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The purpose of this paper is to study the second order delay equation

(1)

where the following will be assumed throughout this paper unless otherwise

specified:

(i) a(i), f(i), τ(t) are assumed to be continuous on the whole real line JR,

(ϋ)

(iϋ)

(iv) τ(0>0, τ(t) is bounded as ί-»oo, 0<τ ' ( ί )<l

Our first result deals with the existence and asymptotic nature of the non-

oscillatory solutions of equation (1). We call a function on C(T0, oo), T o >0

oscillatory if it has arbitrarily large zeros, otherwise we call it nonoscillatory.

The term "solution" will only apply to continuous solutions (of equations under

consideration) on some positive half line. The equation

(2) y\t) + a{t)y{t) =f(t)

has been very extensively studied. Cohen [2] and Bellman [1] give a very

elaborate treatment on this subject. The main problem, however, is created by

the presence of the delay term to the point that hitherto known techniques fail to

contain equation (1) (see [4]). We shall use an adaptation of a technique given

in Singh [5] to arrive at the asymptotic nature of the oscillatory solutions of

equation (1). In the third section, it will be shown that this technique applies to

higher order equations.

Second section deals with a Lyapunov inequality for a certain class of solu-

tions of the equation

(3) y"(t)+a(t)yτ(t)=O.

The classical Lyapunov inequality states that if y(i) is nontrivial solution

of the second order equation
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(4) y"(t) + a(t)y(t) = O,

and if y(t) vanishes at least twice on an interval [c, d] then

(d-c)[da+(t)dt>4.
Jc

As shown by Dahiya and Singh [3], this inequality is not true for delay equa-

tions. For example the equation

/ ' ( ί ) - X < - π ) = 0

has

y(t) = sin t

as a nontrivial solution in (0, oo). If we consider this solution over the interval

[0, π] where it has two zeros then taking a(t)= — 1, we find the conclusion of the

inequality is not true.

However this inequality will be shown to be true for a certain class of solu-

tions of equation (3).

The fourth section of this paper is a commentary on the integrability of the

nonoscillatory solutions of equation (1) with restrictive conditions on a(t) and

1. Asymptoticity and Existence of Nonoscillatory Solutions

THEOREM 1. Under the given conditions, and \ t\a(t)\dt<oo, equation

(1) has nonoscillatory solutions asymptotic to bo + bxt, where b^ΦO.

PROOF. From equation (1), we have

(5) y\i)=f(f)-a{t)yx{t).

Integrating (5) between t0 and t where t0 > 1 and large enough so that

\" t\a(t)\dt < 1
to

and

Jίo

we get

(6) y'(t) = y'(to)+\t f(s)ds-[ a(s)y(s-τ(s))ds.
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Integrating (6) again between t0 and t — τ(i), (t — τ(t)>t0 for large t),

Kr)drds

from which

to Jto

Γt-τ(t) Γs

-\ \ a(r)y{r-τ{r))drds
Jto Jto

+ {'~τ(t)\S\a(r)\\yτ(r)\drds.
Jto Jto

Therefore, there exist positive constants c0 and cx such that

(7) \yτ(t)\ <c o + C l ί + Γ (S \f(r)\drds+\' \' \a(r)\ \yτ(r)\drds
Jto Jto Jto Jto

since

for large t.
(7) can now be written as

(8) bt(OI < Co + c ^ + Γ (t-r)\f(r)\dr+\' (t-r)\a(r)\ \yτ{r)\dr
Jto Jto

and since — < 1 for t> 1, we have from above

\yτ(t)\ ^(co + cOί + ίΓ |/(r)|dr + ίΓ \a(r)\\yτ(r)\dr
Jto Jto

from where we get

Jto r( 9 ) < ( C o + <

t

where by condition (iii)

Γ \f(r)\dr < L
Jto

for some positive constant L. Let k^co + cί+L. By GronwalΓs inequality
[1, p. 107], we get from (9)
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or

where k0 is some positive constant.

Due to (10) and conditions (ii) and (iii), it follows that the integrals on the

right hand side of (6) converge and hence y'(t) tends to a limit as ί-*oo. t0 can

be chosen so that y'(to)+\ f(s)ds—\ a(s)yτ(s)ds->a non zero limit as ί->oo.
Jt0 Jt0

Hence v'(i)^b< Φθ as ί->oo and the conclusion follows.

2. Lyapunov Inequality

THEOREM 2. Let y(t) be an oscillatory solution of equation (3), namely

such that if tι<t2 are two maximas of \y(t)\ then \y(t2)\>\y(tί)\. Let oc<β be

two consecutive zeros of y{t) in an interval [c, d] then

(β-«)\"\a(t)\dt>4

PROOF. Without any loss we can assume that y(t)>0 in [α, /?]. Let

for

Due to continuity of y(t), this maximum is achieved at some point δ e (α, β).

Now since y(oc) =0, we have

= \δy'(i)dtM

or

(11) M

Again since y(β)=O

or

(12) M<\β\y'(t)\dt.
J δ
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From (11) and (12)

(13)

Squaring (13) we get

4M2 < ( J V ( 0 I Λ ) 2 <{β-*)\\y'(f))2dt

by Schwartz's inequality, or

Integrating by parts we get

(14) 4M2 £(/*-«)[(/(

Since y(β)=y(<x)=0, we obtain from (14) after using equation (3),

4M*<(β-«)\βy(t)yτ(t)a(t)dt
J<X

or

(15) 4M2 < (β-*)\βy(t)\yτ(t)\ \a(t)\dt.
Jot

Since

max \yτ{t)\ < max y(t) for t e [α, jβ],

it follows from (15)

4M2 £(β-AβM'M \a(t)\dt

or

4<(β-Aβ\a(t)\dt.

Ja

This proves the theorem.

Example 1. Consider the equation

(16) j

This has
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y(f) = e'sinί

as an oscillatory solution satisfying the conditions of the theorem.

Thus (π-0){π\a(t)\dt=2π2e%>4.
Jo

3. More on Asymptoticity

The method of section 2 can be extended to nth order equations of the form

(17) yiHKt) + a(t)y£t)

In fact we shall prove the following theorem:

THEOREM 3. Let

(18) (°°ί""1l/(0ldί< °°

(19) \ t^^aiήldt < oo.

Then equation (17) has nonoscillatory solutions asymptotic to bo + bίt + b2t
2

PROOF. Let t be large so that t — τ(t)>to>0.
Integrating (17) (n — 1) times between t0 and t we have

(20) y'(t) = bΌ + by

Γt (f— cΛn-2 Γf Ct— s!Λn~2

Jt0 (n — 2.)l Jto {n — Z)\

where b'θ9 b'l9...9 b'n-2 are appropriate constants. Integrating (20) between t0 and
t — τ(f) we have

-1f-
ί + \ (ί Γ) f(r)drds

Jto Jto \Jl — £)\

ί-τ(f)

where β0, βu..., βn-i is another set of appropriate constants. Now in a manner
of Theorem 2, there exist positive constants b0, bi9...9 bn-x such that
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t-s)'-i \a(s)\ l-j^-ds

1 Ct

where 7 Γ Γ Γ \ (t — s)n~1\f(s)\ds<L0, for some positive constant L o .
(n— 1)! Jί0

The rest of the proof is more or less the same as of Theorem 2. The proof

of Theorem 3 is now complete.

4. Integrability of Nonoscillatory Solutions

In this section we consider equation (1)

(1) y\i) + a(t)y£i) =/(ί)

when a(t)>0 and/(ί)>0.

THEOREM 4. Suppose a(t)>0, a'(t)>09 a(i)a"(t)<2{a'(t))2. Further suppose

that

(21) JΊ/MIΛ < oo.

Then all nonoscillatory solutions of equation (1) are integrable.

PROOF. Let y(t) be a nonoscillatory solution of equation (1). Dividing

equation (1) by a(t) and integrating between t0 and t we get

)t0 « ~ w ^ίo Jto «(<y)

or

yτ(s)ds < oo
ίo

by condition (21). Since y(t) is a nonoscillatory solution, we can assume without

any loss that y{t) is nonnegative eventually. The case when y(t)<0 eventually

can be handled in a similar manner. Suppose to the contrary

(23) ( " Λ C O Λ = oo.
Jto

Now

, a(t)a"{t) <2(a'(ί))2=> (^r§y) ^ 0
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Thus on the left hand side of (22)

y'(t)y /,/ -»- oo
a(t)

and since a'(t)>09 it follows that
(24) lim y'(i) = — oo — a contradiction since this means y(t) is eventually

r=oo
foo

negative; now boundedness of τ(t) and 0<τ'(t)<l imply from \ yτ(i)dt<oo that

j (ί) is integrable. The proof is complete.
Remark. We like to point out that if α(ί)>0 and monotonic and a{t)a"(f)<

2(a'(i))2, then the theorem will not be true if a\t)<0 as the following example
shows.

Example 2. The equation

a'(t) < 0, a{i) > 0

so that a"(t)a(t)^2(a'(t))2. All conditions of the theorem are satisfied except
on a\t). This equation has

as a nonoscillatory solution which is not integrable on [ί0, oo].
This example completes this section.
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