < 1, and of induction with respect to s. But he says nothing
about the case s < 0. His method of the proof seems not to be available in this
case. The main purpose of this paper is to show the following lemma which
may be regarded as a generalization of his lemma.

LEMMA A. Let s be any real number.
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(a) If {yfrj} is a uniform partition of ψ e &, there exists a constant Cs, {Φjy
such that we have

(1) ψ\ψjf\\2s<Cs,{ψj}\\β2

s for any feH\

(β) If {φj} is a uniform partition of the unity, there exist two positive
constants Cs> {φj}, Cs, iΦj} such that we have

(2) cs, {Φj} ii/ii <ς ψ\φj f\\ ^ σs, {φj} \\f\\2

s

for any fe Hs. Therefore/-• \\f\\s and/->(ΣllΦy f\\2)^ a r e equivalent norms in
j

Hs.
(γ) Conversely, iffis a distribution of <£s such that there exists a uniform

partition {φj} of the unity with ΣliΦ/ f\\2 < °°? we have fe Hs.

The lemma may be effectively applied to the estimates of differential
inequalities in the uniformly hypoelliptic case contemplated in Peetre's work
([2], pp. 65-69).

The definitions and the notations of L. Schwartz [3] with respect to the
spaces of functions or distributions will be used without further reference.

1. Let p be a fixed indefinitely differentiate function defined on Rn with

support in the unit ball Bλ such that p 2> 0 and \p(x)dx=l. We put /o8C*0 =

snp\s
In H\ s<0, there have been considered by L. Hormander [1] the follow-

ing two norms || ||s,εo and III |||s>εo, each equivalent to the original norm \\ \\5

of Hs:

(3)

(4)

In these expressions ε0 denotes any positive number. He proved that there
are positive constants d and C2 depending only on 5 such that CΊ||/i[s,εo <|||/ill.ς,g0

For our later use we need the Friedrichs' lemma established by Hormander
([1], Lemma 5.2) but in somewhat precise form:

LEMMA 1. Let α e ^ , s < 0 . Then there exists a constant Cs depending on s
such that

(5) \]°Mf*pt) - (flfl+



On a Lemma of Peetre 29

When s is bounded, Cs is also bounded.
This is immediately verified by estimating the constants C4 and C5 con-

sidered in his proof of the lemma.
From this lemma we have
COROLLARY. If {ψj} is a uniform partition of ψ € &, then there exists a

constant C depending on {ψj} and s such that

\ l°\\ψj(f*P*) - (ΨJ f>p

PROOF. Let α, be any vector which lies in the support of ψj, j — 1, 2,...
By the definition of uniform partition of ψ the set {τaj ψj} forms a bounded

/\
subset of Q). Hence the set {τajψj} is bounded in ^ , so that there exists a

constant C depending only on the set {τajψj} such that (1 + |f |)- s + w+3 | τ α y ^ |
\j = 1, 2, . Consequently we have

The preceding lemma together with these inequalities will complete the proof
of the corollary.

2. This section is devoted to the proof of Lemma A. Let {φj} (resp. {ψj})
be a uniform partition of the unity (resp. of any element ψ e &).

We shall begin with the proof for the case s<0. Since the set {supp.
φj -f Bι} (resp. {supp. ψj + Bι}\ Bλ being the closed unit ball with center 0 in
Rn, is bounded in diameter, there exists, by definition, a positive integer I such
that at most I of tyk (resp. φk) cannot vanish identically on supp. φj + Bι (resp.
supp. ψj-hBi) for any given /, / = 1 , 2,... Let / be any element of Hs. Let
O<£o<l. Then

O*/t>βlli« s~2s~ιdε

(6) <-2s[°\\(ψif)*Pt - ψj(f*pMhε-23-1 dε -

Jo

We write *Σ!φk to denote the sum of φk whose support intersects supp.
!. Noting that the number of such φk is at most Z, and that (-ψ.y/)*p8 =

(ψj(Σϊφk)f)*ps and ψX/*/Oε) = 'ψ»; ((Σ
/φife/)*pε), we get by the Corollary to

Lemma 1
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(7) ^ - 2sC 111(1]'φ*)/UI ?-!,*

where C is a constant depending on {ψj} and s but not on So-
Combining (6) and (7) and summing up with respect to /, we have

Σ H J Ml«. ^ 2 ( - s + Ί) C £o 2 ί 2 Σ lllφy /HI?,.. -
j

( 8 )

Setting M = sup 5] | Ψ/Λ;) | 2, we have

which together with (8) yields

(9) Σlllψv/lli;..„ ^ 2 ( - s + 1) C θo2 Z2 Σlllφy/Hi;.ε
j j

Now suppose that ΣIIIΦ;/lllf,ε0 < °° Substituting ψj by φj in (9) (with C\
j

M in place of C, Λί) and taking ε0 so small that 2 ( - s + 1) C S0

212 and 2( —s +1)

Cβo2 I2<h we get

(10) ΣIIIΦ,/lll?,so^4MΊll/lll?,5o3
j

which together with (9) yields

(11) ^WlψjflWl εo ^ 2(Af+AT)|||/Ili;f βo.

We shall show that (10) and (11) hold for any fe Hs. To this end we con-
sider a sequence of multiplicators α* such that ctif->f in Hs. The inequali-
ties (10) and (11) hold for α,/since ΣMψv <%, /|||?,8o is finite. Hence passing to

the limit as i -> oo? we see that (10) and (11) hold for any fe Hs. On account
of the equivalence of two norms III |||s,εo and || ||s, we see that the inequality
(1) and the second part of the inequalities (2) hold for any feH% s < 0.

As for the first part of the inequalities (2) we start with the inequalities:

(12)

- ίΣ('ΊlΦΛ/*/».)lli δ"2 5"1 dε = -Λ +/ 2 .
7 JO
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As before we can take £0 so small thatΛ < — Σlllφy/ίll?, εo Setting m = inf

Σ I ΦJ(X) 12

5 we see from (12) that

(13) 1

which proves the first part of the inequalities (2) since the two norms || \\s

and III |||s> SQ are equivalent.
The general case will be proved by using induction on s. We assume that

the inequalities (1) and (2) hold for s<sQ. It then follows that for any fe Hs+1,
s< SQ9 we have

j άlt j ί=l OXj

where C is a constant depending on {ψj} and s.

Noting t h a t l ] | | ^ / | l ^ C ' | | / ] | f <C"ΣIIΦ;/|[^C"ΣIIΦ,/Ilf+1, where C,

C are constants depending on {φj} and 5, we have

Ci(Σ Hφ/li; + ^ r ΣΣIIΦy^-11?)

where Ci, C2 are constants depending on {φj} and s.
Thus we have shown that the inequalities (1) and (2) hold for any s.
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Now we turn to the proof of the last part of our lemma. Let / be any

element of ££s such that ΣIIΦ /H? < °°
J

Let a 6 Q} be a function such that a is 1 near the origin. If we put ak(χ) —

<z(yΛ {<*k} is bounded in @ and forms a sequence of multiplicators. To com-
plete the proof, since Hs is complete it suffices to show that {akf} is a Cauchy
sequence in Hs. We have by (2)

\\<*kf-cik>f\\2.^C8,iΦjy ψ\φj(ak - ak,)f\\l

If fc, y are taken so large t h a t φ/α* —α*/) = 0 for y = l, 2, • •-, iV, then, noting

t h a t since {α^} is bounded in <% there exists a constant M such t h a t

I[φy(αΛ - oίk)f\\2

s <I Λf|Iφy/|[? for any /, k and fc', we have

ΣH

whence it is clear that {akf} is a Cauchy sequence, which completes the proof.

3. In this section we shall concern ourselves with an application of

Lemma A to the estimate of differential inequalities.
1 7-)

To write our differential operators, let Dj = -g^—r-^—for 1 <;/<;?z. Then
ΔTCI σXj

if p=(pu P2, , pn) is a n y rc-tuple of n o n - n e g a t i v e i n t e g e r s a n d ξ is a n rz-dimen-
s i o n a l v e c t o r (ξu f2,..., ξn\ w e s h a l l w r i t e p ! = p i ! p 2 ! p»!, \p\ ==pi + P 2 + ••• +
Pn, ξp=ξH ξI2 f£* and Dp = Όfc Όp . Dp

n».

Let P(x, D)= Σ ^ W #* be a differential operator of order ZTZ with coeffi-
cients α̂  6 ^ . When % is fixed, PO, D\ which we shall write Px(β\ is a dif-
ferential operator with constant coefficients. Let M(D) be a hypoelliptic dif-
ferential operator of order m with constant coefficients, i.e. in any domain any
distribution solution T of M(D) T = 0 is indefinitely differentiate. We denote
by M(ξ) the polynomial in ξ obtained by substituting ξ for D in Λf(O). MiP\D)

ί 7) ^Pί

stands for a differential operator corresponding to the polynomial (-^—-)
V θξχ J

^-)P2 - -(^-)PnM($). P(p\χ, D) and PC

X

P\D) will have obvious meanings.
oξ2 J \ oξn J

The symbol C with various subscripts is used to denote a constant, not
necessarily the same at each occurrence, which depends only on the variables
displayed.

In the sequel we shall assume that P(x, D) is uniformly of type (Λf), that
is, M(D) satisfies the condition:

(14) 1 <l+[Pfaf)l2

< c

N

where C is a constant. Then P(x, D) is expressed as Σ βj(%)Mj(D)9 βj e &,
1
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where Af/D) are chosen among {Px(D)}x^Rn.
Our aim of the present section is to show the following proposition, a

special case of which is found in Peetre ([2], p. 69).

PROPOSITION. Let P{x, D) be uniformly of type (M). If fe H* and Pfe H%
then Mf e Hs and we have

Before proving the proposition, we shall state some lemmas for our later
use.

LEMMA 2. Let f e H*. If any of Mjf, Mf, Pxf lies in H% so do the others
and we have the estimates:

(15)

(16)

(17) | [M ( ^/1L \\Mff\\s<ε\\Mf\\s-hCs>ί,2\\f\\he>0, \P\ > 0 .

(18) \\Mjf\\t < 6\\Mf\\8 + Cs,t,s\\f\\h t < s, £ > 0.

PROOF. Since M is hypoelliptic, it follows that M (ξ) -^ °o as \ξ \ -^ oo.
Hence from (14) we get

Consequently, if MfeH% then \\Mjf\\s< °° and we have the inequality (15).
The other cases may be proved similarly, so the proof is omitted.

LEMMA 3. Let fe HsΓ\Ή\ For any φ e & we have

^ (suplφGO I + £)\\f\\s + CS)tJ\f\\h 8 > 0.

PROOF. The estimate has been essentially established by Peetre ([2], p.
19) for the case s I> 0, to which the general case may be reduced by consider-

ing a function fλ e Hs+2k withί 1— χ - r Γ/i = /J where k is a positive integer

such that 2k+ s :> 0. The proof is not supplied here since it is only a matter
of calculations often used in Peetre [2].

LEMMA 4. Let Br

XQ be a ball with center x0 and radius r, then for any
fe HsBr ίΛΉ* we have

(19) 1103/*) -

where C = 2 sup sup|grad. βj\ + 1.
j X

PROOF. Let ψ be a fixed function of @ such that 0 <Lψ(χ) ^ 1, ψ(x) =
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for \x\ ^ 1 and ψ(x) = 0 for \x\ ^ 2. Setting ψr,x0(χ) = t ( ^ 7 ^ ) > w e h a v e

G8y(a?) - βj(χo))f(χ) = (/3y(aO - βj(χo))ψr.xo(χ)f(χ). Now we can use Lemma 3 to
establish (19). The details are omitted.

THE PROOF OF THE PROPOSITION, (a) First we shall show that the proposi-
tion is valid if the inequality (*) holds for any function of @L2 and for any 5, t.
Suppose that / 6 H* and P/e Hs. Mf lies in an Hsr. Put σ = min (s - 15 s). Let
{ps} be a sequence of regularizations considered in Section 1. Since f*ps e
we have by hypothesis

(20) \Mf*Ps)\\σ+ι ^ C σ

Noting that Mjfe Hσ by Lemma 2, we get from (20)

(21) UM/^lUx <ς Cσ+1!|(P/)*pεllσ+1 +

On the other hand, H/*pε|lί -> H/||/ and !|P/*/o8l|cr+i -^ l|P/!Ui as 6 -^ 0 since
feH* and PfeHσ+ι. By Friedrichs' lemma ([2], p. 22), the second term of
th$ right side of (21) tends to zero as £->0. Therefore from (21) we see that
{HAf/̂ /Oellcr+i} is bounded, so that Mf*pe -> Mf in Hσ+1 as £-> 0. Hence we have
from (20)

(22)

By repeating this process if necessary, we can see that Mfe Hs and the
inequality (*) holds, as desired.

(b) To complete the proof, it remains to show the inequality (*) for any
fe @L2. Since \\f\\t is an increasing function of ί, we can assume t <s without
loss of generality.

Let {φj} be a uniform partition of the unity such that the diameter of
each supp. φy is less than r, where r is a fixed number chosen so small that
8CCNr< 1. Let xj be any point of supp. φy. We have

(23) HΦy/! | s ^H(φy/ | | s Σ \
ί q I >o q\

Using Lemma 2 we have

(24) ||M(φ,/)||β ^ V 2C \\PXj(φjf)\\s

y + V2C ίinΦ

On the other hand, we have by Lemma 2 and Lemma 4
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and also

(26) Σ

cs Σ Σ
l?| >0

(24) together with (25) and (26) yields

(1 - 2CC'Nr - "

s Σ Σ
l ί l > 0 k

in which we take 6 so small that V 2C C,, *ε < -=-. Then

(27) HM(φ;/)!|s ^ 2V 2C |(φyP/!ls + Cs Σ Σ
I q I > 0 k

+c,AΦjf\\t

(23) and (27) give

\\ΦjMf\\s < 2V 2C WφjP/w, + CΛΈ Σ ! l ( ΰ %
(28) ' " ' > 0 *

+ Σ IIOT W 5 / ) ! ! . } + ^

i β i > o

whence
\\φiMf\\2

s <8Cl\\φjPf\\2

s + Cs{ Σ Σ!I(Z)%
(29) I Q I > 0 -

where Z is the number of terms on the right side of (28). Summing up (29)
with respect to j and using Lemma A we have

(30)

Σ Σ!IM/li;+ Σ \
\Q I > 0 k J I q I > 0

Since \\Mψf\\s <gS\\Mf\\s + Cs,t>s\\f\\t and Hil^^/lU ̂ 6\\Mf\\8 + Q,,S1I/1U by Lemma
2, we can choose 6 so small that we may obtain from (30)
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whence

Thus the proof of the proposition is complete.
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