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Let q be a continuous function from [0, oo) to (0, oo), and consider

(1) u" + qu = 0

on [0, oo). It has long been known that if (1) is nonoscillatory then

(2) ["qφdt < oo
Jo

and

(3) l i m s u p ^ ^ % ( s ) d s < 1

(see [1] and [2], also [3, Chapter 2]). From (3) it is clear that if (1) is non-

oscillatory then

(4) \ ( \ q(s)ds) dt < oo .
JoVJf /

Under the assumption that (1) is nonoscillatory we shall obtain a result which

shows that (2), (3), and (4) can be extended to

(5)

(6) ί°°g(0exp(T sq(s)ds)dt < oo,
Jo \Jo /

and

Γoo/Γoo \2 /Γt \

(7) \ \ q(s)ds exp ( \ sq(s)ds )dt < oo.
JoVJr / VJo /

It is clear that (5) is an extension of (3), and since nonoscillation does not imply

\ tq(t)dt < oo ,
Jo

(6) and (7) are extensions of (2) and (4).
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THEOREM. Suppose (1) is nonoscillatory, and let f be given on [0, oo) by

Then there is a number a>0 and a sequence {wk}f=0, each value of which is a

continuous nondecreasing function from [α, oo) to (0, oo), such that each of

(i), (ii), (iii), (iv), (v), and (vi) is true.

( i ) w1 = /
(ii) If k is a positive integer and t>a then

(iii) // k is a nonnegatίve integer then

Γ00

\ f(s)wk(s)ds < oo
Ja

and ifk>\ then

Wfc+l(O

whenever t>a.

(iv) // t>a then wo(ί) = limfc_oowfc(ί), and the convergence is uniform in

compact subsets of [α, oo).

(v) If k is a nonnegative integer then

t o f c < 1 .

(vi) If t>a then

Note that (5) is an immediate consequence of the theorem since w2 is given by

Also, from (vi) we have, if t>a,

(8) w'o(0 = fV) -f(t)wo(t) = - q(t) -f(t)wo(t),

0,

Thus
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Since (2) is already known, this last inequality is equivalent to

(9)

But if t>0 then

Γt foo ft ft
\ f(s)ds = t\ q(s)ds+\ sq(s)ds > \ sq(s)ds,
Jo Jt Jo Jo

so (9) implies (6). Let z be given on [α, oo) by

z(t) =

Now, if t>a9

(10) z'(ί) = -f(t)wo(t) = ~/(0 2 -f(t)z(t).

But (10) can be used to obtain (7) in much the same way that (8) was used to

obtain (6), and we shall not include the details.

PROOF OF THE THEOREM. Suppose (1) is nonoscillatory, and let u be an

eventually positive solution of (1). Find α > 0 such that w(ί)>0 if t>a. Let

v be given on [a, oo) by υ{t) = u'{t)ju{t). It is known [2] (see also [3, Chapter 2,

§5]) that

(11) ^v{s)2ds < oo
J

and

(12) v

whenever t>a. It is clear from (12) that v>f on [α, oo) and thus (11) and (12)

say that

(13) [™ f(s)v(s)ds < oo
J

and

(14)

whenever t>a. Also, since u' is positive and decreasing on [α, oo),
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u(t) _
tu'(t) tu'(t) tu'{t)

whenever t>a, so

tv(t) = tu'(t)lu(t)<t/(t-a)

and

(15) lim sup,., Jv(t) < 1.

Let wί(t)=f(t) iίt>a, and let

if t>a. lft>a then

fit) +

so, w 2 ( 0 < < 0 Also, w 2 (0> WJO) if ί > β , and (15) says tha

Suppose n is a positive integer and w l v . . , wM are defined su<

w n <t;on [α, oo),

Γ 0 0

\ f(s)wk

whenever 1 < fc < n, and

oo

whenever 2<k<n and ί > α . Let w n + 1 be given by

Now
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\ f(s)wn+ί(s)ds < \f(s)v(s)ds < oo .
J a J a

We now see that there is a sequence {wfc}*°=1 satisfying (i), (ii), (iii), and

(16) wk(t) < v(t)

whenever k> 1 and t>a. Now (16) and (15) give (v). From (iii) we see that the

family {wl5 w2,. } is equicontinuous, so (16) says there is a subsequence {wfcj}°p=1

with a locally uniform limit on [α, oo). This and (ii) say that {wk}f=1 has a locally

uniform limit, say w0, on [α, oo). Clearly wo<v, so

oo .
(Όo

\ f(s)wo(s)ds
J a

Now Lebesgue's Dominated Convergence Theorem yields

f(s)wo(s)ds = lim^^ f(s)wk(s)ds

whenever t>a. But this implies (vi), and (iv) is clear from the above discussion,

so the proof is complete.
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