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Modules over (qa)-rings
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Let R be a commutative ring with unit. When the total quotient ring Q
of R is an Artinian ring we call R a (^a)-ring. In this paper we are mainly
concerned with the theory of modules over such a ring. In §1, some pre-
liminary results are summarized. In §2 we shall prove the following (Theo-
rem 2. 10): Let R be a (^α)-ring with the self-injective total quotient ring,
and let M be an / -̂divisible i?-module such that M/t(M) is an injective R-
module. Then t(M) is a direct summand. Some applications of the preced-
ing result will be discussed in §3.

The author wishes to express his sincere gratitude to Professor Y. Nakai
who gave him many valuable suggestions.

1. Preliminaries

Let R be a commutative ring with 1 and let S be the set of all non zero-
divisors in R. The total quotient ring Rs is denoted by Q, and K will denote
the quotient module Q/R. Let M be a module (always assumed to be unitary)
over the ring R. An element x in M is torsion if there is an element s in S
such that sx = 0, and torsion-free otherwise. M is called a torsion module if
every element in M is torsion, and a torsion-free module if every element in
M is trosion-free. Let M be an i?-module. Then as is easily seen there is
the unique maximal submodule which is torsion. This submodule will be de-
noted by t(M) and will be called the torsion submodule of M. An / -̂module
M is torsion-free if and only if t(M) = 0.

PROPOSITION 1.1. Let M be an R-module. Then we have ί(M)=Torf (K, M).

PROOF. From 0->R^Q-+K-+0, we have the following exact sequence:
0-• Tor? (Q9 M)->Tor?(K,M)-+M^Q<g>RK. But Tor?(<?, M) = 0 since Q is a
flat 7?-module, and by Proposition 1.4 TorfOSΓ, M) is torsion. Thus Torf (K, M)
-> t(M) is monomorphic. On the other hand, if TV is a torsion-free module,
then we have a canonical map: N-^»Q(g)RN is monomorphic. Therefore
Ίor%(K,M)->t(M) is an onto i?-homomorphism. Thus ί(M)^Torf (K, M).

COROLLARY 1. 2. For any R-module M we have the following exact se-
quence :

0 -> M/t(M) -+Q<g)RM-> K(g)RM-+ 0.
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DEFINITON. Let M be an R-module. Then M is called a divisible R-module
in case sM=Mfor any s in S, i.e., for any x in M and s is S there exists y in
M such that sγ=x.

From the definition it follows immediately that for any i?-module there
is the unique maximal divisible submodule.

LEMMA 1.3. (1) If M is a divisible R-module, then Ή.omR(M, N) is a
torsion-free R-module for any R-module N.

(2) If M is a torsion-free, divisible R-module, then Hom^ (M, N) is also a
torsion-free, divisible R-module for any R-module N.

PROOF. (1) Let / e Ή.omR(M, TV) and assume that sf=0 for some s in 5.
For any x in M, there is y in ikf such that sγ=x, and so f(x)=f(sγ)=sf(γ) = O.
Therefore / = 0 .

(2) By (1), RomR(M, N) is torsion-free. In order to show RomR(M, N)
is divisible, let us take s e S and OΦf e Ή.omR(M, TV). Define g: M->N by
g(χ)=f(χ/s) for all x in M (x/s is well defined because M is torsion-free and
divisible). It is easily seen that ge Hom^(M, N) and sg=f. Hence
Ή.omR(M, N) is divisible.

PROPOSITION 1.4. (1) If M is a torsion-free, divisible R-module, then
Ext^CM, N) is also a torsion-free, divisible R-module for any R-module N and
for all ί^>0.

(2) Let M and N be two R-modules. Then if Mor N is torsion, Ύor^M, N)
is torsion, and if M or N is a torsion-free, divisible R-module, Torf(Λί, iV) is
torsion-free and divisible, for all ί J> 0.

PROOF. (1) Let /: 0-+N(=I0)-> /i->/2-» >In-+- be an injective
resolution of TV. Then ExtR(M, N) ^ #*(Hom(M, /)) for each value of i. As
Hom#(M, In) is torsion-free and divisible for all n^>0 by Lemma 1.3, we have
£Γ(Hom(ikf, /)) is torsion-free and divisible for all i ^ O . Thus Ext^(M, N)
is torsion-free and divisible for all i 2> 0.

(2) Assume that M is torsion-free and divisible, and that P: > Pn ->
• P2 -> Pi -> iV( = Po) -> 0 be a protective resolution on N. Then Torf (M, N)

^Hi(M<g)P) for each value of ί. Since M(&RPn is torsion-free and divisible,
Hi(M(g)P) is also torsion-free and divisible for all i^>0. Thus Torf(Λf, N) is
torsion-free and divisible for all ί I> 0. If M is a torsion j?-module, it is easy
to see that Torf(M, N) is torsion since Torf(Af5 N)^Hi(M(g)P) for a protective
resolution P of iVand for all ϊ^>0, and M§§RPn is torsion for n — 1, 2, •••.

COROLLARY 1.5. ΈxtR(Q, M) is a torsion-free, divisible R-module and
Ύorξ(K, M) is a torsion R-module for any R-module M and for all n ^> 0.

DEFINITION. We say that an R-module M has the property (D) in case
there are a torsion-free, divisible R-module N and an R-homomorphism f: N->M
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such that f(N)=M.

PROPOSITION 1.6. For any R-module M there exists the unique maximal
submodule which has the property (D) (this submodule is denoted by D(M) and
called the D-submodule of M).

PROOF. If Dλ and D2 are two submodules of M having the property (D\
then Dι + D2 also has the property (D). Thus the union of all submodules of
M having the property (D) is the unique maximal submodule of M with the
property (£>).

PROPOSITION 1.7. Let M be an R-module. Then we have the following
exact sequence: 0 -> HomR(K, M) -> HomΛ((), M) -> D(M) -• 0.

PROOF. From 0^R-^Q^»K-+0, we have an exact sequence:

Since ΈίomR(Q, M) is torsion-free and divisible, β(ΈίomR(Q, M))£

Conversely, since D(M) is a Z)-module there is a torsion-free, divisible
7?-module N such that D(M) is a homomorphic image of N under an i?-homor-
phism/. For any Oφx e D(M\ there is y in N such that f(γ) = x. Define
g: R^Nhy g(l) = y. Then there exists a unique h e Hom^^, N) such that
the restriction of h to R is g because TV is a torsion-free, divisible i?-module,
and so/λ(l)=/(y) = *. Thus % e /9(HomΛ(ρ, Af)).

COROLLARY 1.10. For any R-module M we have the following exact sequ-
ence : 0 -> M/D(M) -> ExtKX, M) -> ExtKft M) -> 0.

DEFINITION. Ari R-module M is called an h-reduced R-module in case
Q, Af) = O, Λf α cotorsion R-module in case ΈxtR(Q, M) = 0 for i = l9 2,

and Ma strongly cotorsion R-module in case ExtR'(Q, M) = 0 for all ί^>0. A
torsion R-module T is said to be of bounded order if s Γ—0 for some s in S.

PROPOSITION 1.8. // a torsion R-module T is of bounded order, then T is
a strongly cotorsion R-module.

PROOF. ΈxtR(Q, T) is a torsion i?-module of bounded order because T is
of bounded order, for all ΐΞ>0. On the other hand, by Proposition 1.4
Extje((), T) is torsion-free and divisible for all ί^>0. Thus Ext^ρ, Γ) = 0
for all ί:>0.

DEFINITION. An R-module M is called an h-divisible R-module if there are
an injective R-module I and a surjective R-homomorphism f: I->M, and a co-
torsion-free R-module if M has no non-zero cotorsion factor modules.

PROPOSITION 1.9. (1) Every h-divisible R-module M has the property (D).
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(2) Every R-module M with the property (D) is cotorsion-free.
(3) Every cotorsion-free R-module M is divisible.

PROOF. (1) Since M is a homomorphic image of an injective .R-module
TV, there is a torsion-free, injective .R-module which has Λf as a homomorphic
image. In fact, let F be a free .R-module which has N as a homomorphic
image under an .R-homomorphism μ. Then since TV is injective, μ can be
extended to an J?-homomorphism of E(F) to TV, that is onto homomorphism.
On the other hand, any injective i?-module is divisible. Thus Λf has the pro-
perty (D).

(2) Let Λf have the property (D) and N a submodule of Λf. Then M/N
also has the property (D\ and so it is sufficient to show that Λf is not cotorsion.
Since Λf has the property (D), there is a torsion-free, divisible .R-module G
such that G has Λf as a homomorphic image under a homomorphism μ. For
OφxeM, take y e G such that μ(y) = χ. Define / e Hom^CR, G) by /(1)= y.
As G is a torsion-free, divisible .R-module there is a unique g in Hom^^, G)
such that the restriction of g to .R is / . Thus Oφμge Hom^((?, Λf). Hence
M is not cotorsion.

(3) Assume that sMφM. Then M/sM is a torsion i?-module of bounded
order, and so M is not cotorsion-free. This contradicts the hypothesis.

REMARKS. 1. For any .R-module Mthe dual module M* is defined as fol-
lows. Let us set E=E(Σ@R/P\ Σ r ^ns through all the maximal ideals P
of R. We shall set M*=Ή.omR(M, E). Then for M* the above three condi-
tions are equivalent though they are not known in general.

2. When R is an integral domain, E. Matlis proved the following fact.
For an .R-module Λf, Λf*is cotorsion (cotorsion-free) if and only if Λf is torsion
(torsion-free) ([6], Proposition 1.3). But this fact is also true even when R
is not domain.

2. Some conditions for the torsion submodule to be a direct summand

Let Λf be a torsion-free, divisible .R-module. Then Λf can be regarded as
a (^-module, and so the following lemma is well defined.

LEMMA 2.1. Let M be a torsion-free, divisible R-module. Then M is in-
jective as an R-module if and only if M is injective as a Q-module.

PROOF. Assume that Λf is injective as an .R-module. Let 5Γ be any ideal
of <2, Oφfe Homo(2Γ, Λf), and %=WίλR. Then since Λf is torsion-free and
SΓ/SI is torsion as an .R-module, the restriction of / to 21 is not zero, and so
there is a unique g e Ή.omR(R, Λf) such that the restriction of g to SI is / on
SI because Λf is a torsion-free, injective .R-module.

g can be extended to a unique (^-homomorphism h: Q->M because Λf is a
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torsion-free, divisible module. Furthermore it is easy to see that the restric-
tion of h to 3Γ is / . Thus M is injective as a (^-module.

Conversely, let S be any ideal of R,f e Hom^S, M) and &;=Q2. Since M
is a torsion-free, divisible i?-module, / can be extended uniquely to g: S'—>.M3

and g can be regarded as a ζ)-homomorphism. Thus g can be extended to
h e HoniQ((), M) since M is an injective (^-module. Moreover the restriction
of h to 8 is / and Q^R. Hence M is injective as an i?-module.

COROLLARY 2.2. Let Rbe a ring with the Noetherian total quotient ring.
Then a direct sum M= Σ @Mi of torsion-free, divisible R-rnodules is injective

if and only if each direct summand Mi is injective.

PROOF. Since Q is Noetherian, M is injective as a (7-module if and only
if Mi is injective as a (^-module for each ί. Thus by Lemma 2.1 we have the
result.

PROPOSITION 2.3.*} If R is a ring with the Noetherian total quotient ring
Q, then the following conditions are equivalent.

(1) Q is h-divisible.
(2) For any R-module M, M is h-divisible if and only if M has the pro-

perty (D).

PROOF. If M has the property (D\ then there is a free (^-module F which
has M as a homomorphic image because M is a torsion-free, divisible i?-module.
On the other hand, since Q is Λ-divisible, there is a torsion-free, injective R-
module H having Q as a homomorphic image. As Q is Noetherian and H can
be regarded as a φ-nwdule, by Corollary 2.2 a direct sum of any number of
iΓs is injective as an i?-module, and so F is Λ-divisible. Hence M is Λ-divi-
sible. The converse case is trivial.

THEOREM 2.4.**} Let Rbe a (qa)-ring with the self-injective total quotient
ring Q, and M a torsion-free, divisible R-module. Then M is injective as an R-
module if and only if M is projective as a Q-module.

PROOF. Assume that M is projective as a (^-module. Then M is a direct
sum of a free (^-module F. Since Q is a self-injective and Noetherian ring, F
is an injective (^-module. Thus M is injective as an i?-module because M is a
direct summand of the injective (^-module F, hence injective .R-module by
Lemma 2.1.

Conversely, assume that M is an injective J?-module. Then M is an in-
jective (^-module by Lemma 2.1.

*) If Q is ^-divisible, then Q is injective.
**) This result is contained in Theorem 18 of [7]. But since R is a commutative ring, we can give

here a simple proof based on a different principle.
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n

Since Q = Σ 0@f as a ring, where Qi is an Artinian local ring for ί = l, 2,
ί = 1

..., 7i, we can write M= Σ φΛf,-, where Mi—QiMfor ί = l, 2, ..., ^. Moreover
ί = l

M, is injective as a φ-module because Λf, is injective as a (Vmodule and () =

Σ Θ(?/ as a ring, for i = l, 2, ..., rc.
t = l

By Theorem 2.5 and Theorem 3.1 of [4], we have Mi=Σ®E(Qi/Pda,
ae Γ

where P, is the maximal ideal of Qi and E(Qi/PΪ)a=E(Qi/Pi) for each a e Γ,
for ΐ = l, 2, ..., 7i. On the other hand, since Qi is a self-injective Noetherian
local ring, Qi is an indecomposable injective (^-module, and so by Theorem 3.1
of [4] Qi^E(Qi/Pi) as a (Vmodule, for all i. Thus M{ is a free (λ-module for
i = l, 2, ••-, ra. From this ikf is a protective (λ-nκ)dule.

If i? is a local ring any protective i?-module is free. Then we have:
COROLLARY 2.5. Let R be a self-injective Artinian local ring. Then any

R-module M is injective if and only if M is free.

The following Corollary was given by I. Levy in 1963 (see Theorem 16
in p. 172 of [9]). Now we can give here an easy proof, using Theorem 2.4.

COROLLARY 2.6. The following statement are equivalent.
(1) Q is a semi-simple ring.
(2) Every torsion-free, divisible module is injective.

PROOF. (l)->(2). Since Q is semi-simple, every (^-module is ()-projective.
Thus from Theorem 2.4 every torsion-free, divisible i?-module is an injective
i?-module.

(2)->(l). As every torsion-free, divisible i?-module is injective as an R-
module, by Lemma 2.1 every (^-module is injective as a (^-module. Thus Q is
semi-simple.

n

COROLLARY 2.7. Let Rbe a (qa)-ring and let us set Q= Σ Θ(?* Assume
i = 1

that the set of all ideals of Q{ is linearly ordered for all i, and that M is a tor-
sion-free, divisible R-module. Then M is injective as an R-module if and only
if M is projective as a Q-module.

PROOF. If the set of all ideals of Qi is linearly ordered, then Qi is a self-
injective ring for ϊ = l, 2, •••, n. Thus the result follows from Theorem 2.4.

LEMMA 2.8.**} If R is a Noetherian ring with the self-injective total quo-
tient ring Q, then R is a (qa)-ring.

PROOF. By the assumption Q is Noetherian, and so (0) has a irredundant
irreducible primary decomposition: (0) = ging2Λ Λ?n. By Theorem 2.3 of [jQ,
the canonical imbedding of Q into Q/qι@Q/q2®" ®Q/qn can be extended to
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an isomorphism of Q onto E(Q/q1)®E(Q/q2)@...®E(Q/qn). But Q/qi®Q/q2

© ••©(?/?» is an essential extension of Q and E(Q/qι)® ..®E(Q/qn) an es-
sential extension of Q/qλ © © Q/qn Thus the canonical imbedding of Q into
Q/qι® -(BQ/qn is onto. Hence it is sufficient to show that Q/q{ is Artinian
local. On the other hand, Q/qi is an indecomposable injective i?-module.
Thus by Proposition 2.2 of [4] Q/qι = E(R/qi\ where qi = Rr\qi. Let pi is a
prime ideal of Q such that ψ is j^-primary, and set pi = RίΛpi. Then Q/qi =
E(R/pϊ) by Proposition 3.1 of [4j. In order to prove that Q/q{ is Artinian
local, it is sufficient to show that for any % e Q/q—pi/q^ x is unit in Q/qi.
Let x be an element of Q such that x is a representation of % in Q/qi. Then
sx e R—pi for some 5 in S. By Lemma 3.2 of Γ4] the homomorphism: Q/qi->

i defined by γ->(sx)γ is an automorphism of Q/qi. Thus sx is unit in
Therefore x is unit.

THEOREM 2.9. If R is a Noetherian ring, then the following conditions are
equivalent.

(1) Q is a self-injective ring.
(2) For any torsion-free, divisible R-module M, M is injective as an R-

module if and only if M is pro jective as a Q-module.

PROOF. (l)->(2). By Lemma 2.8, R is a (^rα)-ring. Hence the result
follows from Theorem 2.4. The converse is immediate.

THEOREM 2.10. Assume that R is a (qa)-ring such that Q is a self-injective
ring. If an R-module M is h-divisible and M/t(M) is an injective R-module,
then t(M) is a direct summand of M.

PROOF. Since M/t(M) is a torsion-free, injective i?-module, by Theorem
2.4 M/t(M) is a projective (^-module. Thus we may write M/t(M) =

©•••©Mn, where Mi=QiM/t(M) (Q= Σ ΘQd for ί = l, 2, ..., n, and so Λf, is a
i = l

n

projective (^-module for all ί. Hence Mi is a free (Λ-module because Q=
as a ring and Qi is a local ring for ί = l, 2, ..., rc.

Therefore we have M/t(M)= Σ ® φ α , where Qia^Q{ as a φ-module for

each a, for ί = l, 2, ..., 71.
By the hypothesis that M is an Λ-divisible i?-module, there exists an in-

jective jR-module D such that M is a homomorphic image of D. Moreover we
may assume that D is a torsion-free, injective i?-module. In fact, for the in-
jective module D there is a free i£-module F such that D is a homomorphic
image of F under a homomorphism μ. Since D is injective, μ can be extended
to an i?-homomorphism g of 2?(F) to D. Thus M is a homomorphic image of
a torsion-free, injective i?-module E(F).

As D is a torsion-free, injective J?-module, by Theorem 2.4 we can write
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D= Σ 0 A, where A is a free (^-module for i = l, 2, ..., n.
i = l

Let λ be the given surjection of D to M and g the given surjection of M

to Σθfc
( i , α )

By Lemma 2 of [3] it is sufficient to show that t(M) is a direct summand
of each Bia = g-\Qia).

Since D and Σ ©(?«<* are torsion-free, divisible i?-modules, gA can be
( i,α)

regarded as a φ-homomorphism.
Let e/α; be a generator of (? ία as a (Vmodule. Then there is y in D such

t h a t gh(γ) = eia. Moreover, if j = 2 j , (y, e A for ί = l, 2, •••, τ&), then
ί = 1

gh(yi) = ligh(y) = eia, where l t is the identity of Qit Thus we have gh(yi) = eia.
Consider φy,- in A. Then gΛ is an isomorphism on Qiy{ as (?rhomomor-

phism and h(ryi)φθ for any r j , in Qiy{ because of g(h(ryi)) = gh(ryi) = rgh(yi)
— reiaφ^. Thus Qiyi^hiQiy^^Qi as an i?-module.

As gKQiyd=Qia, KQiyi)^Bia. From the facts that g: h(Qiyi)^Qia is
surjective and gh: Qiyi^Qia is isomorphic, we have h(Qiyi) + t(M) = Bia and
h(Qiyi)Γ\t(M) = O. Thus fi/a=A(Q/jf)0i(^) for each (ΐ, α). Therefore ί(M)
is a direct summand of M.

COROLLARY 2.11. Let Rbea Noetherian ring such that Qisa self-injective
ring and let M be an h-divisible R-module such that M/t(M) is an injective R-
module. Then t(M) is a direct summand of M.

COROLLARY 2.12. IfRisa ring with a semi-simple total quotient ring (>,
then the torsion submodule of every h-divisible R-module is a direct summand.

PROOF. Since Q is semi-simple, every torsion-free, divisible i?-module
is injective by Corollary 2.6. Thus we have the result by Theorem 2.10.

LEMMA 2.13. Let C be a cotorsion R-module. Then Ext^M, C) = 0 for
i = l, 2, for any torsion-free, divisible R-module M.

PROOF. Since M is a torsion-free, divisible i?-module, M can be regarded
as a φ-module. Consider the following exact sequence of (^-modules:

where F is a free (λ-module.
From this we have the following exact sequence:

0->HomΛ(Λf, C)^Hom*CF, C)^ΐlomR(N, C)^Extl

R(M, C)

, C)-ExtJKJV, C).

Since C is cotorsion, Hom^CF, C) = 0 and Extjj(i% C) = 0. Thus we have
M, C) = 0 and Hom (̂7V, C)^Ext^(Λf, C). In the same way, we have



Modules over (^ra)-rings 255

HomΛ(iV, C) = 0. Therefore ExtK M, C) = 0.

THEOREM 2.14. // M is an R-module such that t(M) is cotorsion and
M/t(M) is divisible, then t(M) is a direct summand of M.

PROOF. It is sufficient to show that Ext\(M/t(M), ί(Λf)) = O because t(M)
is a direct summand of M if Ext\(M/t(M), ί(Λf)) = 0. Since M/t(M) is a
torsion-free, divisible i?-module and t(M) is cotorsion by Lemma 2.13
Extι

R(M/t(M\ t(M)) = 0.

COROLLARY 2.15. Let R be a ring and M be a divisible R-module such
that t(M) is cotorsion. Then t(M) is a direct summand of M.

n

COROLLARY 2.16. Let Rbea (qa)-ring such that Q=Σ Qi is a self-injective
i = 1

ring and let N be an R-module such that M/t(M) is injective and Qi(M/t(M))Φ0
for all ί. Then the following conditions are equivalent.

i) t(M) is cotorsion.
ii) t(M) is a direct summand of M and h-reduced.

PROOF. By the assumption, we have M/t(M)= Σ Θ(?ία5 where Qia^Qi
a ,a)

as a Q -module for each a, for ί = l, 2, . , n (see in the proof of Theorem 2.4.)
Thus ExtUM/t(M\ t(M)) = 0 if and only if /JExtUQia, t(M)) = 0 if and only

(i,a)

if t{M) is cotorsion since t(M) is Λ-reduced and Q{M/t(M) = 0 for all ί.

COROLLARY 2.17 IfRisa ring with the semi-simple total quotient ring
n

Q= Σl Θ(?χ> then the following conditions are equivalent for any divisible R-
i = l

module M such that Qi(M/t(M))φO for all ί.
i) t(M) is cotorsion.
ii) t(M) is a direct summand of M and h-reduced.

PROOF. Since Q is semi-simple, M/t(M) is injective by Corollary 2.6.
Hence this corollary follows from the preceding one.

3. (gα)-rings with the self-injective total quotient rings

PROPOSITION 3.1. If R is a Noetherian (qa)-ring and the total quotient
ring Q is a self-injective ring, then an R-module M is torsion if and only if
H ( M Q) 0

PROOF. If M is a torsion module, then since a homomorphic image of a
torsion module is torsion and Q is a torsion-free module, Hom^M, Q) = 0.

Conversely, assume that RomR(M, Q) = Q. If OφxeM is not torsion,
then there i s / e Hom#(M, Q) such that f(x)Φ0. In fact, since R is a Noe-
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therian (qa)-ring and Q is a self-injective ring, we may write Q=Σ1@Qi,
i =1

where Qi is a self-injective Artinian local ring associated to minimal prime
ideal P, for ί = l, 2, •-, n, and so we have that Qi is an indecomposable injec-
tive J?-module for all ί. Thus Q{ ^ E(R/Pi) by Proposition 2.2 of [4], for ί = 1,
2, . . . ,*.

On the other hand, 0(#) (order ideal of x in R) £Ξ P ; for some / because #
is not torsion. Define / : Rx-+Qj by f(χ) = y(φθ) e Au where Λλ = {t e Qj/Pjt
= 0} ^ 0 by Theorem 3.4 of [4]. Since Q is injective, there is g e Hom#(M, Q)
such that the restriction of g to Rx is / . This is the contradiction to

PROPOSITION 3.2. Assume that R is a ring with the semi-simple total quo-
tient ring Q. Then E(M) is a torsion module for any torsion module M.

PROOF. Since Q is semi-simple, by Corollary 2.12 E(M) = t(E(M))®N,
where N is torsion-free and divisible. From the facts that N is torsion-free
and E(M) is an essential extension of M, N=0.

THEOREM 3.3. Let R be a (qa)-ring with the self-injective total quotient
ring Q. Then the following conditions are equivalent.

(1) Q is a semi-simple ring.
(2) E(M)/M is a torsion module for any R-module M.

PROOF. (1)^(2). For any i?-module M, by Corollary 2.12 E(M) = t(E(M))
® iV, where TV is a torsion-free, divisible i?-module. It is easily seen that the
class of element in t(E(M)) is torsion in E(M)/M.

Since iVis torsion-free and divisible, we can write N=Nι®N2($ (BNn,
n

where Ni=QiN(Q= Σ Θ ( ? 0 is a vector space over Qi for Ϊ = 1, 2, ••, n. For
ί = l

n

N x— Σl oci^Xi e Ni\ and since E(M) is an essential extension of If,
ί = l

Thus there is an ideal SI/pP/, where P, is the minimal prime
divisor of (0) in i?, associated to Qi9 such that SI^/SM for all i.

Since Si/ properly contains Pz , there exists an element s{ e % — Pi such that
n n

SiXi e Mand s{ e Pj if iφu f ° r ι" = l, 2, ..., τ&. Put s= Σsi. Then sx= ΣsiXi
ί = l ί = l

6 M. Thus x is torsion modulo M because s e 5.
Conversely, assume that <2 is not semi-simple. By the assumption

Q= Σι Θ(?*> where Qi is a self-injective Artinian local ring with the maximal
ί = l

ideal 2ft; for ι = l, 2, ••, π. Thus there is at least one j such that Qj is not a
field because Q is not semi-simple, and so Qj/SΩlj is a torsion free i?-module.
But since Qj is a self-injective local ring, Qj is an indecomposable, injective
i?-module. Hence by Proposition 2.2 of [4] E(Wlj)=Qj9 and so E0SRj)/Wlj =
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is torsion-free. This contradicts the hypothesis.
Using Theorem 3.3 we can give the generalizations of Theorem 1.2 and

Theorem 1.3 of [5].

COROLLARY 3.4. Let Rbe a ring with the semi-simple total quotient ring
Q. Suppose that for any divisible R-module M, t(M) is a direct summand.
Then hdRQ = 1 if RφQ.

PROOF. Let TV be any i?-module. Then E(N)/N is a torsion module by
Theorem 3.3. Using this fact, we can prove the result by the similar method
used in the proof of Theorem 1.2 of

COROLLARY 3.5. Let Rbe a ring with the semi-simple total quotient ring
Q. Suppose that Q is countably generated as an R-module. Then every divi-
sible R-module is h-divisible, and so hdRQ = l if RφQ.

PROOF. Since Q is injective and Noetherian, a direct sum of any number
of Q's is injective as an i?-module by Corollary 2.2. From this we can prove
the result, modifying the proof of Theorem 1.3 of Q5].
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