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1. Introduction

Let G be a lower semi-continuous function-kernel on the product space of
a locally compact Hausdorff space X, and G be the adjoint kernel of G defined
by G(x, y)=G(y, x). We say that the duality of the domination principle holds
for G when the following statement is true: G satisfies the domination principle
if and only if G does.

M. Kishi first proved in [5] that the duality of the domination principle holds
for a lower semi-continuous function-kernel G under the additional condition that
G and G satisfy the continuity principle.

For a continuous (in the extended sense) function-kernel G, M. It6 and
the author verified in [2] that both G and G satisfy the continuity principle when
G satisfies the domination principle (cf. [3]). From this fact, follows the duality
of the domination principle for continuous function-kernels.

Concerning a lower semi-continuous (but not continuous) function-kernel,
the domination principle does not imply the continuity principle. So the analog-
ous argument does not hold.

Let G and N be lower semi-continuous function-kernels on X. In this paper,
we shall verify that G satisfies the relative domination principle with respect to
N if and only if G satisfies the transitive domination principle with respect to
N. This was first obtained by M. Kishi in [5] under the assumption that G and
G satisfy the continuity principle. For continuous function-kernels, the author
[1] can avoid this additional condition.

The duality of the domination principle follows immediately from the above
equivalence.

As applications of these results, we shall investigate the relations among the
potential theoretical principles and shall show the transitive law for the relative
domination principle.

2. Notation

Let X be a locally compact Hausdorff space satisfying the second axiom of
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countability!). A non-negative function G(x, y) on X x X is called a lower semi-
continuous function-kernel (simply an l.s.c. kernel) on X if G(x, y) is lower semi-
continuous on X x X and 0< G(x, x) < + oo for any x € X, and is called a continu-
ous function-kernel on X if G(x, y) is continuous in the extended sense on X x X,
0<G(x,x)S+ 00 for any xe X and G(x, y)<+ oo at any point (x,y)e X xX
with x % y. If, in particular, a continuous function-kernel G(x, y) is finitely valued
on X x X, it is called a finite continuous function-kernel. The kernel G defined
by G(x, y)=G(y, x) is called the adjoint kernel of G.

For a positive Radon measure u on X, the potential Gu(x) and the adjoint
potential Gu(x) are defined by

Gu(x)=§c(x, »)du(y) and 6u(x)=§é<x, »du(y)

respectively. The G-energy of u is defined by SGu(x)dy(x).

We denote by M, the family of all positive measures with compact support
and by E, = E,(G) the family of all measures in M, with finite G-energy. Evidently
Eo(G)=EyG). We say that a property holds G-p.p.p. on a subset 4 of X if it
holds on A except for a set of the inner v-measure O for every v € Ey(G).

3. Principles

In this paper we shall consider the following principles concerning l.s.c.
kernels:

() Domination principle. For peE, and ve M, an inequality Gu(x)
=< Gv(x) on the support Su of u implies the same inequality on X.

(II) Balayage principle. For any compact set K and any pe M,, there
exists a measure ¢’ in M, supported by K such that

Gu'(x) = Gu(x) G-p.p.p. on K,
Gu'(x) £ Gu(x) on X.
We call y’ a balayaged measure of y on K with respect to G.

(III) Maximum principle. For pue My, an inequality Gu(x)<1 on Su
implies the same inequality on X.

(IV) Positive mass principle. For ue E, and ve M, an inequality Gu(x)

1) All the results in this paper hold with a slight modification when X does not necessarily
satisfy the second axiom of countability.
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=< Gv(x) on Sy implies the inequalitygd u< Sd v.

(V) Equilibrium principle. For a given compact set K, there exists a
positive measure 7, called a equilibrium measure, supported by K satisfying

Gy(x) =1 G-p.p.p. onk,
Gy(x) =1 on X.

(VI) Complete maximum principle. For pe E,, ve M, and for a non-
negative number a, an inequality Gu(x)<Gv(x)+a on Sy implies the same ine-
quality on X.

(VII) Continuity principle. For peM,, the finite continuity of the
restriction of Gu(x) to Su implies the finite continuity of Gu(x) on the whole
space X.

(VIII) Relative domination principle with respect to N (written simply
G<N). For peEy(G) and ve M, an inequality Gu(x)<Nv(x) on Su implies
the same inequality on X.

(IX) Transitive domination principle with respect to N (written simply
G[__ N). For pueEyG) and ve M,, an inequality Gu(x) < Gv(x) on Su implies
the inequality Nu(x) < Nv(x) on X.

4. Relative domination principle

Some of the potential theoretical principles are the special ones of the relative
domination principle or of the transitive domination principle. In this section
we shall discuss the equivalence of these two principles.

Throughout this paper, the following existence theorem plays a fundamental
role.

Ex1STENCE THEOREM OF KisHI ([6]). Let K be a compact Hausdorff
space, G be a finite continuous function-kernel on K and u(x) be a non-

negative finite continuous function on X. Then there exists a positive measure
A on K such that

GA(x) = u(x) on K,
GA(x) = u(x) on SA.

The following modification of the above existence theorem was obtained

in [1].
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LEmMMA 1. Let G be a lower semi-continuous function-kernel on X, K
be a compact subset of X and u(x) be a non-negative finite continuous function
on X. Take a sequence {G,} of finite continuous function-kernels which in-
creases to G at each point of X x X with n (written G,/ G). Then there exists
a vaguely bounded sequence {1,} of positive measures supported by K satisfy-

ing
(D Guln(x) Zu(x) on K,

) G, A,(x) = u(x) on S4i,.

Each vague adherent point A of {4,} satisfies

3) GA(x) = u(x)  v-a.e. on K for every ve C(G; K),
“4) GA(x) £ u(x) on SA,

where C(G; K) denotes the family of all meaures in My supported by K such
that Gv(x) is finite continuous as a function on K.

The following lemma is essentially contained in Lemma 2 in [4]. We denote
by Ci,,p(G) the family of all measures in Ey(G) whose potentials are finite con-
tinuous as functions on their own supports.

LEmMMA 2. Let G be an ls.c. kernel on X. Then for any measure p in
Ey(G), there exists a sequence {u,} of positive measures supported by Su with
the following properties: 1° p,eC,,.(G), 2°{n,} converges vaguely to p and
3°{Gu,(x)} converges increasingly to Gu(x) at every point x of X.

This lemma gives the following two lemmas which assert that E,(G) may
be replaced by C,,,,(G) in the argument of our domination principles.

LEMMA 3. Let G and N be ls.c. kernels on X. Suppose that for any
pe Cgupo(G) and veM,, an inequality Gu(x)< Nv(x) on Su implies the same
inequality on X. Then G<N.

Proor. Assume that for ue Eo(G) and ve My, an inequality Gu(x)=<Nv(x)
holds on Su. We can find, by Lemma 2, a sequence {u,} of positive measures
with the following properties: 1° u, € C,,.(G), 2° p,—»p vaguely as n—+oo
and Gu,(x),/Gu(x) as n—+oco at every xe X. Then Gu,(x)=Gu(x)=Nv(x)
on Su for every n. The assumption of our lemma asserts that Gu,(x) < Nv(x)
on X. Therefore we have

Gu(x) = lim Gu,(x) < Nv(x) on X.

This implies that G N,



Duality of Domination Principle 555

In the same way, we have

LeEmMMA 4. Let G and N be ls.c. kernels on X. Suppose that for any
pe Cyypo(G) andve My, an inequality Gu(x) < Gv(x) on Su implies the inequality
Nu(x)<Nv(x) on X. Then G[__ N.

Now we can prove

THEOREM 1. Let G and N be ls.c. kernels on X. Then the following
statements are equivalent.

(a) G satisfies the relative domination principle with respect to N.
(b) G satisfies the transitive domination principle with respect to N.

ProoF. (a)—(b). Suppose that Gu(x)<Gv(x) holds on Su for any pu
€ Cyupp(G) and ve M. Tt suffices, by virtue of Lemma 4, to prove that Npu(x)
<Nv(x) holds on X. Take a sequence {G,} (resp. {N,}) of finite continuous
function-kernels on X satisfying G, G (resp. N, /N). Then for any positive
integer n and any y e X, there exists, by Lemma 1, a sequence {4, ,}}2, of posi-
tive measures supported by Su satisfying

Gp}'n,p(x) = Nnay(x) on S# »
Gy, p(X) = N,g,(x) on Si,,,

where ¢, denotes the unit measure at y. Let 4,€Ey(G) be a vague adherent
point of {4, ,};2. We shall denote a subsequence convergent to 4, still by
{An,p;- We have by (4)

G (x) = N,g,(x) £ Ney(x) on Si, < Su.

By (a), we derive GA,(x)< Ney(x) on X. Then, for any p,
Nu(y) = XN,.sydu < SG,,l..,,,du = S@pudln,,
=(Gudi, .
The finite continuity of the restriction of Gu(x) to Su implies
Nou(y) éplimegG‘#dln,p = Séudl,. < Sévdln
< SGl,,dv < SNsydv = Nv(y).

Letting n tend to + oo, we have Nu(y)<Nw(y) for any ye X. This implies (b).
(b)—(a). We suppose that an inequality Gu(x)<Nv(x) holds on Su for
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pueCgpp(G) and ve M,. By Lemma 3, we have only to prove that the inequality
Gu(y)=Nv(y) holds for any ye CSu. Let {G,} be a sequence of finite continuous
function-kernels satisfying G,,”G. Then for any positive integer n and any

y€CSp, there exists, by Lemma 1, a sequence {4, ,};=; of positive measures
supported by Su satisfying

G lop(x) = Gpe,(x)  on Su,

G, ,(x)=Gelx) on SIi,.
A vague adherent point 1, € Eo(G) of {1, ,};=; fulfils

Gl(x) < Ge(x) < Ge(x) on SI, < Su.
By (b), we obtain
N7, (x) £ ]Vey(x) on X.

Then, for any p,
Guu(y) =Sénsydﬂ < SG‘,,I,.,,,du < gG,udZ,,.p.

By the finite continuity of the restriction of Gu(x) to Su, we have the following
inequalities :

Guy) < tim (Gudl, , = (Gual, < [Nval,

p—=+oo
=< S]\V’Z,,dv =< Sﬁsydv = Nv(y).

Letting n tend to + oo, we have Gu(y) < Nw(y) for any y e CSp.

REMARK 1. This theorem was first proved by M. Kishi [5] under the
additional condition that G and G satisfy the continuity principle. For con-
tinuous function-kernels, we discussed in [1] the transitive domination principle
only for measures with disjoint supports and obtained the analogous result
without assuming the continuity principle.

5. Duality of domination principle
Putting N=G in Theorem 1, we obtain the following duality of the domi-
nation principle.

THEOREM 2. Let G be an ls.c. kernel on X. Then G satisfies the domi-
nation principle if and only if G does.
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REMARK 2. Under the additional assumption that G and G satisfy the con-
tinuity principle, M. Kishi [5] showed the duality of the domination principle
and obtained the equivalence of the balayage principle and the domination
principle. As shown in Theorem 2, the continuity principle is avoidable in the
argument of the duality of the domination principle. But we can not assert,
without assuming the continuity principle, the equivalence of the balayage princi-
ple and the domination principle.

It is easily seen that, if an l.s.c. kernel G satisfies the balayage principle,
then G satisfies the domination principle. Accordingly we have the following

COROLLARY. Let G be an ls.c. kernel on X. Then G satisfies the do-
mination principle when G satisfies the balayage principle.

6. Maximum principle and complete maximum principle

Theorem 1 gives the following characterization of the maximum principle.

THEOREM 3. Let G be an l.s.c. kernel on X. Then G satisfies the maxi-
mum principle if and only if G satisfies the positive mass principle.

Proofr. The maximum principle for G implies that G<1. From Theorem

1, it follows that G<1 if and only if G 1=1. The transitive domination
principle G [ 1 is just the positive mass principle for G.

COROLLARY 1. Let G be an ls.c. kernel on X. Then G satisfies the

complete maximum principle if and only if G satisfies the maximum principle
and the domination principle.

ReMARk 3. We have the following generalization of this corollary:
If G, N and K are l.s.c. kernels on X such that G<N and G<K, then
G<(N+K)?».

COROLLARY 2. An ls.c. kernel G on X satisfies the maximum principle
when G satisfies the equilibrium principle.

PrROOF. Suppose that Gu(X)<Gv(x) holds on Su for peE, and ve M,.
Let y be an equilibrium measure of Su. Then

Sdu < SGyd;t = géudy < Sévdy = SGydv < de.

2) The author first proved this generalization in the same way as in the proof of Theorem 1.
Professor F.—Y. Maeda remarked to the author that this is an immediate consequence
of Theorem 1.
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Therefore G satisfies the positive mass principle. Theorem 3 asserts that G
satisfies the maximum principle.

REMARK 4. We can generalize the above corollary into the following form:

Let G and N be ls.c. kernels on X. Then G satisfies the relative domina-
tion principle with respect to N when G satisfies the relative balayage principle
with respect to N3,

7. Transitive law for the relative domination principle

Finally we shall prove that the relation < fulfils the transitive law under
an additional condition.

THEOREM 5. Suppose that G, N and K are l.s.c. kernels on X such that
G<N and N<K. If N(x,y) is locally bounded outside the diagonal set of
X x X, then G<K.

PrOOF. Suppose that Gu(x) < Kv(x) holds on Su for pu€ Ey(G) and ve M,,.
We may assume, by Lemma 3, that Gu(x) is finite continuous as a function on
Su. It suffices to prove that for any integer n=1 and y e CSy, the inequality
G,u(y) £ Kv(y) holds, where {G,}}=, is a sequence of finite continuous function-
kernels such that G, ”G. By Lemma 1, there exists a sequence {1, ,}}2, of mea-
sures in M, supported by Su such that

Golny) 2 G (x)  on Sp,
G2 p(x) =Gue(x) on SI,,.

A vague adherent point 1, € Eo(G) of {}t,,,p}j,g’, fulfils
G1(x) <Gel(x) on SI,c< Su.

The assumption G<N implies that GL_N and therefore we have N1,(x) < Ne,(x)
on X. Then 4,€Ey(N), because N(x, y) is locally bounded outside the diagonal
set of XxX and Si,n{y}=¢. Consequently Ki,(x)<Ke,x) on X, because
N K. Since

G,u(y) = Séneydu éséﬂn,pd# égGudin,p,

by the finite continuity of the restriction of Gu(x) to Su, we have

3) We say that G satisfies the relative balayage principle with respect to N when for any
compact set K and any pyEM,, there exists a measure fi in M, supported by K such that

Gpi(x) = Np(x) G-p. p.p. on K and Gp(x) < Np(x) on X.
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Gu(y) < lim SGudZ,,,,, - g Gudl, < SdeI,,
P+

=< SKI,,dv =< gl?eydv = Kvw(y).

Letting n tend to + co, we have Gu(y) < Kv(y) for any y e CSp.
Putting K=1 in Theorem 5, we obtain the following

CoROLLARY. LetGand Nbel.s.c.kernelsonX suchthat G<N. Suppose
that N(x, y) is locally bounded outside the diagonal set of XxX. Then G
satis fies the maximum principle if N does.
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