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0. Introduction. Non-null distributions of some statistics in multivariate
analysis have been expressed by series of zonal polynomials due to James
[197], especially in terms of hypergeometric functions of matrix argument
(Herz [117], Constantine [6] and James [21]). Such examples have been
summarized in James [217], [22]. However the exact distributions of many
test statistics are not yet available for the general values of parameters, and
the almost all results obtained in some special cases are very complicated.
Therefore, the asymptotic approximations for the distributions are very
important.
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In this paper asymptotic expansions of the distributions of test statis-
tics in multivariate analysis are obtained by inverting asymptotic formulas
of the characteristic functions or the moment generating functions expressed
in terms of the hypergeometric functions with matrix argument. Based on
our formulas, an atempt is also made to compare the powers of (i) likelihood
ratio (=LR) criterion, {ii) Hotelling’s criterion, and (iii} Pillai’s criterion for
a multivariate linear hypothesis (Wilks [427], Hotelling [ 137} and Lawley [ 24 ],
Pillai [287]). Some statistics have been already treated by our method of
asymptotic expansions. They are the generalized variance in Fujikoshi [9]
and the LR criteria in multivariate analysis in Sugiura and Fujikoshi [39]
and Sugiura [40].

We showed that formulas for weighted sums of zonal polynomials played
an important role in our method. To extend the usefulness of our method,
additional formulas are required. In part I we derive new formulas for
weighted sums of zonal polynomials and the generalized Laguerre poly-
nomials (due to Constantine [77]), and also formulas for Laplace and inverse
Laplace transforms of some functions of matrix argument, which yield the
asymptotic expressions of the characteristic functions.

Part II deals with the multivariate linear hypothesis. For the Pillai’s
criterion, certain approximations have been suggested in the null case by
Pillai [277], Pillai and Mijares [297], and the limiting distribution has been
investigated by Ogawa [26]. In Section 5 we obtain asymptotic expansions
of the distributions of the Pillai’s criterion both under hypothesis and alterna-
tives up to order N—%, where N denotes the sample size, by using the formulas
for weighted sums of zonal polynomials given in Section 2. The tables of
the upper 5 and 1% points of the criterion based on our asymptotic expres-
sions are given in Appendix III. Asymptotic expansion of the distribution
of the Hotelling’s T3 statistic has been investigated by Ito [15], [16] and
Siotani [37], [38]. Recently Siotani [ 38] has extended his result in the non-
null case up to order N-2. In Section 6 we give two other methods for obtain-
ing his formula, using the results due to Hsu [14] and Constantine [7],
respectively. The numerical comparisons among the powers of three test
criteria ((i), (ii), (iii)) are made in Section 7. We note that the observations
made by Pillai and Jayachandran [30] in the case of p (=dimension of vari-
ates)=2 are also valid for p=3, when the sample size is moderately large.

In Part III, we investigate asymptotic non-null distributions of the
Pillai’s criterion and the Hotelling’s criterion for testing the hypothesis of
independence between two sets of variates under sequence of alternatives
converging to the null hypothesis with rate of convergence N-7(y>>0). This
sequence of alternatives has been considered in testing problems for covari-
ance matrix by Sugiura [40].. By utilizing a close relationship between the
tests of the multivariate linear hypothesis and the hypothesis of independ-
ence between two sets of variates, we derive asymptotic expressions of the
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distributions of the Pillai’s criterion and the Hotelling’s criterion for this
problem in the case of y=1 in Sections 8 and 9, respectively.

The distributions of the determinant and the trace of a non-ncentral
Wishart matrix have been studied by Bagai [4 ], Hayakawa [107, etc. How-
ever, the exact distributions which they have obtained in some special cases
are too complicated for numerical computation. In Sections 10 and 11 we
investigate asymptotic distributions of the statistics for large n (=degrees
of freedom of the non-central Wishart matrix) under the assumption that
the non-centrality matrix 2=n’0(6>0) and ® does not depend on n. In
Fujikoshi [9] we obtained an asymptotic expansion of the determinant of
the non-central Wishart matrix in the case that 2 is a fixed constant matrix,
i. e., in the case of =0, by using Lemma 2 in Section 2. In the same way
we can derive it in the case of 6=%— up to order n~ 7 in Section 10. In Sec-
tion 11, by using the explicit expression of the characteristic function of the
non-central Wishart matrix due to Anderson [1] we obtain asymptotic ex-
pansions of the distributions of the trace of the non-central Wishart matrix

up to order n~ 3 , when ¢=0 and 1, without using the formulas in part I. In
Section 12 we obtain asymptotic expansions of the non-null distribution of
the modified LR criterion for equality of mean vectors and covariance mat-
rices under the restricted alternatives such as equality of all the covariance
matrices.

ParT I. SoMmE UseruL ForRMULAS

1. Preliminaries. We list some necessary results on zonal polynomials and
others which will be used frequently in this paper. The hypergeometric
function of matrix argument is defined by Constantine [6] as

1.1 Fay, - a,; by, by Z)

8

=2 X (@) (ar) /(1) (65).} C(Z)/ R,

k

where a,, -, a,, b1, .-, b, are real or complex constants, k= {k, ks, -, k,} deno-
tes a partition of the integer k such that &y +k.+ - +k,=kand & >k,> -
>ky;>0. Further

(1.2 (a)x=alil1 (a—(@=1)/2)(a+1—(a—=1)/2)... (a+ka—1—(a—1)/2),

and the symbol )] denotes summing over all partitions for fixed .. Also,
(x)

the function C.(Z) is called a zonal polynomial of the px p symmetric matrix
Z corresponding to £ and it is a symmetric homogeneous polynomial of degree
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k in the p characteristic roots of Z. The detailed discussion may be found
in Constantine [6 ] and James [197], [207], [21]. Tables for zonal polynomials
have been given by James [217] up to order 6. For £=1, 2, 3 and 4,

(1.3) Ca\Z)=tr Z,

|

(C(Z)(Z) J 1 [1 2] f(trZ)z

caozy] 32 —2| wz

{ Ca(2) [ 1 6 8 (tr2)°

Cony(Z) =1_15 | 9 9 18 (e Dtr 20,

Caty(2) 515 10 trZ°
Co(2) 1 12 12 82 48[ (tr2)*
Con(Z) 20 100 —40 80 —160 | | (tr 2)%r Z2*
€D | =105 |14 28 98 —liz —28 || (tr 2%
Can(2) 56 —56 —112 —112 224 || (tr Z)tr Z°
Can(2) 14 -84 42 112 -84 trzt

The fundamental property of zonal polynomials is the average over the or-
thogonal group O(p), given by

(1.4) SO(p) C.(H'SHT) dp(H)=C.(S) C.(T)/C.(D),

where [ is the identity matrix of order p and du(H) is the invariant measure
on the orthogonal group O(p), so normalized that the measure of the whole
group is unity. Special cases of the hypergeometric function of matrix argu-
ment are

=

(1.5) oFo(Z)= 2] :Z) C.(Z)/k!=etr Z,

£=0
(1.6) Fo(b; 2)= 5 T (0).C.(2)/k! = | I-2Z] ™,
where the last formula (1.6) holds when all the absolute values of the charac-
teristic roots of Z are less than one. The following recurrence relations for

the hypergeometric function defined in (1.1) are due to Constantine [6]:

(17) {Fﬁ(a)}_lgs {etr(—S)}‘ |S|a—(p+1);‘szs (ala"'y ar; bla"'a bsa ST) ds
>0
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=r+1Fs (aly"‘a Ay, @5 bl)"‘a bsa T))

pr(b)gp(p—l)/z

(1.3) (’ZWS R(T) = X>0

(etr T)l T\_brFs(ab"‘a Qar, bl)"‘) bs; T—ls>dT

=7 s+1(al)"'a ar; 61,“': bsa b) S)a

which may be regarded a generalization of Laplace and inverse Laplace
transformation. The integral of the last formula (1.8) is taken over all
T(px p)=Xo+iY for fixed positive definite matrix X, and arbitrary real sym-
metric matrix Y. The function I',(z) is defined by

(1.9) (1) =77 V4T T — (@—1)/2).
a=1

The following formulas for zonal polynomials are also obtained by Constan-
tine (6.

(1.10) SS>0{etr(—ZS)} | S0 (STYAS=TH(1)(0), | Z) ~*C( TZD),

ORVOPAE

1.11) szg R(Z)=X >0

(etr SZ)|Z|*C(Z"V)dZ

— l Sl ”“’”)’ZCK(S),

where the first formula (1.10) holds for any symmetric matrix Z whose real
part (=R(Z)) is positive definite and any symmetric matrix 7 for RN(z)>
(p—1)/2. The last formula (1.11) holds for any positive definite matrix S.

The Laguerre polynomial of matrix argument is defined by Constantine
[7] as follows:

etr @

W12 L= 2

[ fetr (~R}IR)CB)
>0

wFi(r++ (p+1); —RQ)dR,

where y > —1. He obtained the following generating function for Laguerre
polynomials:

(1.13) TN L) Cu@)/ (k! CDY = | 1= Z | 7o

© B D~ @) C2U=2) D/ 1k1CD}

for any symmetric Z such that all the absolute values of the characteristic
roots of Z are less than one.

We shall also use the following asymptotic formula for the gamma func-
tion (c. f. Anderson [2, p. 204]):
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—_— 1 n(—=1)"B,.1(h
(1.14) log T'(x+h) =log N2+ (x+h—7)log x—x—,:l(_rzgﬁg
+0 (x|,

which holds for large |x| and fixed A with Bernoulli polynomial B, (%) of
degree r. For r=2 and 3,

(1.15) By(h)=h*—h+(1/6),
By(h)=h*—(3/2)h*+(1/2)h.

2. Formulas for zonal polynomials. We shall first prove the following
lemma which will be useful in deriving some formulas for weighted sums of
zonal polynomials.

Lemma 1. Let C.(Z) be a zonal polynomial corresponding to the partition
k={ky, ko, kpy of kwith ky+ko+ -+ ky=k and k1 >k,>--->k,>0. Putting
»
(21) al(/c) :aglk"‘(k“—a)’

ax() = 3, ko(4k2 — 6k ot +3a3),
a=1
then the following di fferential relations hold :

(2.2) a1 (D)€ (Z)=tr (40)°C. ()|,

(23) {3a1(0)’—az(£) + 4} C.(Z)=[3{tr (40)*}* + 8tr (40)*] C.(2)|

where 0 denote the matrixz of differential operators having {(1+6,s)/2}a—0?—

as its (r, s) element for a symmetric matrix 3=(0,;) with Kronecker’s delta
0rs and A=drag (A1, As,---, 4) ts a diagonal matrixc with p characteristic roots
of Z as its mon-zero elements.

Proor. It is sufficient to prove that the formulas (2.2) and (2.3) hold for
any positive definite matrix Z. From (1.10) we have the following asympto-
tic formula for large n with any positive definite matrix Z:

ey {n (%) |Z|%}_lgs>o {etr (—Z1S)} [51<"-P*1>/20x<%s) ds

-2 (%) .c®

=[1 +n7ta1(k)+(6n*) 1 {3ai(k)*—ax(k) + k} +0(n“3)-| C.(Z).
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The left hand side can be expanded asymptotically as follows, by using the
method of a matrix of differential operators (see Ito [157, James 237, Siotani
[377], Sugiura and Fujikoshi [ 397, etc. for the method.)

(2.5) [1 M (A0)? + (6n%) {3 (tr(40)D)? + 8 tr{40)°}
+00n | €.(2) |
=4
Comparing the coefficients of each term of orders n~! and »~? in the last
equations of (2.4) and (2.5), we see that the formulas (2.2) and (2.3) are true.
The following seven lemmas are fundamental for the asymptotic expan-
sions. Lemma 2 will be used in Sections 10 and 12. Lemma 3 will be used

in derivation of the Pillai’s criteria for multivariate linear hypothesis and
independence.

Lemma 2 (Sugiura and Fujikoshi [897]). The following identities hold:
(2.6) ,?:i, 3 €D/ (k=D = (tx Z)etr Z,

2.7)

HMZ

Z (Dai()/k'=(r Z%etr Z,

(2.8)

\\[\{]8

| 5 CDa()/ (k=D ={2tr 24 (ix 2) tr Z%}etx Z,

2.9) Si 3 C(Z)ar (k) k1= {(tr Z)P+tr ZP+4tr Z3+ (tr Z%)?) etr Z,
k=0 (x)

210) 3 Y CAZ)as(k)/k!={tr Z +3(tr Z)? +3tr 2%+ 4tr Z%etr Z,
k=0 (x)

(2.11) é}o (Z) C.(Z){a1(k)* —a1(k) (az (K) —k+2) + 2a3(k)} /k !,
={12tr Z* +8(tr ZH)tr Z34(tr Z®% etr Z

where as(k) 1s defined by

(212)  as(k) =2 kal{2k% —d k2o +3kaa —a’}.
k=1
Proor. For a proof of the formulas (2.6)~(2.10), see Fujikoshi [97],
Sugiura and Fujikoshi [397]. In the following we shall prove the formula
(2.11). From (1.6) we can write

(2.13) | I—n7'Z| "= ZZ(n) CA2)/{n"kY
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= T T [ 1+@0 0 + (2403 {8ar(0) —ax ()}
+(481°)  {a1(£)* — ai(k) (az(k) — k+2) + 2a5(r)}
+om e @) /k,

which holds for any symmetric matrix Z with large n. The left hand side
can be expanded asymptotically as in (2.15) by the well known formula, (2.14).

l
(2.14) —log | I—n"'Z|= X a "r(Z/n)*+0(n"Y.
a=1
(215) ,I—n_IZI‘”:exp{_n]Og,[_ n*IZI}

= (etr Z)[H—(zn)*tr 724 (24n?) {8ty Z°+3(tr Z2)%}

F(48n%) 1 {12tr Z9+ 8(tr ZY)tr Z3+ (tr ZD% +0(n~Y) |.
.

Comparing the coefficients of each term of order » ® in (2.13) and (2.15), we
obtain the formula (2.11).

Lemma 3. Let Z be any symmetric matrix such that all the absolute values
of the characteristic roots are less than one and put V=Z(I—2Z)"'. Then the
Jollowing identities hold:

216) 3 T (0).CA2)/ h=Di=b(tr 1) I-2] 7,
@17 5 5 0).0L2)/ k=21 =bib(tx V) +tr V2| 1-2] ",
218) 3 T (0.CDarw)/kl =5 (tr ¥+ @b+ Dtr 12} | 12|,

(2.19) k;i (Z(b)KCK(Z)al(/c)/(k—l)!:%{Z(tr V) 4+2(2b+1)tr V2

)

+o(tr V)22 +0+2)(tr V)tr V24+2@2b+1) tr V3| I—2Z| 70,
(2.20) éﬂ (Z)(b),‘CK(Z)al(/c)z/k!:%{2(2b+1) (tr V)*+2(26+3)tr V'?

FA(tr P)? 1220+ 1)(tr ¥ )tr 72+ 8(2b6%+8b+2)tr V34 b (tr V)
+2(26% 4 b42) (tr V)?tr V24 (2b41) (26 +b+2) (tr V2)?
+8(264+1)(tr V)tr V3+2(8b2+106+5)tr ¥4} | I—Z| 2,
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(2.21) kg ;(L)@(Z)az(/c)/k!:g_ {2tr 7 +3(2b+1)(tr V)?

+3(2b+3)tr V242(tr V)*+6(26+1)(tr V)tr V2
+4(260°+3b+2)tr V3| I—Z |70

Proor. In (1.6) replacing Z by xZ, we have

(2.22) > 5t (8).CU2) k) = | [—x2Z| 7,

k=0 (x)
which holds for any x such that |x| <<1. Differentiating (2.22) with respect
to x by % |U(x) | =] U(x)| tr U(x)! —a%— U(x), we have the formulas (2.16)

and (2.17). Multiplying both sides of (2.2) by (b)./k! and using the formula
(1.6), we obtain

(2.23) kgo 2 (0).CUZ)ar(®)/k! =tr(40)*| I= 2]~ .

After some calculations, we see that the right hand side of (2.23) is equal to
the right hand side of (2.18) (see Appendix I). The formula (2.19) follows
immediately by replacing Z by xZ in (2.18) and differentiating it with re-
spect to x. Multiplying both sides of (2.2) by (b).a:(k)/k! and using the
third formula (2.18), we obtain

(2.24) éﬂ = (0).CZ)as () /k !:tr(Aa)z[% ((trE(I— )12

(264D tr (5 (I—2)"H2 | 1—2|-b]

’
=4

whose right hand side is reduced to the formula (2.20) (see Appendix I).
Similarly multiplying both sides of (2.3) by (4)./k! and using the formula
(1.6), we obtain

225) T % (0).C2) Bar(6)’ —az(e) + b} /k!

=[8 {tr(40)*}2+8tr(40)* ]| I—X|* "y

Using the formulas (A. 21) and (A. 22) shown in Appendix I, we can write
the right hand side of (2.25) as follows:

%II—Z!””{S(tr V) 4+24(26+1) (tr V)tr V2+16(26%+3b+2)tr V*

+3b(tr V) +6(26%+b+2) (tr V)*tr V2+3(2b+1) (26 +b+2) (tr V*?)?
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+24(26+1)(tr V) tr V°+6(86*+106+5)tr V*}.

Combining this result with (2.16) and (2.20), we have the desired formula
(2.21).

8. Formulas for Laplace and inverse Laplace transforms of some functions
of matrix argument. We will use the following abbreviated notations:

(1) LLA(S, 2,00]= 1213 {0,(§)} | detr(=ZS)}H1 51 V21(5, 2,6)ds

for any symmetric matrix Z whose real part (=X,) is positive definite, and

@2 I[fZ 2, 6)]
g\ 2re-ni

q
_ gN_ &7 T 5 (71
=L < 2) (2ri)?r+LI2 SSR(Z):X(QO (etr £)|Z] 2f(27, 2, 6)dZ.

In (3.1) and (3.2), £ and @ are any symmetric matrices and ¢ > p—1. The
first integral (3.1) can be regarded as the Laplace transform of |Z l% | §|ta-2-D)2
(S, 2, @)/1",,(%) and also as the expectation of the statistic f(S, £, ®) with

respect to the Wishart distribution W, (g, ;—Z’l) on S. The integral (3.2) is

related to inverse Laplace transform. The formulas L[1]=1 and I[1]
=1 (Herz [117]) will be frequently used in this paper. The formula (1.10)
can be written in our notations as

(3.3) L[C.(25)]= (%) .22,

Let us consider the integral I[C.(2Z°')]. Put g(2)=I[C.(2Z")]. From
(1.11) we have g(I)=C.(I)/ (—g—) g(82) is clearly a symmetric function of
2. Hence, by making the transformation 2—~H QH and integrating H over

0(p) and using (1.4), we obtain g(2)=[g(I)/C.(I)]C,(2)=C.(2)/ (%)
Therefore we can write

']

3.4) 1Lc2z ) )=cu@/(L)

K

which holds for any symmetric matrix 2.
By inverting the linear relationship (1.3), we have

(3.5) tr Z= C(l) (Z),
(tr Z)z J :v]; [ 2 2 J C(z)<Z)
tr 22 22 —1)lca@)
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BECEIN 12 12 12 ] | Co(2)
(tr Z)tr 72 | :1_12 12 2 —GJ EC(ZI)(Z) ,
otz 12 -3 38 ) Cus(Z))
(tr Z2)* 48 48 48 48 48 (Cw(2)

(tr Z)%r Z° 48 20 8 —4 —24||Cun2)
(tr Z2)? =218_ 48 -8 28 -8 12||Cu(©@)
(tr Z)tr 23 8 6 —12 -3 12| Cun(2)
tr Z* 48 -8 -2 4 —6)lCu©2)

From the formulas (3.3), (3.4) and (38.5) we can easily get the following Lem-
mas 4 and 5, which will be used for derivation of the distribution of the
Hotelling’s criterion in Section 6. Lemma 5 will also be used in the case of
Pillai’s eriteria in Sections 5 and 8.

Lemma 4. The following identities hold :

(3.6) L[tr ,QSJ:Z_tr Q71
L (tr 25)%] q 2 ((tr2Z~1)?
3.1 =7 { [ ] J
Ltr(2s)?]) 4 (1 g+1) | trez)?
L[ (tr 25)%] | ¢ 6g 8 (tr 27713
(3.8) |L[(tr .QS)tr(.QS)zjg =% q ¢*+q+t4 4g+1) ||(tr Q2 Htr(2Z1)?
L[tr(25)*] J 1 3(qg+1) ¢*+38g+4 tr (2713
Ll(tr £5)*] ¢ 124 124
L[ (tr 25)*tr(25)*] 7 q(g°+q+10) 2(¢°+q+4)
39) |LLitr(25)37] =15 |4 2AgHgtd)  (g+D(gP+g+d)
L{(tr 28)tr(23)¥] q 3(¢* +q+2) 6(g+1)
L[tr(25)*] 1 6(g+1) 2¢2+5¢+5
32q 48 (tr QZ°1)*
8(¢*+ ¢+2) 24(¢g+1) (tr QZ7H%r(2Z71)*
16(g+1) 4(2¢*+5q+5) {tr(2Z-1)??
°+8¢*°+16g+12  6(¢°+3q+4) (tr 2" Y tr(2z71)?

4(¢°+3q+4) ¢*+64¢°+21¢+20

tr(Qz-1)
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Lemma 5. The following tdentities hold:

(3.10) %I [tr RZ 1]=tr 2,
I[(tr 22" H*] g+l =2 ( (tr 9)*
(8.11) d [ i J = | ,
I[tr(2ZYH?] -1 g | tre® |
I[(tr 2Z°H%] ] ¢*+3¢—2 —6(qg+2) 16 (tr 2)°
(8.12) do|I[(tr 2Z Htr(RZ H%]| = { —(q+2) ¢*+2¢9+4 —4q r(tr Dtr 2° | s
I[tr(2zY)%] 2 —3q qz)j\ tr 2° J
I[(tr 227 H"] q*+7¢*+¢*—35q—6
I[(tr 2Z YH%r (22717 —(¢*+64°+89—6)
(3.13) ds | I[{tr(2Z-YH% 2] = ¢*+5q+18
I[(tr2Z Y)tr (22 1)%] 2g(g+4)
I[tr(2zH*"] —(5g+6)
—12(¢*+6¢*+39—6) 12(¢°+5q+18) 649(g+4)
q*+6¢°+13¢°+36g+36  —2¢(¢*+59+18)  —8(g°+4¢*+59+86)

—2q(q2+5q+ 18) q4 +5¢*—6g°>—369+72 16 (2¢°+39—6)
—8(¢*+44¢*+5¢+6) 6(2¢°+3¢—6) q'+4¢°+9¢*+69+48

2q(5¢+6) —q(2¢°+3¢—6) —4q(¢°+q+2)
—48(5q+6) (tr 2)*
8¢ (5q +6) (tr 2)%tr 22
—4q(2¢°+3¢ —6) (tr 25 |,

—69(¢°+q+2) (tr 2) tr 2°

(@ +q+2) tr 2*

where d;(i=1, 2, 3) are given by

(3.14) di=(g—1)q(qg+2)/4,
d:=(g—2)(¢g—1)q(qg+2)(q¢+4)/8,
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ds=(q—38)(q—2)(¢q—1)q(g+1)(¢g+2)(g+4)(qg+6)/16.

For the case of the Hotelling’s criterion for independence, we need the
following Lemmas 6 and 7, which generalize some results in the Lemmas 4
and 5.

Lemma 6. The following identities hold:

(L[ (tr 2S)tr 65] q 2 ( (tr 22 Htrez 1)
(3.15) | =1 { ) ]
| L[tr 25657 401 g+1) | treziezs
L[ (tr 2S)*tr 6S] q° 2q 4q 8
L[tr (25)%tr 6S] (g+1) 4 A(g+1)
(3.16) —g |1 T 1
Litrestreses] 8 |q 2 g+4g+2 4q+1D)
L{tr(25)65] 1 ¢+1 2(g+1) ¢*+3¢+4

(tr 2Z Htr 6271

tr (22 Ytr 627!
(tr @Z-Vtr 227021 |

tr(2Z 1207

(3.17) L [tr(2S)%r(@S)*]= T‘%{q (tr RZ V)2 (tr OZ-1)?

+q(g+D(tr 2271)*tr(0Z )2 +q(g+Dtr(RZH*(tr 6271)*
+8(tr 27V (tr OZ V) tr 927107 1+ (g +1)*r(2Z)*r(0Z 1)
F4(g+1D) (tr 2271022+ 8(g+1) (tr 2Z D tr RZ-1(0Z 1)
+8(q+1)(tr 6Z ") tr 6Z(RZ1)*+8(g+1)*tr(2Z H*(OZ 1)?
+4(g+3)tr(RZ'0Z1)%}.

Proor. Replacing £ by £+n'@ in (8.7) and (8.8) and comparing the
coefficients of each term of order n~' in their asymptotic expansions, we ob-
tain (3.15), and the first and the last formulas of (3.16), as well as the follow-
ing identity:

(318) L [tr(2S)%r 6S]+2L[(tr 2S)tr 2565 :% Bq(tr 221 tr 627

H(PHq+Dtr(RZ NH*r 6Z ' +2(¢°+q+4) (tr 2Z Htr Q2710721
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+12(g+1)tr (2216021},
From the second identity in (3.7), we note that (3.19) holds for large n such
that the real part of Z — ;1;—@ is positive definite.

(3.19) |Z|%{Fp<%>}-lgs>o[etr{—(Z——%@)S}]lSl‘q‘”’l)/ztr(QS)zdS

4ffio(e-20) '} rvnfo(z- L)'} T

Equating the coefficients of each term of order n~! on both sides of the above
identity, we obtain the formula for L[tr(2S)*tr®S]. The formula for
L[(tr £S) tr 2565 ] is an immediate consequence of this result and (3.18).
Now we will prove the last formula (8.17). Let us consider the following
identity for large n:

_4
2

z-Lo
n

3200 |Z] %{ T, (%)}1 g ., [etr{=Z+ 25} ]| 5|« D2 r(0S)”
-[{n(%)}J SM {etr (—R)} |R| (”_p_l”z{etr<%RQ%S.Q%>} dR] ds

(B e (3

1 1
g [etr{—(Z+2— 9 %R,Qi)}S] | S |@-2-DI2 {r(@§)> dS] dR.
S>0

Applying the last formula of (8.7) to the second integral in the right hand

side of the above identity, and expanding it in a Taylor series with respect

to% R about I as in (2.5), we can write it as follows:

I {r 027+ g+ Dir (6279 + % 22| 2 tr 02| Z+Q—QE3QE|

1 1 1 1
'[{U‘ O(Z+82—2:22)7 "} +(g+ 1) tr {@(Z+52—912295)»1}2}

z=1
+0(n"?%).

The calculation of the operation ¢ in the above expression is given in Appen-
dix II, which shows that the coefficient of order n~' is equal to the right hand
side of (3.17). Noting that the reductions

(3.21) {fetr (—25)} {I‘p<%>}_l SM {etr (— R)} | R |0+
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n

-{etr <%R.Q%ssﬁ)} dR = {etr(— 25)} 1—%9% so?|
=14+n"ttr (25)24+0(n"?),
hold for large n, the left hand side of (3.20) can be expanded as follows:
Ltr (6S)*]J+n ' L[tr (25)%r (6S)*]+0(n2).

Therefore we see that the formula (3.17) is true.

LemMma 7. The following identities hold :

(I[(tr 2Z Dtr 02 g+1  —2)((tr Dtr 6
(3.22) 4, | - J
Itr 227'02°1] L -1 q tr 26
I[(tr 22 )%tr 6Z2-1] F?+3¢—2 —2(g+2) —4(q+2)
I[tr (22 )% tr 02 1] (g +2) F+2q—4 8
(3.23) do =
I[(tr 2Z Htr Q770217 —(q+2) 4 g(g+2)
1[tr (22202 1] 2 —q —2g
16 (tr 2)%tr 6
—4q | | tr 2%(tr 6)
—4g | | (tr 2)tr 26|
qz tr 2%60

where d, and d; are given by (3.14).

Proor. The formula (8.22) is proved from (3.11) by the same method as
in the proof of the formula (3.15). Also from (3.12) we have the first and
the last formulas of (38.23) and the following identity:

(3.24) dol [tr (2272 tr 62 V)42 d1[(tr 22 V)tr 97072
=—38(¢+2) (tr 2)*tr 6+ (¢*+2¢+4)tr 2*(tr 6)
+2(q°+2q+4) (tr 2)tr 6—12g tr £°6.
To prove the second and the third identities in (8.28), we use the following

asymptotic formula for large n:

(325 T, (i (etr 2) 7| 2

2(s-1)/2
)

(zn-i)b(b+1)/2 Sm (Z)=X >0
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l 1+niq@z—1 Pt (2792 dZ =1[tr(RZ-1) ] — n - [tr(22-1)?

«tr @27 ']+ 0(n"?) (using (2.14)).
2

Making the transformation Z—T=2+-2-
nq

side of (3.25) as follows:

®, we can expand the left hand

(3.26) ITtr (221" ]—2(ng) '{(tr ©)I[tr(RZ H*)-21[tr(2Z"H)?6Z '}
+0(n"%.

From (3.25) and the result obtained by applying the formulas for I[ tr(2Z-1)%]
in (8.11) and I[tr(£2Z 1)?0Z '] in (3.23) to the coefficient of order n~! in
(8.26), we obtain the formula for I[tr(2Z Y)%tr ®#Z-']. The formula for
I[(tr 22 YHtr 227027 is immediately obtained from this result and (3.24).
4. Formulas for Laguerre polynomials. In this section we derive the for-
mulas similar to Lemma 2 for Laguerre polynomials, which are used only for
the second derivation of an asymptotic expansion of the non-null distribu-
tion of the Hotelling’s criterion for multivariate linear hypothesis.
Putting y=(¢—p—1)/2 and Z=x1, in (1.13), we have

4.1) 5 Dt L (@) k= A ) P etr(— 1 g),
£=0 (%) 11—«

for |x| <1. Moreover, we prove the following lemma:

Lemma 8. Let x be any number such that | x| <1, and put r=(q—p—1)/2
with > —1. Then the following identities hold :

il v B _ _ —pql2 X ﬁq__tr[} _ X
42) T ZALU®) /D= —n) et T BT etr(— ),

D () e 2 0)

@D T A LU@aw/k == # ((E ) pg(pt gD
2
gDy g e e (),

45 55 @u@/ - D1=0-07( 1= Y [ Lpgpt g1
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+(B+2) 5 - (prgt D) 24 8(BL 1) i g

i e
HprgrDy T (2 +{2+<’—’+4>1‘:;}f§ii2>2‘

x (tr 2)tr 2° x
1—x  (1—x)3 ]etr< 1—x >’
(4.6) kgo%;kaZ(g)al(m)z/k!:(1_’6)7”/2( x

= Tt lacanprers

+8(p*+38(g+1)p+q¢*+3q+4)- ¥_+(qp +2(g*+q+4) p?

HHD g+ 20 p 4@ +5g+5) (15 ) - {@t Dprg+s

+ (g +2(g°+ g+ )p?
+(q+1)(q2+g+20)p+4<292+5g+5>)(1%;>2 }—?}i
s ()G

{L+6(p+ g+ %+ 5 (gp*+ (g +q+20p

w4092 | s ()

C(1—x)®
4x

_ 1_x<1+ 12—xx>({r—!i;3“+< 1fx>2 (tr _{22)2:‘6“(_%9)’

(1—2)*

4.7 ki;o %:) x*LU(R) a, (lc)/k!—_—(lfx)‘pq,fzflii

= B3+ ptg+8)

[ A2 48D 48+ () - {1+8((g+ Dp

) e
ZACHE)FL) +(1r20+ g 4D it

_4<1fx>2 (1“;9; ]etr( T——!J)

+

89
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Proor. Differentiation of (4.1) with respect to » yields (4.2) and (4.3).
Similarly the formula (4.5) follows from (4.4). In the following, we prove
the formulas (4.4), (4.6) and (4.7). It is sufficient to show that these for-
mulas are true for any positive semidefinite matrix £. Noting that L} (2)
is expressed as follows by (1.8) and (1.12)

(4.8) L7 (2)=(etr 2)IL,[C.(R)]

with an abbreviated notation

9b(p-1)12

4.9)  ILo[{ }]=W

(etr Z)IZl_%

SER(Z)=X0>O
1 1
-{gm {etr—(I+2:2°' )R} |R|“"( }dR}dz,
and using Lemma 2, we obtain the following identities:

(4.10) g} > xfLT(2)a) (£)/k!=(etr 2)x*ILgo[(tr R*)etr xR,

411) 3 5 LI (2) a1 ()2 k! = (etr 2)x ILo[{(tr R)?*+ tr R?

k=0 ()
+4xtr R®4 x%(tr R*)*?*}etr xR,
(4.12) éo % A*LL(R) az (R)/k! = (etr D+ILa[ {tr R+3x (ir R)?
+8x tr R*+ 4x% tr R¥} etr xR].

Using Lemmas 4 and 5, we simplify each of the right hand sides of above
expressions. For example, by Lemma 4 the right hand side of (4.10) can be
written as follows:

(4.10) %x 2etr DI[ | (1—x)T+ 22| 2 {(tr((1—x) [+ 22 ) 1)?

+(g+Dtr(A—=) I+ 22712 ]

with I[{ }7] defined by (38.2). Making the transformation Z—>Z+(1—x)"'2,
we can write it as follows:

(4.13) %(1—x)-ﬂqrf2<1f—x)2 {m(—ﬁ;g)} I [p(p+q+ 1)

tr 771 tr RZ-1\? tr(RZ-1H)?
—2(pt+q+D 1—x +< 1—x ) ( )}

+ (g+1D A= )7

Applying Lemma 5 to the above expression, we obtain the right hand side of
(4.4). Similarly the right hand sides of (4.11) and (4.12) also imply (4.6) and
(4.7), respectively.
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Part II. MurTivaRIATE LiNEAR HYPOTHESIS

5. Asymptotic expansions of the distributions of the Pillai’s criterion

5.1. The moment generating functions of the criterion. The multivariate
linear hypothesis model has been discussed by many authors {e.g., Anderson
[27], Das Gupta, Anderson and Mudholkar [ 8], Roy [35], Seber [36], etc.).
The following canonical form is well known: Let each column vector of px N
matrix X'=(X{(pxq), X;(px (N—ys)), Xi(px (s—¢q))) with ¢ <s be distribut-
ed independently according to a p-variate normal distribution with the com-
mon covariance matrix X and expectations given by

E[X,]= M{gx p), ELX:]=0((N—s)xp), B[ X3] =TI"{(s—¢) x p).
Then multivariate linear hypothesis is defined by testing the hypothesis
3.1 H: M=0 against alternative K: M0,

where /" is a matrix of nuisance parameters. The Pillai’s criterion (Pillai
[287]) for this problem is based on the statistic

(5.2) V=mtr Si(Sy+S.)7",

where m = N—s+qg=n+gq, S, = X; X, and S, = X{ X; are the matrices of
sums of squares and products due to error and due to the hypothesis, respec-
tively. The matrix S, has the Wishart distribution #,(n, 2). The matrix
S; has the non-central Wishart distribution #,(q, 2, £), where the matrix
1 1
of non-centrality parameters is given by 2 = é‘zﬁfM’ MZ e,
We can easily see that in the case of ¢_>p under the hypothesis A the

1 1
matrix B=(S,+S.) 2S:(S;+S.) 2 has the following multivariate beta dis-
tribution

(5.3) FP<%Q_> {1-\1(%)]3(%)}‘1 | B|G4-p-Di2| [ B|-2-Di2 4B

Therefore, by James [21] the moment generating fonction of ¥ under the
hypothesis H with ¢=>p is expressed as follows:

(5.4) Mu(®) =1Fi(L5 5 mel,)

By using a well known fact that the density function of the characteristic
roots of S, S7!, in the degenerate case of ¢ < p, is obtained from its density
function in the case of p<{q by making the substitutions (c.f., Anderson [2,
p. 3187, Roy [86, p. 46])
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(5.5) q—p, nontg—p,  p—g

We can write the My(t) in the degenerate case as ,F: <%, %; mth>. It is
easily seen that this expression is equal to the expression (5.4) by the formula

C.(1)=dk) (%) of Constantine [ 6], which vanishes when the number of

parts in a partition of % is larger than q. Therefore the formula (5.4) also
holds for ¢ < p.

Moreover, Pillai [81] has obtained the following moment generating
function of 7 under alternative K with p g, which covers the formula (5.4)
as a special case:

(5.6)  Mg(t)={etr (—2)}1 Hr,,(%)}_lgm {etr(— )} | S| m-r-0r2
R (L5 e 91502 7-)ds |

where I[ 7 is defined by (3.2) with respect to 7. We note that if ¢ <p, V
has the moment generating function obtained from (5.6) by making the

substitutions (5.5) and putting !2:%4 M3 M.

5.2. Approximate null distribution. First we derive an asymptotic expansion
of the null distribution of the Pillai’s criterion ¥, which is also derived as
a special case of the general result in the Section 5.3. The moment generat-
ing function My(t) can be written, by the definition (1.1), as follows:

on  o=F () (S e {(3)0)
From (2.4) we can write My(z) as
58) 2 2 (D)1 a+ s Ban®+ o=

+O(m‘3)] C.2:1)/k!.

By Lemma 3, we simplify the above expression, and obtain

(5.9) My(t)=(1—2;)*1’4/2[1—%(p+q+1){1—2(1—2t)_1+(1—2t)‘2}
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which holds for |z| < —;—, where the coefficients h.(@¢=0,1,...,4) are given by
(5.10).
(6.10) ho=3¢p*+2(8¢*+3¢g—Hp*+3(g+1)(¢*+q9—4 p—4(2¢*+39—1),
hy = 12pq(p+q+l)2,
hy=6{3¢p*+2(3¢°+3q+4) p*+(¢+1) (8¢ +3¢+16) p+8(g+ 1%},
hs =4{8¢p*+2(8¢*+3q+8) p*+8(q+1)(¢*°+q+12)p+4(4¢*+9¢+ T},
=3{gp*+2(¢*+ 9+ p*+(g+1) (¢*+¢+20) p+4(2¢°+59+5)}.

s
Since (1—2¢) 2 is the moment generating function of the x? distribution with
f degrees of freedom, x%, we obtain the following theorem:

TueoreM 5.1. The null distribution of the Pillai’s criterion (5.2) for

multivariate linear hypothesis can be approximated asymptotically up to order
m~2 by the following distribution:

(1) Pa(V <2)=P@}<2)— L (ptg+ D{PGE<2)

—2P(t}1; < )+ P(#es < D+ gy | 35 (—1)%ha P(tF12a < )} +0(m ™),
where m = N—s+gq, f=pq and the coeffictents h.(a =0, 1,...,4) are given by
(5.10).

5.3. Approximate non-null distribution. In this section we derive the asym-
ptotic expansion of the Pillai’s criterion ¥ given by (5.2) under the alternative
K, by expanding the moment generating function (5.6). From (2.4) and
Lemma 3 in Section 2 we have
_a
2 {1

’4%1]1(‘3?3’ T>+96m U2< S, T)+O( _3)f<“s T)}

L
G1z) AL 2,mtI+Q2TI.QzS —{(1 20— 9 sszzT-1

which holds for sufficiently small |¢| and large m, where U, (%S, T) and

U, <—%S, T) are given by (5.13).

(5.13) U1<—%S, T)=(tr W)*+(g+Dtr W7,
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Uz(—%S, T)=24(g+1) (tr W) +24(g+3)tr W+32(tx W)’

+96(g+1) (tr W)tr W*>432(g*+3g+4)tr W*+3q(tr W)*
+6(g>+q+4) (tr W)*tr W2+3(g+1)(g*+q+4) (tr W?)?
+48(q+1) (tr W)tr W3+12(2¢°+5q+5)tr W,

L2

with 7= <2t1+.92 SQIT- ){(1 21— 92 % SQIT" }l,andf<%S,T>is

a remaider term. By using the above formula and the same method as

in the expansion of the left hand side of (2.4), the following asymptotic
identity is obtained:

A\ ( (m—p-1)2 q cos
(5.14) {Ip(§>} SS>0{etr\ S} S| 1F1<—~,72r,mtl+.9 SQET- )ds
I o1 2
= (1202  T12| T—92| 21— L1 qUs (1, T)— | T~ 2|

1 _4q
tr 07| T— Q2 507| 2

Lyl 1 g
2=1} +77{36—9U2(I’ T)“qu T—9¢2]2
tr %] T—pR30%| 2U(3, T>J +1 T—¢52|5‘<% (tr 097+ tr 9°)
=1

i1 e
T—¢R2502| 2

2:1} +0(mf3)] ’

where ¢ = (1—2¢)7! is used for abbreviation. Now we have to carry out the
operations 0 appeared in the right hand side of the above expression, which
is given in Appendix II. Inserting the formulas (A, 387), (A, 38), (A, 39) and
(A, 47) in Appendix II to the right hand side of (5.14) and using the trans-
formation T—Z = T—(1—2¢)"'2 we can express Mx(t) as follows:

(5.15) (1—25)-Pq/2{etr<1f‘2t 1= L dpptg+D6—1?

+2(p+g+Dgi¢—Dtr 8271 +¢* (82— D((tr QZ’1)2+(¢1+1)U‘(~QZ‘1)2)}

+ 96qm2{70+71 tr QZ7 4o (tr 227 +15tr(RZ7) +ra(tr 2277)°

+rs(tr 227 )tr(QZ )2+ retr(2Z2°1)3+3¢* (6> —1)?{q(tr 2Z71)*
+2(¢°+q+4) (tr 22 )*tr(2Z )+ (g+1) (¢*+ g +4) (tr(2Z1)%)?
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+16(g+1) (tr2Z ) tr(QZ‘1)3+4(2q2+5q+5)tr(.QZ'1)4}} +0<m-3)] ,

where the notation I[ 7] is defined by (8.2) and the coefficients 7.(a =0,
1,...,6) are given, with A, in (5.10), by (5.16).

4
(5.16) ro= pago (=D, ,
71= ¢2{*h1+2h2¢—3h3¢2+4h4¢3} s
r
7o = 6¢2L—pq(p+q+1)+2{qu+(q2+q+4)p+4(q+1)} ¢+2{qp*

+2(¢*+q—Dp+(g+ D (g +9—)}¢* —2{8¢p* + (54" +59+12)p
+2(g+1)(g*+q+8)}8° + {8¢p* +5(¢g* +q+4)p

-

+2(+ D (¢*+g+16)}¢" |,

ro= 6¢2[—pq(q+1> (p+ g+ D+2(g+1) {gp*+ (¢ + g+ 4) p+4(g+ D}

+4{p*+(q+Dp—(g+3} ¢ —2{(¢°+q+Hp*+(g+1)(¢°+¢q+20)p
+4(4¢*+9g+Dy >+ {(¢* +q+Dp*+(g+1) (¢*°+¢+28)p

+12(24* +59+5)¢ |,
7i= 48443 (p+ g+ D3 (gp+g*+ g+
-<39P+392+3q+4>¢3+3(qp+qz+q+4)¢“} :

Ts= 12¢3[4(q+ D+ +q+ D) (p+q+Do—{(¢"+q+Hp+(g+1)
(¢*+q+16)} ¢*—{(¢° + g+ p+(g+ 1D (¢* +¢q+8)} ¢

G g+ Ot gD 10} o,
7o =167 g +3¢+4+3(g+ D (p+q+ DI—3{(g+ 1) p+2¢7+5¢+5} ¢

—{3(g+ 1) p+4g°+9g+ T+ $°+3 {(g+1) p+ 24> +5g+5} ¢4] :

By Lemma 5 in Section 3, we finally obtain the following asymptotic formula
for the moment generating function of 7:
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(5.17) MK(t)z(l—Zt)"’q"z{etr<~ 2t

2o 1= Elpep+g+ Da—20-20)

+(pg(p+q+1)—4(p+q+1)tr 2—4tr 2%)(1—2¢)*

F4(p+q+1)(1—20)%tr Q+4(1—20) 'tr !22}

Fgom (P2 o= —20 ")+ ézAauz) (=20 +0m ™ |,

with the coefficients 4,.(2) (@ =2, 3,...,8) given by (5.18).
(5.18) A3(2) = pgh,—2h tr 2 —24pg (p+q+1)tr 2°,
As(2) = —pqghs+4hstr +48 {qp*+(¢*+q+4) p+4(g+1D}tr 2°
+128tr 2%,
Ay(2) = pghs—6hstr 2+48 {p*+2(q+1)p+¢*+2¢—1} (tr £)*
—96(p+g+2)tr 2°4+96(p+q+1)(tr 2)tr £°+48(tr %)%,
As(2) =8hytr 2—96 {p*+2(¢+1)p+q*+2q+3} (tr 2)*—48 {gp*
+(g*+g+12)p+4Bg+ 4} tr 22°—96(p+¢+1) (tr 2)tr £°
—384tr 23,
As(2) =48{p*+2(q+ D p+q*+2¢+T} (tr 2)*+24 {gp*+(¢*+¢q+20)p
+4(5g+8)} tr 2°—96 (p+q-+1) (tr 2)tr 22 —128tr £
—96 (tr 22)%,
A7(2) =96(p+qg+1)(tr 2)tr 2°+384tr 23,
Ag(2) = 48(tr £%)*

Noting that the expression (5.17) is a symmetric function with respect to p
and ¢, we can easily see that the asymptotic expansion of Mk (¢) in the generate
case is also given by (56.17). By inverting this moment generating function
using the fact that (1—2¢)//% exp {2¢t0?/(1—2¢)} is the moment generating
function of the non-central x* distribution with f degrees of freedom and
non centrality parameter 6%, we obtain the following theorem:

TueoreEM 5.2.  The non-null distribution of the Pillat’s criterion (5.2) for
multivariate linear hypothesis can be approximated asymptotically up to order
m~% by

(519)  Px(V<z)=Pu0) < )= pg(pt g+ DP@E) < 2)
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—2pq(p+q+ 1D P(x2.,(0)<2)+{pq(p+q+1)—4(p+q+1)tr 2—4tr 2%}

P(x3., (09 <z2)+4(p+q+1)tr 2-P(x2,4(6%) <z)+ 4tr gz.P(x;+8<aZ)<z)]

8
+ gz | PahoP(0%) < 2)—pghi P35 2(0%) < 2)+ DAL DP(520(0) <2}
+0(m™)

where m = N—s+gq, f=pq, 0°=1tr 2 = % tr T'M'M and the coefficients h.(«

=0,1,..,4) and 4,(2) («=2,8,..., 8) are given by (5.10) and (5.18), respectively.
The mon-central x*-variate with f degrees of freedom and non-centrality par-
ameter 0% is denoted by x2(6%).

If we specialize £ to the null matrix, we can obtain the asymptotic ex-
pansion (5.11) of the null distribution of the Pillai’s criterion (5.2).
5.4. Numerical accuracy of the approximations. When p=2, Pillai and
Jayachandran [807] have given the exact 5 and 1% points of tr S,(S,+ S.)~!
and its powers under certain alternatives for some values of ¢ and n. Hence
it is possible to put our results (5.11) and (5.19) to the test of a numerical
comparison. From (5.11) the approximate 100a % point of the Pillai’s criteri-
on V are obtained by solving the equation

(5.20) Q) =«a,
where Q(z) is given by
(5.21) Q(z) = P(x% > z) —pq(4m) ' (p+q+1) {P(x3>z)— 2P(x%.3> z)

+FP(x2,y > )} +pg (96m?) {3 (—1)%he P(2 150 > 2)}
a=o

with the notations defined in Theorem 5.1. To solve the equation (5.20), we
use the Newton’s iterative method. It may be remarked that the 100a%
point of the Pillai’s criterion 7 can also be expressed in terms of the 100a %
point u of the x* distribution with f= pg degrees of freedom, by applying
the general inverse expansion formula of Hill and Davis [12] to the asympto-
tie null distribution of 7 given by (5.11), giving

_ ptgtl o u
om(F+2) " O B e (1D (756

(5.22) {h4u3

+ (ha—he) (f+6)u?+ (hi—ho) (f+4) (f+68) u—ho(f+2) (f+4) (f+6)}

(ptq+1)°

~ 16mi frzy LTS+ Dt (DT 00T
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TABLE 1. Comparison of approximations to the upper 5% points of tr S,(S,+S,)! for p =2

Neglecting terms of order

" 9 O(n™?) 0(n2) 0(n?) Exact
13 3 0. 78698 0.71712 0. 69996 0. 69762
7 1. 18424 1. 06873 1. 04051 1. 03905
13 1. 49558 1.35214 1. 31479 1. 30525
33 3 0. 34977 0. 33435 0. 33262 0. 33257
7 0.59212 0. 55968 0. 55580 0. 55598
13 10.84533 0. 79386 0. 78622 0. 78628
63 3 0.19078 0. 18602 0.18573 0.18573
7 0. 33835 0. 32729 0. 32659 0. 32662
13 0.51165 0. 49181 0. 49020 0. 49030
TABLE 2. Comparison of approximations to the upper 1% points of tr Sp(S,+ Sp)™* for p =2
Neglecting terms of order
n q 0 0(n- 0(n Exact
13 3 1. 05074 0. 85894 0. 83389 0. 85427
7 1. 45707 1. 18805 1. 15056 1. 18472
13 1. 75545 1. 44859 1. 39781 1.42313
33 3 0. 46700 0.42472 0. 42424 0. 42557
7 0.72853 0. 65227 0.65238 0. 65685
13 0.99221 0. 87953 0. 87606 0. 88550
63 3 0. 25473 0.24194 0. 24206 0. 24219
7 0. 41630 0. 39102 0. 39191 0. 39243
13 0. 60055 0. 55810 0. 55966 0.56119
TaBLE 3. Comparison of approximations to the powers of tr Sp(S,+ S.)™! for p =2 and a =0.05
Neglecting terms of order
; [ors n q o(n 0(n?) 0(n9 Exact
0.125 .125 | 33 3 0. 08634 0. 06942 0. 06785 0.06788
7 0.09018 0. 06308 0. 06001 0. 06007
83 3 0.07670 0. 06963 0. 06939 0. 06939
7 0.07349 0.06178 0.06131 0.06131
0 1 33 3 0.17137 0.13228 0. 12973 0. 12992
7 0. 14709 0.09709 0. 09343 0. 09389
83. 3 0. 15620 0. 13964 0. 13924 0. 13926
7 0. 12367 0.10169 0.10119 0.10123
2 2 63 3 0.55171 0. 50766 0. 50469 0. 505
7 0.41336 0. 34238 0.33716 0. 337
0 5 63 3 0.66328 0.60115 0. 59401 0. 594
7 0.51352 0. 41007 0. 39904 0.398
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Tables 1 and 2 give the upper 5 and 1% points of tr S,(S;+ S.) ! for ¢=3,
7,138 and n=13, 33, 63. Table 3 gives approximate powers of the Pillai’s cri-
terion 7 for various pairs of values of the characteristic roots (w;, w;) of 2,
based on our 5% points. As is shown by all three tables, the agreement
between the results derived from our formulas and the exact values in Pillai
and Jayachandran [30] (extracted from their tables 7a, 8, 10, by noting that

their notations n, m, »; mean by our notations 2n +3, 2¢9+3, é—w;, respective-

ly) is excellent and is still excellent in the case when terms of O(m~?) are
neglected. Tables 1 and 2 also shows that the approximations to the upper
5% points are better than those of the upper 1% points. It is worthwhile to
note that our asymptotic formulas (5.11) and (5.19) hold for any p, ¢, n such
that p<n and without any assumption on the rank of noncentrality matrix
2. By using (6.21), the upper 5 and 1% points were computed for values
p=2(1)1, ¢g=2(112, and n=25, 30, 40, 60, 80, 100, 130, 160, 200, 250, 350, 500.
These results are presented in Appendix III.

6. New derivation of an asymptotic expansion of the non-null distribution of
the Hotelling’s T?% statistic

6.1. The characteristic function and the Laplace transform of the statistic.
The Hotelling’s criterion for testing the multivariate linear hypothesis given
in (5.1) is based on the statistic T3=n tr S,S;%, which is called the Hotelling’s
T? statistic. The exact distribution of this statistic has been studied by
various authors, e.g. Hsu [147], Hotelling (187, Constantine 7], Pillai and
Jayachandran [30]. However the exact distribution of T} is available only
for some particular values of p and ¢ or under the condition 73<n. On the
other hand, an asymptotic expansion of the distribution has been given for
general values of the parameters p, ¢ and the non-centrality matrix £. An
asymptotic expansion of the null distribution of 7 was given by Ito [15]up
to order n~%. The non-null distribution was given by Siotani [37] and later
by Ito [16] up to order n~!. Recently Siotani [88] obtained the non-null
distribution up to order » % In Section 6.2 we give two other methods of
obtaining the non-null distribution up to order n 2 by using hypergeometric
function and Laguerre polynomial of matrix argument. First we shall ex-
press the characteristic function and the Laplace transform in a form con-
venient for our method.

Tueorem 6.1.  Under the alternative K with p<_gq, the characteristic
Sunction C(¢t) of the T} statistic can be expressed as follows:

6.1 C@)= {1*1( - ; ! >/<L21‘>WF"<"2£>} {F’(%)} k g 550

—(n+q)/2

1+25

n
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{etr(2itS)} | S|PV F, (% 2it25)ds.

Proor. From Hsu [147] and Ito [16] we can write C(¢) as follows:

—(n+q)/2

I+iX/X
n

62 co={n("ytyemrrn (G

-{etr (it X' X+v2itDX)} dX,
where X = {X(QXP) = (x;))| —o0<¥;j< 00, i=1, 2,..., 9, j:1a 2, P}’ D(qu)

1
=(D2,0(px (¢g—p)) and %Dzdiag(wl, Wa,---, 0p) is a diagonal matrix with

p characteristic roots w; of 2 as its non-zero elements. We decompose X as
follows:

(6.3) X=AS2,

~1
where A=X(X'X) 2is a ¢xp matrix satisfying 4/'4=1, and S=X'X is a
positive definite matrix. The Jacobian of this transformation is (Herz [11],
James [18]))

6.4) dX= n”‘”z{ rp<%)}_l 1S |@PDI2gy (4)dS,

where dy(4) is a normalized invariant measure on Stiefel manifold with
volume unity. Inserting (6.3) and (6.4) to (6.2), and using the formula

1
S etr(y2it S D)dv (4)=oFs( L5 it DS )
A=, 2
(see Constantine [67, p. 1277-8), we obtain the expression (6.1).

CoroLLARY 6.1. The characteristic function of T3% in the degemerating
case, i.e. ¢<p, 18 given by (6.5),

(6.5) C{t)= {FP< t —zl— 4 >/<%>M2 F"(%)} {1"4<%>} ) Ss(q x4)>0

etr (2i2S)}| S| G- DI2 R, (%; 2mzs) ds,

—(n+q)/2

1+25s
n

where 2 is defined by %MZ“lM’.

The corollary is obtained by considering the transformation X’=AS%, where
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A=X’(XX’)_% and S= XX/, instead of (6.3), with the obvious changes of the
matrix D and the formula dy(4).

Constantine [7] obtained the non-null density function of 73 for T¢<n
by a series of Laguerre polynomials of matrix argument. A slight reduction
from his expression yields the following theorem:

TueEOREM 6.2. Under the alternative K with p<_gq, the Laplace transform
&) of a demsity function of T?% can be expressed asymptotically as (6.6),

>/< >M’2I‘p< >}{etr(—g)}(2t)_pm

2
555 ) L) 14 @)+ gh)

66) g0 =1{r,("

k=0 ()

+ gfp{?’amx)z—az(fc) +k+6q(k—1)a; (k) +3¢%k (k—1)} +0(n—3)]/k !

Sor || >—%, where a; (k) and azx(k) are given by (2.1).

Proor. Substituting nt for ¢ in the expression (36) in Constantine [7],
we have

6.7 g)=E (e *T0]
) (oo ()

°SS> {etr (— S)} | S|»ra-2- 1)/22 Z<__1_> La—p-112(Q)

k=0 ® 2t

(n+tntC, (n—igs)/{cx(z)k 1} ds.

Expanding the above integrand in a Taylor series with respect to n2 7 S

about 7 as in (2.5), we can get the following

68 g0 ={r,("F0)/(5)" T 5 ) et~ o

- TN 11
3 0= ) L @) {14 gkt 5 gk G—1)

£=0 (© 2n

L tr 0%+ ——, L

FOm O} 1+ g 6t

erme {8 (tr 9%)* +8tr 0%} +0(n-3)J

CD)| ,_ /ACLDRY.
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Now, the result follows from the Lemma 1 in part I.

CoroLLARY 6.2. The Laplace transform of a density function of T in the
degenerate case, i.e. ¢<p, is obtained from (6.6) by making the substitutions

L p (@) > LY~ (G MI M), k= Al Koy g} > U by, ).

The corollary follows from the fact that for the degenerate case the sub-

stitutions (5.5) and !2—»% MZ'M for each parameter except two terms

n\??/? , . n+gq n
( 9 > and n"* should be made in (6.7). We also note that 1‘,,<~2— —)/I‘p( 9 >

is invariant for this transformation.

6.2. Approximate non-null distribution. In this section we give two alterna-
tive methods of obtaining the asymptotic formula of the non-null distribu-
tion of T2 up to order n~% At first we expand the characteristic function
C(t) of T? expressed in (6.1) with respect to n. Let

o= T oo

Then the first factor can be expanded easily by (1.14) as follows:

—2B¢*—8q+4) p*+3(g—1)(¢* —q+4) p—4(2¢* —3¢—1)} +0(n~?).

The remainder factor C.(¢) in (6.9) can be written, by using (1.8) and (2.14),
in the following form for large n:

(6.11) 7 o[14n " (tr S*—gtr S)+(6n%)~1{3¢>(tr S)*> +6gtr S*—8tr S°
—6q(tr S)tr S?+8(tr $H2 +0(n"3)],

where o[ { }]is an abbreviation for

(6.12) 20-Diz(2 m)-m“ﬂzg (etr T)|T| 2

R(TY=X >0
1 1
-DM {etr— ((1—2i) T —2itQ3 T-1Q2)S} | §|@-r-1rzg }dSJdT.

We must carry out each integral &, (tr S)*], #o[tr S*], ete. in (6.11). For
example, let us consider do[ (tr S)?]. By using Lemma 4, we can write

9p(p-1)2

_4
ng{@)ﬁﬂﬁ(etr DT *1A—-2in)]

6.13)  Aal(tr $1=T,(4)
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10 T-17| 2 4 ; 0T P-1gEy-1y2
2102 T10% | 2.4_[11 {tr (1—2i1) [—2i1 Q2 T-10%)~1}

+2tr{(1—2ir) I — 2102 T-'92}-*]d T,

Considering the transformation 7—Z= T'—2it(1—2it)"'2, we can simplify
Ao (tr $)?7] as follows:

4 _9:\-raiz-2 26t 4it(pg+2) -
fa-zioetlen( (2o 0 N1| ppg )+ LI o 22

+<12” ) {g(tr .92‘1)2+2tr(~9Z'1)2}],

with the notation I[[ ]in (3.2). Applying Lemma 5 to the above expression,
we obtain

Zzt(pq—l—?.)

6.14)  Aa[(tr $*1=(1 —2i0) 5 palpg+2)+ T2 tr @

+<12” )(tr Q)Z}etr Tﬁ%g)

The similar computation gives us (6.15).

2t 2t
.15 — 1_ s \N—-pgq/2—1 l et
6.15)  Aaltrs]=A—2in 2 [ pgr oo tr @let(1 o @),
ﬂﬂ[tr 52]:(1_2”)’15‘1/242{%pq<P+q+1)+%§ﬁtr 0

(1 25)  ofen(50),

Aaltr tr S1=(1—2i0) % | {gp*+ (@ +q+Hp+4g+ D5 pg

o8 52}+1 i )2{2( +g+D)(tr 2+ (pg+8)tr 2%
21 —2i0) 1-2i;) “PTE PqgTORT
2it \° 2 2it
+(ogg ) (trotr @ letr(120 —2),

Ao tr $]= (1—2it)””“’2*3[{p2+3(g+1>p+qz+3g+4}{%Pq

~tr 2

+2(13it2n) } 3( 2it

) {(tr2)*+ (p+q+2)tr 9%
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2it 2it
+(1—2 z) tr 2 }etr<1 %t )Q
Aol (tr $»)*]=(1—2ir)~re/2~4 [{9P3+2(92+9+4)P2+(9+1) (¢°+q+20)p

+4(24 +5q+5)}{16pq+1 27tr 52} 1(12’; t){ (p*

+2(g+ D) p+q*+2¢+T) (tr 2)°+(gp*+(g*+q+20)p

+4(5¢+8)tr 2% +2<12” ) {(p+q+1D)(tr D)tr 2

2it 2it
3 2
+4tr 2°) + <1 > (tr 2% | etr <——1 2w!2>

Therefore, we obtain (6.16).

6.16)  C(t)=(1—2it)" ”‘1z{etr<121’:2”!2)}[1—1—74—1;{]7(]((]—])—1)

—2¢(pg—2tr £) 1 —2it) '+ (pg(p+q+1)—4(p+2¢+tr 2
+4tr 2%) (1—2i) *+4((p+q+1) tr 2—2tr 2% (1—2it)~3

F4tr Q2 (1—2i0)~Y +§€1£2—{§OB”(Q> (1—2i1)-} +0(n*3>] ,

where'Ba(.Q) (=0, 1,..., 8) are given by (6.17).
(6.17) By(82)=pqlo,
Bi(2)=—1U(pg—2tr 2),
By(2)=pql,—2(1,+21;) tr 2+48¢*(tr 2)*
—24¢{p*—(¢—1)p—4}tr 2%,
B3(2)=— pqls+22l,+3l3) tr 2—96(qp+2¢*+q+2)(tr 2)°
+48{qp*—(2¢°—q +4)p—8(2¢+1)}tr £2+96¢ (tr 2)tr 2°
+128tr 23,
By(2)=pqlys—2(Bl3+4l)tr 2+48{p*+2B¢+1)p
+38(2¢* +2q+5)} (tr 2)*+48 {3(¢*+6)p+4(9¢+8)}tr 2°
—96 (p+4q+1)(tr 2)tr 2°—768tr 2°+48(tr £%)%
B5(2)=81,(tr 2)—96 {p*+(8g+2)p+2¢°+3q +9}(tr 2)*—48{¢p*
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+(2¢+q+24) p+8(4g +5)  tr 224288 (p+2¢+1) (tr D)tr 2°
+1536tr 23 —192(tr 2%)%,
Bo(2)=48{p*+2(q+ D) p+q*+2q+T} (tr 2)*+24{qp*+ (¢*+¢+20)p
+4(5g+8)}tr 2°—96(3p+49-+3)(tr 2)tr £2—1280tr 2°
+288(tr £%)%,
B;(2)=96 {(p+q+1)(tr 2)tr 2°+4tr 2°—2(tr 2%)%},
Bg(2)=48(tr 2%)?,
and /,(a¢=0, 1,..., 4) are given by (6.18).
(6.18)  1o=3¢p*—2(8¢*~3¢+4)p*+3(q—1)(¢*—q+ 4 p—4(2¢*—8¢—1),
Li=—12pg*(p—q+1),
ly=—6q{p*+2p*—3(¢*+1)p—4(2g+ 1)},
13=4{B¢* +4)p*+3(¢* +¢°+8¢+4) p+8(2¢* +3¢+2)},
1i=3{qp*+2(¢* +q+4) p*+(q¢+1)(¢*+q+20) p+4(2¢*+59+5)}.

From Corollary 6.1 and the fact that the formulas (6.14) and (6.15) are sym-
metric with respect to p and ¢, we see that this asymptotic formula holds
also for ¢<p. Inverting this characteristic function, we have the following
asymptotic formula with the same notations in (5.19):

(6.19) Pg(Ti<z)=P(x3(0%)<z)+ 4‘1n~{pq( g—p— l)P(Xﬁ(ﬁz) <z)

—2q(pq—2tr 2)P(x%,,(0%) < 2)+ (pg(p+q+1)—4(p+2¢+Dtr £
+4tr 2°) P(x2,,(09)<z)+4((p+q+ Dtr £ —2tr 2%) P(x%,5(0%)<z)

AT 0% P20 (09 < D} 4555 | 52 Bul@ P06 <) +0(n™),

967Lz =0

which agrees with the result of Siotani [397], after minor changes of notation
and some calculations. By putting 2=0 and ¢=0 in (6.19), we have the
following asymptotic expansion of the null distribution of T2:

(6.20) PH(T%<z)=P(x%<z)+-£%~{(q—p——1)P(x§<z)-—2gP(%%+z<z)

4
+(prgtDP( <2} + gy | B (~ D P 120 <2} +0(0),

where [,(¢=0, 1,..., 4) are given by (6.18).
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We now show another derivation of the non-null distribution of T by
simplifing the Laplace transform of the non-null density function of 7% given
in (6.6). The expansion of the first factor in (6.6) is given by (6.10), and
each term of the infinite series can be simplified by using the formulas for
weighted sums of Laguerre polynomials given by Lemma 8, which gives
exactly the same formula as (6.16) with ;s replaced by —¢. This result also
holds for g < p from Corollary 6.2 and the fact that each formula in Lemma
8 is symmetric with respect to p and q. Hence (6.19) can be also drived by
our second method.

7. Numerical results of the powers. For testing the multivariate linear
hypothesis H defined in Section 5.1, various criteria have been suggested
(see e.g. Anderson [ 2], Seber [36]). In this paper we are especially concern-
ed with three criteria, namely, (i) LR criterion due to Wilks [427, (ii) Hotel-
ling’s T% criterion due to Lawley [24] and Hotelling (137, and (iii) Pillai’s
criterion due to Pillai [28]. For a given level of significance a (0 <a < 1),
their rejection regions are given by

Criterion (i) : W=|S.|/|S.+ Si| <w
Criterion (ii) : Ti=ntr S,S5;'>¢
Criterion (iii) : V=mtr S,(Sy+S.) >w.
Here constants w, ¢t and » are defined by the equations
Py(W<w)y=Pg(T>t)=Pyg(V>v)=ca.

Except for particular values of p and ¢, the exact distributions of these
test statistics are not available in closed forms, even for the null case. How-
ever asymptotic expansion of the distributions of these test statistic with
respect to n are available for any p, ¢, n and £, such that p<n as we have
seen for 7 and TZ in Sections 5 and 6. Asymptotic expansion of the null
distribution of W was obtained by Rao [337] as follows:

(11)  Pu(—n'logW <z)=Px2<z)+ % (P2, < 2)— P(x2 < 2)}

o BaAP G <2 = P13 < — BHP(:3 <)~ PA< )} |+0(),
where f=pq, n'=n+(¢—p—1)/2, and B3;, 8, are defined by
(1.2)  Bi=pq(p*+4¢*—5)/48,
B2=R%/2+ pg{3p* +3¢* —50p* —50q* +10p*q* + 159} /1920.

This and similar approximations were also given by Box [5]. Recently Su-
giura and Fujikoshi [397] have obtained the non-null distribution of # up to
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order » %, based on Lemma 2, as follows:

(7.8)  Px(—n'logW<z)=P{x2(0%)<z)+ 7«2717,-[( pHgt+tr @-P(x2,,(0%)<z)

n

—{(p+g+1)tr 2—2tr 22 P(x2,,(69)<z)—2tr QZ-P(X§+6(6Z)<2.)J

+

1
L Butpe. o) <o) - P09 <)
6
2 Gl @P(2a(09 <) [+0(0' ),
where ¢?=tr 2 and the coeflicients G, (2)(«=2, 3,-.., 6) are given by (7.4).

(14) G =y (ptqg+D*{(tr 2)°—2tr 2} + 5 (p+g+Dtre?,
Go(2) = (p+q+1)tr g~{1+7} (p+q+1>2}(tr 2)?
—{1+2(p+g+Dir 224+ Str 22+ (p+g+1)(tr Dtr 2%,
c4<,o):{1+wg(p+q+1)2}<tr )+ {1+ %(p%—q-i—l)}tr 2% —4tr @3

—(ptg+1)(tr 2)tr .Qz—}-%;(tr 257,

Cs(2)= Str 25+ (p+q +1)(tr Dtr 2°—(tr £%)%,

Go(2)=- (tr %)%

These formulas, together with (5.11), (5.19), (6.19) and (6.20), give the nu-
merical results shown in Table 4, when p=3, 4=3,5,7, n=285,170 and «=0.05
for specified values of the characteristic roots of 2= {wi, 0, 03} (v <o,
<w3). Numerical comparisons of the powers of tests of (i), (ii) and (iii) have
been made in some special cases by several authors. For example, Ito [17]
has made power comparison of tests of (i) and (ii) using the formula (6.19)
up to order n~! when rank £=1. For the tests of (i), (ii) and (iii) Mikhail
[257] has given such comparison by employing an approximate method when
p=2. For test of (i) Posten and Bargmann [32] have computed the power
by using the formula (5.19) when p or ¢g=1 and rank 2=1, and Roy [34]
has also computed the power by using an approximate methecd when rank
2=1. Recently Pillai and Jayachandran [30] has made a thorough investi-
gation of power comparison by the exact powers expressed in terms of zonal
polynomials when p=2. However their method is available only for p=2.
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TABLE 4. Approximate powers of the W test, the T} test and the V test for p = 3 and a = 0.05

o o v ] n =85 ! n =170
W T v w T} 14
0 0 0.9 3 | 0.1116 0.1119 0.1111 0.1140 0.1142 0.1138
5 0.0942 0.0946 0.0938 0.0964 0.0966 0.0962
7 0.0855 0.0858 00851 0.0874 0.0876 0.0872
0 0.3 0.6 3 0.1120 0.1119 0.1122 0.1143 0.1142 0.1144
5 0.0946 0.0946  0.0946 0.0966 0.0965 0.0966
7 0.0857 0.0858 0.0857 0.0876 0.0875 0.0875
0 0.45  0.45 3 0.1121 0.1119 0.1123 0.1143 0.1142 0.1144
5 0.0946  0.0945 0.0947 0.0966 0.0965 0.0966
7 0.0858 0.0858  0.0858 0.0876 0.0875 0.0876
0.15 0.3  0.45 3 0.1122 0.1119 0.1125 0.1144 0.1142 0.1146
5 0.0947 0.0945 0.0949 0.0966 0.0965  0.0967
7 0.0858 0.0858 0.0859 0.0876 0.0875 0.0877
0.15 0.375 0.375 3 0.1122 0.1119 0.1126 0.1144 0.1142 0.1146
5 0.0947 0.0945 0.0949 0.0967 0.0965 0.0967
7 0.0858 0.0858 0.0859 0.0876 0.0875 0.0877
0.15 0.15 0.6 3 0.1121 0.1119 0.1123 0.1143 0.1142 0.1144
5 0.0946 0.0945 0.0947 0.0966 0.0965 0.0966
7 0.0858 0.0858 0.0858 0.0876 0.0875 0.0876
0.3 0.3 0.3 3 0.1123 0.1119 0.1127 0.1144 0.1142 0.1146
5 0.0948 0.0945  0.0950 0.0967 0.0965 0.0968
7 0.0859 0.0858  0.0860 0.0876 0.0875 0.0877
0 0 4.5 3 0.473  0.478  0.467 0.491  0.494  0.488
5 0.370  0.376  0.36l 0.300 0.393  0.385
7 0.308  0.315  0.298 0.328 0.332  0.323
0 .5 3 3 0.481  0.479  0.483 0.496  0.495  0.496
5 0.378  0.377  0.378 0.394 0.394  0.39%
7 0.316 0.316 0.314 0.332  0.332  0.331
0 2.25  2.25 3 0.482  0.480  0.485 0.496  0.495  0.497
5 0.379  0.377  0.380 0.395 0.394  0.395
7 0.317 0.316  0.316 0.332 0.332  0.332
0.75 L5 225 3 0.485  0.480  0.489 0.497  0.495  0.499
5 0.381  0.378  0.384 0.396  0.394  0.397
7 0.319 0.316 0.320 0.33¢ 0.332  0.334
0.75 1.875 1.875 3 0.485  0.480  0.489 0.498  0.495  0.500
5 0.382 0.378  0.385 0.396 0.394  0.397
7 0.319 0.316  0.321 0.33¢ 0.332  0.335
0.75 0.75 3 3 0.482  0.480  0.485 0.496  0.495  0.497
5 0.379  0.377  0.380 0.395 0.394  0.395
7 0.317 0.316 0.316 0.332  0.332  0.332
.5 L5 L5 3 0.486  0.480  0.491 0.498  0.495  0.500
5 0.382 0.378  0.386 0.396  0.394  0.398
7 0.320 0.316  0.322 0.33  0.332  0.335
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It is well known that all three tests are good for testing the hypothesis
(5.1). This fact can also be seen in Table 4. Moreover, Table 4 shows that
from the power point of view, for moderately large values of n, these tests
differ in their powers if we consider different classes of alternatives. For
example, we can see that T3> W >V when w; is far apart from w; and w,,
and V> W > T?% when w;, w; and w; are close, as having been pointed out in
the case of p=2 by Pillai and Jayachandran [ 30 ].

PartT III. Tests OrF INDEPENDENCE

8. Asymptotic non-null distributions of the Pillai’s criterion under local
alternatives

X2

y2|’

/x1(p><1)
\yl(l]XD

b

8.1. Test criteria for independence. Let (p+q) x 1 vectors

[
.

y ) be a random sample from a multivariate normal distribution with
N

mean vector # and covariance matrix 3. Put

N Xog— X Xag— % ! 1
SZZ , 5‘;_—__]\_]_.
MNya= 5 \ya— ¥ *

M=
2|
M=

N

Xas y =
) Y

)

and let us partition & and S into p and ¢ rows and columns as
(Sl 1 S].Z
SZI SZZ

211 212

2= = .

5

2'121 222

Without loss of generality we may assume p<q. To test the hypothesis of
independence between two sets of variates, H: Xy, =0(pXxgq) against all
alternativse K: 2,,=0, the following three test criteria can be considered
(e.f. Pillai [ 28], Pillai and Jayachandran [30]):

(i) LR criterion:
W=1S8/(IS11]|8S22]) = |I-R]|,
(ii) Hotelling’s T% criterion:
Ti=mtr Si2 53} S21(S11— S12 S74S21)" = mtr R(I—R)™!,
(iii) Pillai’s criterion:
V =ntr Si2S7; S21 S7} = ntr§R,,

where n=N—1,m=n—¢ and R =diag(r}, r},...,r2) with p characteristic
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roots of Si»S;4 S21S7¢ as its non-zero elements. The ri(j=1,2,..,p) are
called the sample canonical correlations.

Sugiura and Fujikoshi [39] have obtained asymptotic expansion of the
distribution of the LR criterion W under a fixed alternative hypothesis up to
order N~!, by using the characteristic function expressed in terms of hyper-
geometric function with matrix argument. The limiting non-null distribution
degenerates at the null hypothesis, so that the asymptotic formula does not
give good approximation when the alternative hypothesis is near the null
hypothesis as having been pointed out by Sugiura [40]. He derived asympto-
tic non-null distributions of the LR criteria for covariance matrix under
sequences of alternatives converging to the null hypothesis at the rate of
convergence N~ " for arbitrary positive number 7 and also derived the asympto-
tic expansion of the distribution of W for this problem in the case of y=1.
The main purpose of part III is to give asymptotic expressions of the non-
null distributions of the Pillai’s criterion and Hotelling’s T’} criterion for
this problem under the local alternative in the above sense.

8.2. The moment generating function of the Pillai’s criterion. The moment
generating function of the Pillai’s criterion for the hypothesis of independence
between two sets of variates has been given under alternative K by Pillai
[31] as follows:

n

@1 Mo = 11=PE{r (5 )} [ tetr(=sop| sy o
: {{n(%)} f,_ tetr(= s8]0 Ry (L5 D ne

1 11 1 11
+(PZSZP2)ZSI(PZSZP2)2 T‘l>dsl}d82j] )

where I[[ ] is defined by (3.2) with respect to T and P =diag (0%, 0}, 0%)
with population canonical correlation p;. This expression is in a form cove-
nient for our asymptotic expansion.

8.3. Asymptotic distribution when r=1. Since the assumption 2, =0 is
equivalent to P =0, the alternative K: 2,,=0 can be expressed as K: P=~0.
In this section we derive asymptotic expansion of the distribution 7 under
the sequence of alternatives K,: P=2n""60 with r =1, by expanding the
moment generating function. Using the same method as in the derivation
of the expansion (5.14), we can rewrite the part in the brackets [ ] in (8.1)
as (8.2). '
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2 4 _4 1yqgq 2 q
®2)  A-202( 7|2 T—g6| 2| 1— L Luir, - 21 T-0)2
n i=1

L 1L 4
tr 9| T—¢625,02| 2

Liqy. 39T 40t
o T e lggleh D= L LI T—g0?

1 1
A1 02| T—¢023,02 | 2UL(3,, T)

2 4/ a2
+ 5| 79612 (tr 0%)
=1 i=1

i

4 1 1 g
+atr ag)l T—$623,02| 2

+ | T—¢6|2(tr 03)tr 82
=7

[3

_4
2

L1111l
|| T—¢(022,02)22,(022,0%)% |

f+om],

$1=1, 5,=1

which holds for sufficiently small |¢| and large n, and ¢ = 1—2¢)"%,0;(G =1, 2)
0

00,

its (r, s) element for symmetric matrices 3 = (¢!?)) and U;(i =1, 2) are given

by (56.13) with £ =60. The above operations 9;, except for the operation (tr

0%) tr 0%, are carried out in Appendix II. We obtain the following formula

from (A.37) and (A.47):

denote the p x p matrices of differential operators having {(1+0,,)/2} as

(83)  (tr 0D)tr 07| T—P(023,02)2.5, (02 5,0%)| &

3=1, 5,=1I
— T8 T—961 74 4(g+1) (610" + 4(g+8) tra+ 83{(tr)’
+8(g+try tro+ (¢°+ 8g+4) tra} + ¢ {g(tr)* +2(¢° + ¢ +4) (tr))*tr,
(g +1) (g4 g+4) (br2)° +16 (g + 1) tr, tr3+4(2q2+5q+5)tr4}] ,

where tr; is an abbreviation for tr {#(T—¢®) '}. By using the formulas
(A.387), (A.38), (A.39) and (A.47) in Appendix II, and considering the trans-
formation T— Z = T—¢60, we can write M(¢) as follows:

2»@

n

@0 [1-2elia—an e few(; 1y o) 1[1- L (-1 pptg D

+262(3—1)(p+ g+ Dtr 02 1+ ¢*(¢* —2)((tr 021>+ (g + Dtr(6Z1)%)}
+ S)—(;%{ro+rltr OZ 1+ 75(tr OZ )2+ F5tr (BZ1)2+TF4(tr OZ71)°

+75(tr OZ Htr(0Z )2+ 7str(0Z71)% + 8¢* (¢* —2)*(q(tr ®Z71)*

+ 2(92 +g+4)(tr 6Z HNtr(OZ7 1)+ (g+1) (92 +g+4) (tr(@Z-1)2)?
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+16(g+1)(tr 62 Htr(8Z 1)+ 4(24% +5q+ Br(0Z)H} +0(ms)] ,
where 7y, and 7, are given by (5.16) and 7,(a« =2, 3,..., 6) are given by (8.5).
(85) 7y= 6¢2[~2{qp2+q(q+1)p——2(q+ D} +44gp°+ (¢*+ g+ Dp+4(g+ 1)}
+{gp*+8(g* + g—Dp+2(g+1)(¢*+ ¢—10)} 4 —2{3¢p* + (5¢* + 5+ 12)p

+2(g+ (" g8+ Bgp B(g g+ pt 2g D (g g+ 160k,

75 = 6¢2[—2{q(q+1)p2+q(q+1)Zp—2(q+3)} +4(g+1D {gp*+ (¢* +¢+4)p
+4(g+ Dy o= A(g* +q—Dp*+(g+ D (¢" + ¢+ Hp+8(¢° +3g+ D)} ¢’
—2{(¢*+ g+ p*+(g+1)(¢*+ g +20) p+4(4¢* +9g+ D)} ¢°
TG+t 0P gD (¢ g+ 2)p 122" +5q B} |,

T4 =4¢°{20+6q(p+q+1)¢ —6(qgp+q°+q+4)p*°—(Bgp+3¢>+8g+4)¢°

+3(gp+ gt g+ Do

7o = 1247 200+ D+ 2(p-+ g+ 1) (g4 g+ D3 —2((g" + g +4)p
+(qg+1)(¢*+q+16)}¢*— {(¢*+q+Dp+(g+D(¢°+q+8)}¢°

AP+ g+ D+ gD+ 10} |,

To = 16¢3[5(q2+3q+4)+6(q+1)(p—|—q+1)¢—6{(q+1)p+2q2+5q+5}¢2

— {8(g+ Lp-+4g°+9q+ T+ 8{(g+ Dp+2¢° +5q+514* |

The first factor in (8.4) can be expanded by the formula (2.14) as follows:

= {etr(—@)}[1—i

(8.6) ]I—E@ tr @+ L. {3(tr 67> —8tr 6%
n n 6n

+0(n~3)]
By Lemma 5, we finally obtain the following asymptotic formula for the
moment generating function of the Pillai’s criterion:

BT M(®)=1—20"etr(5 2 o)}/ 1- Apg(p g+ D +4tr 6°
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—2pq(p+q+1DA—207" +(pg(p+g+1)—4(g+p+Dtr 6
—8tr 6*)(1—2)*+4(p+q+Dtr 6-(1—2¢)°+4tr 62-(1—2¢)""}

{2;0 A(0)A—20)"} +0(n—3)] ,

1
" 96n?

where the coefficients 4,(0)(a =0, 1,..., 8) are given by (8.8).
(8.8) Ay(8) = pgho+24pq(p+gq+1)tr 6°—128tr 6% 448 (tr 62,

4.(9) = —pgh1—48pq(p+q+1tr 6°,

A2(0) = pgh,—2h,tr O+96(tr 0)*—24{gp*+q(g+1)p—4}tr 6°
—96(p+g+1)(tr O)tr 62—192(tr 62)?,

A3(6) = — pghs+4h; tr 6496 {gp*+ (¢°+q+4) p+4(g+1)} tr 6*
+96(p+q+1){tr ©)tr 67+640tr 6°,

A4(0) = pghs—6hstr O +48{p°+2(q+1) p+q°+2q—3} (tr 6)*
—244{qp° +(¢*+q+12)p+4(8g+5)} tr 6°
+192(p+q+1) (tr O)tr 6>+ 288 (tr 62)?,

A5(0) = 8hytr 6—96{p*+2(q+1)p+q¢°+2¢+3} (tr 6)*
—484{qp°+(¢°+q+12)p+4(8g+ 4} tr 6°
—192(p+q-+1)(tr O)tr 6>—768tr 6°,

As(0) = 48{p*+2(¢g+ D) p+¢°+29+T} (tr 6)*+24{gp*+ (¢*+q+20)p
+4(5¢+8)}tr 6> —96(p+ g+ 1)(tr O)tr @>—128tr 0 —192(tr 62)?,

A:(0) = 96(p+q-+1)(tr O)tr 6>+ 384tr 6°,

A5(6) = 48(tr )%,

with A (a=0,1,...,4) defined by (6.10). Inverting this moment generating
function, we obtain the following

TueoreMm 8.1. Under the sequence of alternatives K: P—= —3—@, the distribu-

tion of the Pillai’s criterion for testing the independence between two sets of
variates with p components and q components (p<q) can be expressed asymp-
totically as follows:
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89) P(V<z)=Px(0%)<z)— 711{ {(pg(p+q+1)+4tr )P(x2(3%) < 2)

—2pq(p+q+DP(x2.,(8%) < )+ (pg(p+g+1)—4(p+g+1tr 6—8tr 6%)

P(x2,, (09 < 2)+4(p+ g+ Dtr 6-P(x2,5(8%) < 2)+4tr 0% P(x2.4(8%) < 2)}

8 —~
a1 Au(@) P00 (0%) < 20} +0(n™),
96n a=(
where f=pq, 6% =tr 6 and the coefficients 4,(0) (=0, 1,..., 8) are given by
(8.8).

It is worthwhile to note that the asymptotic formula (8.9) can be specia-
lized to some interesting cases, namely, asymptotic expansions of the distri-
butions of the multiple correlation coefficient when p =1, and the correlation
coefficient when p = g =1, under the assumption p® = (2/n)6.

8.4. Limiting distributions when v > 1. In this section we consider the
limiting distributions of the Pillai’s criterion 7 = ntr R under the sequences
of alternatives K,: P=2n""0 with y > 1. The distribution of R is given by
" Constantine [ 6], in the following form:

w10 ()P i

T R|n-a-p-1)2 L N ny/n q
(=Rt - 2 2 {(5) (5) /(8) )
{C(R)C.(P)/E'C(I)}dR, A>rE>rE> - >ri>0).

Putting nR = W, then we can get the following limiting distribution of W
under the assumption P=2n""0(y > 1).

@1 2 7xe (1) r,,(%)}*l fetx(—5 W) w1 DR @i—wpaw,

(W} >wi > >w;>0)

From (8.11) we see that the characteristic function of tr W is (1—2iz) ?/2
Therefore we have the following

TueoreM 8.2. Under the sequence of alternatives K,: P=2n""0 for r>1,
the limiting distribution of the Pillav’s criterion V = ntr R for testing the
hypothesis of independence is the x* distribution with pq degrees of freedom.

8.5. Numerical example. By putting ® =0and ¢ = 0 in (8.9), we can see that
asymptotic expansion of the null distribution of the Pillai’s criterion for
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independence agrees with the formula (5.11) in the case of multivariate linear
hypothesis when m is replaced by n. This result also follows from the result
(e.g. Anderson [2]) that the distribution of R under hypothesis is the same
as that of the characteristic roots of S,(S,+ S.)!, where the random matrices
S, and S, are independently distributed as the Wishart distributions #,(q,
) and W,(n—gq, 2), respectively.

Example 8.1. When N=87, p=2 and ¢=3, the formula (5.11) after
changing m to n gives the approximate 5% point as 12.3365. Pillai and Jaya-
chandran [31] gave the exact 5% point as 12.33642 (computed from their
Table 8. Upper 5% points of ¥® m =0 and n =40). For the alternative
hypotheses K;: p? = 0.005, o3 = 0.005 and K,: p? = 0.001, p = 0.05, the follow-
ing approximate powers are computed by the formula (8.10), based on our
5% point.

Approximate power of n tr R,
Neglecting terms of order Exact
o(n™h) o(n™? 0(n™)
K 0.09400 0.08536 0.08505 0.0850549
K, 0.30971 0.29246 0.29079 0.292

This shows that our approximate powers give good approximation to the cor-
responding exact values due to Pillai and Jayachandran [307].

9. Asymptotic non-null distributions of the Hotelling’s criterion under local
alternatives

9.1. Asymptotic distribution when y=1. The Hotelling’s criterion for testing
the hypothesis of independence between two sets of variates was defined in
Section 8.1 as TZ%=mtr S, Sz4 S21(S11—S12 S35 521)41 =m tr R(I'—R)_l.
First we obtain the characteristic function of 7% under the alternative K in
a form covenient for our asymptotic approximation. By reducing the test
for independence to that of the linear hypothesis as in Anderson and Das
Gupta [3], Sugiura and Fujikoshi [397], etc., we see that the conditional
characteristic function of T3 for given Y(n xgq) is obtained from (6.1) by

making the substitutions n—m and !2—»% I —P)_%B’ YYB(I— P)'%, where
the rows of Y are independently normally distributed with mean zero and
covariance matrix I,, and B(g x p) is given by

o1 0...0 O ...0
9.1) B=|0 0;...0 0.0
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Taking expectation with respect to Y'Y by the Wishart distribution W,(n, I,)
with the formula (1.10), we can write the characteristic function of 7% as
9.2).

o comn(m e rE) S, Jr 2o
fetr(2itS)} | S| @1 FI(T 25 2u(1-P)'PS)ds.

Now we will derive the distribution of 7'} under the same sequence of
alternatives K: Ps%@ as in the case of the Pillai’s criterion. Using the

formulas (1.6) and (1.8), we rewrite ,F, in (9.2) as

9.3) F,,(i) 2p(p-1)12

S 2 1 m+4q
2/ @2ri)??* V2 )y 1y x>0

1 . _mre
(etr T)|T| 2 I—TltAiT‘ldzs 2 dT

-1
for any fixed S and large n with 4= 2(1 —%@3 ®. Considering the expan-

1
andl[ @AzT 1428

—(m+q)|2 —(m+q)|2

sions of l[ + r% S with respect to m by

using (2.14), we have the followmg approximation for C(z):

P R s

where C,(t) is the expression obtained by replacing n—>m and 2—6 in (6.9)
and (6.11) and C,(¢) is defined, with the notation do[ ] in (6.12), by

3 1 1 1
(9.5) C, (1) zﬂ@[%fh’ttr G2 T-'02 S+ (2it)*tr (02 T'0z S)%}
1 .. 51 . 3, 1.3 3 1
+E2 {6ittr @2 T~'02 S+ 2istr @2 T '02 S—4itqtr 02 T'62 S
3 1 L 13 1
+2(2it)*(tr @2 T7'02 8)*+4(2it)tr 02 T~'02 802 T~ '@z S
1 1 3 1
—(2it)* qtr (02 T-'02 S)*—4itq (tr 2T '02S)tr S
+2(2it)%tr (@2 T- 1@2 S)2tr @2 T- 1@2 S++ (2Lt) tr(@2 T- 1@2 S)3

3 1 1 1
F4it(tr 62 T102 S)tr S2—(2i1)’qtr(6% T-'6% S)’tr

1
3 Qi)' (Er(6F 1762 )P+ 2i)*tr(62 T7162 )15} +0(m ™) .
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The expansion of {I‘,,(in%{]) / <%)pq 21‘;,( 5 )} C,(t) hasbeen already ob-

tained in (6.16) with n, 2 replaced by m and 6, respectively. For simplifi-
cation of C,(¢), we carry out each integral #o[ ]in (9.5). Using Lemmas
4,5, 6 and 7, we obtain the following identities:

9.6)  Ao[tr 62 T-167 ST=(1—2i) ** 1 (tr 0%)etr 12% @)

Ao[tr 62 7162 $ 1= (1—2it)#*" (tr 6%etr(;2%4-6),

3 3 3 1
Mo[tr @5 T-102 S +4it(tr 02 T-10% §)*]=(1 ‘—2it)""“2‘1{tr 6

g o fetn( 12 56),

Aol tr (@2 T 1@2 8) )= (1~—2i)~2922(tr @2)etr(121; @>

Aol tr @2 T 1@2 S@Z T- 1(»92 S]=(1—2it)"*7%%(tr @ )etr 12L; @)

Kol (tr 62 T-16% S)tr S]:(1~2it)”””2“z{<% pg+1)tr 6°

+ 2 O)tr 6%etr( 24 6),

Mo[tr(G3 T 1 62S)? tr03 T1655 ] = (1 —2it) % %(tr 6% %etr 121; @>

o[ tr(62 T~ 1928) ] = (1— 2it)~*/2-*(tr @)etr 121; t@>,

3 1
Mo (tr 82T 1628)tr S2]=<1—2it>”"”2’3[% {gp*+(¢°+q+dp

Zzt
1—

+4(g+ 1} tr 6+ A g+ D(tr O)tr 6°+2tr 6%}

2it 2 2it
) o 0 (256,

1
Aol tr(62 T-167 S)tr S]:(1—2it)‘1"”2‘3{<—;pg+2)tr ik

+———(r 6)tr 6 }etr( Zit - @> )

1-— 2 1—2it
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Ao[(tr(67 T~167 §)2)2 = (1—2ir) 0/~ (tr @Z)Zetr<12—i;it@> :

Ao[tr(62 T-16% $)2tr §¥]=(1 —2it)*”‘”2‘4[(tr 0)?

2it
1—2it

+atr 07+ (7 20 ) (o 69" |etr(;%46).

i {gpP (@ +g+8)p+42g+ )} tr 07+

{(p+q+1)(tr )tr 6°

In the derivation of the formulas (9.6), we used Lemmas 4~7 after express-
3 1 3 11 3 .

ing, for example, tr @2 T2 S as %tr (G2 T-'02 + 62 T~'02)S, ete., since the

matrices £ and @ in Lemmas 4 ~7 are symmetric. The asymptotic ex-

pq/2
pansion of Pp<m;q>/ {(%) T, (—;)}ls obtained from (6.10) by making the
substitution n—m. Hence we can finally write the approximation (9.4) for

C(¢t) as follows:

O (12 ““’Z{etr<T2_itW@>}[1+ eApg(g—p—D)—4tr 6°

—2¢(pg—2tr ©)(1—2it) ' +(pq(p+q+1)—4(p+2¢+1)tr 6
+8tr 62) (1—2it) 2 +4((p+g+1)tr —2tr 62) (1 —2ir)~*

+4tr 6*(1—2i) "} + g { 3 Ba(®) A-2i) | +0m~) |

where the coefficients B.(0)(a=0, 1,..., 8) are given by (9.8).
(9.8)  Bo(0)=pqlo+24q{p>—(g—1) p+4}tr 6> —128tr 6° 4 48(tr 6%)?,
B1(8)=—1,(pg—2tr 6)+48pg°tr O>—96q(tr O)tr 62,
Bo(0)= pgly—2 (1, +21:)tr ©+48 (g% +2) (tr ©)°—24{3¢p*—q(g—3)p
—4(2q+D}tr 62496 (p+2qg+1) (tr ) tr ©)2—192(tr 62)?,
B3(6)=—pql;+2(21,+8L3)tr 6—96(gp+2¢>+ q+4) (tr 6)*+48{gp
—(8¢>—q+8)p—8(3g +2)}tr 6°—96 (p—qg+1) (tr 6) tr 67
+640tr @°+192(tr 6%)%,
By(®)=pql,—2(8l3+4L,)tr O+48{p*+2(8g+1)p+64°+6¢+1T}
(tr ©)*+24{gp*+ (Tq*+ q+44) p+4(20g +19)} tr 6°
—192(p+3g+1)(tr O)tr 6°—1536tr >+ 96 (tr 6%)%,
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B5(0)=8l.tr 6—96{p*+ (3¢+2) p+2¢*+ 3¢ +9} (tr 6)*—48{¢p’

+(2¢*+ ¢ +24) p+8(4q+5)} tr 62+ 96 (4p+Tq+4) (tr O)tr 6*
+1920tr 6°—384 (tr 6%)%,

Bs(0)=48{p*+2(q+1)p+¢*+2q+T}(tr )°+24 {gp*+ (¢*+q+20)p

+4(5g+8)}tr 67 —96(8p+4g+3) (tr O)tr 67 —1280tr 6°
+384 (tr )%,
B1(0)=96{(p+q+1)(tr O)tr @>+4tr 0°—2(tr 6%)%},
B4(0)=48(tr 6%)?,

with [, (=0, 1,..., 4) defined by (6.18). Inverting this characteristic func-
tion, we have the following theorem:

Tueorem 9.1.  Under sequence of alternatives K: P= %@, the distribution

of the Hotelling’s criterion for testing the independence between two sets of
variates with p components and g comopneots (p<_gq) can be approximated for
large m as follows:

(9.9)  P(T3<a)~PGH0) <)+ 40 A(pglg—p—D) —4tr 6) P33 <2)

—2¢g(pg—2tr @)P(x§+2(52)<z)+(pq(p+q+1)——4(p+2q+l)tr 6
+8tr 62) P(x2.,(01) < 2)+4((p+ g+ Dtr 6—2tr 62) P(x2,4(0%)<z)
5
Fdtr @2 P(x2,4(0%) <2)} +§€1n72—{aZ=IOBa(@)P(X%+za(62)<z)} ,
where f=pq, m=n—q and the coefficients B,(0) (a=0, 1,..., 8) are given by
(9.8).

The above theorem also includes some interesting special cases as in the
case of Theorem 8.1.

9.2. Laimiting distribution when y>1. We now consider the limiting dis-
tributions of the Hotelling’s criterion T2=mtr R(/— R) ! under the sequence
of alternatives K,: P=2n""0(y>1). Noting that under P=2n""60(y >1),

. m+q 9q.
(910) }”I_EEIFI< 2 ) 2 s
we obtain from (9.2) that the characteristic function C(¢) of T2 under P=
2n7"0 tends to (1—2it)"??2 as m—oo. Hence we have the following theorem:

2it(I—P)*‘PS>=1,

Tueorem 9.2. Under the sequence of alternatives K,: P=2n""0 for r>1,
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the limiting distribution of the Hotelling’s criterion T3 for testing the hy-
pothesis of independence is the x* distribution with pq degrees of freedom.

9.3. Numerical example. Asymptotic expansion of the Hotelling’s T cri-
terion for independence under hypothesis is obtained from (6.20) by making
the substitution n—m, or by putting ®=0and §=0 in (9.9). Let us consider
the same example as was used for the Pillai’s criterion.

Example 9.1. When N=87, p=2 and ¢ =3, the formula (6.20) after
changing n to m gives the approximate 5% point as 13.3433. Pillai and Jaya-
chandran [30] gave the exact 5% point as 13.34128 (computed from their
Table 8. Upper 5% points of U® m=0 and n=40). For the alternative
hypotheses K, : 03=0.005, 03=0.005 and K,: 0?=0.001, p=0.05, the following
approximate powers are computed from the formula (9.9), based on our 5%
point.

Approximate power of ntr R(I—R)™*,

Including up to Exact
first term second term third term
K 0.06861 0.08425 0.08484 0.0848456
K, 0.25548 0.29363 0.29318 0.293

This shows that our approximate powers also give good approximation to
the corresponding exact values due to Pillai and Jayachandran [30].

ParT IV. OtHER AsymproTIC DISTRIBUTIONS

10. The determinant of a non-central Wishart distribution. Using the ex-
pression of moments due to Constantine [6 ], Fujikoshi [9] obtained asymp-

3

totic expansion of the distribution of | S| up to order n 2 for the non-central
Wishart matrix »S having W,(n, 2, £), when the non-centrality matrix
2 may be regarded as a constant matrix with respect to n. Here we
shall show the asymptotic expansion of the distribution of the statistic
u= ‘/ % {og 1;{ \/—tr @} instead of | S| under the assumption that
2=+yn 0. The characteristic function of x# can be expressed as (10.1) (Fuji-
koshi [97]).

w2l
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2it itN\n . n . _ -
{etr(— g (5 15 5 —no)
The first factor is the same as (8.7) in Fujikoshi [9] with i¢/V2p for it. By
Lemma 2, the second factor can be expressed as (10.2).
2i¢ 2 3__ 2 2 2
102) 1=t tr @+[; { V2p ittr ©°—2(it)*tr O+ (i1)? (tr@)}
1 4 2 2 2
— ol {2pn<2tr 6" (tr 0)—tr 6%)+5V2p (i0)’(tr 67

~3)tr 0%+ 2 (i1)*(tr 67— 6)(tr @2)2} +0(n ).

Hence we have,

Turorem 10.1. Let nS have the non-central Wishart distribution with n
degrees of freedom and the mon-centrality matrix 2. Under the assumption

that 2=+\n @, the distribution of |S| can be expanded asymptotically as fol-
lows:

n |S|_ 2 ,
@03 Pl $<log|~2’l Tt 6)<sh=0()+ 50— \/2 (8(g+2tr 60'(2)

+@(3)(z)}+1—2;n—[ 16v2ptr 0°0'(z)+3{g(g+2) +4(g—2)tr 6°

+4(tr 60 (2)+2(g+ 1+ 2tr 60 (2) +% @<6)(z)i\

2 2 4
55 \/Zp e | 3p{p(2p*+ 3p—1) — 24(tx 6)'—24tr 67+ 48tr 6}
-0'(2)—48V2p{(g —6)tr O°+2(tr OHtr 630D (2)+3{g(g+2)(g+4)
+6q(qg—2)tr ©*412(g—4) (tr 6%)*+8(tr 620 (2)—16v2ptr 6°

0W(z) +8{ L (5g®+ 20+ 12) + 4(g— Dtr 62+ 4(tr 622 09)(2)
5 (5" +20q q

4 (g+2+2tr @2)@(7)(z)+~;~ﬂ(g)(z)]-l-O(n‘g),
where g=p(p+1)/2 and 0 (z) denotes the r-th derivative of the standard nor-
mal distribution function @(z).

When 2=n®, Fujikoshi [9] obtained the limitting distribution of |S],
but could not derive its asymptotic expansion.
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11. The trace of a non-central Wishart matrix. In this section we give
asymptotic expansion of the distribution of the statistic tr R~'S which
is a generalization of tr S and tr X 'S, where R(px p) is any fixed real
symmetric matrix with |R|=<0. From the result of Anderson (1] we can
write the characteristic function of tr R~'S as follows:

2it

-1
(11.1) Efe™R's]= .I il piR-152 zetr{ g+(1 3”221{ 12%) g}

First we assume that the nonce-ntrality matrix 2 =0(1) with respect to
n. Putting t=v2tr(R"12)2, the characteristic function of é=(\ n /t)(tr RS
—tr R7'2) can be given by (11.2).

o7 13)

1
-etr {— 2+ (1 2ji22 R"‘25>‘1!2} .

2it 1 1
11. =32 R 132
(11.2) I z‘\/nE R 2

The first factor can be expanded as follows:

11.3) e [1+ 3\/n< >t 43+2{<-‘:)4tr44+§<~‘g)6(tr 7}

8 (o /itN, 5, 1/t 3 ' 3
o2 () et () r ayer a4 (2 ar 4]
+om],
where AzZ%R*Z%. The second factor can be expanded as (11.4).

(11.4) 1+\/2” tr 49+ 2(”) 2tr 429+ (tr 42)%

8
+n\/

which gives the following theorem:

(% ) {tr 422 +(tr a2yt 220+ - (or 42} +0(n ),

THeorREM 11.1  Let nS have the non-central Wishart distribution W,(n,
2, 2). Under the assumption that 2=0(1) with respect to n, we have the fol-
lowing :

(11.5) P{\—C—’;(tr R1'S—tr R‘12)<z} = M@*%{

00} + 2] (2tr 420+ (tr 4)}0%(2)+ 5L Btr 4
n
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At 49tr Q10D () + 2 (tr 43)2@(6)(7.)}—” 4 [ etr a0
9! 3nVnt? |_
6(tr 4Q)tr 429+ (tr 42)% @(3)(7.)—}—/5%:2 {12tr 45+ 15(tr 4%

tr 494 20(tr 49tr 472+ 10tr 4%(tr AQ)Z}Q(S)(z)+—3§7 (3(tr 4%

8

it 4142t 4% 4}07() + oo (b AS)3¢(9)(Z)J+0(n'Z),

Finally considering the characteristic function of the statistic 7 ={n/

1
2tr 42(1+40) 2 {tr R"'S—tr 4(I+260)} under the assumption 2=r6, based
on (11.1), gives:

TueoreMm 11.2. Under the assumption ‘that 2=n0, the distribution of
tr R™'S can be expanded asymptotically as (11.6).

" 4
(11.6) P[\/—Gn«—{tr R'S—tr 4(1+260)} <z:|=d)(z)——3\;]:~0_\3 {tr £2(1+66)}0°)(z)

_‘_71,26\4 [{tr A4(I+ 8@)} w(‘l)(z) +Tif {tI‘ 43 (I+ 6@)}’ 2® (Z):|

_,*847 i 5 (S 1 3 4
o [ 2 {or 451+ 100)}09() + oy tr 45(1+66) {tr 4'(1
180)} 07(=) + g {tr £(1+6)6)°09() |+0(n),

1 1 1
where 6= {2tr 4*(I+40)}2and 4=232R"'3z,

The asymptotic expansions of the distributions of tr S and tr 3-'S can
be obtained immediately by putting R=1 and % in the above two theorems,
according to 2=0(1) or 2=0(n).

12. The modified LR criterion for equality of mean vectors and covariance

matrices under special alternatives. Let the px1 vectors xi#, x5#,... ,x )
be a random sample from a normal population with mean vector x® and
covariance matrix 2, for g=1, 2,..., g(¢>2), and consider the testing

problem of the hypothesis H: pyM=4®=... =49 3 =3,=..=3, against
the alternatives K: u® = 4” or ;< 3; for some i, j (i#j). Under the
assumption 3, =J3,=- =3,(=2), the h-th moment of the modified LR

criterion 1 for this problem was given by Tsumura and Fukutomi [417] as
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azy et f (R ()
I‘p<ﬁ(1ih;j'q__l>} 1F1(— nh; % (L +h)+g—1}; _Q> :

1
where n,=N,—1,n=n,+n,+-+n,and o=1 i g(ﬂ(w_ﬂ)(ﬂ(@—ﬂ)’z_?

N

q q
with a=(2 N,) ' 2 N, #«®. Now we will derive asymptotic expansion of
g=1 g=1

the distribution of —2plog 1 under the assumption 2, =2,= =25, where
the correction factor p is given by

2p*+3p—1 p—qt2

(12.2) no=n— (Z:/’s1 1) 6(g— 1)(P+3> 7+3

with nk, = n, for fixed £, > 0 (Anderson [2, p. 255]). Put m=pn and let m
tend to infinity instead of n. From (12.1) the characteristic function of
—2plog A can be expressed as follows:

(12.3) CO=C(0)1F (—itms y m(L—2i)+53 =),

where C;(¢) and s are given by (12.4) and (12.5), respectively.

124)  C@)= { /ﬁ na}*zwn{ (%Q—zzl;")ﬁp(iig;{)

./Fﬁ<%> F,,( n(l—2it;)+q—l >} ’

2p +3p—1 p—q+2
12, L | ny
(12.5) {(Zk Ve pi3 9 1

The first factor C,(t) can be expanded asymptotically (Anderson [2, p. 2557)
as follows:

I B . .
(12.6) (1—2i1) z[1+ P A2 =1} +0(m 3)],

where f=(g—1)p(p+3)/2 and 3 is given by (12.7).

(2p*+8p—1)*

_ P lecy o - ~ (5 k-1
az7) 8= {6(§1ng D(p+Dp—D (p+2) (L b~ D" gy 7

288

2p*+3p—1)(p—q+2) 36(q D(p—g+2)°
p+3 p+3

~12(3 k1)
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—12(g—1) (—24*+ T+ 8pg— 2p* —6p— )] .

Sugiura and Fujikoshi [39] obtained the asymptotic expansion of the same
type as 1 F; in (12.3) by using Lemma 2. By the same argument, we obtain
the following asymptotic formula for the characteristic function C(¢):

(12.8) C(t)=(1—2iz)*§{etr( 2it JJ)}[I—{—;]‘;"Zstr 2(1—2i0)

1—2:¢

—(2str Q—tr ©9)(1—2it)"2—tr 22(1—2it)-%) +77172{5((1—2u)-2—1)

+;z=zpa(g) (1—2i1)-) +0(m‘3):| ,

where the coefficients D,(2) (a«=2, 3,..., 6) are given by (12.9).
(12.9) D, (2)=2s*(tr 2 —2)tr 2 +2str 27,
Ds(2)=4s*tr 2 —(4s>+1){tr 2)*—(8s+1Dtr 22+ 2s(tr 2)tr 2°

—|-—f;vtr 28,
Dy(2)=(2s*+1)(tr 2)2+ (6s+1)tr 22 —4s(tr 2)tr 2> —4tr 2°
+-(tr 22,
05(.9):%1;1« 2%+ 25(tr 2)tr 22— (tr 292,
De(2)=- (tr 227,

which implies,

Tueorem 12.1.  Under the assumption X, =23,= =23, we obtain
(1210)  P(—2plogh < 2)=P(}(0) < )+ L {25tr QP33 <2)
—(2str @—tr 22 P(22,,(0%) < z)—tr 2% P(x2,5(0%) < )}
6
+ 1] AP G309 < )= PEIOD <2} + £ Du(@P(:30e 09 <)
+0(m™?),

where m=on, f=(g—1) p(p+3)/2, 0*=tr 2 and the coefficients s, § and D,(2)
(=2, 8,--., 6) are given by (12.5), (12.7) and (12.9), respectively.



126 Yasunori FujikosH1

Asymptotic expansion of the null distribution of —2plog 1 is given (An-
derson [ 27]) as follows:

(1211) P(—2plog 1<) =P(}<2)+ L {P(}, <)~ P<2} +0(m ™),

which is also obtained by putting £=0 and 6=0 in (12.10). Hence we can
evaluate the power of the test —2plog 1 when ¥, =23,=---=2%,.

Example 12.1. When case (i) p=2, ¢g=4, N1=21, N;=N3;= N,=22 and
case (ii) p=2, ¢g=4, N;=11, N;=18, N;=25 and N,=33, the approximate 5%
points of —2plog 1 can be computed by (12.11) as 24.4672 and 24.2075, respec-
tively. For the alternative hypotheses K,: w; =0, w,=1 and K;: 0, =2, 0w, =2
(w; means the characteristic root of 2), the following approximate powers are
computed by the formula (12.10), based on the above 5% points.

Approximate power of —2plog 2,
Neglecting terms of order

case (i) case (ii)
o(m=Y  0(m™?) o(m=3) om™ 0(m™%* 0(m~?
K, 0.1178  '0.1109 0.1016 0.1245 0.1168 0.1025
K, 0.3863 0.3519 0.3418 0.3985 0.3617 0.3458

On the other hand, the powers of the LR criterion W, the Hotteling’s criteri-
on T% and the Pillai’s criterion 7 for this alternatives are obtained from
(5.19), (6.19) and (7.3) as follows:

Approximate power

/28 T2 vV
K 0.13966 0.13990 0.13924
K, 0.5075 0.5040 0.5107

Note that all three tests are more powerful than the modified LR criterion
—2plog 4, which should be expected. The exact powers of W, TZ and V un-
der K, are known (Pillai and Jayachandran [307]) as 0.13965, 0.13994 and
0.13926 in their Table 10, respectively. Therefore, we can also see that our
approximate powers are good approximations to the exact values.

ArpEnpIx 1.  Calculations of tr (40)*|I1—X|° L etc. in the proof of

Lemma 3

We used some formulas to prove Lemma 3 in Section 2. Here, we list all
the necessary reductions in the computations, We use the following notations:
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2=(0,,) is a p x p symmetric matrix, 6’=<%<1+ 6,3)-07‘6—>is a matrix

rs

of differential operators with Kronecker’s delta o,., E,,=(0/30,;) 2,
A=diag(2,, 42,---, 4,) is a diagonal matrix such that 2,~1 for all r,
Foo=(I—A)'E,,,and V=A(I—A)"*.

(1) By using the formulas (0/07,,)|3|=|2|tr 27'E,, and (8/00,,)3 '=
— 27 1E, 27! we easily obtain the following reductions:

(A1) tr(40)*| I-2|~* 4 IEA+8,0* 4, 4,0%/002) [ I- 2|7

s-4 4

%| = 4| P DD A40,0° 4 4, b (tr B +tr FLY,

(A2) r(0)*| I-2|"|

S5 DI AH0,0A+00A 402 2,

“(0°/00,5 004 00,) | I—2|7"|

A
= = A DI S A48, )A+0.)A+0)1, & bX(tr Fro)

'(tr Fst)tr Ftr+3b(tr Ftr)tr Ftstr+2tr FrsttFtr}>
1
(A.3) {tr(40)%*|1-2]|"" 2=A=EZZ;Z(1 +0,08 A +00)*
A, A A 2, (0% /002 002, | I— 2| ° )
=

= - PP RS RN 40,0 40,0702, 4 1 b {br F,.)°

+tr F%s} {b(tr Ftu)2+tr F%u} +4b2(tr Frs)(tr Ftu)tr FrsFtu
+4b(tr F,)tr F,,F?,+4b(tr F)tr F,, F2 +2b(tr F, F,,)*
+2tr(FrsFtu)2+4tr F?sF%u]’

(Ad) tr()? | 1—-2 | [{tr T(I—2)"} 4+ @b+ Dtr {Z(I—3)"'}%] o

=tr(A0)2| I— 3|~

L AGr Py @Dt P 4 DR A4,

2, 2,(0/00,) | [—3|7%(@/00, ) [ {tr T(I—2)"}?+@2b+1)tr{Z

(I—=2)71}]

T A7t (40)* [{tr (- 2)7)?

=
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+@b+Dtr{S(1—2)""}4] .

(2) The various summations appeared in (A.1)~(A.4) are simplified as fol-
lows:

(AB) S (1+06,)%0, A(tr F,S)2—4Z< ) —4tr V7,

2 2 __ 2lrls*__
(A6) DX (A+8,)° 2, Autr Fi, = 42( ) 2 D8 T
=2{(tr V)?+tr V2,

<A7) Z Z Z (1 +6rs)(1 +6st)(1+§tr)ir ls lt(tr Frs)(tr Fst)tr Ftr
—8 z<_~i_ —8tr V9,
(Ag) Z Z Z (1 + 6?5)(1 +6st>(1 + 6tr) lr ls lt(tr Frs>tr stFtr

2, 3
~82< 1—- ,l ) +4ZZ(1—/17)2(1—/15) =4{(tr V)tr V*+tr V%,

r#s

- 3
(A9) LI A+0,)A+0.0A+0) 2, 288 FroFuFor=85( 125

l%ls /{r}\s lt
T LN Ay TR R A A ) A=)

=(tr V) +3(tr V)tr V2 44tr V3,
(A10) % ;tz za +0,0)2 (14 04,)2 {b(tr F,)*+tr F2.}{b(tr F,,)*
+tr F2,} =[; 2 A+0,0)%, 2. {b(tr F,)*+tr F2} 7
=4{(tr V)?+(26+1)tr V%2 (by using (A.5) and (A.6)),
A1) BED X A40,) A +00)" 4 4 4 ultr Fr)(tr Futr Fr, F,

222
A—1)A-1)

LV .
, )_16trV ,

— Ar

~165% tr F,,F”=16Z<1

(A12) XX }; 2 A48, A+01)% 2, A5 2 A, (tr F,)tr F, F3,

:ZZZZ(1+6rs)2(1+6tu)zlrls}‘tlu(tr Ftu)tr FtuF;gs
r s t u
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|

AN A+00)* 242, (1—2,)" "t F,, F3,
r t u

=165( 20 ) +85 3 a—im—or (20) +(20)}
=8{(tr V)tr Vittr V“},

(Alg) Z Z Z Z (1+6rs)2(1+6tu)zlr ls lt lu(tr FrsFtu)z

r s

=163( > ) 416y Yo A gt pE2 4t 1Y)
I3 1<r<s$1> (1_17)4(1_13)2

Noting that tr(E,, E,,)*=0(t=~u) and tr(&, £,)?=20,:0..(<s, t<u), we have
(A1) XXX A40,0°A+0u)2 A A d A tr(F,  Fr,)®
r s t u

=162< ) +4 3 DI Ardodiy tr(E, . Ep)*

ISr<s<p 1<t<u<p (l Z,)2<1 A )2
=4{(tr V*)*+8tr V.

Noting that tr E%, E%,=0,,+0,, (¢5~u) and tr E2,E2,=0,1+ 0,4+ 0+ 0 (r5~
s, t=u), we have

(A.15) z:zzz Q40,0 A+01u)* A, A A A tr F2 F2,

_1GZ< +8ZZZ——AM— tr £, B
7 7w (1 17)2(1 11)(1 Au) T
X A iﬂ( 2 2
MR D9 Mg vy T iy 1T BTG By AT

=4{(tr V)*%r V:+2(tr V)tr V34tr V*}.
(A16) XX (1+0,0%2,4:(8/00,)|I1—2|"(8/00,.) {tr Z(I—2)"1}*

=20 I—A|7°¢r V)X X2 (A40,5)%4, A,(tr F,)tr(I—A)~'F,,

=8b| I—A|~(tr V)X A2(L—1,) " =8b|I—A|(tr V)(tr V2 +tr V?),

(ALT)  tr(40)*{tr S(I—2)7'}*| A:%z S (A+0,0)%4,2,(0%/802,)

ftr T(I-23)"1}? s

=5 LXA+8,) AL (I— H7F, } 2+ 2(tr V)tr(T—4)'F2,]



130 Yasunori FujikosHi

=2TAH{A—2) " 2tr V)A—2) 20t V) T T ﬁﬁj)

1<r<s<p

'{<1—1/1 ) (1—11 )}:2{“ Vi (tr V)*+ (tr V)tr V2 42tr 7

+(tr )%r V24 (tr V)tr Vi+tr 7'},

(A18) XX (A+40,0)°2,4,0/00,) | I— 5| °0/00,)tr {Z(I—2)'}?
=2b|1—A4|"" N2 A48, A (tr F, ) {tr VF, +tr V*F,;}
=8b| I—A| X231 —2,) " =8b| I—A| ~*(tr Vi+tr V'*),

(A19)  tr(40)*tr{X(I—2)"}*| A=% L5 A+08,9%4,2,(0°/00%)

Ar{Z(I—3)"1}?
=4

%;ls\j (148, {tr F2 +tr(VF,)2+4tr VF2 +2tr V2F2)

22(14-22,) Arhs . 2 2
_2\; aA=iy +21§<§p A= A=1.° A =38,A:+222,+2, 2%

=(tr V)24tr Vi4+4(tr V)tr Vi+4tr V34 (tr 72?2
+2(tr V)tr V3+3tr V.

(8) By inserting these results (A.5)~(A.19) into the last expressions of the
results (A.1)~(A.4), we obtain the following desired formulas:

(A.20) tr(Aa)ZII—ZI"’L:A:-g—{(tr VY 4 (2b+ Dbr P2 | I— 4],

=%{(tr V) 4826+ 1)(tr V)tr V2

(A21) tr(40)%|I—3|""

+2(2b%+8b+2)tr V3| [— 4],

(A22) {tr(40)3}?|I—2|" :%{b(tr V)Y +2(20+ b+ 2)(tr V)*tr V?

+(264+1)(262+ b+ 2)(tr V)2 4+8(2b+1)(tr Mtr V*
+2(8b2+10b+5)tr V4 | I—A]| Y,
(A.23) tr(A0)* | I—2| [ {tr 2(I—23)"}*+(2b+ Dtr{Z([—2)"1}%] i
=4

7 {226+ 1)(tr V)2 +2(2b+3)tr V2+4(tr V)*+12(26+1)(tr V)
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tr V248(26%+3b+2)tr V3+b(tr V) +2(26%+ b+ 2)(tr V)?
tr V2 (20+1)(26%+ b4+ 2)(tr V) +8(2b+1)(tr V)tr V3
+2(86%+106+5)tr V*} | I— 4|0

1 1 q
Arprenpix II.  Calculations of tr 02| T—¢Q23Q2| 2 o ete.

q
In this appendix we evaluate the values of tr 9*| g(2)| 2 i tr 9%
S=

g1 L 0" g(D)] 2| and trd*| g()| FUL(T, 2)'2_1,Where g(2)

= T—¢.Q%2.Q% and U,(T, 2) is defined by (5.13). They are useful for the
derivation of asymptotic expansions of the non-null distributions of the Pil-
lai’s criteria for multivariate linear hypothesis and independence. The fol-
lowing notations are used:

( (1+6”)0a“ _(aa*> 66* =E7, and

R=0%(T—¢2)" hqz

(1) The following reductions are easily obtained by using the fomulas (3/
00* )| 2| =|2|tr Z'E* and (0/00})3 '=—3 'Ef 3.

(A28 gD ¥, =LE6 /ot e,

=2 g1 7901 DD {L o REL +tr(RE)

(A.25) tr o’ g(Z)l"% PPN (0°/30%,00%,00%,)| g(2)| 2 o
=%¢3 | T—42| 28 % ;{ (tr RE¥)(tr RE¥)tr REY,

+—§—q(tr RE*)tr RE*, RE* +2tr RE%, RE* RE,,} ,

(A26) (tr 99| g(3)] 2

. = LILT6Y/00K00t| g(3)]

=141 1—p01F| | mrmz[ L RER)+ tr(REty}

2=Iy s t u

2
{ (tr RE%)?+tr(RE%,) }+q2(tr REY)(tr RE¥)tr RE* RE%,
+

4q(tr RET)tr RE¥(REY,)*+q(tr RE}, REY,)?
+4tr (REE) (REL)* + 2tr (RE%, RE1,) .
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(2) Let 4 and B be any pxp symmetric matrices. Then we have the fol-
lowing identities:

(A27) X2 (tr AEF)tr BE} . =tr AB,
(A.28) YIStr AE¥, BEj‘sz%{(tr Atr B+tr AB},
(A29) LXX(tr AF})(tr AE})tr AEY,=tr 4,

(A80) X2 (tr AEF)tr AEY, AE},=—-{(tr A)trA*+tr 4%,
r s t

1
2

(A.31)

=M

Y Str AE* AE*, AE* =L {(tr 4)°+3(tr A)tr A2 +4tr 4%,
s 1

1
8

(A.32)

~M

;;%} (tr AE}F)(tr AEF)tr AE}, AEY,=tr A*,

(A.33)

~M

T3 (tr AEX)tr AE¥ (AE¥, 2:%{(& Atr A3+tr 4%,
s t u

(A.34)

~M

TN (tr AEF AES) =5-{(br A% +tr 4%,

s t u

(A35) YO Ztr(AEfS)Z(AE;“u)Zz%{(tr Atr A2+ 2(tr A)tr A% +tr 4%,
r S t u

(A36) XY S tr(4EX, AE;"u)Z:l—{(tr A?)?43tr 4%} .
r s t u

(8) Applying the above results (A.27)~(A.36) to the last expressions of
(A.24), (A.25) and (A.26), we obtain the following formulas:

(A3T) tr o g(2)| 2 9 42| T— 42| "H{(tr R)*+ (¢+Dtr R%,

2:1: 4

(A38) trd°] g(2)| 2 .

L8 T4 (W RY+8(g+ D(tr R)tr R?

+(¢*+3g+4)tr R%},

(A39) (tr 9)* | g(¥)] 2|

_4
=L T g (e RY' (g 4 g+ Dt RY?

tr R?+ (¢+1)(¢°+ g+ 4 (tr R®*+16(q+1) (tr R)tr R®
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+4(2¢°+5g+5)tr R*}.

(4) Finally we evaluate the values of tr 0°( g(3)| ZUy(Z, T) __, which i

expressed as follows:

(A40) 110" g(D|F| | Uil T)+2L T 0/007)] (D) H0/5%) {p(p+g

+D)—=2¢(p+q+Dtr Tg(2) ' +¢%tr Tg(2) H+4°(¢g+1)

g
tr(Tg(2)H% 2:I+|T—¢.Q| 2tr 9% {p(p+q+1)—2¢(p+q+1)

‘tr Tg(2) '+ ¢t Tg(2) )+ ¢*(g+ Dtr(Tg(2) )% .

I

To carry out the operations & appeared in the right hand side of (A.40), we
calculate more general formulas including symmetric matrix @, which will be
used in Section 8. Put Z=T—¢R2, then we obtain the following reductions
by the same method as in the derivation of the formulas (A.37), (A.38) and
(A.839).

(A4D) 2XT0/005)| g(2)| 20/005)tr 67|
_4 1 1 1 1

=q¢*| Z| 2L 1 (tr QIZTLQREF )ty Q277107 Q2E¥,

—gf?| Z) "y (227)°02°1,
(Ad42) 231 (0/00%) | g(2)] _%(a/afffs)(tr 0g(2)™H)? o

—g#"1Z] H(tr 62 )T Y (tr 922\ Q3EX)tr Q1202 \Q7E?,

=q¢*| Z| “I(tr 02-\tr(2Z2 )02,
(A43) T N0/00%)| g(D)| 20/307)trOg(H |

q 1 1 1 1

=q¢*|Z| 2L X (tr Q227 Q2E¥)tr Q277'027 102 Q2E%,
= q4°| 2] Ste(@Z )02,

(Ad4) trotr Og(2)! o 22 (0/00F)tr 6 g(2)! .

I
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1 1
— 242 ¥ Nitr 0277102 QIEX Q37" QIE¥,
=¢*{(tr 2Z Vtr 22702 ' +tr(RZ 1202},

(A4b) tro’(trOg(2)™h?* o D0 (0/00 F)(r O g(2))? s

1
2

2@ N {(tr 92271021 QIEX)? +2(tr OZDtr 222102712

1 1
EX Q17 @2EX} =242 {(tr(RZ-10Z° 1)+ (tr RZ V) (tr OZ°Y)
Ar 027102+ (tr 0Z-)tr(2Z H)207°Y),

(A46) tr 04 (0g())| = LT 0/007)rOg(D) )|
—24PS T {tr(227102 QIER ) + 2tr 92271027162 QIEY, @5

ZNQIER) =2 {(tr Q271022+ tr (227022 + 2(tr 221

tr 22°HOZ7 N2+ 2tr(RZ2°H2(OZ7 1)),

Inserting the formula (A.37) and the identities obtained by putting &= T in
the above equalities (A.41)~(A.46) to (A.40), we have the following formula:

(A4T) tro?] g(2)| 2L, T) M:“‘% T—49|72[ fultr R)*+ fstr R

+ fa(tr R)*+ f5(tr R)tr R*+ fetr R®+¢* {g(tr R)*+2(¢*
+q+ A R*r R+ (g+1)(g*+g+4)(tr R?)?
+16 (¢+1) (tr R)tr R*+4(2¢*+5¢+5)tr R*} ],
where the coefficients f,(a=2, 3,..., 6) are given by
(AA48) fo=pq(p+q+1)—2{qp*+ (¢°+q+LHp+4(g+1)}¢
+{gp*+(g°+q+8) p+12(g+1)} 4%
s=pq(g+1) (p+q+1)—2(q+D{gp*+(¢*+q+Dp+4(g+1)}¢
-+ {g(g+Dp*+ (g +1)(g*+g+8)p+4(2¢°+5g+5)} 67,
f1=26"{—q(p+q+ 1)+ (pg+q*+q+4)8},
fs=28"L—(¢*+q+Dp+q+ 1)+ {(g*+q+Dp+ (g+1D(g*+q+16)}¢],
fe=8[—(g+D(p+q+1)+{(g+1)p+2¢*+5g+5}4].



Arpenpix III. Tables of the upper 5 and 1% points of the Pillat’s criterion
TaBLE A.  Upper 5% points of tr S, (S, + S,)7?

1) n=2
] 2 3 4 5 6 7 8 9 10 11 12
2| 0332 0.421 0.498 0. 566 0.628 0.683 0. 734 0.781 0.824 0.864 0.902
3 0.436 0.563 0.674 0.774 0.864 0.946 1.022 1.092 1.157 1.217 1274
4 0.532 0.696 0.841 0.972 1.091 1. 200 1.300 1.393 1.480 1.561 1.636
5 0.62¢ 0.824 1.003 1. 164 1.311 1. 447 1.572 1.688 1.796 1.897 1.992
6 0.712 0.948 1.160 1.352 1.527 1.689 1.839 1.978 2.108 2.229 2.34
7 0.797 1.069 1.313 1.535 1.739 1.927 2. 101 2. 264 2.42 2.56 2.69
@ n=30
L] 2 3 4 5 6 7 8 9 10 11 12
2 0.2826  0.361 0. 430 0.491  0.547 0.598 0. 645 0.688 0.729 0.767 0.803
3 0.372 0.483 0.581 0.670 0.752 0.827 0.897 0.962 1.023 1.080 1133
4 0. 455 0.598 0.726 0.842 0.949 1.048 1. 140 1.227 1.307 1.383 1.455
5 0.534 0.708 0.865 1.009 1141 1. 264 1.378 1.486 1. 586 1.681 1.770
6 0.610 0.815 1.001 1.172 1.329 1.475 1.612 1.740 1.861 1.974 2.081
7 0.683 0.920 1.134 1.331 1.514 1.684 1.843 1.992 2.132 2. 264 2. 389
® n=40
4 2 3 4 5 6 7 8 9 10 1 12
2 0.2179  0.2808  0.337  0.3875  0.4342  0.478 0.518 0.5%6  0.592 0.626 0.659
3 0.2872  0.3760  0.4558  0.5291  0.597 0. 661 9.720 0.776 0.830 0.880 0.928
4 0.3519  0.4659  0.560 0.565 0.754 0.837 0.915 0.990 1.060 1.127 1190
5 0.414 0.552 0.679 0.79 0.906 1.009 1.106 1.198 1.285 1.368 1. 447
6 0.473 0.636 0. 786 0.925 1.055 1.178 1.293 1.403 1.507 1.607 1.701
7 0.531 0.718 0.891 1.051 1. 202 1.344 1.478 1.605 1.727 1.842 1.952
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