J. Scr. Hirosuima Univ. SeEr. A-1
31 (1967), 75-88

On C° Maps which admit Transposed Image
of every Distribution

Mitsuyuki ITano and Atsuo JoicHr
(Received February 28, 1967)

Introduction

Let 2 be a non-empty open subset of an N-dimensional Euclidean space

RY. For any ¢ D(RY) such that ¢=>0 and Sd}(x)dx:l we put ¢(x)=

/ILNQS(—%), where 1 is a positive real number. For given S, T ¢ D'(2) we
understand the product ST by lim(Sx¢,)T in @D(Q) if it exists for every
A0

¢ € D(2) (Notation SO T was used in [5]). The multiplication thus defined
is invariant under diffeomorphism.

A distribution S in R” may be considered as the distribution S®1, in
Rzx Rr. Similarly T € D'(R™) is identified with 1, T in R?x R7. The pro-
duct (S®1,)1,&7T) exists and is equal to ST (Proposition 3). If x is any
diffeomorphism of R”x R™ onto itself, then (S®1,)(x)(1.&QT)(x) exists and is
equal to ((S®1,)A.RT))(x) [5, p. 163]. Now a question arises as to its con-
verse: if & and 7 are C” maps of R” x R” into R” and R™ respectively, what
is a necessary and sufficient condition in order that the product S(&)7T(») may
be defined for every Se€ D(R") and T e D'(R™? To answer this question,
first we have to clear up the meaning of the notation such as S(¢). To do so,
we shall introduce the concept of an admissible map (see Definitions 1, 2
below), which allows us to make an extension of a notion of “a function of
functions”. Roughly speaking, a C* map x of an open set £ into another £’
is admissible whenever the transposed image £*S of every S ¢ D'(2) exists.
The question is then answered: If & and 5 are admissible, a necessary and
sufficient condition is that the map (¢, ) of R” x R™ into itself has no critical
point (Corollary to Theorem 2). From a different approach, though mainly
designed for practical purpose, I. M. Gel’fand and G. E. Shilov have developed
the detailed discussions on “a distribution of functions” [ 2, Chapter III].

It is probable that a €~ map is admissible if and only if it has no critical
point. We did not succeed in deciding whether it is true or not. In certain
special instances we can show that the conjecture holds true (Example 2,
Proposition 8).

Section 1 is mainly devoted to the preliminary discussions on transposed
images and admissible maps. Owing to these notions we can study the pro-
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perties of multiplication between distributions closely connected with tensor
product (Proposition 3). In Section 2 we show that a C* map of an open sub-
set of R" into another subset of RY is admissible if and only if the map has
no critical point (Theorem 2). Basing on this result we show that an admis-
sible €~ map ¢ into a domain is a diffeomorphism if and only if the transposed
map £* is onto. And another characterization is also given (Theorem 3). In
the final section we consider admissible map into a one dimensional space and
special attention is paid to the case N=2, n=1 where the conjecture men-
tioned before is true. The section is closed with the consideration of admis-
sible maps into a closed half line.

For the sake of simplicity, in this paper we shall use the word “map” to
mean C~ map unless otherwise stated.

§1. Transposed images and admissible maps

Let & be a continuous map of a non-empty open subset 2 C RY, an N-dimen-
sional Euclidean space, into another open subset 2'CR". For any ¢ € D(Q)
the map a— <aog, ¢> is a continuous linear form on D(L"). There exists
therefore &, € O/(2’) such that

<aod, p>=<a, &>
Evidently &, is a Radon measure on £ with support C& (supp ¢).

DermniTionN 1. € is admissible if &, € D(2') for any ¢ € D(R).

This definition is equivalent to

DeFINITION 2. € is admissible if the map &*: D) 3 a—>aof € D'(R) is
continuously extended to the map of @D'(2") (or equivalently of &'(£2")) into
D'(Q).

The definition means that for any Se @'(2) there exists a unique dis-
tribution W € D'(2) such that

<W,¢>=<S, &> for any ¢ ¢ D(Q).

W is called the transposed image of S and will be denoted by &*S or S(¢).
Then, to any x’ € £’ the map ¢—&,(x") is obviously a positive form on D(R2),
and so there exists a positive Radon measure x,. on £, by which we can write

£ =) dned)

where supp #,, C&7'(x").
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DerintTioN 3. € is admissible at a point x, € £ if there is a neighbour-
hood U of x, such that the restriction &| U is admissible.

Owing to the principle of localization, it is easy to see that ¢ is admis-
sible if and only if £ is admissible at each point of 2.

If £ is admissible and 2’ C 2" (open subset of R”), the map &:2—2" is also
admissible. If a map & of £ into £’ and a map » of £ into £’ CR? are both
admissible, then 7o& becomes admissible. In fact, 7*acC(2") for any acD(R2")
and the map &* of D(L') into D'(Q) is always continuously extended to the
map of C(2) into D'(R), and (yo&)*a=¢&*(y*w) for any o € D(L2"). Consequently
the map (y0&)* of D(L") into D'(2) is continuously extended to the map of
D'(2") into D'(2), and so we have (yo&)*S=£&*(»*S) for every S e D'(2").

In what follows, without specific mention a map is meant to be differ-
entiable of class C~.

Drerinrrion 4. Let Se @D'(2). If, for any sequence {a’}, a’ ¢ D(Q"),
which converges to S in D(2') and to 0 uniformly on every compact subset
of 2\ supp S {&*a’} converges to an element of D'(R), then the limit is called
transposed tmage of S under the map & and will be denoted by &*S or S(¢).

The transposed image £*S exists if and only if for each point of £ there
is a neighbourhood U such that (¢| U)*S exists.

In practice a further modification of this definition is sometimes needed
[2, Chapter IIT].

Proposition 1. £*S exists for every S ¢ D(Q) if and only if & 1s admis-
sible.

Proor. We have only to prove the “only if” part. Let {0;}, 0;, ¢ D2,
be a sequence of regularization. If we consider the maps u':&8(2) > S—
£*(Sx0;) € D'(2), then {Sx0;} converges to S in D'(2) and to 0 uniformly on
every compact subset of 2"\ supp S, and so {u;(S)} converges to £*S in D'(2)
as j—ooo. It follows therefore from the Banach-Steinhaus theorem that the
map &(2") 3 S—&*S ¢ D'() is continuous, which completes the proof.

Prorosition 2. If & 1s an admissible map of 2C RY into 2'C R, then
NZ=n.

Proor. Suppose the contrary. For any compact ball B contained in 2,
the image &(B) is a null set owing to a theorem of Sard. If we let 6 be the
characteristic function of &¢(B), 0=0 in D'(2). We choose a sequence {a’}

from D(2") such that o’/ | 6 and a’=1 on &(B). Take a ¢ € Dp with S(ﬁ(x)dx

=1. Then <a’og, ¢>=1. On the other hand <a’c&, ¢>=<a’, &,>—0 as
j—co, which is a contradiction.
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Remark 1. Let ¢ be a map of 2 CR” into £ C R” and rank d¢, =n, x,€Q.
There exist a neighbourhood U of x, and a map 7 of U into RV such that
the map x=(¢, %) is a diffeomorphism of U onto an open subset z(U)C RY.
Then we can write for any ¢ € D(U)

() E(x")= (gox™)(x', y)dy',

pNr=c
where Jy is the Jacobian of the map x. This expression does not depend on
the choice of . Actually we can write for any ¢ ¢ D(2) with support in a
neighbourhood of x,

(b) Ex)= /igf_f%i_ﬁgvg,
2 =E) i i a(xz Sy xin>

where dow is the surface element of the surface given by é¢=«'. If n=1, the
denominator of the integrand becomes |gradé|. We note that if N=n, the
formula (b) means that

©) go(x)= foZIJ(x,) IJg(x\l $x).

Therefore if rankdé, =n, then ¢ is admissible in a neighbourhood of x,. We
also see that if x’ is not a critical value, the formulas (b), (¢) hold true of any
¢ € D).

Let RV=R?x R7, where » and y denote the generic points of R? and R”
respectively. Consider non-empty open subsets £, CR? and 2, CR7. Then
the map £: 82, x 2, 3 (x, y)—>x € R* is admissible as d¢ has the rank n at each
point of 2, x 2,. Let Se¢ D'(R?). &*Sis given by

<E*S, B, Y)>=<S, §¢<x, pdy>,  $eD(@x D).

That is, £*S=S&1,. We shall also use the symbol S(x) to denote £*S. Simi-
larly the map 7:2,x 823 (x, y)—y€ R is admissible and we may write
7*T=T(y) for any T € D'(R}).

We shall consider the relationship between the tensor product of distri-
butions and the multiplicative product between them in the sense of [57].

Proposrrion 3. For any Se€ D'(R7) and T ¢ D(RY), the multiplicative
product S(x)T(y) exists and is equal to SXT.

Proor. Owing to Proposition 2 of [57] (p. 167), since S1,=S, 1,7=T, we
have

SROT=(S1)X, T)=(SR1,)1L.RT)=S(x)T(y).
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The multiplication used here is normal in the sense of [5]. Especially
it is invariant under diffeomorphism. Namely, let x=f(x’, 1), y=g(x’, ¥)
be a diffeomorphism and put W(x, y)=S(x)T(y). Then we have

S(f'y ¥)) T (g(a's )=W(f(', ¥), g&', ).

The same is true if we only assume that the Jacobian af(f_’i)aeo at any

(%, ¥)
point of 2. This follows from the fact the multiplicative product is deter-
mined by its local character [5, p. 1627].

Let € be a map of 2 CRY into 27 CR? and 7 of £ into 2} R? such that
the map x=(¢, 5) of £ into 27 x £, has no critical point. Then the multiplic-
ative product (6*S)(»*T) exists for every Se D'(2;)) and T € D'(2;). In fact,
suppose rankdx,, =p-+¢q. We can find a map ¢ of a neighbourhood of x, into
RY-?-4 gych that the map (&, 7, &) is a diffeomorphism of a neighbourhood of
xo onto an open subset of RY. The consideration made just before will show
that the multiplicative product (¢*S)(»*T) exists in a neighbourhood of x,
for any Se D'(2)) and T € D'(L2)).

Turorem 1. Let € be an admissible map of £ into 21 and 7y of 2 into 2}.
If the multiplicative product (£*S)(y*T) exists for every Se D'(2)) and
T € D'(Q3), then the map x=(&, p) of 2 into 2} x 25 s also admaissible.

Proor. By assumption the multiplicative product (6*S)(»*T) exists for
any Se€ &(2)), Te&(2;). Let Be D) and let x, be an arbitrary point of
. Now consider for sufficiently small positive 2 the map

&'(2Dx&'(2) 3 (S, T)—>((Be*S)xp) (n*T) € D' (Q),
where we put ¢>~:}17 ¢<—’;—>, ¢ € D(RY) being chosen so that ¢>0 and

Sqﬂ(x)dx:l. It is a separately continuous bilinear map depending on A and

((Be*S)xp\)(y*T) converges to BE*S)(»*T) in D'(2) as 2—>0. As a con-
sequence the bilinear map

&)« &'(2:) > (S, T)>(E*SH(*T) € D(R)

will be hypocontinuous since &(2) and &(2;) are barrelled spaces [ 1, p. 40].
Owing to the theorem of Grothendieck [3, p. 667, since &'(2}) and &'(2;) are
(DF)-spaces, the map is continuous. Consequently it can be continuously ex-
tended to the map of &'(2)%,.8(25)=8&"(2;x 2;) into D'(2). This means
that the map x=(§, ) is admissible, completing the proof.

Exampre 1. Let P and Q be C* functions defined in an open subset 2 C R
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having no critical point. We denote by & the Dirac measure concentrated
at the origin 0 € R'. If the surfaces P=0 and Q=0 have no point in common,
we have in accordance with Definition 4

spgy— P | 9@

el [P

We only need to show the equation in a neighbourhood of the inverse image
(PQ)"'(0). We have |grad PQ|=|Q||gradP| on P=0 and |grad PQ|=
|P||gradQ| on Q=0. Let U be a neighbourhood of (PQ)~*(0) of which the
map x—PQ(x) has no critical point. We have for any ¢ € D(U)

B ¢ do ¢ do
<o(PQ), ¢>—SP=OW+ SMW

>+ <0(Q), >= <6(P)+ 6(@, B>

= <oP), o ol 7P|

IQI
Next suppose the surfaces P=0 and Q=0 intersect at x,, that is, the Jaco-
bian matrix of (P, Q) has rank 2 at x,. Therefore in a neighbourhood U of
%o the map x—(P(x), Q(x)) € R* has no critical point. Consider the map
7:(u, v)—>uv of R* into R'. (0, 0) is the only critical point of 7. And we
have for any c==0

Ouv—)=0®0) log -, +a®ﬁ + |_}7| &6+ o(1)
as ¢—0. Then we have
0(PQ— c)=0(P)0(Q) log ;- H0(P) lQl IPI 0(Q)+o(1),

where the multiplicative products 0(P)0(Q), 0(P) I QI and |}’l 0(Q) are well

defined by Proposition 8. Accoring to Gel’fand and Shilov [ 2, p. 3197, if we
define 0(PQ) as the finite part of the limit of d(PQ—c) when c tends to 0, we
again obtain the equation

in a neighbourhood of x,.
Now let us recall the definition of the simultaneous product of the dis-
tributions S, T and We D(2). If, for any ¢, ¢ and 0 € D(R”) such that

$=0,$=0,0=0 and gqﬂ(x)dx _ Sgb(x)dx - S o(x)dx =1, the distributional

limit



On (> Maps which admit Transposed Image of every Distribution 81

E = lim (Sx¢)(Tx¢dr)(Wx0\r)
+0

AN

exists and does not depend on the choiceof ¢, ¢ and o, then the limit will be
called the multiplicative product of S, T and ¥ and benoted by STW [5, p.
1727].

The definition means that the limit

lim . <(SKRQTRW ) (x—2y, x--2z, x—2"w), p(x)¢"( 1) (2)d*(w) >

AN N s

exists for any ¢!, ¢% ¢° ¢ D(R™) and ¢ € D(L"), and is equal to
<5, ¢> | #(pdy | #)ds | g du.

With necessary modifications we can prove the analogue of Theorem 1
for simultaneous multiplication. For our later purpose we shall show

ProrosiTiON 4. Let € be a diffeomorphism of 2 onto 2. If the multiplica-
tive product E of S, T and W € D'(Q) exists, then the product of £*S, £*T and
X exists and E*F=(e*S)(e*T)(e*W).

Proor. There is no loss of generality in assuming S, T, W € &(2'). Let
B, &2, ¢° € D(R") and @ € D(Q). Put p=¢£"'. Then we have for sufficiently
small positive 4, 2’ and 1"

fQ, 2,20

= <(E*FHREDRE* W) (R — 27, =12, x—2'®), J@F (7P (2B (@)>
= (E*SHRETIRE W) (5, 3, B), F@FNE— N (E— 2)ir (F— ) >
=<(SRTRW)(y, z, w),

1 5 51 — S ~3,, —
T T () B(7(x) =79 3))--- B3 () — m(w)) >

After the change of variables:
y=>x—2ly, zox—z, w—ox—w,
we have

JQ, 2,20

=<(SRXTIRQWYXx—2y, x—z, x—21" 1

©) |J§<x).[§(x—/Ly)A..]E(x_l//w)l , 8>,

where
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&= (%, ¥ 2, w)=d(n(x))B* (M) , ,(753(77(96)—‘77;56 -l"w)>.

We can easily show that the set {g\ (%, 7, 2, w}ocr v ar<1 is bounded
in @. Passing to the limit 2, 2’ and 2"—+0, f(4, 2, ") converges to

<E@) 7 by H) (3 () )y (835 5 oo ) o>

=< H(x 1 4 x 514 $2(2)dz\ 3 (w)dw
= <8, 17 b Ha)> Py F s

= <&*E, ¢()>.

Thus the product (6*S)(e*T)(&* W) exists and is equal to £*%. The proof is
completed.

§2. A characterization of diffeomorphism

We continue under the same notations as before. First we prove

TuroreM 2. Let x be a C* map of 2 CRY into 2 CR". We assume that
N=n. Then the following two conditions are equivalent to each other:

(1) x is admissible.

(2) «21s a C” map and the Jacobian Jx does not vanish.

Proor. We only need to show the implication (1)=(2). First we show
that J, does not vanish. Suppose the contrary and assume that Jx=0 at
x0 € £. There exists a sequence {x’} in £ converging to x, and such that x’
are regular points, that is, not critical points. In fact, let UC 2 be a rela-
tively compact neighbourhood of x, and Iy the set of the critical points in U.
Then Iy is compact and x(/",) is a null set. The set

I'=x (I )NT

is compact. In the same way as in Proposition 2 we can show that the in-
terior I° of I is empty. Thus we can choose a sequence {x’} in U such that
%’ is a regular point and {x’} converges to x,. Let ¢¢€ D(2) be chosen so
that ¢ =0 and ¢(xo)=1. There exists a neighbourhood U; of x/, of which x
is a homeomorphism onto a neighbourhood of x”7=x(x7). Let a’¢€ D(U;) be
such that 0<a’<{1 and a/=1 in a neighbourhood of /. Then

1o)== 2D

]JXIx:xJ.

Putting x§=x(x,), xs(x”) tends to x,(x{), #(x’) to 1 and |Jx|,-. to 0 as x/—x,.
Consequently x,(x;)= + oo, which is a contradiction. Thus the Jacobian Jy
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is not 0 at every x € 2.

Next we shall show that x is a C* map. Let U be a neighbourhood of
x¢ such that x is a homeomorphism of U onto a neighbourhood of x;=x(x,).
Then we have for any ¢ € D(U)

2y(x)= (@ ﬁ]i_ll(x/)) .

If we choose ¢ € D(U) equal to 1 in a neighbourhood of x,, then
A 1
X¢(x )— | JX|

for any »’ sufficiently near x). Therefore J, is a C* function in a neighbour-
hood of x;. If we also take ¢ equal to ¢*:(x), .-, xx)—>x, near x,, then we
have in a neighbourhood of x;

2o(a) = ”%'(m Uy Yula),

where ((x| U)™"), denotes the £-th component of the inverse of x|U. x4, |Jx|
being C* functions in a neighbourhood of x{, ((x|U))(x") is a €= function
for k=1,2, ..., N. Thus x is a C* map of £ into £’, the proof of the theorem
is now complete.

Remark 2. There is a continuous admissible map % ¢ C*. For example,

let N=n=1and 2=2'=R'. Then the map x(x)zx’é’ is admissible.
As an immediate consequence of Theorems 1, 2 we have

CoroLLARY. Let & be an admissible map of 2 CRY into 2, CR? and 7 of
2 into 2; CR?. We assume that N=p+q. Then the following two conditions
are equivalent to each other:

(1) The multiplicative product {(£*S)(y*T) exists for every Se D'(27),
T € D'(23).
(2) The map z=(&, 7) of £ into 27 x 2} has no critical Point.

It also follows from Proposition 4 we see that the analogue of the preced-
ing corollary for the simultaneous multiplication remains valid.

Levma 1. Let £ be a map of QCRY onto ' CR". If & has mo critical
point, then the map D(R) > p—¢&, € D(2') is surjective and therefore £* is in-
Jective.

Proor. If N=n, the lemma is trivial since then the map is locally a
diffeomorphism. Therefore we consider the case N>n. Let x,€ 2 and put
xy=&(xo). There exists a map y =7(x) of a neighbourhood W of x, into R"~"
such that x=(¢, ) is a diffeomorphism of # onto a neighbourhood of (x{, 7(x,)).
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Without loss of generality we may assume that x,=0, x;=0, yi=x,.;,
j=1,2, ..., N—n and that there exists an open 0-neighbourhood U= {(xy, ---,

w) il <5 for j=1,2, .., N}C C W,

Given a € D(&(U)), we choose a compact set K C U with £(K) D supp « and
take a ¢ € D(U) equal to 1 in a neighbourhood of K. It follows then from
the formula (a) that we have

Sd(f)wu’xl =«.

This means that the map ¢—¢, of D(U) into D(&(V)) is onto. An applica-
tion of a decomposition of unity will allow to conclude the statement of the
lemma.

We note that if £ is an admissible map of 2CRY into £ CR”, then
£X(&(2)) C&(R) if and only if ¢ is proper, that is, the inverse image ¢ (K")
of any compact subset K’ of 2’ is also compact.

TuroreM 3. Let & be an admaissible map of 2 RY into 2'CR". We as-
sume that Q' is connected. Then the following three conditions are equivalent
to each other:

1) eHD(2)=D(@).

@ HE®)=8E2).

(3) € 1is a diffeomorphism of L onto 2'.

Proor. The implications (8)= (1) and (3)=(2) are trivial. Each of the
conditions (1) and (2) implies the map D(2) > g—>¢&, € D(L’) is injective, and
each in turn implies N=n. For otherwise, let x,€ 2 be a regular point.
Then the surface &(x)=&(x,) would contain a regular point x'=¢x, near x,,
so that we could find respective disjoint neighbourhoods U, and U, of x, and
x' such that ¢ has no critical point in U, and U; and &(U,)=¢&(U,). Then
owing to Lemma 1 we can find ¢, € D(U,) and ¢' € D(U,) with ¢, ¢ such
that &, =&, which contradicts the fact that the map D(Q) » &, € D(L") is
injective. It follows therefore that there is no loss of generality in assum-
ing N=n for the proof of the theorem.

As a consequence, owing to Theorem 2 ¢ is open and we can infer by a
similar reasoning made just before that & is injective, in other words ¢ is a
diffeomorphism of 2 onto £(2).

1)=(3). Let 2,=¢&(R). Since £’ is connected, if 2 2', then we could
find a distribution S € &@'(2{) which can not be extended to a distribution on
2. Let TeD(2) such that &¥T=¢£*S. Then &¥(T|2,)=¢&*S. It follows
then from Lemma 1 that 7T|2,=S, which is a contradiction.

(2)=(8). We use the same notations as before. We shall show that 2/
is closed. For otherwise, there would exist x)€02;"\2. Let {x”} be a
sequence from £, which converges to x{. Since ¢ is proper, ¢ '({x”, x;}) is
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compact, which would imply x{ € 2;,. But this is a contradiction. £’ being
connected, we must have 2)=2".
This completes the proof.

Prorosition 5. Let x be an admaissible map of 2 CRY into 2 CR". We
assume that £ is conmected, 2' is simply connected and N=n. If x is proper,
then it is a diffeomorphism of 2 onto 2'.

Proor. Since J,=0 for every x € £, the set 2;,=x(2) is open. On the
other hand, in the same way as in the proof of Theorem 3 we can show that
2;=2". For any x; € 2, the set x"'(x{) is finite. We can show that x~'(x")
consists of the same number of points for every x' € 2’, so that 2 is a cover-
ing space of 2. As 2’ is simply connected, & must be a homeomorphism,
and so a diffeomorphism, which completes the proof.

Remark 3. The theorem is not true without the assumption N=n. For
example, the map £=log (x3+ ...+ x%), N>1 of R¥\ {0} into R' is proper but
not a diffeomorphism.

§8. Admissible maps into R*

Consider a map & of 2C RY into 2 CR". If £ has no critical point, it is
admissible. As to its converse, though we have plausible reasons to infer
the truth, we did not succeed in proving it besides some special instances.
We note here that if the conjecture holds for the case where n=1 and N is
arbitrary, then we can show that it is always true. In fact, if & is admissible
with rankdé <n at an x, € £, we can find real numbers a,, as, .-, ay, not all 0,

such that Efaf%(xo)ZO, j=1,2,..., N. Then the map 2 3 x—>>;a;5:(x) € R!
J
must be admissible with x, as a critical point.

ProrosiTion 6. Let &€ be an admissible map of 2 RY into R'. Assume
that &(x¢)=0. Then supp &*0=¢"%0).

Proor. It suffices to show that supp&*d D& 10). If x,¢£7%0) is a re-
gular point, then it follows from the expression (b) that x, belongs to supp £*9.
Now let x, € £7%(0) be a critical point. We may assume that x,=0. Let Y
be the Heaviside function. In a small neighbourhood U of x, we have

0
0

Xi

pe ) L.
\: - = — —_ = =
Y(&)=0(8) o 0, 0x1(1 Y(£)=0, i=1,2, ..., N,

so that £ admits no values of opposite signs, say &(U)(—oo, 0). Then we
would have &%0¥=0, £=0,1, 2, ... in U. On the other hand, if m is a posi-
tive integer, then
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1 1 1 0 1 0’ D" om—
7E=7'£‘7—m—1 em1 +m——2 gm2 + +(< 1)!6( 1)10g€+0<1>

as ¢e—>+0, where t. = max (¢, ¢). This together with £*§** =0 implies that

11 1

HiERHE , HE

But this is a contradiction since we can take m to be arbitrarily large.

+0(1) as ¢ — 0 which shows that is locally integrable in U.

Proposrrion 7. If a map & of 2C RY into R' is mot open, then & is mnot
admaissible.

Proor. There is a point x, € 2 such that ¢ is not open in any neigh-
bourhood of x,. We may assume that &(x,)=0, and &(x)—>0 in a neighbour-
hood U of x,. Then we have £&¥0=0 in U. It follows from the preceding
Proposition 6 that & is not admissible.

ExampLe 2. The map P(x, p=x2+.. . +xi— yi—...— 52 of RZ?x R7 into
R' is not admissible at (0, 0) € R7x R7. It is followed by such a more general
consideration as follows: Let ¢ be a map of £, C R? into R}, r a map of £2,C
R7 into R} and ¢ the map of R!x R} into R} defined by w=s—¢. Since {,g,
=uxy for any u € &'(R]), v € &(R}), the map u=0(x)—1(y) of £, x 2, into R}
is admissible if and only if g,*¢, € D(RL) for any u e D(R}), v € D(R}). By
a support theorem [4, p. 2797, if the singular support of either ¢, or ¢, is
finite, then the condition 4%t € D(R]) implies that at least one of 7, and ¢,
is a C~ function. Each of the maps (x, -, x,)—>>);x% and (yy, -, y,)—>>1;¥2
is not admissible only at the origin. It follows therefore that the map P is
not admissible at the origin.

Prorosition 8. Let & be a map of 2C R? into R'. Then & 1is admissible
1f and only 1f & has no critical point.

Proor. We have only to show the “only if” part. Suppose that (0, 0) is

2
a critical point and &0, 0)=0. If g,ﬁ@’ 0)—6,a (,f €0, 0)= (0 0)=0, then

in a neighbourhood U of (0, 0) we have |£(x, )| g Mrd where r=vxZ+ y? and
M is a constant, and therefore, for any ¢eD(U) such that ¢=0 and (0, 0)>0,

O =lim LN e dedy=tim ([ srdrdo=co.
This is a contradiction. Consequently & can be written in a neighbourhood
of (0, 0) in one of the following forms:

1) &x, =2+ y*+o(?)

(2) &(x, Y=2— y*+0o(?

®) &lx, yy=x+o(?),
if necessary, after a change of coordinates or replacing ¢ by —¢.
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By Proposition 7 we see that (1) does not occur. If & takes the form (3),
then we would have |&(x, )| <2x°+ ¢ y* in a sufficiently small neighbourhood
U of (0, 0), where c is any assigned positive number. If ¢ is taken as before,

then 5¢(0)2n§$—0). Now let ¢ be any element of D{(2) such that ¢ =0 and

(0, 0)>0 and let « € D(U) be taken so that 0 <a<<1 and {0, 0)=1. Then

£,(0)=¢.,(0) = 77&1;(\/02,_00) . Consequently &,(0)=co. But this is a contradiction.

Finally we assume that & takes the form (2). By an elementary calculation
we can show that & admits in a neighbourhood of (0, 0) the solutions of the
forms y=u(x)x and y=—wv(x)x, where u, v are C* functions such that
u{0)=v(0)=1. Taking ¢ as before, we have with a constant C>0

ao=c |+ | ) |¢| dx=oo.
y=ulx y=—vdx *
This is also a contradiction. The proof is thereby completed.
Finally we consider a map & of R? into R,=[0, ). In an obvious way
we can extend the notion of admissibility to this instant. In this situation,

if &(xo, 7%)=0, & is admissible at (xo, yo) if and only if grad&=~0 at (xo, yo).

ProrosiTioN 9. Let € be a map of 2 into R, such that &(xo, y)=0 and
grad £=0 at (xo, y). ¢& 18 admissible at (xo, y0) tf and only 1f & can be written
wm the form

=a(x —20)*+2b(x — x0) (y— y0) + c(y— )+ o(| x — %0 | *+ | y— y0|%), b*—ac<0
i a neighbourhood of {xq, o).

Proor. We may assume (xo, y0)=(0, 0) and continue to use the same
notations as in the proof of the preceding proposition. The argument there
shows that if ¢ is admissible, then it must be of the form (1)

5:x2+ y2_|_0<r2)
in a neighbourhood of (0, 0) after a change of coordinates. It remains there-
fore to show the converse.
Let t =£(x, y)=x"+ y*>+ o(r?) in a neighbourhood of (0, 0). Put t=s*>. We
shall find a function » in s and ¢ such that if we put x = su cos6, y=susin6,
then £(sucosd, susinf)=s*. For the function A(s, 6, u)=¢&(su cos 0, su sin6)

we have &0, 0, u)= gh (0, 6, u)=0, hence the equation is reduced to

g(l—r/ o052 (ts, 0, u)de. If we put

1 o*h
F(s, 0, u)=30(1—r)w(rs, 0, wde—1,



88 Mitsuyuki ITano and Atsuo JOicr!

daF

then F(0, 6, 1)=0 an (0, 6, 1)=1. The implicit function theorem allows

us to determine u=u(3, 0) of class C= for small |s| under the condition
u(0, 6)=1, where u is periodic in 6 with period 2z. Since |gradé|=
2|5|(1+0(1)) as s—0 and dx*+d y*=s << gu ) u2>d02, we have for any ¢eD(R?)
with support in a neighbourhood of (0, 0)

27 .,/ >
&,(sH=\ ¢(sucosb, susin)——"" 1

0 E e I'ad S |

S

&,(s®) isa C~ function in s in a deleted neighbourhood of 0. However, the func-
tion defined by the integral is of class €~ in a 0-neighbourhood of s. Con-
sequently the function &4(¢) must belong to C=([0, o)), which completes the
proof.
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