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Dimensions of the Derivation Algebras of Lie Algebras
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Let L be a Lie algebra over a field of arbitrary characteristic. In the
paper pΓ], J. Dozias has shown that if Lφ[_L, L~] then the dimension of the
derivation algebra ®(L) of L is not less than dim L. In this paper, making
use of the method of constructing outer derivations of L which has been shown
in [ΊΓ], we shall give some effective estimates of dim®(Z,)

In Section 1 we shall recall some results which have been already shown
in [4Γ\ and [6J In Section 2 we shall give several estimates of dim®(Z). If
Z(L) is the center of L and C([£, LJ) is the centralizer of [L, IΓ\ in L, then
one of the estimates is that if L Φ QL, LΓ\

dimS)(Z)>dimL+max{dimZ(L)dimL/[^ £]-dimC([Z,, LJ), 0}.

In Section 3 we shall give several examples which are connected with the re-
sults in Section 2.

1. Throughout the paper we denote by Φ a field of arbitrary character-
istic unless otherwise stated and by l a finite dimensional Lie algebra over a
field Φ. We denote by 35(Z) the derivation algebra of Z, that is, the Lie al-
gebra of all the derivations of L and by ^s(L) the ideal of £)(£) consisting of
all the inner derivations of L. We denote by Z(L) the center of L and, for a
subalgebra H of Z, by C(Jί) the centralizer of H in L. As usual [_L, L~2 will
be denoted by ZΛ

In the next section we need the following two results.

LEMMA 1. Let L be a Lie algebra over a field Φ and let M be an ideal of L
of codimensίon 1 containing Z(L). Then:

(i) [Z,, Z{MY\CZ{M)and

dimZ(M)= dimZCLH dim[X, Z(M)J

(ii) If L = (e) + M and Z(L)=/=(0), every endomorphism of L sending e to
any element of Z(M) \[_L, Z(M)J and M into (0) is an outer derivation of L.

LEMMA 2. Let L be a Lie algebra over a field Φ. If L is the direct sum of
the ideals Xx and Z2? then

dim2)(Z,)= dim®(L1)+ dim®(L2

+ dim Z(L2) dim Lλ
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The statements (i) and (ii) in Lemma 1 have been shown respectively in
the proofs of Lemma 1 and Theorem 1 in Γ6] (see [_5J). Lemma 2 is an easy
consequence of Lemma 1 in

2. We first prove the following

THEOREM 1. Let L be a Lie algebra over a field Φ such that LφL2 and
(0)φZ(L)CL2. Let L = (eu e2, ..., en) + L2 with n=dimL/L2 and let M{ =
( β i , . . . , e, _ i , e t + i , . . . , en)-\-L2.

(i) // we denote by G the space spanned by all x e L such that [_x, e f] e Qe, ,
for some ί, then

(1) dim ®(£) > dim L + dim Z(Z)(dim L/L2 — 1) — di

(ii) If we put Zi = £ΣM€%iZ(M))/[ei, Z(Mi)J where % is the set of all the
ideals M complementary to (e{) and such that Qe, , Z(M)] = Qeί , Z(Mί)], and if we

n

denote by H the space spanned by all x e L such that [_x, L~] C ACe/5 Z(Mi)J, then

(2) dim ®(L) > dim L + max (dim Z, ) + dim Z(Z)(dim L/L2 - 2)
i

+ dim(C(L2)r\H).

PROOF, (i): Put m = dim Z(L). Then by (i) of Lemma 1 we have
dim(Z(M;)/IIeij Z(Mi)~J) — m for each ί. Choose the elements zij:> j=l, 2, ..., m, in
such a way that

By (ii) of Lemma 1 every endomorphism D ί ; of L sending a to z^ and Mi into
(0) is an outer derivation of L. The set of A, with ί = l, 2, ..., n and y = l, 2,
..., m is linearly independent. If we denote by Wl the space spanned by all
the Ay, then dimWl=dim Z(L) dim L/L2. Let x e L be such that ad x is a
non-zero element of 3CL)n9Ή. Then [>, £ 2 ] = (0) and [Λ;, e,G$[e f, Z(Λf, )D for
i = l, 2, ..., n. It follows that x e C(Z2)\(C(L2)nG). Hence

\Tl) <dimC(L2)- dim(C(L2)r\G).

Consequently we have

dim SOL) > dim (3f(L) + 2K)

> d i m L + dimZ(Z)(dimL/L 2 -l)- dimC(Z2)+ dim(C(L2)Γ\G).

(ii): We may assume that dimZi = max(dimZI ). Put h= dimZi. Then

we can write
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w h e r e mk = h, ( z l u ••-, zlm)CZ(Mι), ( z 1 > m + u •••, z l m i ) C Z ( M n \ •••, U i > W λ ; _ 1 + i , •••,
zimk) C ZiMik) and Mij e gχ for / = 1, 2, , k. Making a convention that m = m0,
for any j such that mi-.1<j<jni we denote by Di; the endomorphism of L send-
ing eι to *!/ and Mu into (0). Then by (ii) of Lemma 1 Dij is an outer deriva-
tion of L. For i = l, , n and 7 = 1, 2, , τn? we define Dυ as in the proof of
(i). Then the set of all A7 is linearly independent. In fact, if

AA
then Σ^i i^ iye i = Σ ^ i y = 0. Hence λiy = O for / = 1, 2, • ,/ι. I t is now

j=ι j=ι

immediate that Λ7 = 0 for ί = 2, 3, •••, n and 7 = 1, 2, ..., m. Thus these D^ are
linearly independent. If we denote by Wl the space spanned by all of these
A ; , then

dimm = h+ dimZ(L) (d imL/^ 2 - l )

Let x 6 L be such that ad x is a non-zero element of 3KL)π5ΠΪ. Then Q#, L2]
= (0) and QΛ:, eP\ belongs to a subspace of L complementary to Qet , Z(Mi)~] for

ΐ = l, 2, ..., 7i. Hence [>, ̂ nCΛCe,-, Z(Aff )]) = (0). It follows that x e C(L2)

\(C(L2)r\H). T h e r e f o r e

Consequently we have

dim ®(i) > dim ($(L) + Tl)

> d i m Z - dim Z(Z,) + Λ+ dimZ(L) (dimZ/L2-l)

- dimC(I2)+ dim(C(L2)Γ\H)

= dimLH-/ι+ dimZ(L) (dimV^ 2 -2)- dimC(

Thus the proof is complete.

In order to obtain further estimates of dim®(L), we first consider the
case where L has no non-zero abelian direct summands. If L = L2, then

( ) $ ( ) = dimZ- di

= dim£+

If LφL2 and Z(L) = (0\

dim ®(L) > dim ̂ (L) = dim L

= dim L + max {dim Z(L) dim L/L2 - dim C(L2\ 0}.

Now assume that LφL2 and Z(L) Φ (0). Then Z(Z) C L2. With the notations
of Theorem 1, Z(L)CC(L2^r\G. Hence by (i) of Theorem 1 we have
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dim®(L)>:dimL+ dim Z(L) dim L/L2- dim C(L2).

Let Dij and zυ for / = 1, 2, ..., zτi be the same ones as defined in the first part
of the proof of Theorem 1. If we denote by Wli the space spanned by the set
of all Όlh then dim$mi = dimZ(Z). We assert that 5D?iΛ3ί(£) = (O). In fact,

m m m

suppose that ad* e WliΓλ^L). Then adχ = 'ΣλJDυ. If Σ4/*i/¥=0,

must be an outer derivation of L by (ii) of Lemma 1. Hence

follows that λj = Q for all /. Thus ad x = 0. We now have

dim 3*L) > dim (3(i) + 3Ki) = dim ^(Z) + dim (m1

Next we consider the case where L has a non-zero abelian direct sum-
mand. If L is abelian, then

= (dim Lf = dim Z + dim Z(Z) dim Z/X2 - dim C(L2).

Assume that L is not abelian. Then L is the direct sum of a non-zero abelian
ideal Lλ and an ideal L2 which has no non-zero abelian direct summands. Put
k = άimLι. If L2 = Ll, by Lemma 2 we have

dim ®(Z) = dim ®(Zi) + dim S5(Z2) + dim Zi dim Z(L2)

^ A:2 + dim L2 — dim Z(Z2) + k dim Z(L2)

= dim L + dim Z(i) dim L/L2 - dim C(L2)

= dimL + (ifc-l)dimZ(Ir),

and

(fc-l)dimZ(L)>0.

If L2ΦL\, then by using Lemma 2 and the first case above we have

= dim ®(Li) + dim ®(L2) + dim Lx dim Z(L2) + dim Lx dim L2/L2

> ^ 2 + dimZ2 + max{dimZ(Z2)dimZ2/Z|-dim(C(Z|)nZ2)5 0}

+ k dim Z(Z2) + k dim £2/Z,|

= dim L + max {dim Z(L) dim L/£2 ~ dim C(L2\

k(ά\m Z(L) -1 + dim L2 - dim Lf)}
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and

Jfc(dim Z(L) -1 + dim L2 - dim Z,|) > 0.

Therefore, in this case we obtain

dim®(Z)>dimZ+ max{dimZ(Z)dimZ/Z2- dimC(Z2), 0}.

Thus we have proved the following theorems.

THEOREM 2. Let L be a Lie algebra over a field Φ which has a non-zero
abelian direct summand. Let L\ be such a direct summand of maximal di-
mension.

(i)

dim®(L)>dimL + dimZ(L) (dim Li —1).

(ii) IfL/L1φ(L/Lί)\then

dim ®(Z) ;> dim L + max {dim Z(Z) dim L/L2 — dim C(L2\

dim L1 (dim Z(L) -1) + dim i^dim L/Lι - dim (£/Xi)2)>.

THEOREM 3. Let L be a Lie algebra over a field Φ. Then

dim 3X£) ̂  dim L + dim Z(L) dim L/L2 - dim C(L2).

In particular, if LφL2, then

(3) dim ®(Z) > dim L + max {dim Z{L) dim L/X2 - dim C(L2\ 0}.

As an immediate consequence of Theorem 3 we have the following

COROLLARY 1. Let L be a Lie algebra over a field Φ. If dim C(Z,2)<C
k dimZ(L) and dimL/L2>k for some integer &>0, then

dim ®CL) > dim L + dim Z{L) (dim L/L2 - k).

COROLLARY 2. Let Lbe a Lie algebra over a field Φ. If C(L2) = Z(L), or
if L satisfies the condition that (ad x)2 = 0 implies ad x = 0, then

dim ®(L) > dim L + dim Z(L) (dim L/L2 -1).

PROOF. If L satisfies the condition that (ad#)2 = 0 implies ad# = 05 then
for any ye C(L2) we have (ad y)2LC(adγ)L2 = (0) and therefore a d y = 0 , that
is, γeZ(L). Hence C(L2) = Z(L). .Therefore the statement follows from
Corollary 1.

3. In this section we shall show several examples which are connected
with the results obtained in Section 2.
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Let L be the Lie algebra over a field Φ described in terms of a basis
β2, e3, e4, e5 by the table:

(HI], p. 126). Then with the notations in Theorem 1 we have L2 — (e3, e4, e5),
Z(L) = (e5), i = (ei5 e2) + L2, G = Z, C(L2) = L\ and dim®(Z) = 6. Hence in
this case equality holds in the inequality (1) of Theorem 1.

Let L be the Lie algebra over a field of characteristic Φ 2 described in
terms of a basis eu e2, ••-, e8 by the table:

[ e 2 , e 5 ] = e7, [ e 2 , e 6 ] = 2 e 8 , [ e 3 , e 4 ] = — e7 + β 8 ?

C^3, β 5 H = — e 8

( H I ] , p. 123). T h e n w i t h t h e n o t a t i o n s of T h e o r e m 1 w e h a v e Z 2 = (e 3 , e 4, ...,

e 8 ) , Z ( L ) = ( β 8 ) , Z = ( β i , β 2 ) + L 2 , Cβ f , Z ( M / ) ] = ( e 8 ) , 5 ] j i f e ^ Z ( Λ f ) = ( e 6 5 e 7 , β 8 ) ,

dim Z, = 2 (i = 1,2), H= C(L2) = (e6, e7, e8), and dim®(L) = 10. Hence in this case
equality holds in the inequality (2) of Theorem 1.

In the remainder of the paper, for simplicity we denote by m max{dimZ(Z)
dimV£ 2 -dimC(£ 2 ) , 0}.

For every non-zero abelian Lie algebra L over Φ, equality holds in the
inequality (3) of Theorem 3 and m is >0 if d i m Z > l .

Let L be the Lie algebra over a field of characteristic ^=2,3 described in
terms of a basis eu e2, •••, e8 by the table:

Π^i, e 2 ] = e 5 , Πei> β 3 ] = β6, H^i5 e 4 ] = e 7, [_eu e^\= — e 8,

Πe2, e 3 ] = e 8, H^2 5 β 4 ] = e 6, {_e2, e 6 ] = — e 7,

He3, e 4 ] = — e 5 , He3, β s ] = — e 7 , He4, ^ 6 ] = — e 8

(H2]). Then Z2 = (e5, β6, e7, e8), Z(L) = (β7j e8), C(L2) = L2 and dim®(L) = 12.
Hence in this case equality holds in the inequality (3) of Theorem 3 and m = 4.

Let Z, be the Lie algebra of nxn triangular matrices over a field of
characteristic 0. Then dimZ(Z,) = l, dimC(L2) = 2 and dimZ,/Z2 = τι. Hence
if 7i > 3 then L satisfies the condition in Corollary 1 to Theorem 3 with k = 2.

Let L be the Lie algebra over a field Φ described in terms of a basis
ei, e2, ..., e7 by the table:

Hei? ^3j = e4, Hei5 e 4 ] = — e3, He2, e5] = e6,

He2, e β ] = —β5, H 3̂, e4] = H 5̂, eβ] = e7.
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Then L2 = (e3, e4, e5, e6, e7), Z(L) = C(L2) = (e7) and dimL/L2 = 2. Hence L
satisfies the first condition in Corollary 2 to Theorem 3 and m = dim Z(L).

Let Φ be the field of real numbers and let L be the Lie algebra given
above. Then we can show that if (ad χ)2 — 0 then ad x — 0. Thus L satisfies
the second condition in Corollary to Theorem 3.
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