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1. Introduction

There has been considerable recent interest in the asymptotic behavior of

solutions of the equation

(1) Lnu + Fu = 0, 0 < t < oo,

where Ln is the general disconjugate operator

with

(3) Pi > 0 and p{ e C[0, oo), 0 < ί < n,

and F is some functional of u. As examples, we cite [1], [7], [8], [9], [10],

[11], [13], and [17].

Here we are interested in comparing solutions of (1) with those of the un-

perturbed general disconjugate equation

(4) Lπx = 0, f > 0 .

Willett [19] and the author [14] have observed that special attention should be

paid to the asymptotic theory of equations of the form

Lnu + g(t9 u, W / , . . . ,M(«- 1 )) = 0,

where Ln is a normal disconjugate operator on [0, oo); that is, the equation

Lnx = χ(») + PΛOxC-^ +•••+ PH(t)x = 0,

with P l 9 . . . , P n continuous, is disconjugate on [0, oo). Polya [12] showed that

such an operator can be written as in (2), with (3) replaced by the stronger con-

dition

(5) pi > 0 and pt e C<n"f>[0, oo), 0 < i < n.

However, the additional smoothness conditions on JPOS •••>£„-! which appear in
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(5) are usually unnecessary, and it is more natural to formulate conditions on the

perturbing functional F in terms of generalized derivatives associated with Ln,

rather than in terms of ordinary derivatives. By taking this point of view it is

possible to state one of the main results of [14] in a considerably improved form

(Theorem 1, below).

In [14] the author suggested that the asymptotic theory of perturbed dis-

conjugate equations can be based on integral smallness conditions on F which

involve ordinary — rather than absolute — convergence of some of the improper

integrals in question. Except for a result of Hartman and Wintner [3; Theorem

9.1, p. 379] for second order equations, this possibility seems to have been ignored

before that, even in the case where Lnu = u(n\ Since [14], the author has ob-

tained results along these lines for linear homogeneous perturbations of the

equation u^n) = 0 (n>2), and of nonoscillatory second order equations [16],

[18]. Theorems 1 and 2 below assume integral smallness on F which, in general

form, do not require absolute convergence. This is not to say that it is unneces-

sary to assume absolute convergence of some integrals in order to obtain specific,

usable, special cases; the point is that not all such integrals need be absolutely

convergent, as has usually been assumed in the past. Theorem 3 illustrates this

point for linear perturbations of Lnu = 0.

2. Preliminary definitions and lemmas

In connection with the operator Ln it is convenient (and customary) to define

the generalized lower order derivatives Lo, L1?..., Ln_ί by

(6) L o x = ^ - , Lrx = -L(Lr-lXy9 \<r<n.

Henceforth we assume, in connection with the functional F in (1), that Fu is con-

tinuous on any interval over which LM_1w is continuous.

The following notation of Willett [19] is useful for representing solutions of

Lnx = 0 and their generalized derivatives.

i> #2> a r e locally integrable on [0, oo), define

and

Ij(t, s; qj9..,9 qx) = X q£X)Ij-ι(h s; qj-ί9...9 qt)dλ9 s, t > 0, j > 1 .
Js

Willett [19; Lemma 2.2] has established the following identities, which will be

useful below:

(7) Ij{t, s;qj9...9qi) = ( - l y i / s , t\ qi9...9 qj)9
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(8) Σ ; = o ( - i y ' Ά a ; q k 9 . . . 9 ^ _ J + 1 ) / f c _ / s , a ; q ί 9 . . . , q k - j ) = h ( s , t; q u . . . , q k ) .

It is easily verified that if a is in [0, oo), then the functions

(9) x/ί) = Po(0^ -i(ί, <*\ Pi,.-, Pj-il 1 <j < n,

are linearly independent solutions of (4), and that the functions

(10) y / t ) = pn(t)In-j(t, a; p H - l 9 . . . , Pj)9 1 < j < n9

are linearly independent solutions of L*y = 0, where

L * = l i _ l ί L̂̂ _
p0 dt pi /?„_! dt pn

Moreover,

(11) Lrxj(t) = θ, j < r ,

a n d

(12) Lrxj(t) = Ij-r-.it, a; pr+u...9 pj-x)9 r+1 < j < n.

Throughout the rest of the paper, xί9...9 xn and y l5..., yn will be as defined in

(9) and (10), with a>0.

The following lemma presents variation of parameters in a form suitable for

treating (1) as a perturbation of (4).

LEMMA 1. Λ function u is a solution of(l) if and only if

(13) Lru(t) = Σnj=r+1 Cj(t)LrXj(t)9 0 < r < n-1

(recall (11)), where

(14) c'j(t) = (-l)"-J-iy/t)(Fu)(t)9 1 < j < n.

PROOF. By the usual variation of parameters argument, it can be shown

that if

and

(15) Σ3=r+i c'j(t)LrXj(t) = 0, 0 < r < n-2,

then u satisfies (1) if and only if

(16) cί(ί)= -yn(t)(Fu)(t).

(Note that yn = pn, from (10).) Now, (15) and (16) form a system of n equations

in c[, C2,.. 5 c'n, with matrix
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Since the right sides of the first n — 1 equations (15) of this system vanish, (14)

will follow if it is shown that the last column of F " 1 is

c o l Γ ( - l ) " - 1 2±, ( - I ) " - * J ^ , . . . , - J ^ = J - , l Ί .
L- y n y n y n —i

This can be seen by setting t=s in the identities

(17) Σ 3 - , + i (-!)""•' ^M-L^c/t) = In-r-^t, s; pr+ι,..., A _ , ) ,

0<r<n-l,

which follow from (7), (8), (10), and (12).

The following lemma plays a crucial role in simplifying the asymptotic theory

LEMMA 2. / /

(18) ^ Pi(t)dt = o o , 1 < i < n - 1 ,

then

(19) (-T^r) >0 on (fl °°) a"^ lim^^ ̂ ( g = oo,

and

(20) f-^-Y > 0 on (a, oo) α«</ lim^oo ^ύfi. = oo, I < i < j < n.
\yj' yjv)

PROOF. From (10), (12) and Lemma 3.1 of Willett [19], the derivatives in

(19) and (20) are positive if t>a. The assertions about the limits follow from

(18) and ΓHospitaΓs rule.

Notice that (18) places no restriction on p0 or pn. It is known [15] that (18)

can be assumed without loss of generality; that is, if Ln as written in (2) does not

satisfy (18), it can be rewritten as

Γ _ 1 d 1 d 1 d
Pn dt pn-i dt pί dt p0

where

°° Pi(t)dt= oo, 1 < ϊ ^ n - 1 ,
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and β 0 , pi,..., pn are unique up to positive multiplicative constants with product

one. Therefore, we assume (18) henceforth, in which case Ln is said to be in

canonical form at oo [15]. (For related results on canonical forms for discon-

jugate operators, see Granata [2].)

For normal disconjugate equations, Hartman [4], [5], [6] established the

existence of solutions x1,..., xn satisfying (19) with r = 0, and Willett [19] showed

that they could be represented in the form (9). The author [15] extended these

results to the general disconjugate equation.

LEMMA 3. // qί9 qi,..., a r e continuous and positive on \_a, oo) and a<b,

then

(21) -ί(ITJi'bJV'""q

dt \ Ij(t, a; gj,..., qx

PROOF. The proof is by induction. For convenience, let

ίj(f) = !/(*> a; ij>-> 4i) a n d

Then

and so it suffices to show that

(22)

Since

Mt)go(t) -/o(ί)ffiW = Γ qM)dλ - \' qi(λ)dλ > o,
J a Jb

if a<b<t, (21) follows for 7 = 1. Now suppose j>2 and (21) holds with j re-

placed by 7 — 1. The left side of (22) can be written as

J b

The first term on the right is clearly positive, and the second can.be rewritten as

which is positive by the inductive assumption if t> b. This establishes (22), and

completes the proof.



48 William F. TRENCH

LEMMA 4. Suppose Q is continuous for t>T>a and the integral

\ yίfϊQffϊdt converges for some i, l<i<n. Let

p(t) = max^,\^yi(s)Q(s)ds

Then \ yj(s)Q(s)ds converges if i<j<n, and

(23) I ̂ yj(s)Q(s) ds\ <2p (t) jM-, t > T > a.

PROOF. Obviously (23) holds with i=j, in which case the two on the right

may be replaced by one. If j> i, let

(24) c(t) =\^ yi(s)Q(s)ds,

and suppose T<t<t1. Then

(25) \nyj(s)Q(s)ds = - ('' -2M-

From (20) and the boundedness of c{t), the first term on the right of (25) ap-

proaches zero, and the integral on the right converges absolutely, as t1-^co\

hence the integral on the left converges as ̂ -^oo, and

This implies (23), again because of (20).

We will use (17) again. In this connection it is convenient to define

(26) g£t, s) = yJisy^r-άt, s; p Γ + 1 , . . . , pn-ί\ 0 < r < n-1.

LEMMA 5. Under the hypotheses of Lemma 4, the integrals

(27) ^ gr(t, s)Q(s)ds9 i-l<r<n,

converge, and

(28) IF gr(t, s)Q(s)ds < 2p(t) y ^ , t> Γ, i- 1 <r<n- 1.
U yAt)
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PROOF. From (17) and (26),

9λU s) = Σj-r+1 (-l)n-jyj(s)LrXj(t),

so Lemma 4 implies that the integrals (27) converge. Since gn-ι(t, s) = yn(s)

(see (26)), (23) with j = n implies (28) with r = n — l; hence, we need only consider

(28) with r<n — 2. For convenience, define

From (24), we can rewrite this as

(29) G r ( ί)=

where

which, from (7) and (10), can be rewritten as

(30) Hir(t, S) = ( - l ) " - r - l ^r+lCs) In-r-l(s, t', Pn-l> — > Pr+l) %

yM In-r-1(s9a;pn-l9...9pr+1)

If 0 < r < n - 2 , then

(31) Q < In-r-ί(s,t;pn_u...,pr+1) < ^ a < t < S i

and Hir(t, t) = 0; hence, since l im^^ c(ί) = 0, integrating (29) by parts yields

(32) GΓ(ί) = Γ c(s) ̂ j^- (ί, s)^5,

provided we can show that the integral on the right converges. From (30),

ds ' V Ji(.S') / ^Λ-r-lC^ aiPn-W-i Pr+l)

+ / Λ + l W \ _A_ ( In-r-lJS, t; pn-l9..., pr+1) \
\ yt(s) ) ds \In_r_1(s9a;pn-l9...9pr+1) ) '

From Lemma 3, the partial derivative in the second term on the right is positive

if s>t>a; moreover, 0v+i/j>j)'<0 since r>ί-l. Therefore, from (31),

Γ

ir(t9 s)
ds

_(yr+i(s)\ + yr+1(t) d f ϊn^t(s9 t;pn.l9...9pr+1) \
\ yt(s) ) yx{f) ds \ In-Ψ-X(s9 α; pn-u...9 pr+i) )
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if s>t>a. This and (31) imply that the integral in (32) converges, and also that
(28) holds. (We may drop the 2 in (28) if r = i —1, but this is not important.)

3. Main results

Suppose u is a solution of (1) for which the parameter functions cl9 cl9...9 cn

of Lemma 1 converge to finite limits as ί-*oo; say

and let

(33) }Λ

Then clearly there is an asymptotic relationship between the generalized deriva-
tives Low,..., Ln-iu and Loq9...9 L n _ ^ : from (13) and (33),

Lru(t) - Lrq{t) = Σnj=r+i(Cj(t)-j

which, from (19), yields the obvious estimate

(34) Lru(i) - Lrq(t) = o(Lrxn{t% 0 < r < n - l .

However, this is by no means the best available estimate, as we will now see.

THEOREM 1. Suppose u is a solution of(ϊ)on [T9 oo) such that the integral

\ yi(s)(Fu)(s)ds converges for some i, l < i < n . Then the parameter functions

c, ,..., cn associated with u in Lemma 1 converge to finite limits as ί->oo:

(35) ϋ m ^ Cj(t) = aj9 i<j < n.

Moreover, if

p(t) = maxτ^f I £ yfa) (ίϊi) is)ds

then

(36) I Lru(f) - Σ3«,+i ajLrXj(t) | < 2pit) ^ ^ - , i - 1 < r < n- 1,

and, ίfi>29

(37) Lru(t) = Σ3-i « Λ ^ ( 0 + o(Lrxif)\ 0 < r < i-2 .

Γ00

PROOF. By Lemma 4 and our assumption, the integrals \ yj(t)(Fu)(t)dt

converge for i<j<n; therefore, from (14), the limits in (35) exist and
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Cj(t) = aj + ( - l y - J ^ yj(s) (Fu) (s)ds9 i < j < n .

Substituting this in (13) and using (17) and (26) yield

(38) Lru(t) = Σ3-r+i *A*/0 + \"dr(t, s)(Fu)(s)ds, i - 1 < r < n,

and now Lemma 5 (specifically, (28)) implies (36). This completes the proof if

Ϊ = 1. If ΐ>2, set r = i - l in (38) to obtain

(39) U^uif) = Σ3-« aJLi-

where

(40) ε(ί)

From (6) and (39), integration yields

(41) Lf_2W(ί) = kt_2 + Σ 3 - ι ^ ι - 2 ^ / 0 + h(U T;

where /cf_2 is a constant. Now lim^^ Lί_2xI (0= °o? and

ψ—7
lim fift T; ept-i) _ u
Allll*—•oo T 7~7\ — AlJJJ.*_+

LX(t)

(see (12)), where the last limit is zero because of (40). This proves (37) with

r=i — 2. If Ϊ > 3 , then (6) and repeated integration, starting from (41), yield

LMt) = Σj=?fcA*7+l(0 + Σ"- l β A * / 0 + Ii-r-l(t, T; J>r+!,..., Pf-2, βft-O,

0 < r < ί-3,

where /cΓ,..., /cf_2 are constants of integration. Now

Lrxj+ i(0 = o(Lrxf(0), 0 < 7 < i - 2,

and

Hm Λ-r-i(A T; pr+u...,pi_2, εPi-i) _ ft

again because of (12) and (40). This completes the proof.

With i = 1, and q as defined in (33), (36) implies that

(42) L Γ t / ( 0 - ^ ( ί ) = o ( - ^ ± i ^ - ) , 0 < r < n - l ,
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which is considerably sharper than the obvious estimate (34). The difference

between (34) and (42) is perhaps most striking in the case where Lrtw = w(M), in

which case (34) becomes

ι/(r)(0 - gC)(ί) = o(ί n - r - 1 ), 0 < r < n - 1 ,

while (42) becomes

ϋ<r>(ί) - g<r>(i) = o(Γr), 0 < r < n-1.

For the special case where Lnu = u^n\ Theorem 1 was given in [14], which

also contains results for perturbations of more general normal disconjugate

equations; however, those results are not so precise as (36) and (37).

Theorem 1 has the following obvious corollary.

COROLLARY 1. If u is an oscillatory solution of (1) for which the integral

\ yi(f)(Fu)(i)dt converges, then

0<r<ϊ-2,
Lru =

o(yr+ilyd> i - l < r < n-1.

We now give conditions under which (1) has solutions which behave

asymptotically like a given solution of Lnx = 0. In this connection the following

definition is useful.

DEFINITION 1. Suppose l<i<n9 and let H£Γ) be the space of functions h

such that Ln-±h is continuous for t>T>a, and

0<r<i-2,

t> T.

For each such h, let

(43) Ni(T; h) =

THEOREM 2. Let

(44)

where l<i<m<n and ah..., am are constants. Suppose there is a constant M

and a nonincr easing function σ1 defined for t>a such that
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and \ yi(t)(Fv)(t)dt exists and satisfies

(45) max^r I Γ yt(s) (Fv) (s)ds

whenever Ln-tv is continuous on [T, oo), v — qeH,{T), and

N;(T; υ-q) < M.

Suppose further that there is a nonincreasing function σ2 defined for t>a such

that lim,^^ σ2(t) = 0 and

(46) max^Γ | J" jφ)[(F^)(s)-(Fυ2)(s)]ds | < σ2(T)N{T; v,-

whenever υx and v2 both satisfy the above stated conditions on v. Then there is

a solution 0/(1), defined for sufficiently large t, such that

(47) \Lru{t)-Lrq{t)\ < 2σi(t)J^-, i-1 < r < n~U

and, ifi>2,

(48) Lru(t) = Lrq(t) + o(LΛ(ί)), 0 < r < i-2.

PROOF. Choose T so that

(49) σ^T) < Mβn and σ2(T) = γ < l/2n,

and assume henceforth that t > T. For brevity, let

|| A || = NJtT; h)

for h GHIT). Let H^T) be the subset of H^T) for which \\h\\<M.

From (45), (49), and Lemma 5,

(50) \Γ gr(t,s)(Fv)(s)ds

whenever v-qeH^T). If i>2, and v-qeHi(T), define

G , - ^ ; ι;) = J%i- !( ί , s)(Fv)(s)ds

and note that

from (50) with r = Ϊ — 1. Therefore,

, i - 1 < r < n - 1 ,
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(51) |/x(ί, Γ; Λ-iGX ι?))| < (M/^/^ί, α; j ^ ) =

(see (12)), and, if i>3,

(52) l/*-,.-^, T; p Γ + 1 , . . . , ft-2, Λ-iGi-iί ι?))|

, . , . ^ , a; pr+l9...9 Λ _ , ) = (M/n)Lpc|f 0 < r < ί -3 ,

(again see (12)).

Now define a sequence {t;fc} of functions on [T, oo), with #o(0 = #(0> anci> f° r

(a) ifϊ = l,

(53) vk(t) = ^(0 + Po(t) j ^0(ί, s

(b) if i = 2,

(54) vk(t) = q(t) + PoWά, T;

(c) if3<i<n,

(55) vk(t) = q(t)

If vk-1 — qefίi(T)9 then the integrals in (53), (54), and (55) all exist, and so

υk is defined in each of the cases (a), (b), and (c). Moreover, by calculating

Lotffc,..., Ln-\vk from whichever of (53), (54), or (55) is applicable and invoking

(50), (51), and (52), it can be seen that

\Lrvk(t)-Lrq(t)\ < (M/n)LΛ(ί), 0 < r < f-2,

and

\Lrvk(t)-Lrq(t)\ < (M/n)-^±ώ>-, ί-1 < r < n - 1 .

Therefore

that is, vk-qeHi(T) if vk-ι-qeίϊi(T). Since q-voeHi(T), it follows by

induction that q-vkeHi(T) for all fc>0.

We will now show that {υk} converges. From (53), (54), and (55),

i-1 <r

Therefore, from (46) and Lemma 5,
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(56) \Lr(vk(ί) - vk^(

because of (49). If ί > 2 , an argument based on (54) or (55), and similar to that

used in obtaining (51) and (52), implies that

(57) ILXtfcCO-tfc-iiO)! < 2y\\υh-1-vk-2\\Lstt)9 0 < r < i - 2 .

Now (56) and (57) imply that

(58) \\vk-Όk-x\\ <2ny\\υk_ί-υk_2\\.

If we let

w* = vk - q

so that wk e fif(T), then (58) implies that

(59) IK-Mwll

Since 2ny < 1, an elementary argument based on (59) shows that {wk} is a Cauchy

sequence in the Banach space H^T) under the norm || ||, and so {wk} converges

in this norm to a limit function w, which is also in H f (T); in fact, since each wk

is in Hi(T), so is w. A routine argument now shows that the function u = q + w

is a solution of (1) on [Γ, oo). Moreover, since u — qeHi(T), (45) holds with

v=u, and so Theorem 1 implies (47) and (48).

THEOREM 3. Suppose P1,...,Pn and f are continuous on [0, oo). Let

1 < i < m < n, and suppose

(60) ^yft)\Pn-tf)\Ljctt)dt < «>, 0 < r < i-2,

(61) Sf yr+άt)\Pu-M\dt < co, i - l < : r < : n - l ,

and that the integrals

(62) J" 3*0/(0*

and

(63) ^ yίip^MLsJΰdt, 0<r^m-ί,

converge. Let q be as in (44). Then the equation
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(64) Lnu + PΛ04,- !«+•••+ Pn(t)Lou = f(t)

has a solution u such that

Lru(t) = Lrq(t) + o(Lrx,{t)), 0 <: r < i-2,

and

Lru{t) = Lrq{i) + o (-Z*±M-\ i - l < r < n - l .

PROOF. We can rewrite (64) in the form (1), with

FU= ~f+Σnr=hPn-rLrU.

If v = q + h, then

(65) Fυ=-f+ ΣT=J Pw-A^ + ΣU Pn-rLrh

moreover, if υ1 — q + /zx and v2 = q + 2̂? t n e n

(66) Fϋi - Fv2=Σnr~bPn-Mhί-h2).

From (60), (61), and (66), the function

σ2(t) = Σ izi j " 3̂ (5) |P r t-Λ5)|LΛ(S)^ + Σ ^ i J " Λ+ i(s) \Pn-r(s)\ds

satisfies the requirements of Theorem 2. (To verify (46), recall (43)). From

(19) and Dirichlet's theorem for convergent improper integrals, the convergence

of (63) implies that the integrals

yi{t)Pn-r{t)Lrq{t)dU 0 < r < m - 1,

converge. This and the convergence of (62) imply that the function

Φ ) = .$" yi(s)(f(s) - Σ^-o1 Pn-r(s)Lrq(s))ds

is defined for ί > 0 . Moreover, from (65), the function

satisfies the requirements of Theorem 2, for any constant M > 0 . Therefore

(64) has a solution u which satisfies (47) and (48), and this completes the proof.

If Lnx = χ(n), then we can take

Xj(t) = tJ-η(j-l)\ and yft) = t»-JI(n-j)l, 1 < j < n.
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Therefore, Theorem 3 has the following corollary.

COROLLARY 2. Suppose Pu...,Pn and f are continuous on [0, oo) and

Let

where l<i<m<n, and Aί9..., Am are constants. Suppose the integrals

and

[°° »-1dt, n-m + l <k<n,

converge. Then the equation

y<* + PtitW"-" +...+ Pn(t)y =f(t)

has a solution y such that

y(r)(t) = q(r)(ή + φ i - r - l ) , 0 < Γ < W - 1.
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