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Statement of results

In the stable homotopy groups G* of spheres, two non-trivial families of p-

primary elements, called α- and β-series, are known [6] (cf. [12]). These are

constructed from the attaching classes α and β of the spectra F(l) and F(2) [12],

whose cohomology groups are certain exterior algebras over the Steenrod algebra

moάp [11]. In a similar way, the existence of the spectrum v(l^r\ assures to

define an element called yt[12; § 5], which is the first element of the third family.

The purpose of this paper is to prove the following result.

MAIN THEOREM. For every prime p ^ 5 , the element γ± eG(p2-1)q-39 q =

2(p— 1), is non-trivial.

The result is an answer to a problem proposed by one of the authors [12;

p. 237], and P. E. Thomas and R. Zahler [7] [13] also have obtained the same

result in a quite different method. Our result states that y1 is a non-zero multiple

of the element ccχβp-1 [12; (5.12)]. Also, one of the authors recently has proved

more strict relation γt = α ^ . l β

Originally, this paper was intended to prove yi = 0 (cf. [4; II, Remark in

p. 147], [7; §0]), but the publication has been postponed by a contradiction to

the result of P. E. Thomas and R. Zahler. We have re-examined our original

proof, and after crucial investigations we have concluded the opposite result.

COROLLARY 1 (p^5). The following relations hold in G*:

« A - A = 0 for s ^ 3 ,

and hence

ik-i = 0 for kφ —Imodp and k ^

2βk-ί=O for k^

This is an easy restatement of Proposition 5.9 of [12]. Also, by Corollary

5.7, Theorem 5.1 and (5.4) of [12], we obtain the parallel relations in the algebra
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[5] [12] of the Moore space mod p.

COROLLARY 2 O^5). The following relations hold in

α ^ ( p - D ^ ( s ) = 0 for s ^ 3 ,

and hence

)δβ(k-i) = Q for kφ —2moάp and fc^

βil)δβwδβik.1)^O for k^

§ 1. A secondary composition

Throughout this paper, p denotes a prime integer with p^5, and set q =
2(p — 1). n denotes a sufficiently large integer so that all spaces and maps con-
sidered are in the stable range.

For finite CFΓ-complexes (spectra) X and 7, [X, 7] denotes the set of ho-
motopy classes of maps: Z->7, and πf(Z; 7) the limit group lim/J|T

II+fcX,I'll7]
of stable classes of maps, where Σt denotes the ί-fold suspension. Also denote by
sfk(X) the group πf(X;X). The direct sum s/*(X)= Σk^k(x) forms naturally
a graded ring, and in particular G* = s/*(S°) is the stable homotopy ring of
spheres. A map and its stable class are written by the same letter.

There exist the following sequences of cofiberings of the spectra F(0), V(l)
and 7(2) [12; p. 217]:

Sn _£-• Sn -i-> Mn+ί -£-> Sn+1 ,

Mn+« _iU Mn -h-> F( l) n _! -!U M

Σ<P+»* V(l)n -£-, F(1)Π • F(2),

Here the Moore space

Mn = Sn~1 U pe
n

is the (H-l)-th component of the spectrum F(0), and V(k)n denotes the n-th
component of the spectrum V(k).

In this paper, the notations and the results of the rings G*, «fl^*(F(0))(=
s/*(Mn)) and sf*(y(Vj) are referred to [12] (cf. [4], [5], [8]). In particular, the
families {αr} and {βr} in G* and {/?(r)} in sέ*(V(G)) are defined from the elements
α and β by

αr = πcL% β(r) = π ^ ΊΊ, j8r = πβ(r)i.

Also our element γ1 is defined by
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where y ^ e JΪ piq-ι(V(l)) is the element defined from the attaching class of

V(2lt)' a n d t h e f o l l o w i n β formula is Theorem 5.5 of [12].

(1.1) y(1) = x({βwSyHδβii^) + yβ(p i)δθί

for some integers xψOmoάp and y.

Here we put

δ = ines/.^ViO)).

Now we consider the secondary composition

From the results on G* and J3*%(F(O)), we see that C is well defined and consists of
a single element. Hence we have

by the formula in [9; Prop. 1.2].

PROPOSITION 1.2.*> The element yt is non-trivial if and only if

{πj8(i),αi,jS?}*0 (modzero).

PROOF. For x in (1.1), choose an integer x' such that xx' = 1 modp, and put

λ = πoβ and μ = x'iy

where πo = ππ1? ϊ 0

= = ι i ί a n ( l α/ = α1Λlκ(i) [12; pp. 218-219]. Then, λiί = πβil)

and πίμ = x'(y(1)-yβip-ί)δ(x)i = (δβ(ί)yi = iβp

u since α ' i ^ - ϊ ^ α [12; (3.11)].
Therefore C = Aμ by the definition of C [9; p. 9]. By (5.11) of [12], the element
y m satisfies /ty[i] = 0, and so

The element /^o^ is non-trivial by Theorem A of [4; II] and by the fact βpφ§
of L. Smith [6]. Hence, CφO if and only if yφO modjp, which is equivalent to
y l7ί:0by(5.12)of [12]. Q.E.D.

§ 2. Extended powers of complexes

For a space X and a map /, we denote by Z(ί> and / ( f ) the ί-times smash

*) The foot-note on p. 147 of [4; II] is incomplete. The tertiary composition {β1? pc, al9

has full indeterminancy, so this should be replaced by [πβ(1)f ai, β^} above.
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products XΛ ••• ΛX and /Λ ••• Λ/. Let φM: Mm+n-*Mm ΛMn be the map such

that (π Λ ^M)ΨM — {^M Λ K)<PM = 1M [12; Lemma 1.3]. We define

by ΨM^ΨM a n d (PtM = ((PtM1 Λ 1M)ΦM Consider the operation θ:s/k(Mn)

PROPOSITION 2.1. For any element ξes/*(Mn) satisfying θ(ξ)=O, the

relations

toW.

PROOF. If 0(0=0, then ( l M Λπ£)φ M =ξ by [12; Th.2.2, Lemma 1.3]. So

we have inductively

Λ π ίXφί * Λ l M )φ M

( H l M Λ πξ)φM = π ξ ί + 1 .

Q.E.D.

We consider the extended p-th power functor epr( ) in [10]. In particular,

ep° is the p-times smash product. Since the element α G j/q(Mn) lies in Ker θ,

we have

(2.2) ep^πo^φPM1 = ™p.

The (modp) cell decomposition for epr(Sn) is studied in [10; Lemmas 1-2].

For r=q-l, q + 1, we have

LEMMA 2.3. epq~1(Sn) has a modp summand SnpVSHp+*~%. If n=0

modp, so is ep«+ί(Sn).

Here we say that X has a modp summand Yif X is p-equivalent to a wedge

YVZ for some Z.

Next we consider the complex epr(Mn). Let aeHn_x{Mn\Z^ and fee

Hn(Mn;Zp) be the generators corresponding to the cells of Mw. Then a Zp-basis

for β^(epr(Mn); Zp) is given by the following cycles [2; pp. 45-47] [10]:

( 2 . 4 ) ( i ) ei®πaP, ei®πbP for O ^ ί ^ r ,

(ii) <?0®π(xi® ®x p ),

(ϋi) 3(e r + 1 ®π(*i®
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where π = Z p , xp = x®--®x (p-times), Xj — a or b, Xjφxk for some j , k, and in

(ii) and (iii) for odd r (resp. (iii) for even r),(xί9..., xp) runs representatives of the

classes obtained by the cyclic permutations; one representative (resp. p—1 repre-

presentatives) being chosen from each class.

We consider the operation PJ rίίj-*fί |_β, the dual to the reduced power

P 1 , on H*(epr(Mn); Zp). By using [10; Th. 1] (cf. [3]), we can calculate P i on

(2.4) (i). For example, we have

0 for i<q,

-(n-l)/2{eo®πα*} for ί = q,

(
0 for even i < q9

μ{ei-p+2®πa
p}9 μφOmodp, for odd i<q,

-nβ{eo®nb*>} fori = q.

By dimensional reason, P | on (2.4) (ii) is trivial. Since the elements (2.4) (iii)

vanish in H*(epr+1(Mn);Zp), it follows from the naturality of P i that P i on (2.4)

(iii) is also trivial.

For the homology Bockstein operation A, the following relations are verified,

up to sign ([10], [1;§ 5]):

{ 0 for odd i and for i = 0,

{ei-i ®πaP} for e v e n i > 0,

{ 0 for odd i < r and for i = 0,

{ei-1 ®πb p} for even positive i <r,

Δ{er®nb*} = {d(er+ί ®π(abp-1))} for odd r,
where A2: KerA-+CokerA is the secondary Bockstein operation.

We use the following notations of complexes:

(2.5) Nn = Sn~1 Up2β Λ ,

where λ: Mn-+Nn is the map of degree 1 on the top cells [5; §§2-3], and p:
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S«p+β-i_>£n is the coextension of p.

From the above discussion of the operations A, A2 and Pi on epr(Mn), we

obtain the following three lemmas.

LEMMA 2.6. epq~1(Mn) has a modp summand Nnp V L'n.

In fact, the summands Nnp and L'n are obtained from the elements eo®πabp~ι,

eo®πb
p and ep_2®πa

p, e ^ ^ ^ , d(eq®nabP-x)9 eq-t®nbP, respectively.

LEMMA 2.7. epq"~1(Mn) is p-equivalent to a wedge

L'nVXnVYH,

where Xn = Mnp~3 U aCMnp+q~3, and Yn is (np - p - l)-connected and of dimension

np + q-3.

In fact, Xn is obtained from the elements ep-.4®πa
p

9 ep_3®πa
p

9 eq_3®πb
p

and eq-2®πb
p, and the complementary summand Yn has the bottom cell cor-

responding to eo®ap and the top cells corresponding to the elements (2.4) (iii)

with Xi = Xj = a, xk = b (kΦiJ) for some iφj.

LEMMA 2.8. epq+ί(Mn) has a modp summand Pπ. The inclusion

epq~1(Mn)c:epq+ί(Mn) is identical on Nnp and is the following composition on

where h is the map smashing the subcomplex Snp+q~2 of L'n to the base point

{vertex).

In fact Pn is obtained from NnpV Mnp~x by removing d{eq®πabp~1) and

adding eq®πb
p.

Now we notice that the complex epo(Mn) = (MnYp^> has a modp summand

Mnp and the map φp

M~γ in (2.2) is the inclusion to this summand. Furthermore,

by considering the induced homomorphism of the inclusion ep°(Mn) c epr(Mn),

we see that the following diagram is commutative for r = q — l, q + 1:

Mnp λ > Nnp

(2.9) JC1

-^ epr(Mn) ,

where j and k are the inclusions.

For the complexes L'm and Lm of (2.5), we have the following commutative

diagram of the cofiberings:
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Smp+q-2

I
L'm

l
L qiL

§mp+q-2

~ ϊ
_> Mmp+q~

1"
> gmp+q-ίMmp-ί lmw

Applying [ , Snp~\ to this diagram, we obtain the following lemma, from the
known results on G* and J^*(M W ) ([4], [5], [8], [12]).

LEMMA 2.10. Let m = n + q. Then

it- lLm, ̂ n p ]

are isomorphisms of the p-components, and the p-component of the group [Lm,
Snp] is isomorphic to Zp + Zp, generated by ξ and η satisfying i*^ = ̂ ( 1 ) and
ilη = πocp~1δθί.

Also we obtain

LEMMA 2.11. Let l = m + pq — 2. Then the p-primary part of n^+q-^L^
is isomorphic to Zp generated by ζ satisfying qL*ζ = βpι.

Now we consider the map epq~γ(πcκ). Set m = n + q and

φ' = roep*-ι{π(x)oj'; L'm > epq~1(Mrn) • epq~i(Sn) > Snp,

where r and / are the retraction and the inclusion obtained from Lemma 2.3 and
Lemma 2.6 respectively. By Lemma 2.10, there exists

(2.12) 0 : L m _ > S « p

such that φ = φfh and we can put

φ = aξ + bη. a, beZp.

LEMMA 2.13. The coefficient a is ± 1 .

PROOF. The lemma means that the restriction φ\Smp~2 = φ'\Smp~2 represents
+ /?!. This is proved quite similarly as [10; Lemma 4] by calculating the func-
tional Pp-operation for ep^^iπa). Q.E.D.

For the complex Nn of (2.5), let

Sn-ί _V_+ N n _*!_> S n
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be the cofϊbering. Nn is a Moore space modp2, and hence by [5; §4, §7], the

group J&pq(Nn) is generated by an element α' of order p2 satisfying a'λ=λaίp and

pα' = αpp, where λ: Mn-+Nn and ρ:Nn-*Mn satisfy π'λ = π, λi = pi\ ρi' = i and

πρ=pπf. The element α£ = π'α'j' generates the p-component of G p β -i and

satisfies pα^ = αp, and α' is determined up to pa'.

LEMMA 2.14. Let m = n + q. For t = q — l, q + 1, the composition

tfmp _J_^ ept{Mm) e p t ( π α )> epx{Sn) r > Snp

(j is the inclusion and r is the retraction) represents π'α' for some choice of a'.

PROOF. Let fe: βpo(Mm)->e^ f(Mm) be the inclusion. Then we have

oφPj1 by (2.9)

= π<χP by (2.2)

The sequence

is exact since Mmp->NmP^>Mmp is the cofibering. The groups [M m p , Snp~] and [JVmp

5"p] are generated by πocp and π'α', and p*(παp) = /?π'α'. So, replacing α' we

obtain the lemma. Q. E. D.

PROPOSITION 2.15. Let m — nΛ-q and assume that n = 0 m o d p . Then we

have a= ±1 and b= — 2 in the equality φ =

PROOF. By Lemma2.13, we only prove b= - 2 . By Lemma 2.10,

= φ'\Mmp~1 represents φff = aπβ(ί) + bπocp~ίδoci and the composition

Mmp-1 > epq-1 (jfcfm) eP« ~ 1 (π«) t g / ? g - l (ffn) , 5ΉP

represents π'cx!vφ" by Lemma 2.14. Nmpy Mmp'"1 is the subcomplex of P m in

(2.5), which is the mapping cone of (mλocδ, α). By Lemma 2.8, epq+1(Mm) has a

summand Pm, and by Lemma 2.3, e/?«+1(SΠ) has a summand Snp if n = 0 modp.

Let <β: Pm-+Snp be the component of epq+1(πa) with respect to these summands.

By Lemma 2.14, the element π'α'V φ' is the component of epq~1(πa)9 and so we

have the commutative diagram:
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Nmp y L,m IV* y Nmp y ^

Iπ'α'Vφ' I

i

by Lemma 2.8, where the right vertical arrow is the inclusion. Since π'α' V φ' =

(1 V ft)*(π'α' V <£) and (1 V ft)* is isomorphic by Lemma 2.10, we see that the ele-

ment π'α' V φ has an extension $. Therefore π'α' V </>" is extensible to Pm if n =

0 mod /?, and so

0 = (π'α' V 0")(

Since πα*+1<5^0, we obtain b= -2 as desired. Q.E.D.

Finally we consider epq~ί(β(1)ί). Set l = m + pq - 2 (m: large), and put

(2.16) ψ = hψ': S ^ + β " 1 • L^ > L m .

PROPOSITION 2.17. Tfte element φ represents ±ζ.

PROOF. By Lemma 2.11, φ is a multiple of ζ. We see easily that qLφ is the

component of epq~ί(π)epq~ί(β{ί)ΐ) = epq~ί(βί) between the top cells. Hence

qLφ is a suspension of ep°(βί) = (βίy
p\ which is equal to βp

x up to sign (cf. [9:

Prop. 3.1]). Thus, φ= ±ζ by Lemma 2.11. Q.E.D.

§ 3. Proof of the main theorem

Henceforward, we put

I = m + pq — 2.

These integers are large so that one can work in the stable range. Since (πα)(jS(1)ϊ)

= 0 : Sι-+Mm->Sn

9 we have

FG = 0: Sι*+q-1 > epq~\Mm) > S"*,

where

F = roep«-i(πα), G = epq-^{1)i)oj,

for the retraction r: epq-ί(Sn)->Snp and the inclusion : Slp+q~1^epq-ί(Sι).

LEMMA 3.1. For the elements φ of (2.12) and ^ o/(2.16), ίfteir composi-

tion
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φφ: Slp+q~x • Lm > Snp

is trivial.

PROOF. By using the decomposition in Lemma 2.7, we can write F = φ' +

F,+F2 and G = φ' + Gί + G2, where F x e [Xm, S" ' ] , F2 e [7m, S»*], Gj e

πip+t-^XJ and G 2 e π ί p + q _ 1 ( 7 m ) , and we have

φ'φ' + F1Gί+F2G2 = FG = 0.

From the results on π#(MΠ), we have πZ p + 4_ 1(Xm) = 0 and so G ^ O . Since

the p-component of Gk is trivial for pq — p^k^pq — 3 and for Cp2 —l)<?^/c^

p2q-2, F2G2 is homotopic to a composition Slp+q~x-+ Y ™P~2IYZP~2-+Snp,

where Y£ denotes the /c-skeleton of Ym and so Ymp~2IYmp~3 is a wedge of copies

of Smp~2. The p-components of G M _ 2

 a n ( l Gp2g-i are generated by jβi and the

element α£2, which lies in the image of the J-homomorphism. Hence βίocr^2 = O

and so F2G2 = 0. Therefore we have φφ = φ'φ' = 0. Q. E. D.

Now we shall prove our main theorem.

PROOF OF MAIN THEOREM. By the definition of the secondary composition,

we have

ξζ = {π/?(1), αi, β\} mod zero,

ηζ = {πoLp"iδa9 ai, β^} mod zero,

for the elements ξ, η and ζ in Lemmas 2.10-2.11. The second composition is

equal to {a'p, α l 9 β
p} = {βp, α l 5 α }̂ up to sign by the relation πocp~ίδθί= ±a'pn and

the formula [9; (3.9), i)]. By [5; Prop. 8.1], we have ηζ= ± α 1 ε p _ 1 τ έ 0 , where

e p_ x is a non zero multiple of βp and generates the ^-component of G(p2+p-1)q-2.

By Propositions 2.15, 2.17 and Lemma 3.1, there is a relation (±ξ — 2ή)ζ = 0.

Hence,

{πj»(1),αi,/??} = ξC = ±2^C = ± 2 α 1 ε p _ 1 # 0.

Thus, 7i # 0 follows from Proposition 1.2. Q.E.D.
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