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1. Introduction and statement of results

In this paper, we let R" be the n-dimensional Euclidean space (n^2). We
use the notation :

x = (x'9 x^eR"-1 xR1,

Rn ={* = (*', xj 6 Λ x^O}.

For a positive number a and a point ξ e #5, we set

Γ(ξ; a)={x = (*', xn)

Let u be a function on R^. We say that w has a non-tangential limit at ξ e Rn

Q

if

lim u(x)
Γ(ξ;a)BX->ξ

exists and is finite for any positive number a. Our aim is to show

THEOREM 1. Let l<ρ<co and — oo<α</?. //ι/ is a harmonic function

on RΊ satisfying

(1) \ \ \gr&άu\pxΛ

ndx'dxn < oo for any bounded open set Ω c= Kj,

ί/iere is a Borel set EciRfi such that Bί__Λ/ptp(E) = Q and u has a non-tan-
gential limit at each ξ e R f t — E.

Here B1-ΛJP9P(E) denotes the Bessel capacity of E of index (1 — α/p, p)
(cf. [1]). By [3; Theorem A], [4; Theorems 2.4, 3.2 and Proposition 3.1] and our
theorem, we have

COROLLARY. Let α, p and u be as in Theorem 1. Then u has a non-tan-
gential limit at each ξeRγ>—E9 where E is a Borel set in R% such that

Cp_α(E) = 0 if p^2 and p-a g n,
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Cp_α_£(£) = 0 for any ε with 0 < ε < p-α

if 2<p^ n + α

and

E is empty if p — a>n.

Here Cβ(E) is the Riesz capacity of E of order β. This corollary is a
generalization of a result of H. Wallin [7; Theorem 3] and a result of T. Murai
[5; Theorem 2]. We note that A. A. Bagarshakyan [2] evaluated the size of the
exceptional set in our problem by means of a capacity of different type.

In case — 1 <α<p— 1, Theorem 1 is the best possible as to the size of the ex-
ceptional set in the following sense :

THEOREM 2. Let l<p<co and -l<α</?-l. Let E be a set in Rft with

Bι-x/p,p(E) — O Then there is a harmonic function u on R^. such that

\ n |gradι/|pxjί/x<oo and \imRnBX^ξu(x)—ao for every ξeE.
J R +

2. Proof of Theorem 1

Let α, p and u be as in Theorem 1. Given M>0, let us consider the existence
of non-tangential limits of u at points in BM = {ξ e Kg \ξ\< M}. Set

f x;/'|(gradιι)(jc)|, if x = (x', xπ) e R»+ and |χ| < 2M,
/(*) =

[ 0, otherwise.

Then/eLp(Λw) by our assumption. We denote by gβ,Q<β<ao9 the Bessel ker-
nel of order β, which has the following property (cf. [1 p. 878]): There is a con-
stant cl >0 such that for all x e R" with |x| <2M

(i) gβ(x)^Cl\x\ft n if 0<β<n,

(ϋ) 0/*)^ι if £ ^ n .

Setting

E = {xe^-.^/x-^/OO^ = oo},

we see that Bt _Λ/ptp(E) = 0. Let ξ E BM - E be fixed. In the case where 1 - u/p <
n, we have

oo > ( 9ι-Λ/l(ξ-y)f(y)dy
JΓ(ξ a)
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rσ)drdS(σ)

S(«)Jθ

where r = \y-ξ\9 σ = (y-ξ)/r, S(a) = {xeΓ(O9 α); |x| = l}, dS is the surface ele-
ment and ε0>0 is chosen so that \ξ + rσ\<2M whenever 0<r<ε0 and σeS(a).
Hence there is σ* e S(a) such that

= \
J

(&adu)(ξ + rσ*)\dr < oo .
o

fεo
Since \ \du(ξ + rσ*)/dr\dr^Aσ*, limr i0M(ξ + rσ*) exists and is finite. For x =

Jo
(X, xn)eΓ(ξ; α), we denote by xσ* the point on {ξ + rσ*\ r>0} whose n-th
coordinate is xw, and by Lx the line segment between x and xσ*. Since
7 = 1, 2,..., n, are harmonic on Ry.9

(2)
'\x-y\<xn/2

with a constant c2 > 0 independent of x e Γ(ξ α). Noting that yn<^\ξ — y\<(a +
3/2)xπ<(2fl + 3)yn whenever x e Γ(ξ\ a) and |x — y|<xπ/2, we obtain from (2)
that for x e Γ(ξ a) sufficiently close to ξ

du ,_., ^ _ ...„(• |grad M |d>
>|x-y|<xn/2

\ξ-y\<(a+3/2)xn

/l ί-y |<(α+3/2)* n

where c3 = c2(« 4- 3/2)w~x max {1, (2a + 3)α/p} and c4 = 07x c3. Consequently,

|w(x)-M(xσ*)| ^ |x-xσ*|sup|gradM|

2a c4 \ 9ί-Λ/p(ξ - y)f(y)dy ,
J |«-y |<(α+3/2)jc n

which tends to zero as xn | 0. Therefore \imΓ(ξ;a)3X^ξu(x) exists and is finite.
We can show the case 1 — a/p ^ n in the same way as above by using (ii) instead
of (i). Since M is arbitrary, we obtain the theorem.
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3. Proof of Theorem 2

By our assumption that β1_α/pp(£) = 0, there is a non-negative function

feLP(R") such that (g1-Λ/p(ξ-y)f(y)dy = ao for every ξeE. We denote by

F the restriction of \0ι-α/p(x — y)f(y)dy to Rn~l, i.e.,

x'eR"-1 .

We note that F belongs to the Lipschitz space Λp

l>Σ(Λ+l)lp(Rn-1) (cf. [6; Chap. 6,
§4.3]). Let u be the Poisson integral of F with respect to R^. In view of [6;
Chap. 5, Proposition 7', Lemma 4']1*,

\px*ax < oo .

Moreover we see from a property of the Poisson integral and the lower semi-
continuity of F that HmRn3χ->ξu(x)—co for every ξeE. Thus u satisfies all the

conditions in the theorem.

References

[ 1 ] D. R. Adams and N. G. Meyers, Bessel potentials. Inclusion relations among classes
of exceptional sets, Indiana Univ. Math. J. 22 (1973), 873-905.

[ 2 ] A. A. Bagarshakyan, On "angular" boundary values of some class of functions,
Izv. Akad. Nauk Armjan SSR Ser. Mat. 9 (1974), 433-445.

[3] B. Fuglede, Extremal length and functional completion, Acta Math. 98(1957),
171-219.

[ 4 ] Y. Mizuta, Integral representations of Beppo Levi functions of higher order, Hiro-
shima Math. J. 4 (1974), 375-396.

[ 5 ] T. Murai, On the behavior of functions with finite weighted Dirichlet integral near
the boundary, Nagoya Math. J. 53 (1974), 83-101.

[ 6 ] E. M. Stein, Singular integrals and differentiability properties of functions, Princeton
Univ. Press, Princeton, 1970.

[ 7 ] H. Wallin, On the existence of boundary values of a class of Beppo Levi functions,
Trans. Amer. Math. Soc. 120 (1965), 510-525.

Department of Mathematics,
Faculty of Science,

Hiroshima University

1) In the inequalities (61) and (62), a —I should be replaced by 1— a.




