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1. Introduction.

In [17] Gilmer introduced the notion of almost-Dedekind domain. Every
Dedekind domain is almost-Dedekind (4D) and AD-domains in general have
many of the properties of Dedekind domains. Every Dedekind domain is a
Krull domain in which proper nonzero prime ideals are maximal. Hence it
seems natural to look for the proper generalization of almost-Dedekind do-
mains to almost-Krull domains.

2. Definition and general properties.

In what follows, R denotes a commutative integral domain with identity
and K denotes the quotient field of R. Proper prime ideals of R are nonzero
prime ideals which are not equal to R. The notation is that found in [3] and
[4].

We state the following definition from [17].

DeriniTiON 2.1. R 98 AD ©ff Ry ts a Dedekind domain for each maximal
ideal M of R.

It follows that proper prime ideals in an 4AD-domain are maximal. Now
if Ris AD and X is an indeterminate, then R[ X ] is not 4D. However, we
do have the following proposition which motivates the definition of almost-
Krull domain.

ProrosiTion 2.2. Let R be an AD-domain and let X be an indeterminate.
Then for every proper prime ideal P of R[ X ], the ring R[X |p is a Krull
domain.

Proor. Put Q=PNRandlet M=R[ X ]—P. Let Mi=R—Q, My=M— M,.
Now Q is a prime ideal of R so that M, is a multiplicative system in R and
hence in R[ X]. M, is the set of nonconstant polynomials in M and hence M,
is also a multiplicative system in R[X]. It follows that (R[X)r=
(Ry [ X, Since R is AD, Ry, is either a field or a Dedekind domain (If
PNR=(0) then Ry =K.). Thus Ry [X] is a Krull domain. Since M, is a
multiplicative system in Ry [ X ], (Ry,[ X Dy, is a Krull domain.

The above proposition suggests the following definition.
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DerinITION 2.3. R s called an almost-Krull (AK) domain iff Rp is @
Krull domain for each proper prime ideal P of R.

ProrosiTion 2.4. R is AK iff Ry is a Krull domain for each maximal
ideal M of R.

Proor. The proof is a straight forward application of the general pro-
perties of quotient ring formation found in [37].

Prorosition 2.5. Let R be an AK-domain. Then R is integrally closed,
and hence a Noetherian AK-domain is a Krull domain.

Proor. By [4], page 94, we have that R= "Ry, where M runs over all
maximal ideals of R. Each Ry is integrally closed since each Ry is a Krull
domain. It follows that R is integrally closed. It is well known that a Noe-
therian integrally closed domain is a Krull domain.

In the remainder of this paper we shall assume that R is an 4AK-domain
unless otherwise stated. Thus let 4 denote the set of nonzero minimal primes
of R. 40, for if M is a maximal ideal of R then the Krull domain R, con-
tains a minimal prime P. It follows that Q=PNR is a minimal prime of R.

Prorosition 2.6. R=NRp

P€ed4

Proor. Let M be any maximal ideal of R and let Bj denote the collec-

tion of nonzero minimal primes of R that are contained in M. Since Ry is a

Krull domain, Ry = N\ (RM)pRMz N Rp. Then R=NRy=N( N Rp)= N Rp,
P€By P€By M PE€By Ped

where M runs over all maximal ideals of R.

CoroLLARY 2.7. R is completely integrally closed.

Proor. Each Rpis a discrete rank one valuation ring and hence is com-
pletely integrally closed.

CoroLLARY 2.8. Let F denote the family of valuations on K induced by
the family of nonzero minimal primes of R. Then F satisfies the following:

(i)  Each v € F has rank one and is discrete.

(i) R= [E\F R,

(iii) For each v € F, R,=Rp(,), where P(v) denotes the center of v on R.

(iv) For each maximal ideal M of R and for each nonzero x € K, v(x)==0
for only a finite number of v € F such that P(v)C M.

Proor. (i), (ii), (iii) are clear. (iv) follows from the fact that for each
maximal ideal M, Ry is a Krull domain with quotient field K.

Using the above corollary, we can in fact characterize AK-domains in
terms of families of valuations.
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THEOREM 2.9. R s an AK-domain 1ff there exists a family F of valua-
tions on K with the following properties:
(i)  Each v € F has rank one and is discrete.
(ii)  For each maximal ideal M of R there is a subfamily Fy of F such
that RM= [\ R,,.

vEFRy
(iii) For each v € F, R,= Rp(y).
(iv) For each maximal ideal M of R and for each nonzero x € K, there are
only a finite number of v € Fy such that v(x)=~0.

Proor. The “only if”’ part follows from corollary 2.8. The “if” part
follows from the fact that the existence of a family F satisfying (i) through
(iv) implies that Ry is a Krull domain for each maximal ideal M of R. Thus
R is AK by proposition 2.4.

A family F of valuations satisfying (i) through (iv) of the above theorem
is called a family of essential valuations for R. The next proposition shows
that, as is the case for Krull domains, a family of essential valuations for R
is uniquely determined by R.

Prorosition 2.10. Let F be a family of essential valuations for R. Then
the quotient rings Rp, where P runs over the family of all minimal primes of
R, are identical with the valuation rings R,, v € F.

Proor. Let v € F and let P(v) denote the center of » on R. Then R,=
Rpq). Since R, is a discrete rank one valuation ring, we must have that P(v)
is a minimal prime in R.

Conversely, let P be any minimal prime in R. We must show that P is
the center of some valuation v € F. Let M be any maximal ideal containing
P. By theorem 2.9 there is a family Fj of valuations which is the family of
essential valuations for the Krull domain Ry and Fy CF. Now PRy is a
minimal prime in Ry and since Ry is a Krull domain there is v ¢ Fj; such that
PRy, is the center of v on Ry. So if x € Ry then v(x)>0 iff x € PR, iff

x =%, t € P,me R—Miff v(z)>0 since m is a unit in Ry and hence v(m)=0.

Thus PC P(v) where P(v) denotes the center of v on R. Since P(v) is minimal
we must have P=P(v). Then R,=Rp,,=Rp.

We note that if R is not a Krull domain, there may be a proper subfamily
G of F such that R= /\ R,. For example if R is an 4D-domain which is not

2CG
a Dedekind domain such a family G always exists [ 2, theorem 3.

The next few theorems show some ways to obtain 4K-domains from a
given AK-domain R.

Turorem 2.11. Let R be an AK-domain and let X1, X, --., X, be indeter-
mainates. Then R[ X1, X, -, X, ] 18 an AK-domain.
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Proor. It is sufficient to prove the case n=1. The proof for this case
is similar to the proof of proposition 2.2 with only a few minor changes.

Now, let X be an indeterminate. For f(X)= Zn}a,-X ‘€ RLX], and v € F,
1=0

define v'( f(X))=min{v(a;)|0 <i<n}. o' may be extended to a valuation on
K(X), and is called the canonical extension of v to K(X). Let G denote the
family of a(X)-adic valuations on K(X) where a(X) is a nonconstant irreduci-
ble polynomial in K[ X ] and let ¥’ denote the family of canonical extensions
of elements of F to valuations on K(X).

ProrosiTion 2.12.  F'\UG 1is the family of essential valuations for the AK-
domain R[ X ].

Proor. We shall show that F’\UG satisfies the conditions of theorem 2.9.
It is clear the valuations in F'\UG have rank one and are discrete so that (i)
is satisfied. To see that F'\UG satisfies (ii) of 2.9, let M be any maximal
ideal of R[ X]. We will show that there exists a subfamily Hj, of F/\UG such
that R[ X Jy= /\ R[X],. To construct Hy put MNR=P. Then P is a

w€Hpy

prime ideal of R. Let Fy={v € F|P(v)C P}, and let Fj, denote canonical ex-
tensions of elements of Fi to K(X). Let Gy={v,€ G|Q(v,)C M}, where v,
denotes the valuation induced by the nonconstant irreducible polynomial a(X),
and Q(v,) denotes the center of v, on R[ X ]. It can be shown that R[ X ]y =

R[X]),. Thus we take H,=F},\JG,. The proof that F'\UG satisfies

wE€FHIGHy

(iii) of 2.9 is the same as the proof of theorem 29(b), page 85 of [4]. It fol-
lows from the construction of Hj that if ye K(X), y50, there are only a
finite number of w ¢ Hy such that w(y)#0. Thus F'\UG satisfies the condi-
tions of 2.9.

Tueorewm 2.18. Let R be an AK-domain with quotient field K and let L be
a finite algebraic extension of K. Let R’ denote the integral closure of R in L.
Then R’ is an AK-domain.

Proor. Let M be any maximal ideal of R’. Since R’ is integral over R
we have that M \R=M is a maximal ideal of R. Put S=R—M, so that
Rs=Ry is a Krull domain. Since R’ is the integral closure of R in L, R§ is
the integral closure of Rs in L. Since Rs is a Krull domain, R§ is a Krull
domain. Now, SCR' — M, 80 (R)g—yy»=R gr—y»=R};. Thus R} is a Krull
domain since Rj is a Krull domain and R'— M’ is a multiplicative system in
R;.

ProposiTion 2.14. Let R, K, L, R', F be as in 2.13 above. Let F’ denote
the family of valuations on L which are extensions of members of F. F’ is the
Jamily of essential valuations of the AK-domain R’.

Proor. We will show that {R. |v' € F'}={R};|P is a minimal prime of
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R’}. It is clear that the left hand side is contained in the right hand side.
To see that the right hand side is contained in the left hand side, let P be any
minimal prime of R’. Then R;=R, and P=P(u) for some essential valuation
u of the AK-domain R’. Let Q=PNR. Then Q is a minimal prime in R
since R’ is integral over R. Thus Q=Q(v) for some v € F. Let u, denote the
restriction of u to K. Then u, is nonnegative on R with center Q(uo)=0Q().
Thus u is an extension of v, i.e., u € F’. Since R;=R, we have {R;|P is a
minimal prime of R’} C{R/.|v' € F'}.

TueoreM 2.15. Let R be an AK-domain with quotient field K and family
F of essential valuations. Let S be a multiplicative system in R. Then Rs is
an AK-domain with G={v € F|P(v)N\S=Q} the family of essential valuations
Of Rs.

Proor. Let M be a maximal ideal of Rs. Then MNR=P is a prime
ideal of R and M=PRs. Let T=R—P so that T is a multiplicative system
in R with TCRs—M. Now PNS=@ so that SCR—P=T. Also (Rs)r=
(RT)S- Since TC RS—PRS we have <RS)RS‘PRS = E(RS)T]RS—PRS' So (RS)M:
(Rs)rg-rrg=[(Rs)r Irg-rrg=[(R1)s Jr,-rrg. The result follows from the fact
that Rr=Rp is a Krull domain. Now let G denote the family of essential
valuations of Rs. If v € G, then Q(v), the center of » on Ry, is a minimal
prime of Rs. Then Q(v)\R=P is a minimal prime of R and hence P=P(v)
is the center of » on R. Since Q(v)=P(v)Rs=~ Rs, we must have P(v)N\S=0,
since otherwise P(v)Rs=Rs. On the other hand, let v ¢ F be such that
P(wv)NS=@. Then P(v)Rs*Rs and so P(v)Rs is a minimal prime of Rg.
Thus v € G.

We now determine all AK-domains between R and its quotient field K.
Let 4 be a domain such that RC4CK. For any maximal ideal M of 4, let
P=RNM, and let S=R—P. We note that P is a prime ideal of R and P~ R
since 1 ¢ M. For v € F, P(v) denotes the center of » on R. This notation is
used in the following theorem.

TueoreM 2.16. A is an AK-domain iff there is a subfamily G of F such

that A= [\ R, and for every maximal ideal M of A we have [\ R,=Ay.
vee P?DG)CC;M

Proor. The “only if” part is immediate. To see the “if” part, let G be
a subfamily of F having the stated properties. Using the notation just given,
for any maximal ideal M of 4 we have RsC AsC [\ R,=Ay. Since Rsis a

v€G
P(»)CM

Krull domain, A4, is also a Krull domain. .

The following proposition gives a sufficient condition for an 4K-domain
to be a Krull domain. It generalizes a theorem of Gilmer in [17].

ProrosiTion 2.17. Let R be an AK-domain. If every monzero proper
ideal of R is contained in only a finite number of maximal ideals then R is a
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Krull domain. Thus an AK-domain with only a finite number of maximal
ideals is a Krull domain.

Proor. Let x € R, x50, and let F denote the family of essential valua-
tions of R. It is sufficient to show that v(x)=~0 for only a finite number of
veF. If x € Ris aunitthen v(x)=0 forall ve F. If x € R is not a unit then
Rx is a nonzero proper ideal of R and hence Rx is contained in only a finite
number of maximal ideals, say M, ..., M,. For any maximal ideal M of R
let Fy; denote the family of essential valuations of the Krull domain Rj.

Then v(x)=~0 for only a finite number of v € \njFMi since v(x)==0 for only a
i=1

finite number of v € Fy, i=1,2, ..., n. If M is any maximal ideal of R which
does not contain Rx, then x ¢ M. Thus x is a unit in Ry, and hence v(x)=0
for all v € Fyy. Thus v(x)=0 for all v € F—\U{Fy,|i=1, ..., n}, and v(x)#0
for only a finite number of v € F.

The following shows that if R is an 4K-domain which is not a Krull do-
main, then the same must be true of R[ X ], where X is an indeterminate.

Prorosition 2.18. Let R be an AK-domain with family F of essential
valuations, and let X be an indeterminate. If R[ X ] is a Krull domain then
R is a Krull domain.

Proor. Let F'\UG denote the family of essential valuations of the AK-
domain R[ X ], where F’ is the family of canonical extensions of members of
F to valuations on K(X). It is sufficient to show that if re R, r=~0, then
v(r)==0 for only a finite number of ve F. Now RCR[X], so if ' € F’ and
r € R, then v'(r)=v(r), and since R[ X | is a Krull domain, v»(r)=v'(+) is nonzero
for only a finite number of v € F.

CoroLLARY 2.19. If R is almost-Dedekind and 1f R[ Xy, ..., X, | is a Krull
domain for some k, then R is a Dedekind domain.

The above corollary generalizes a result of Gilmer in [1]. Corollary 2.19
also shows that there exists a large class of 4K-domains which are not Krull
domains.

Author’s note: This paper constitutes part of a Ph.D. dissertation writ-
ten under the direction of Professor Paul J. McCarthy at the University of
Kansas. The author wishes to express his appreciation to Professor McCarthy
for his counsel and advice during the course of this work.
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