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Introduction

Since Nagata had pointed out the importance of the notion of ideal trans-
forms in relation to the 14-th problem of Hilbert, ideal transforms have been
studied by many authors. The notion of Z-transforms of a ring 4, Z being a
subset of Spec(4) which is stable under specialization, is a generalized one of
ideal transforms. We can use ideal or Z-transforms as a powerful tool to study
overrings B of a noetherian ring A. This is done as follows. Take a suitable chain
Z2,=Z,_,<---<=Z,=Spec(A4) of subsets of Spec(4) and consider the overrings
T(Z;,, A nB where T(Z;, A) is the Z; -transform of A. Then by examining
properties of T(Z;, A) n B inductively, we get the knowledge of properties of B.
K. Yoshida, in [22], used this technic and showed some properties of overrings
B are determined by local properties at prime ideals in Ass,(B/4). But the es-
sential point of this technic is that we can reduce a problem on B to a problem on
(4,)9n B, p€Ass,(B/A), where (4,)¢ is the global transform of A,. This
motivation follows from two facts: The first one is a characterization of
Ass,(B/A), i.e. Ass,(B/A)={p e Spec(4)| A,=(4,)nB,} (Theorem (2.5)). On
the other hand, roughly speaking, the difference between T(Z;, A)n B and T(Z;_,,
A) n B appears in prime ideals belonging to Z;_; —Z,, and if Z,_, —Z, is discrete,
then (T(Z;, A)nB),=A, and (T(Z;_, A)nB),=(4,)n B, for every peZ,_,
—Z,. This is the second fact which we wish to point out. In this paper we shall
study overrings of a noetherian ring from the above point of view.

Section 1 consists of preliminary results on Z-transforms and global trans-
forms almost all of which are already known (cf. [1], [6], [9], [12], [13], [14]
and [15]). We shall frequently use these results in this paper. In section 2, we
shall give basic relations between Ass,(B/A) and Z-transforms. We remark
here that we shall obtain whole results in this section, especially Corollary (2.12),
without using completions and the theorem of Mori-Nagata. Corollary (2.12)
is a modified form of Theorem (1.6) in [14], and using this corollary we shall give
an alternative proof of the theorem of Mori-Nagata in appendix (see [17] for
another proof of this theorem by means of global transforms).

In some cases we can prove some known facts in a unified way by means of
Z-transforms. In fact, in section 3, we shall generalize J. Nishimura’s results
[15, (2.6), (3.1) and (3.2)] (see Theorem (3.1)), and in the last part of section 5
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we shall give a unified proof of two basic facts concerning seminormal rings.
In section 4, we shall treat finite (S,)-overrings of a noetherian ring. In Theorem
(4.7) we shall give a necessary and sufficient condition for a noetherian ring to have
a finite (S,)-overring. We shall also study how M. Brodmann’s result in [2],
which gives a sufficient condition for existence of finite (S,)-overrings, can be
deduced from our theorem. As we have already known, for a finite overring B
of a noetherian ring 4, A is seminormal in B if and only if 4, is seminormal in
B, for every p € Ass,(B/4). In section 5, we shall sharpen this result in terms
of global transforms of A4, p € Ass 4(B/A).

Notation and terminology

In this paper, we mean by a ring a commutative ring with identity. Let 4
bea ring. We denote by Q(A) the total quotient ring of 4, and denote by A4 the
integral closure of 4 in Q(4). Max (A) (resp. Min (4)) will denote the set of all
maximal ideals (resp. minimal prime ideals) of 4. Let I be an ideal of A. Then
V(I) is the set of all prime ideals p of 4 with ISp. For a prime ideal p of A,
k(p)= Ap/pAp-

Let M be an A-module. We say that an ideal I of 4 is M-regular (resp.
regular) if I contains M-regular elements (resp. regular elements) of 4. Q (M)
(or simply Q(M)) will denote the A-module S~!M, where S is the set of all M-
regular elements of A. By definition Q(4)=0Q ,(A4). Ass, (M) will denote the set
{p e Spec (4) | p is a minimal prime ideal of 0:,x for some x € M}. Therefore if
A is noetherian, then Ass (M)={p e Spec(4) | p=0:,x for some x € M} as usual.

We say that R is an overring of a ring A4 if R is an A-subalgebra of Q(A)
(i.e., ASR<=Q(A)). If a noetherian overring R of A satisfies Serre’s property
(S,), then we say that R is an (S,)-overring of A.

For a finitely generated regular ideal I of A, we frequently identify End ,(I)
(=Hom (I, I)) with I:p4l.

Let B be an A-algebra, f: A— B the corresponding homomorphism. For
an ideal I of B, we write A N I instead of f~1(I).

§1. Definitions and preliminaries

Let A be a ring. A topology on A is a family F of ideals of A with the fol-
lowing properties: (a) if I € F, then J € F for every ideal J of A with I<J, and
(b) if I, JeF, then IJeF. Let F be a topology on A. For an A-module M,
Feqay Will denote the set of all M-regular ideals I of A with e F.

We shall first summarize some elementary results on F-transform which are
mostly well known.



Z-transforms and overrings of a noetherian ring 637

DerINITION (1.1) Let A be a ring, and let F be a topology on A. The
F-transform of an A-module M is defined to be the set

T(F,M)={zeQ,M)|M:,zeF}.

T(F, M) is also an A-module such that M T(F, M)=Q (M). If B is an
A-algebra, then T(F, B) is a B-subalgebra of Q,(B). Let I be an ideal of A.
If F is the set of all ideals of A which contain I* for some n>0, then T(F, A4) is
the usual I-transform of A (cf. [13]).

Since M:,z contains M-regular elements for every zeQ, (M), we have

T(F, M)=T(F,eqo), M). Moreover if F’ is another topology on A4 such that
Fc F', then clearly T(F, M) T(F', M).

(1.2) Let F be a topology on a ring A, and let M be an A-module. Then
we have \

(1) T(F, M),=M, for every prime ideal p of A such that p&EF, )

Assume further that F,. .y has a cofinal subfamily consisting of finitely
generated ideals. Then we have

(2 T(F, N)=T(F, M) for every A-module N such that M= N < T(F, M).
In particular T(F, T(F, M))=T(F, M).

Let B be an A-algebra, and let F be a topology on 4. We denote by FB
the set of all ideals J of B such that J2IB for some I € F. Note that FB is a

topology on B. If F=F,, ), then T(FB, B)<Q,(B). Therefore we have the
following assertion:

(1.3) Let B be an A-algebra, and let F be a topology on A. Assume that
F=Freg(B)' Then T(F, B)= T(FB, B).

The following assertion is an easy generalization of [13, Lemma 2.6].

(1.4) Let F be a topology on a ring A, and let M be an A-module. Assume
that F=F, .,y and F has a cofinal subfamily consisting of finitely generated
ideals. Then for every flat A-algebra B, T(F, M\)® ,B=T(FB, M® ,B).

As an immediate corollary to (1.4), Q (M), =Q4,(M,) for every A-module
M and p € Spec (4).

Let 4 be a ring, and let I be an ideal of A. Let M be an A-module. We de-
note by Gr (I, M) the polynomial grade of I on M (as for the polynomial grade,
we refer to [16]). If A is noetherian and M is finitely generated, then Gr (I, M)
is equal to the usual depth of I on M. Let p be a prime ideal of A. Note that
Gr, (I, M)=0 (resp. Gry, (pA,, M,)=0) if and only if, for each finitely generated
ideal J with J<I (resp. J<p), there exists an element x(#0) of M such that
Jx=0 (resp. J=Ann, (x)=p) (cf. [16, Chap. 5, Lemma 8]).
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(1.5) Let F be a topology on A, and let M be an A-module. Consider the
following conditions on M and F:

(1) T(F, M)=M.

(@) Gr (I, M)22 for all I € F g0y

(3) Gray, (pA,, M) 22 for all prime ideals p of A with p € F ey
Then we have (2)=(3)=>(1). If F . has a cofinal subfamily consisting of
finitely generated ideals, then (1)=>(2).

Proor. (2)=>(3)is clear (cf. [16, Chap. 5, Exercise 10]). (3)=(1): Suppose
contrarily that T(F, M)# M, and let z be an element of T(F, M)—M. We
then put z=x/s where xe M and s is an M-regular element of 4. Letp be a
minimal prime ideal of M:,z=sM:,x. Thenp € F, ey, Gra,(p4,, (M/sM),)=0;
and hence Gry,(pA4,, M,)=1. Thisis a contradiction. We now assume that
F gy has a cofinal subfamily consisting of finitely generated ideals, and we shall
prove (1)=>(2). Suppose contrarily that there exists an M-regular ideal I of A4
such that IeF and Gr,(I, M)=1. Lets be an M-regular element in I, and
let J be a finitely generated ideal of A such that JSI and JeF, 4. Since
Gr,(I, M[sM)=0, JxcsM for some xe M—sM. Then x/se T(F, M)=M be-
cause J € F; hence x e sM. This is a contradication. This completes the proof.

Let A be a ring, and let Z be a subset of Spec (4) which is stable under spe-
cialization. We denote by F(Z) the set of all ideals I of A such that V(I)<Z.
Then F(Z) is a topology on A. For an A-module M, Z .., Will denote the set
of all M-regular prime ideals p of 4 with peZ.

DEFINITION (1.6) The Z-transform of an A-module M is the F(Z)-transform
of M, and we denote it by T(Z, M).

(1.7) (cf. (1.2)) Let A, Z be the same as above, and let M be an A-module.
Then we have the following assertions.

(1) TZ, M)= T(Zreg(M), M)= T(F(Z)rcg(M)’ M).

(2) Foranelement z of Q (M), z€ T(Z, M) if and only if z|]1 € M,, for every
peSpec(4)—Z. In particular T(Z, M),=M, for every p € Spec (A)—Z, egp)-

(3) T(Z, N)=T(Z, M) for every A-module N such that M= N<T(Z, M).
In particular T(Z, T(Z, M))=T(Z, M).

ProoF. The assertions (1) and (2) are obvious. (3): By (1) above, N,=M,
for every p e Spec(A)—Z. Therefore the assertion follows from (2).

(1.8) Let B be an A-algebra, and let Z be a subset of Spec(A) which is
stable under specialization. We put Z'={Q e Spec(B)|Qn AeZ}. Then F(Z)B
=FZ).

Proor. Let J be an ideal of B such that J# B and V(J)<Z’, and let p be a
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minimal prime ideal of JNnA. Since JN(4A-p)=¢, J,#B,. Therefore there
exists a prime ideal P of B such that J,cP,=B,. Then PeZ’' and Pn A=p;
hence pe Z. This shows that F(Z')= F(Z)B. The assertion now follows because
the opposite inclusion clearly holds.

By virtue of (1.3), (1.7) and (1.8), we have the following assertion:

(1.9) Let A, B, Z and Z' be the same as in (1.8). Assume further that
F(Z')teq8y=F(Z);eq(m)B (e.g., B is an overring of A). Then T(Z, B)=T(Z', B).

Let A4 be a ring, and let Z be a subset of Spec (A4) which is stable under spe-
cialization. For a prime ideal p of 4, Z, will denote the set {q4,|qe Z and q=p}.
We say that an element p of Z is a generic point of Z if q&Z for any prime ideal
q of A such that qcp. Z,, will denote the set of all generic points of Z. For
an ideal I of A, T(V(I), *) is denoted simply by T(I, ). If I is finitely generated,
then T(I, A) is the I-transform of A4 in the sense of Nagata (cf. [13]).

(1.10) Let M be an A-module, and let Z be a subset of Spec(A) which is
stable under specialization. Assume that F(Z,,) has a cofinal subfamily
consisting of finitely generated, M-regular ideals. Then we have the following
assertions.

(1) If Z=Z,4n) then T(Z, M),=T(Z,, M,) for every peZ.

() If p€Z,eyy then T(pA,, M))=T(Z, M),.

B) If D€ Zregagens then T(Z, M),=T(pA,, M,).

Proor. Since T(Z, M)=T(Z,eqn), M), the assertions (2) and (3) follow
from (1). And (1) follows from (1.4) and (1.8).

Let A be a ring. The global transform of A is the Max (4)-transform of
A, and we denote it by 49. The following results, due to Matijevic, are essential
in the study of global transforms of noetherian rings.

(1.11) ([9, Theorem and Corollary]) Let A be a noetherian ring, and let
B be an A-algebra contained in A9. Then we have the following assertions.

(1) B/xB is a finite A-module for each regular element x of A. In par-
ticular every regular ideal of B is finitely generated.

(2) If A is reduced, then B is noetherian.

(1.12) Let A and B be the same as in (1.11). Then Bf=AS.

Proof. By (1.11), a regular prime ideal P of B lies over a maximal ideal of
A if and only if P is maximal. Therefore by (1.7) (1) and (1.9), B¢=T(Max (4),
B). Then it follows from (1.7)(3) that T(Max (4), B)=A9. This completes the
proof.
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REMARK (1.13) Let ¢ be a regular element of a ring 4. Then ¢ is inver-
tible in A¢ if and only if every prime ideal of A which contains ¢ is a maximal
ideal (of height one if A is noetherian). In particular A¢=Q(4) whenever
dim A=1.

As an immediate consequence of (11.1)(2), B¢ is finite over A9 whenever B
is a finite overring of a noetherian domain A ([14, Lemma (1.4)]). More generally
we have the following assertion.

(1.14) Let B be a finite overring of a noetherian ring A. Then for every
overring R of B, B¢ N R is finite over A9 N R.

ProoF. Let ¢ be a regular element of A such that tB< A. Then it is easy to
see that tB9=A¢; hence I=#B?NR) is an ideal of both A9nNR and BNR.
Therefore it is sufficient to show that B¢ N R/I is a finite A-module. Since I
contains the B-regular element ¢, it follows from (1.11) that B9 n R/I is a finite
B-module; hence it is a finite 4-module. This completes the proof.

Let A be a noetherian ring, and let M be an A-module. We put X =Spec (4),
and we denote by M a quasi-coherent ¢x-module associated to M. Then for a
subset Z of Spec(A4) which is stable under specialization with Z=2Z, ), T(Z,
M) is canonically isomorphic to I'(X, .9?9(/2(1\7)) (cf. [6, (5.9)]). In particular
if A is local and depth A=1, then A9~I'(X—{m}, 0y) where m is the maximal
ideal of A. Therefore we have the following assertion.

(1.15) ([6, (5.11.1)]) Let A be a noetherian local ring with depth A=1.
Consider the following conditions on A:

(1) A9 is a finite A-module.

(2) (A/p)? is a finite A/p-module for every p € Ass, (A).

(3) dim A/p=2 for every p € Ass (A).
Then we have (1)<>(2)=(3).

(1.16) (cf. [6, (5.11.1) and (7.2.2)] and [4, Proposition 1.11]) Let A be a
residue ring of a Cohen-Macaulay local ring such that depth A=1. Then A*
is a finite A-module if and only if dim A/p=2 for every p € Ass, (A).

PrOOF. Assume that 4 is a domain such that dim 4>2. Choose a Cohen-
Macaulay local ring R and a prime ideal P of R so that A=R/P. Since R is
Cohen-Macaulay, there exists a regular sequence x,,..., x, in P where r=ht (P).
We put B=R/(xy,...,x,)R. Then depthB=dimR—r=2 and P e Assg(B).
Since B¢=B, A7 is a finite A-module by (1.15). Therefore again by (1.15), we
have the desired conclusion.

(1.17) Let A be a noetherian local ring with the maximal ideal m. Assume
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that dim A22 and depth A=1. Let (0)=q,Nq,N---Nq, be an irredundant
primary decomposition of (0) in A. Let pi=\/c_gi—(i= 1,...,n). Ifp,isa minimal
prime ideal of A such that dim Afp;=1, then A=A, x(A[q, NN q,)9.

Proor. Note that {p,} is an open and closed subset of U=Spec (4) — {m},
and that U— {p,} =Spec(4/q, N - N q,)—{m/q, N - N q,}. Since depth 4/q, n
< Ng,21, A9=I'(U, Oy)=T({p.}, Ouv) x [(U—{p.}, wu)gApl x(Alaz N -+ N qp)e.

§2. Ass,(B/A) and Z-transforms

We shall first make some general remarks on Ass.

LeMMA (2.1) Let A be a noetherian ring, and let M be an A-module.
Let N be an A-submodule of Q M) containing M. Then we have the following
assertions.

(1)  Ass,(N/M)< Ass ((Q ((M)/M).

(2) For every peAss (Q(M)/M), p contains M-regular elements.

(3) Ass(Q(M)M)nV(sA)=Ass,(M[sM) whenever s is an M-regular
element.

Proor. The assertion (1) is clear. The assertion (2) is also clear because
M:,z contains M-regular elements for every ze Q,(M). (3): Let s be an M-
regular element, and let p be an element of V(s4). Then p=sM:,x for some
x €M if an only if p=M:,z for some ze€ Q,(M); hence p € Ass ,(M/sM) if and
only if p € Ass(Q(M)/M).

COROLLARY (2.2) Let A, M and N be the same as in (2.1). Assume
further that M is finitely generated. Then we have the following assertions.

(1) For every peAss,(N/M),p contains an M-regular element and
depth,,(M,)=1.

(2) Ass, (N/M)nV(sA) is a finite set for every M-regular element s of A.

(3) Ass,(N/M) is a finite set if an only if M;=N; for some M-regular
element s of A. In particular, if B is an A-algebra of finite type contained in
Q(A), then Ass,(B|A) is a finite set.

Proor. The assertions (1) and (2) follow from (2.1). (3): Suppose first
that Ass,(N/M) is a finite set, and choose an M-regular element s so that sep
for all pe Ass(N/M). Then Ass, (Ng/M;)=¢; hence M =N, (cf. [10, Lemma,
p. 50]). Conversely suppose that M =N, for some M-regular element s. Then
every p € Ass, (N/M) contains s. Therefore by (2.1) (3), we have Ass, (N/M)<
Ass (M /sM); hence Ass(N/M) is a finite set.

ProprosITION (2.3) Let A, M and N be the same as in (2.1). Let Z be a
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subset of Spec (A) which is stable under specialization. Then Ass,(T(Z, M) n
N/M)=Ass (N/M)n Z.

Proor. Since Supp (T(Z, M)n N/M)c=Z (cf. (1.7)), we have Ass (T(Z,
MYNN/M)=Ass (N/M)NZ. Let p be an element of Ass (N/M)nZ. Then
p=M:,z for some zeN. Since peZ, we have ze NN T(Z, M). Therefore
peAss,(T(Z, M)n N/M). This completes the proof.

PrOPOSITION (2.4) Let R be an overring of a noetherian ring A, and let
Z and Z' be subsets of Spec (A) which are stable under specialization. Assume
that Z<Z'. We put B=T(Z, A)NR and B'=T(Z', A)nNR. Then there is a
bijection Assg(B’'[/B)Ass (B’'/A)n(Z' —2Z).

Proor. (i) Let P be an element of Assgzg(B'/B), and put p=PnA. We
shall show that peZ'—Z. Suppose that p&Z’. Then by (1.7) (2), B,=B,=4,;
hence Bp=Bp. This contradicts the fact P e Assg(B’/B). Therefore peZ’.
Suppose next that pe Z. We can choose an element x of B’ — B so that P is a min-
imal prime ideal of B:gx. Since p is finitely generated, this implies that /B:psx
op for some seB—P. Since peZ,sxeT(Z, A)nNn R=B; hence x/1eBp.
This is a contradiction. Therefore p&£Z.

(i) Let p be an element of Z'—Z. Since B,=A, (cf. (1.2)(1)), there exists
a unique prime ideal P of B which lies over p. Since 4, = B, it follows from [10,
Lemma, p. 50] that p € Ass(B’/A) if and only if P € Assg(B’/B).  This completes
the proof.

We shall now give a characterization of Ass,(N/M) which is a key point in
our study of overrings of a noetherian ring.

THEOREM (2.5) Suppose that A is a noetherian ring. Let M be an A-
module, and let N be an A-submodule of QM) containing M. Then we have

Ass (N/M) = {p e Spec(4) | M, = T(p4,, M,)N N,}.

ProorF. Let p be a prime ideal of A such that M,=T(p4,, M,)nN,.
Then we can choose an element x of N so that x/le T(p4,, M,)—M,. Since
M :4,x/1 contains (p4,)" for some n, p is a minimal prime ideal of M:,x; hence
peAss (N/M). Conversely let p be an element of Ass (N/M). Then p=M: x
for some xe N. It is easy to see that x/le T(p4,, M,)NN,~M,. This com-
pletes the proof.

As an example we show the following proposition due to K. Yoshida [22].
PROPOSITION (2.6) Let A be a noetherian ring. Then

Ass (A/A) = {peSpec(4)|ht(p) =1, A4, < ,71; and p is regular}
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U {peSpec(4)|ht(p) = 2, depth A, = 1 and p is regular}.
(2.6) follows from (2.5) and the following two lemmas.

LeEMMA (2.7) Let p be a regular prime ideal of a noetherian ring A.
Then A, n(A,) =4, (4,).

Proor. By [3, Chap.S, Proposition 16], Q(4),n4,=4,. Since (4,)
S0(A4), (cf. (1.10) (2)), 4, n(A4,)?=(4, N Q(4),) N (4,)?=A4, n(4,)°.

LemMMA (2.8) Let A be a noetherian local ring with depth A=1 and dim A4
=2. Then depth A22 if and only if A=A9n A.

Proor. Note that a noetherian local ring (R, m) with depthR=1 is a
DVR if and only if the canonical map R—~Homg (m, m) is an isomorphism.
Suppose first that depth A=1. Since A is not a DVR, AcHom, (p, p) where
p is the maximal ideal of A. Therefore 4=Hom,(p, p)=49nA. Suppose
next that depth A=>2. Then A=A9; hence A=A9nA. This completes the
proof.

The following lemma is already known (cf. [11, (33.11)]), but we can prove
it without using completions and the theorem of Mori-Nagata.

LEMMA (2.9) Let C be an integral overring of a noetherian ring A, and
let P be a regular prime ideal of C such that ht (P)=1 and Apq#Cpny. Then
Pn AeAss,(ClA).

Proor. By Lemma (2.10) below, there exists a finite A-subalgebra B of C
such that ht (PN B)=1 and Apn,# Bpn,. We shall show that P n A € Ass (B/A).
We put Q=PnBand p=PnA. Since Q(4),=Q(4,), B, is a finite overring of
A,; therefore we may assume that A4 is a local ring with the maximal ideal p.
Let a be a regular element of A4 such that aBS 4. Since aep and ht (Q)=1, we
have sQ"caB(<c A) for some positive integer n and se B—Q. If s¢&A, then
A:s2p"; hence pe Ass,(B/4). If se A, then s is invertible in 4; hence 4:,B
2p"; therefore p € Ass ,(B/4). This completes the proof.

LemMA (2.10) Let C be an integral overring of a noetherian ring A, and
let P be a minimal prime ideal of aC where a is a regular element of A. Then
there exists a finite overring B of A such that ASB<C and ht (P n B)=1.

Proor. Let {b,,...,b,} be a set of generators of PnA. Since P is a
minimal prime ideal of aC, \/aCp=PCp. Therefore sb§=ax(i=1,..., n) for
some positive integer e, se C—P and x,..., x,€ C. We put B=A[Ss, X1,..., X,]
and Q=PnB. Since (PnA)By=./aBy, there exists a height one prime ideal
Q' of B such that (PnA)B=Q'=Q. Since Q'nNA=0nA=PnA, we have
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Q0=Q’. 'This completes the proof.

THEOREM (2.11) Assume that A is a noetherian ring. Let C be an
integral overring of A, and let Z be a subset of Spec(A) which is stable under
specialization. We put B=T(Z, A)nC and Z'={Q eSpec(B)|QnAe€Z}. Let
V be the set of all regular prime ideals N of C such that ht (N)=1and Nn AeZ.
Then we have the following assertions.

(1) B=TZ',B)nC.

(2) {NnB|NeV} coincides with the set of all regular prime ideals M of
B such that ht (M)=1and MnAeZ.

(3) If NeV, then Byag=Cyng=Cy-.

Proor. (1): Since B€T(Z, BInC<=T(Z, T(Z, A))nC=T(Z, A)nC=B,
we have B=T(Z, B)n C. Then by (1.9), B=T(Z', Byn C. (2) follows from (3).
To prove (3), by virtue of (2.10), we may assume that C is finite over A. Then it
follows from the assertion (1) and (2.3) that Assz(C/B)NZ'=¢. LetnowNeV.
Then NnNBeZ'; hence Nn BgAssg(C/B). Therefore by (2.9), Byng=Cynp=
Cy. This completes the proof.

The following corollary can be considered as another form of [14, Theorem
(1.6)]. But our proof of it does not depend on the theorem of Mori-Nagata.

COROLLARY (2.12) Let A be a noetherian local ring with the maximal
ideal m. We put B=A9n A. Then we have the following assertions.

(1) B has only a finite number of maximal ideals, and k(M) is finite over
k(m) for every maximal ideal M of B.

() If M is a regular maximal ideal of B such that ht (M)=2, then M &
Assg(B/sB) for any regular element s of A.

(3) If M is a regular maximal ideal of B such that ht (M)=1, then MB,,
is generated by a single element and (By),.q is a DVR, i.e., By is a quasi-v-ring
(cf. [18]).

(4) If N is a regular maximal ideal of A such that ht (N)=1, then ht (N n
B)=1.

Proor. The assertion (1) follows from (1.11), and the assertion (4) follows
from (2.11). Let M be a regular maximal ideal of B. Suppose that Me
Assg(B/sB) for some regular element s of A.  Since B/sB is noetherian (cf, (1.11)),
we can write M =sB:gx for some xe B. Then by (1.12), w=x/se BI=A49. If
wMc M, then we A9 A=B because M is finitely generated (cf. (1.11)); hence
M =B:zw=B; this is a contradiction. Therefore wM ¢ M; hence wMB,,=B,,.
Choose an element z of MB,, so that wz=1. Then MB,,=wzMBy=zB,. In
particular it follows from (2.10) that ht(M)=1. Therefore by (2.11), By =
A=Ay where N is the maximal ideal of A such that NnB=M. Since N is
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regular and ht (N)=1, Q(4y)=Q(A)y. It follows from [3, Chap. 5, Proposition
16] that Ay is integrally closed in Q(Ay). Therefore by [18, Proposition 2.7],
(Ba):rea is @ DVR.  Thus the assertions (2) and (3) are proved.

ReMARK (2.13) If A is a domain, we can prove (2.12) more easily. In fact
B is noetherian (cf. (1.11)) and is integral over A4; hence by (1.9), T(Max (4), B)=
T(Max (B), B)=B¢. Therefore the assertions (2), (3) and (4) follow from (2.6)
and (2.11).

Assume for a moment that A4 is a noetherian local ring such that dim 4>2
and depth A=1. We put B=49nA4. By (2.12) (1), Max (B) is a finite set. On
the other hand, since Q(4)=Q(B), we have Min (4)=~Min(B); in particular
Min (B) is a finite set. Let now {M,,..., M,} (resp. {M,,,..., M,,}) be the set of
maximal ideals M of B such that ht (M)>2 (resp. ht (M)=1), and let {P;,..., P,}
be the set of minimal prime ideals P of B such that dim B/P=1.

CoROLLARY (2.14) ([14, (1.6.5.)]) Let the situation be as described as above,
and let t be an element of "1 4+1 M;—(\U%=y M) U (\U5=, P;) (where N\T-,+1 M;
=B if the set {M,,,..., M,,} is empty). Then t is invertible in A9 and A9=B,.

Proor. Since every prime ideal of B which contains ¢ is maximal, t is
regular and 1/te B9=A9. Therefore by (2.12) (2) and (1.5), (B)?=B,; hence
A?=(B)?=B,.

We shall conclude this section by making a remark on noetherian rings
satisfying Serre’s property (S,).

Let A be a noetherian ring satisfying (S;), and let Z be the set of all prime
ideals p of A4 such that ht (p)=2. Then it follows from (1.5) that A satisfies (S,)
if and only if T(Z, A)=A. As an application of this fact, we obtain the following

ProrposITION (2.15) (cf. [21, Theorem 2]) Let B be a noetherian overring
of a noetherian ring A. Assume that B is integral over A and satisfies (S,).
Then A also satisfies (S,) if and only if ht (p)=1 for every p € Ass (B/A).

Proor. Since depth A,=1 for all p € Ass,(B/A), the ‘only if” part is trivial.
Conversely suppose that ht(p)=1 for all p e Ass,(B/4). Since Q(4A)=0Q(B), 4
satisfies (S;). Let Z={qe Spec(A4)|ht(q)=2}, and let Z’'={Q e Spec (B) | ht (Q)
>2}. As we remarked above, it is sufficient to show that T(Z, 4)=A4. By (2.3),
Ass (T(Z, A)n B/A)=Ass(B/A)nZ=¢; hence T(Z, A)\n B=A. On the other
hand it follows from (2.9) that {QeSpec(B)|QnAeZ}<=Z'; hence by (1.9)
T(Z, B\ T(Z', B). Therefore T(Z, A)=T(Z, By T(Z' ,B)=B because B satis-
fies (S,). Thus we have A=T(Z, A)n B=T(Z, A). This completes the proof.
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§3. Finiteness of overrings

In this section, A will always denote a noetherian ring.

THROREM (3.1) Let M be a finite A-module, and let N be an A-submodule
of QM) containing M. Then the following assertions are equivalent.

(1) ‘N is a finite A-module.

(2) Ass,(N/M) is a finite set, and T(pA,, M,)N N, is a finite A,-module
for every p € Ass ((N/M).

Proor. (1)=(2)is clear. (2)=>(1): Since Ass,(N/M) is a finite set, we can
choose a chain Spec(4)=Z,>Z,>.--oZ,>--- of subsets of Spec(A4) so that
each Z, is stable under specialization, N\, Z,=¢, Z,—Z,, =(Z,),., for every n,
and Ass,(N/M)n(Z,—Z,,,) is empty or consists of one point for every n.
Then there is an integer n, such that Ass,N/M)nZ, =¢ because Ass (N/M)
is a finite set and N, Z,= ¢ ; hence by (2.3), T(Z,,, M) n N=M. Assume now that
T(Z,,,, M)N N is a finite A-module and T(Z,,,, M)NN<=T(Z,, M)NN. We
shall prove that T(Z,, M)n N is also finite. We put L=T(Z,.,, M)n N and
L'=T(Z,, M)nN. Note that Ass,(N/M)N(Z,—Z,+1)#¢. In fact, if
Ass (N/IM)N(Z,—Z,,,)=¢, then by (1.7) (2), (1.10) (3) and (2.5), L,=M,=
L, for all peSpec(4)—Z,,,; hence by (1.7) (2), L'=L This is a contradiction.
Therefore Ass,(N/M)n(Z,—Z,,,) consists of one point, say q. Since L;=
T(qA,, M,)N N, is a finite A,-module contained in T(q4,, M,), there exists
an M-regular element ¢ in q such that tL’,cM,. Then also by (1.7) (2), (1.10)
(3) and (2.5), (tL"),<L, for all peSpec(4)—Z,,,; hence by (1.7) (2), tL'<L.
Therefore L' is a finite 4-module. Now, by induction on n, T(Z,, M)=N is a
finite A-module. This completes the proof.

CoroLLARY (3.2) (cf. [15, (2.6.2)]) Let M be a finite A-module, and let Z
be a subset of Spec (A) which is stable under specialization. Then the following
assertions are equivalent.

(1) T(Z, M) is a finite A-module.

(2) A=Ass,(Q(M)/M)NZ is a finite set, and T(pA,, M,) is a finite
A,-module for every p e A.

Proor. We put N=T(Z, M). By (2.3), Ass,(N/M)=Ass,(Q,(M)/M)nZ
=A4. Therefore the assertion follows from (3.1).

CoROLLARY (3.3) (cf. [15, (3.1)]) Let M and N be the same as in (3.1), and
let x(#£0) be an M-regular element. Then the following assertions are

equivalent.
(1) N is a finite A-module.
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(2) (a) N, is a finite A,-module, and
(b) N, is a finite A,-module for every p € Ass (M/xM).

Proor. (1)=>(2) is clear. (2)=>(1): Let peAss,(N/M). If xe&p, then
pA,€Ass, (N,/M,), and if xep, then by (2.1) (3), peAss, (M/xM). Since
Ass, (N,/M,) and Ass, (M/xM) are finite sets, Ass,(N/M) is also a finite
set. Moreover N, is a finite 4,-module for every pe Ass (N/M). Therefore
by (3.1), N is a finite A-module.

CorOLLARY (3.4) (cf. [8, Theoreme 2.1] and [15, (3.1)]) Assume that A is
a domain. Let x be a non-zero element of A. Then the following assertions
are equivalent.

(1) For every p e Ass ((A/xA), the xA,-adic completion of A, is reduced.

(2) For every peAss (A/xA), (A,)? N A, is a finite A,-module.

(3) A.n A is a finite A-module.

Proor. (2)«>(3): Weput N=A4,nA. Since 4,=T(V(xA), A), if follows
from (2.3) and (2.1) (3) that Ass,(N/A)=Ass (A/A) N V(xA)<Ass,(A/xA).
Therefore the assertion follows immediately from (3.1). (1)=(2): Let pe
Ass4(A/xA), and let (4,)* be the xA,-adic completion of 4,. Since (4,)* is
faithfully flat over 4,, it follows from (1.4) that ((4,)? N 4,)® 4,(4,)* =(4,)*)? n
(A,)*. By (3.5) below, ((4,)%)¢Nn(4,)* is finite over (4,)*; hence ((4,)?n
Zp)®Ap(Ap)* is also finite over (4,)*. Therefore (4,)¢ an is finite over A4,.
(3)=(1): (cf. [8, Theoreme 2.1]) Let B=A4,nA. Then B,n A=B. Therefore
by (2.3) and (2.6), B, is a DVR for every qe Assg(B/xB). Let now p € Ass (4/
xA), and let {q,..., q,} be the set of all associated prime ideals q of xB such that
anAcp. Then (4,)*S(B,)*<B, x-xB,(=C), where (4,)* (resp. (B,)*)
is the xA4,-adic completion of A, (resp. xB,-adic completion of B,). Since C is
reduced, (4,)* is reduced. This completes the proof.

LemMA (3.5) Assume that A is reduced, and is xA-adically complete for
some regular element x in A. Then A9 A is finite over A.

Proor. Let B=A9n A. Since 4 is a finite product of Krull domains and
x is contained in the Jacobson radical of A, nx"B< Nnx"A=0. On the other
hand A is xA-adically complete and, by (1.11), B/xB is finite over A/xA. There-
fore B is finite over A (cf. [10, Lemma, p. 212]).

ReMARK (3.6) (cf. [6, (5.10.17)]) Assume that A is a noetherian ring
satisfying Serre’s property (S,). Let Z={peSpec(4)|ht(p)=2}, and put
AM=T(Z, A). Corollary (3.2) gives a criterion for A to be finite over A.
Moreover if AM is finite over A, then A satisfies (S,). In fact, let Z'={Pe
Spec (AW) | ht(P)22.}. Since Z'<{PeSpec(AMV)|PnAeZ}, we have T(Z',
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A T(Z, AW); hence AV T(Z', AVYST(Z, AN=T(Z, T(Z, A))=T(Z, A)
=AM, This shows that A0 =T(Z’, A®) and hence, by (1.5), A1) satisfies (S,).

We also have a criterion for an overring of 4 to be integral over A4, which is
a generalization of [15, (2.6.1)].

ProrosITION (3.7) For an overring B of A, the following assertions are
equivalent.

(1) B is integral over A.

(2) (A4,)?n B, is integral over A, for every p € Ass ((B/A).

Proor. The implication (1)=(2) is obvious. (2)=>(1): (cf. the proof of
[15, (2.6.1)]) We may assume that B is generated by a single element x as an
A-algebra, i.e., B=A[x]. We shall now construct a chain 4, 4;<:--(SB) of
finite overrings of 4 as follows: We put 4,=4. Assume that 4,(n=0) can be
constructed already. If xe A4,, then we put 4,,,=A4,. Now consider the case
that x & A4,. Let p be a minimal prime ideal of 4,:,x. Then x/1 € ((4,),)¢, and
by (1.14), (4,),)? N B,(=B,) is integral over (4,)? N B,. Therefore B, is integral
(hence finite) over 4,. Choose a finite A-algebra A4,,, so that 4,=4,,,<B
and (4,4+),=B, for all minimal prime ideals q of 4,:,x. Note that, by our
construction, A4,:,x<A,,:4x if xg&A,. Therefore if x& A, for all n=0, then
the ascending chain A:,xcA,:,xc<--- is not stable; this is a contradiction
because A4 is noetherian. Thus we conclude that x € 4, for some n. This com-
pletes the proof.

§4. Finite (S,)-overrings

In this section we shall study noetherian rings with finite (S,)-overrings.
To do this, we need a characterization of a noetherian local ring over which its
global transform is essentially finite. Recall that an A-algebra B is essentially
finite over A if there exist a finite A-subalgebra C of B and a multiplicative subset
S of C such that B=S"1C.

LemMA (4.1) Let B and R be A-algebras, and let C be a B-algebra.
Then we have the following assertions.

(1) If B is essentially finite over A and C is essentially finite over B, then
C is essentially finite over A.

(2) If C is essentially finite over A, then C is essentially finite over B.

(3) If B is essentially finite over A, then B® (R is essentially finite over R.

Proor. The assertions (2) and (3) are obvious. (1): We may assume that
C is finite over B. Choose an A-subalgebra B’ of B and a multiplicative subset
S of B’ so that B=S"!'B’. Let {x,,..., x,} be a set of generators of C over B.
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We may assume that each x; is integral over B’. We now put C’'=B'[x,,..., x,]
(=C). Then it is clear that C=S"1C".

LeMMA (4.2) Let A be a noetherian local ring such that dim A=2 and
depthA=1. Let C be a finite A-subalgebra of A9. Then the following as-
sertions are equivalent.

(1) Ae=S"1C for some multiplicative subset S of C.

(2) depth Cp=2 for every maximal ideal Q of C such that ht(Q)=2.

Proor. (1)=>(2): Choose a multiplicative subset S of C so that A¢=
S1C. Let Q be a maximal ideal of C such that ht(Q)=2. Then (Cp)?=
(C9e=(A49)g=(S"1C)g. If SNQ#¢, then (Cy)? has no prime ideals over
QCy; hence, by (1.11) (1), every regular element of C,, is invertible in (Cp)? and
therefore, by (1.13), ht(Q)=1. This is a contradication. Therefore SNQ=¢
and hence (Cp)?=C,. This shows that depth C5 22 (cf. (1.5)).

(2)=>(1): (cf. the proof of (2.14)) Choose a regular element ¢t of C so that
every prime ideal, containing ¢, is a maximal ideal of height one and ¢t is not
contained in any maximal ideal whose height is graeter than one. Then it follows
easily from (1.5) that A9=C,. This completes the proof.

LemMA (4.3) Let A be a residue ring of a regular local domain such that
dim A=2 and depth A=1. Then the following assertions are equivalent.

(1) A9 is essentially finite over A.

(2) dim A/p=2 for every embedded prime ideal p of A.

ProoF. (1)=(2): Choose a finite A-subalgebra C of A¢ and a multiplicative
subset S of C so that A9=S"!C. Let p be an embedded prime ideal of 4. Since
C is an overring of A, there exists a unique embedded prime ideal P of C such that
PnA=p. Let M be an arbitrary maximal ideal of C such that M>P. Since
ht (M) =2, it follows from (4.2) that depth C,,=2. Therefore dim A/p=dim C/P
22 (cf. [10, Theorem 27, p. 100]).

(2)=(1): Since A, is essentially finite over 4 for every p € Spec (4), by virtue
of (1.17), we may assume that 4 has no minimal prime ideals p such that dim A/p
=1. In this situation it follows from (1.16) that A¢ is finite over A. This com-
pletes the proof.

ProPOsITION (4.4) Let (A, m) be a noetherian local ring such that dim A=
2 and depth A=1. Let (R, n) be a faithfully flat A-algebra such that R is a
residue ring of a regular local domain and n=./mR. Then the following
assertions are equivalent.

(1) A9 is essentially finite over A.

(2) R4 is essentially finite over R (i.e., dim R/[p=2 for every embedded
prime ideal p of R).
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Proor. Note first that R?=A9® ,R (cf. (1.4)).

(1)=>(2): The assertion follows from (4.1).

(2)=(1): Let B=A9nA. Then by (2.14), A?=B, for some te B. There-
fore R#=(B® 4R),. By our assumption, there exist a finite R-subalgebra C’ of
R¢ and a multiplicative subset S of C’ such that R¢=S"*C’. Since C’ is finite
over R and R9=(B®4R),, there exists a finite A-subalgebra C of B such that
C,=(C®4R),. Therefore we may assume that C'=CQ® ,R for some finite A-
subalgebra C of B. Since C’ satisfies the condition (2) in (4.2), it follows from
the faithful flatness of R over A4 that C also satisfies the condition (2) in (4.2);
hence A9 is essentially finite over A.

We shall now study some properties of noetherian rings with finite (S,)-
overrings.

LemMA (4.5) Let A be a noetherian ring satisfying (S;). Consider the
following conditions on A:

(1) There exists a finite (S,)-overring of A.

(2) U={peSpec(4)| A, satisfies (S;)} is a non-empty open subset of
Spec (A).

(3) 4={peSpec(4)|ht(p)=2 and depth A,=1} is a finite set.
Then (1)=>(2)<(3).

Proor. (1)=>(3): Let ¢ be a regular element of A such that tR<A. Then
A, satisfies (S,) and therefore t e p for every pe 4; hence 4<=Ass, (A4/t4). This
shows that 4 is a finite set. (3)=>(2): It is easy to see that U=Spec(4)—
\UpeaV(P); hence U is a non-empty open subset of Spec (4). (2)=>(3): Since U
is open and Min (4)< U, there exists a regular element ¢ of 4 such that Spec (4,)
cU. On the other hand 4 n U=¢; hence A< V(tA). Therefore A< Ass, (A/tA).
This shows that 4 is a finite set.

LeMMA (4.6) Let A be a noetherian local ring. Assume that A has a finite
(S,)-overring R. Then A°? is essentially finite over A.

Proor. We put B=A49nR. We may assume that dim A=2 and depth A
=1. Now choose a regular element ¢t of B so that every prime ideal, containing
t, is a maximal ideal of height one and ¢ is not contained in any maximal ideal
whose height is greater than one. Then by (2.11) and (2.14), B,=A¢ and R, has
no maximal ideals of height one. Therefore it follows from (1.5), (1.12) and
(1.14) that A9=(B,)*<(R,)¥=R,; hence A7 is finite over B,, By (4.1) (1), A
is essentially finite over 4. This completes the proof.

The following therorem is our main result in this section.
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THOEREM (4.7) Let A be a noetherian ring satisfying Serre’s property (S,),
and let A be the set of all prime ideals p of A such that ht (p)=2 and depth A, =1.
Then the following assertions are equivalent.

(1) There exists a finite (S,)-overring of A.

(2) A4 is a finite set, and for every p € A, (A,)* is essentially finite over A,.

Proor. The implication (1)=-(2) follows from (4.5) and (4.6). (2)=(1):
For a finite overring B of 4, we put 4(B)={Q € Spec (B) | ht (Q)=2 and depth B,
=1}, 4*(B)={Qe€ 4(B)|(By)? is not finite over By}, n(B)=inf{ht (Q N A)|Qe
A(B)}, and n*(B)=sup {ht (Q N A)| Q € 4*(B)}. We shall show that there exists a
finite overring R of A such that 4A¥(R)=¢. If this is done, then by (3.2) and (3.6),
R has a finite (S,)-overring; hence so does A. If 4*(4)=¢, there is nothing to
prove. Therefore we may assume that 4*(4)# ¢. Since A(A) is a finite set and
(4,)¢ is essentially finite over A, for every pe A(A), there exists a finite
A-subalgebra C of Q(A4) such that, for every p € 4(4), (4,)? n C, satisfies the con-
ditions in (4.2). We now put B=T(Z, A)n C where Z=\U,.4V(p), and we shall
show that B satisfies the condition (2) above. Choose a regular element ¢t of 4
so that tB= A. Since B,=A,, {Q € A(B)|teQ} is a finite set. On the other hand
{Q e A(B)|te Q} is also a finite set because it is a subset of Assg(B/tB). Therefore
A(B) is a finite set. Let Q be a regular prime ideal of B such that ht(Q)=2.
We put g=QnA. Since B, is finite over 4,, it follows from (1.14) that (B,)¢
is finite over (4,)9. Suppose that q&A4*(4). Then (4,) is finite over A,.
Therefore (B,)¢ is finite over B,; hence (Bg)?=((B,)%), is finite over By=(B,),.
In particular, Q & 4*(B) whenever q& 4*(A4). Suppose next that g€ 4*(4). Then
(A,)? is essentially finite over A,; hence by (4.1), (B,)? is essentially finite over
B,. Therefore (Bg)? is essentially finite over By. Thus B satisfies the condition
(2) above. Moreover we have Qe A(B) whenever qe 4(A) N Z,.(=the set of
minimal elements of 4(4)). In fact if qe 4(4)nZ,,,, then B,=(4,)?nC, and
therefore, by the choice of C, depth By =2 (cf. (4.2)); hence Q& A(B). This shows
that n*(B)> n(B).

Therefore, inductively, we can construct a sequence By=ASB;=B<:--<
B,<--- of finite overrings of A with the following properties:

(a) Each B, satisfies the condition (2), and

(b) n*(Bo)zn*(By)z--2n*(B)2n(B,)>->n(B)>n(By) if 4*(B)#¢
fori=1,..., n.

We must then have that 4%(B;)=¢ for some j. This completes the proof.

REMARK (4.8) Recently, in [2] M. Brodmann proved the following as-
sertion: A noetherian local domain A whose formal fibres satisfy the first Serre
property (S;) adimits a finite (S,)-overringif and only if the set {p € Spec (4) | 4,
is (S,)} is open in Spec (4).

If formal fibres of A satisfy (S,), then by (4.4), (4,)? is essentially finite over
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A, for every p e Spec (4). Therefore his result follows from (4.7) and 4.5).

§5. Seminormality and global transforms

Throughout this section, A will denote a noetherian ring. Let B be a finite
overring of A. Recall that 4 is seminormal in B if and only if, for an element b
of B, be A whenever b2, b3e A. This characterization of seminormality is
sufficient to follow what we discuss in this section. In particular if 4 is seminormal
in B, then A4: B is a radical ideal of B.

We shall first study a finite overring B of A4 such that Ass,(B/A4) consists of
one point p.  Since Ass,(B/A)={p}, A:,N is a p-primary ideal of A for every
A-submodule N of Bsuch that Nd& 4. Let {P,,..., P,} be the set of all prime ideals
of B which lie over p. We define an A-subalgebra C, of B by the following pull
back diagram:

Co——)B

() | |

k(p) — TTik(P)

where k(p)—TT; k(P;) and B—]]; k(P,) are the natural ring homomorphisms, and
inductively we define a chain Cy2C;2---2C,2--- of A-subalgebras of B by the
following pull back diagrams:

Cn+1 E— Cn

= R

k(p) — C,® 4k(p)

n=0, 1,..., where k(p)-»C,® 4k(p) and C,—»C,®  k(p) are the natural ring
homomorphisms. C, is what we call the ring obtained from B by glueing over p.
By definition, pC,(resp. P, n--- N P,) is also an ideal of C,, ,(resp. C;). We put
P=P,n---nP, Then P is the only one prime ideal of C, lying over p, and
k(p)=k(P); in particular P n C, is the only one prime ideal of C, lying over p.

LemMA (5.1) With the same notation and assumptions as above, we have
the following assertions.

(1) C, is seminormal in B.

(2) A is not seminormal in C, if C,# A.

(3) A=C, if and only if A is seminormal in B.

(4) A is seminormal in B if and only if so is A in End «(p) n B.

(5) A=C, for some n.

Proor. The assertion (1) is clear. (2): Let n be a non-negative integer such
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that C,# A. To prove that A4 is not seminormal in C,, it is sufficient to show that
A, is not seminormal in (C,),. Note that 4,#(C,), because Ass,(C,/4)={p}.
Since the above pull back diagrams () and (**) commute with the localization
with respect to 4 —p, we may assume that A is local and p is the maximal ideal of
A. Let Q be the prime ideal of C, lying over p. Suppose contrarily that A4 is
seminormal in C,. Since 4:,C, is a radical ideal of C,, and also is p-primary,
Q=A:,C,=p; hence by definition C,=A+Q=A+p=A. This is a contra-
diction. Therefore A is not seminormal in C,. The assertion (3) is now obvious
by (1) and (2). (5): Since 4:,C, is a p-primary ideal or A4, to prove that A4:,C,
=A for some n, we may assume that A4 is local and p is the maximal ideal of A.
By definition C,,,=A+pC,. Therefore A4:,pC,=A:,C,,;. Suppose now that
A:4C,#A for all n. Then each A4:,C, is a p-primary ideal different from p;
hence A4:,C,.,=A:,C,=(A4:,C,): . pcA:,C,. Therefore we have an as-
cending chain A4:,CycA:,C,c---cA4:,C,c--- of p-primary ideals. This is a
contradiction; hence 4:,C,=C, for some n. (4): Suppose that A is not semi-
normalin B. Then A=C,,,<=C, for some n. Since C,<End ,(p) n B, it follows
from (2) that A is not seminormal in End,(p) N B. The converse is trivial. Thus
the lemma is proved.

Let R be an overring of A. We say that A4 is seminormal in R if A4 is semi-
normal in every finite A-subalgebra of R.

THEOREM (5.2) Let R be an overring of A. Then the following assertions
are equivalent.

(1) A is seminormal in R.

(2) A, is seminormal in (A,)? N R, for every p € Ass (R[A).

(3) A, is seminormal in End4,(pA4,) N R, for every p € Ass ((R/A).

Proor. We may assume that R is finite over A. The implication (1)=-(3)
is obvious, and (3)=>(2) follows from (5.1) because Ass,,((4,)NR,/A,)=
{p4,} (cf. (2.3)). (2)=(1): Suppose that 4 is not seminormal in R. Then there
is an element b of R— B such that b2, b3 A. Let p be a minimal prime ideal of
A:4b. By definition, peAss (R/A4). Since b/le(4,)?NR, and A4, is semi-
normal in (4,)? N R,, we have b/leA,. This is a contradiction. Therefore
A is seminormal in R.

ReMARK (5.3) The above theorem shows that A is seminormal in R if
and only if 4, is seminormal in R, for every p € Ass (R/A) (cf. [5] and [7]).

REMARK (5.4). Let B be a finite overring of 4. Choose a chain Z;>Z,
>Z,>- of subsets of Spec(A4), which are stable under specialization, so that
NZ,=¢ and, for each n, Ass,(B/A)N(Z,—Z,,,) consists of one point or is
empty. We may assume that Ass,(B/A)N(Z;—Z;y)={p;+} for i=0,...,m
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and Ass,(B/ANZ,.,=¢. We now put B;=T(Z;,, A)nB for i=0,..., m.
Since (B;),,=A,,, there exists a unique prime ideal P; of B; such that P;n A=p;.
Therefore we have a chain A=B,,,,<B,<---<B; =B,=B of finite overrings of
A such that Assgz(B;_,/B)={P;} and k(P)=k(p,) (i=1,...,m+1). Thus the
following lemma gives us another proof of [19, Th. 2.4].

LemMA (5.5) (cf. (5.1) (5)) Let B be a finite overring of A. Assume that
Ass,(B/A)={p}. Consider the following chain B=By2B,2- of A-sub-
algebras of B defined by the following pull back diagrams:

Bn+1 _— Bn

| l

k(p) — B,® 4k(p)

n=0, 1, 2,... where k(p)-B,® ,k(p) and B,—B,® ,k(p) are the natural ring
homomorphisms. Then B,=A for some n.

Proof is similar to that of (5.1) (5).

LeMMA (5.6) With the same notations and assumptions as in (2.4), if A
is seminormal in R, then B is seminoraml in B’.

ProoF. Let x be an element of R such that x2, x3e B. We put I=(4:,x?)
n(A:4x3). Since (Ix)?, (Ix)*< A, it follows from our assumption that IxS A4;
hence xe T(Z, A)n R=B because V(I)=Z. This shows that B is seminormal
in R. Therefore B is seminormal in B’.

We now consider a finite overring B of 4 in which A is seminormal. We
define, inductively, a chain B=B,2 B, 2B, 2--- of A-subalgebras of B as follows:
Assume that B, is already defined. If B,= A, then we put B,,,=A4. Now cosider
the case that B,#A. Let p,,, be a minimal prime ideal of 4:,B,. We then
put B, , , =the ring obtained from B, by glueing over p, ., ;.

ProrosiTiON (5.8) ([20, Theorem 2.1] and [7, Theorem 1.13]) With the
same notations and assumptions as above, we have the following assertions.

(1) B,=A for some n.

(2) Ass(B/A)={p1,..., Pa} if B, D B,=A.

The assertion (1) in (5.8) is the structure theorem of seminormal rings due to
C. Traverso [20], and the assertion (2) has been shown by J. V. Leahy and M. A.
Vitulli [7]. However we give here another proofs of these results using Z-
transforms.

Proor oF (5.8). We put Z,=Spec(4). Since p, is a minimal element of
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Ass (B/A), we can choose a subset Z, of Spec (4) which is stable under special-
ization so that Ass,(B/A)N(Z,—Z,)={p,}. We put B{=T(Z, A)n B, and we
show that Bj=B;. By (2.4) and (5.6), B} is seminormal in B and Assg;(B/B})
={P;} where P} is a unique prime ideal of B; lying over p,; (note that (Bj),,
=A,,). Since k(p,)=k(P)), it follows from (5.1) (3) that B;=B,. By induction,
it is now easy to see that there exists a chain Z,5Z;>Z,>--- of subsets of
Spec (A4) such that each Z, is stable under specialization, Ass4(B,/4) N(Z,—Z,+,)
={p,+1} Whenever B,# A, and B,=T(Z,, A)n B for n=1,2,.... In particular
pi#p; if i#j, and {py, py,...} SAss,(B/A4). Since Ass,(B/A) is a finite set, B,
=A. Then Ass (B/4)= U (Assy(B/A)N(Z;—Z;+1))= U (Ass4(B/A)U(Z;—Z;4,))
={Pys..., P} This completes the proof.

Appendix

In this appendix, as an application of (2.12), we shall give an alternative proof
of the theorem of Mori-Nagata:

Let R be the derived normal domain of a noetherian domain A. Then we
have the following assertions.

(1) For each p e Spec(A), there are only a finite number of prime ideals
P of R such that PN A=p, and if P is such a prime ideal of R, then [k(P): k(p)]
is finite.

(2) R is a Krull domain, i.e.,

(@) Rp is a DVR for every height one prime ideal P of R,

(b) for every x(#0) in R, there are only a finite number of height one prime
ideals of R which contain x, and

(©) R= nRp where P runs through all height one prime ideals of R.

Proor. (b): We may assume that xe A. Then it follows from (2.1) (3)
and (2.9) that every height one prime ideal of R containing x lies over some prime
ideal in Ass,(A/xA). Since Ass,(A/xA) is a finite set, the assertion is clear by
(2.12). Similarly we can prove the assertion (a).

(c): To prove the assertion, it is fufficient to show that if Q is a minimal
prime ideal of xR:gy for some x and y in R with y& xR, then ht (Q)=1. Sup-
pose contrarily that ht (Q)=2. We may assume that 4 is a local ring with the max-
imal ideal q=Q n 4, and x, ye A. Moreover replacing A by (49N A)gn(asn i)
we may assume that there exist no height one maximal ideals of R (cf. (2.11)).
Since Q is a minimal prime ideal of xR:zy, q"ys<xR for some positive integer
n and se R—Q. Choose a finite overring B of A so that se B and gq"ys<=xB.
Note that, by virtue of (2.12), Bf<R. Since q"B?ys<xB? and dim B?/q"B? =0,
ysexB?<=xR; hence y € xRy. This is a contradiction. This completes the proof
of (2).
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(1): We may assume that A is a local domain with the maximal ideal p,
and it is sufficient to show that (1) is true for p. We shall use induction on n=
dim A. If n=1, then the assertion follows from the theorem of Krull-Akizuki
(or (2.12)). Now assume that n=2. We shall first consider the case that depth A
=2. Let x, y be a regular sequence of length two in p, and let X be an
indeterminate. Then q=(xX—y)A(X) is a prime ideal of A(X) and A(X), is a
DVR; hence there exists a unique prime ideal Q of 4(X) such that Q n A(X)=q.
By virtue of (2.1) (3) and (2.9), Q is the only one minimal prime ideal of (xX— y)-
A(X); hence every maximal ideal of A(X) contains Q. Therefore the natural map
Spec (A(X)/Q)—Spec (4) induces a bijectioh Max (4(X)/Q)3Max (4). (Note
that every maximal ideal of A(X) is of the form MA(X), M € Max (4) (cf. [11,
Chap. I, p. 18]). Since dim A(X)/q<n—1 and A(X)/Q < A(X)/q, the induction
hypothesis implies that Max (4(X)/Q) (=Max (4)) is a finite set and, for
every M e Max (4), k(MA(X)/Q)(=k(M)(X)) is a finite algebraic extension of
k(pA(X)/q) (=k(p)(X)); hence [k(M): k(p)] is finite. Now consider the case
that depth A=1. By (2.12), it is sufficient to prove that B=A49 n A satisfies (1)
for its maximal ideals. Let M be a maximal ideal of B. If ht(M)=2, then by
(2.12) depth B,,=2; hence this case is established already. If ht(M)=1, then
by (2.12) B, is a DVR; hence the assertion is obvious. This completes the proof.
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