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1. Introduction and main results

Naim [9], Chapitre IV, has shown how the minimal fine topology and Martin
boundary may be used to obtain elegant generalizations of the maximum principle
and the solution to the Dirichlet problem. The purpose of this paper is to show
that remarkably similar results can be obtained for half-spherical means in the
Euclidean half-space Q= R""1x (0, + o0).

If E is a subset of R", then its closure and boundary will be denoted by
E and OE respectively. We represent points of R* by X, Y or P, and use O for
the origin; sometimes it will be convenient to write X =(X’, x,), where X' € R*"1.
The open ball of radius r centred at P will be abbreviated to B(P, r) and, using o
to represent surface area measure, we write ¢, for ¢(6B(0, 1)). Another important
constant is

2=020)7" Py ={n-2c}t (=3

We adjoin the isolated point oo to the usual topology on @ and write Q* for QU
{oo}. The set 0Q U {oo} with the topology induced on it by 2* will be abbreviated
to 0*Q. Provided the integrals exist, we can now define the half-spherical means

N(f: P, 7) = r—n-1 g xf (X)do(X)

dB(P,r)nQ

for Pe0Q, and
N(f: o0, ¥) = r"*N(f: O, r™1).

Let G denote the Green kernel for Q. From well-known inequalities for G
(see, for example, [10], Lemma 1), it follows that the function G(X, Y)/{x,y.}
has an extension G*(X, Y) to @ x @ which is jointly continuous (in the extended
sense at points of the diagonal), and that

1.G¥X, Y) = 2|X — Y|""/c, (YedQ, XeO\[Y)}).

From the Riesz decomposition theorem and [7], Theorem 2.25, it is now easy
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to deduce that there is a one-to-one correspondence between positive superhar-
monic functions u in 2, and members v of the class M+ of non-zero Borel measures
on Q* for which

S§(1+|X|)'”dv(X) < +o.
The correspondence is given by
u(X) = Gu(X) = x,{v({o0}) + 7, Sﬁ G*(X, Y)dv(Y)}. (1)

We shall use v to denote a fixed positive superharmonic function in Q with
corresponding measure A on Q*. It follows from the definition of G* that, if
A is a Borel subset of 2, then (in the distributional sense)

[ w100 =~ ),
and, denoting by h the greatest harmonic minorant of v in Q, we have
WX) = x,{A({o0}) + 20;1§ X — Y|-"dA(Y)} .
o2

Throughout this paper, v and h will have these meanings. Recall (for example,
see [8], Theorem 4) that, if P e 0Q, then N(v: P, r) is real-valued and decreasing
as a function of r. If s is subharmonic with a non-negative harmonic majorant
in Q, it is easy to see that N(s: P, r) must also be real-valued. In imitation of the
theory of the fine Dirichlet problem (see [6], pp. 144, 145) we say that a point
P e 0*Q is mean weak v-regular if N(v: P, r)— + o0 as r—»0+. The following is
a type of maximum principle.

THEOREM 1. Let s be a subharmonic function in Q such that s* has a har-
monic majorant in Q. If

liminf,_ o4 N(s: P, r)/N(v: P, r) < + 00 VP e d*Q 2

and
liminf, 4,4 N(s: P, r)/N(w: P,r) <0  for a.e. (A)Ped*Q, 3)

then s<0 in Q.

This generalizes a result of Armitage (see [4], Theorem 1), which deals only
with the case where both s and v are harmonic, requires more than (3) when P=
oo, and includes the redundant hypothesis that every P e 0*Q is mean weak v-
regular. Following Armitage, we can take v(X)=1+x,, so that A consists of
(n—1)-dimensional Lebesgue measure on 0Q together with the Dirac measure
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at co. Since rN(1: P, r) is independent of r, we have the following improvement
of [4], Theorem 3.

COROLLARY. Let s be a subharmonic function in Q such that s* has a
harmonic majorant in Q. If

liminf,_,q, rN(s: P, r)
is less than + oo for all P € 0Q and non-positive for a.e. (6)P € 0Q, and

liminf,, , , N(s: O, r) <0,

then s<0 in Q.

Now let h be non-zero. Armitage ([3], p. 236) has already remarked that,
even if s is harmonic, the limiting behaviour of

N(s: P, r)/N(h: P, r)

as r—0+ does not coincide with the limiting behaviour of s/h at P in the minimal
fine topology. However, Theorem 1 is reminiscent of [9], Théoréme 22 and
suggests that many of the boundary limit theorems involving the minimal fine
topology (see, for example, [6], XVI, 11-16) can be rewritten without much
difficulty in terms of half-spherical means. We shall be content to give an
analogue of the fine Dirichlet problem (see [6], X VI, §5).

Let o7 be the Alexandroff point for @, and recall that the Martin compacti-
fication for Q and Alexandroff compactification for Q are equivalent. By setting
f(0)=f(&£), any function f on the Martin boundary 4, can be regarded as a
function on 0*Q. If |f(X)|dA(X) defines a member of M+, then we say that f
is h-resolutive; in particular, if f is continuous on 4,, then it is easy to see that f
is h-resolutive. For the equivalence of this definition to that involving upper and
lower classes, we refer the reader to [6], Theorems XVI, 3 and 9. If fis h-
resolutive, we use f*A and f~ A to denote the measures on 0*Q defined by

df * A(X) = f*(X)dA(X) and df~AX) = f~(X)dA(X),

and we abbreviate Gf*A—Gf~A to GfA. We shall say that Pe d*Q is mean
h-regular if, for every function f continuous on 4,, we have

N(GfA: P, r)/[N(h: P, r) —> f(P) (r—-0+). “4)

Further, P is said to be mean strong h-regular if, for every h-resolutive function
f which is continuous (in the extended sense) at P, (4) holds.

THEOREM 2. If P e 0*Q, then the following are equivalent:
(i) P is mean weak h-regular;
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(ii) P is mean h-regular;
(iii) P is mean strong h-regular;
(iv) S |P—Y|"dA(Y) = +
if Pe0Q, 0:9
A(0Q) + A({0})-(+0) = + 0
if P=oo. (We adopt the convention that 0-(+ c0)=0.)

COROLLARY. The non mean h-regular points of 0*Q form a set of zero
A-measure.

The proofs of Theorems 1 and 2, which rely on results to be given in §2,
may be found in §§3 and 4 respectively.

2. Preparatory results

We introduce the class M comprising those signed measures u defined on the
relatively compact Borel subsets A of Q* by

WA) = py(4) — pa(4)

for some u,, u, e M*, and write Gu for Gu, —Gu, (we allow both u;, and u, to
have infinite total mass). If s is subharmonic in Q and s* has a harmonic
majorant in Q, it follows from two applications of (1) that s=Gu for some u € M.
It will be convenient to write

u(P, r) = wW(B(P, ) n Q) (r=0).
LemMa 1. If e M and r>0, then
NGz P, 1) = " 1P, e + (e ))/(2m) ®)
when P € 0%, and
NGz 00, 1) = r=o{[” 1710, 1t + eou({eo})j2m)} ©
= " 10, 0t + crruioodi@n). @)

Since N(x,: P, r) has the constant value ¢,/(2n), it is sufficient to establish
that

N(Gu: P, 1) = S” =71 (P, f)dt ®)
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when pe M+ and p({c0})=0; equations (5) and (6) will then be immediate, and
(7) follows by a simple substitution. Let u, and u, denote respectively the
restrictions of u to 0Q and Q. Equation (8) with u=p, has been proved in [3],
Lemma 3. Let I, denote the Dirichlet solution in B(P, r) N Q of the function
equal to f on dB(P, r)n Q and 0 on B(P, r)n 09Q2. Then, since Gu, is a potential
in €, it is easy to check that the same is true of the function u given by

I (X) if XeB(P,r)nQ

u(X) = {
Gu,(X) if XeQ\B(P,r).

Further, u continuously vanishes on B(P, r) n 0Q (see [1], Theorem 2). It now
follows from two results of Armitage ([2], Theorems 4 and 8) that

(2n)tc, limy o u(X)/x, = SRt‘”‘luZ(P, Dt + o(l) (R +0).

Since the left hand side of this equation can be written as N(Gpu,: P, r) (see [2],
Lemma C(i)), the result is proved.

The following result is a generalization of [3], Theorem 1.

THEOREM 3. Let pe M and P € 0*Q be mean weak v-regular. Then

(i) liminf,.or 287 < lim inf, o, MG P, 1)

~OA(P, r) 0+ "N(: P, r)
< lim sup,.o+ ]\1’\(7%}{’,_’;) < lim sup,. o+ /El%%
if PedQ, and
(i tim it £ ARG, 40,70
< lim inf, o, %;l < lim sup,_o+ %

: ({00}) +r"[1(0, r~1) = u(0, r,)]
< lim SUpr-ot 1t R TAO, 7 = A (G, 7)]

for all r,>0 if P=oc0.

For the proof of (i) we follow an argument similar to that of [3], Theorem 1.
First observe that, since P is mean weak v-regular, it follows from (5) that A(P,
r) is non-zero for all >0, and so all the quotients in (i) are defined. Next, since
—u is also in M, we need prove only the final inequality, and can assume that the
last upper limit ¢, say, is not +00. Let c<C<+o00. Then there exists R>0
such that



344 Stephen J. GARDINER

u(P, r) < CA(P, r) (re(0, R)).

It follows from the mean weak v-regularity of P and (5) that, as r—»0+, we have
R
N(Gu: P, r) = S 7=14(P, f)dt + O(1)

R
< cg =11 A(P, t)dt + O(1)
= {C + o(1)}N(v: P, 1),
and (i) is proved.

In the case of (ii), oo is mean weak v-regular and so, if A({c0})=0, it follows
from (7) that, for every r,>0, there exists R>r, such that A(P, R)>A(P, r,).
Hence the quotients in (ii) are defined for all sufficiently small r. Again we need
only deal with the final inequality, and can assume that the last upper limit c,
say, is not +o0. Fix ro>0.

First suppose that at least one of the numbers A({c0}) and u({c0}) is non-
zero. It follows from (6) that '

N(Gu: 0, r) _ o(l)+p({o}) 5
No:o,r) —o)+a(fol) 01 ©

Now observe that
4, < 0" A, ndt— 0 (-0+)

and also (by considering separately the measures u, and p, used to define pe M)
rru(0, r1)— 0 (r-0+).
Hence

p({oo}) +r[u(0, ™) = u(0, r)] _ p({eo)+o(l) (o4
A} +rLA©, )= A(0, 7,)] ~ A{zo}) +o(D) !

and so (ii) is proved in this case.
We are left with the case where A({co}) and u({co}) are both zero. Let
¢c<C<+ 0. Then there exists R>0 such that

WO, r1) — w0, r,) < C[A(0, r™!) — A(0, r,)]  (re(0, R)).
It follows from the mean weak v-regularity of co and (6) that, as r—0+, we have

N(Gu: o0, 7) = =" =71[u(0, 1) = (0, 7)Jdt + O(1)
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< Crn S°° t="=1[A(O, 1) — A(O, r,)]dt + O(1)

= {C+0(1)}N(v: o0, 1),

and (ii) is proved.

3. Proof of Theorem 1

We shall require the following result, due to Watson ([11], Theorem 1),
which relies on a theorem of Besicovitch ([5], Theorem 3).

THEOREM A. Let A be a measure on R" such that A(B(X, r))>0 for each
X eR" and each r>0. If uis a signed measure on R" and

liminf, o, u(B(X, r))/A(B(X, r))

is less than + oo for all X € R" and is non-positive a.e. (1), then —u is a measure
on R".

The proof of Theorem 1 will now the given. Although both this theorem
and the result of Armitage which it generalizes rely on Theorem A, the way in
which we apply the latter result is quite different.

Since s* has a harmonic majorant in Q, there exists ue€ M such that s=Ggp.
We define the signed measure y, on the bounded Borel subsets 4 of R" by u,(A)=
uwAnQ). Thus

B(R"\Q) = 0 (10)
and, if A<,

[ xduo0 =~ o). (1)

Using t to denote n-dimensional Lebesgue measure, we define 1 on the Borel
subsets A of R" by

MA) = A(AN Q) + ©(A).
For each P € 9Q we also define 7, on the Borel subsets A4 of @* by
tp(A) = 1(A n B(P, 1)).

Using b, to represent the volume of an n-dimensional unit ball, it follows from
(5) that

N(v+Gep: P, ©) > N(Gtp: P, 1) = Sw t=7=17,(P, £)dt
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2%b,, SI t7ldt — 4+ (r-0+),

and so P is mean weak (GA + Gtp)-regular. From Theorem 3 (i) (with v replaced
by GA + Gtp) we deduce that

Ho(B(P, r))

lim inf, ¢, 1(B(P. 7))

L(P, r) }
2O A(P, r)+1,(P, 1)

N(s: P, r) }
" "N@w+Grtp: P, 1)

N(s: P, r)}
~*"Nw: P, r)f"

< max {0, lim inf,

< max {0, lim inf,

< max {o, lim inf,

Thus, using (3),

lim inf,.o, "7"((5—(‘1%’)’7) <0 (12)

for a.e. (A)P € 022, and (2) shows that the lower limit is less than + oo everywhere
on 0Q. If PeQ, then (12) follows from (11) while, if P e R"\Q, then (10) shows
that (12) still (trivially) holds. Since every open ball in R" has positive n-
dimensional Lebesgue measure, we can apply Theorem A to deduce that —y,
is a measure on R", and so u<0 on @. Hence

S(X) = Gu(X) < xu({0}) (X eQ). (13)

If u({o0})>0and A({oo}) =0 (respectively A({c0})>0) then (9) and (2) (respectively
(9) and (3)) yield a contradiction. Thus u({c0})<0 and the result follows from
(13).

4. Proof of Theorem 2 and Corollary

(i)=>(iii)). Suppose P is mean weak h-regular and f is h-resolutive and
continuous (in the extended sense) at P. If PedQ, then

{f*AP, r) — [~ AP, N} AP, r) — f(P)  (r—0+),

and the result follows from Theorem 3 (i). If P=oo and A({c0})>0, then (4)
follows from (9). Otherwise

A({oo}) = 0 = f(0)A({e0}).
If fis (finite and) continuous at co, then, for any £>0, there exists r,>0 such that

If()—f(NI <e (Yed2\B(O, r,)),



Half-spherical means and boundary behaviour 347

and it follows from Theorem 3 (ii) that
|f(0) — N(GfA: o, r)/N(h: o0, r)] < &

for all sufficiently large r, as required. An analogous argument deals with the
case where f(00)= =+ 0.

(iii)=(@ii). Immediate.

(ii)=(i). Suppose P is not mean weak h-regular. If P e 0%, it follows from
(5) that N(h: P, r) increases to a finite positive limit as r decreases to 0. In
particular, A({P})=0 and the function f given by

min {1, | X —P|} if XedQ
f(X) = ,
if X=u
is continuous on 4, and positive a.e. (4). It follows that GfA is positive and so
N(GfA: P, r)/INCh: P,r)—> 1 > 0 = f(P) (r-0+),
contradicting the mean h-regularity of P. If P=oo, we apply an analogous
argument, using instead the function
min {1, | X|"1} if XedQ
f(X) = ,
if X=u«.

(i)<>(@iv). Rewriting (5) as
NG P, 1) =m0 (P, 9d(= ) + Leu(iood)
we can use integration by parts to obtain
N(h: P, r) = n-1 {Sm min {[P— Y|~", r-"}dACY) + é—c,,A({oo})}
when P e 09, and
N(h: o0, ¥) =r""N(h: O, r ')
= n{{ min Y17, 1344 + Ler Ao
The result now follows on letting r—0+ and appealing to the monotone con-
vergence theorem.
Finally, we give the proof of the Corollary. In the terminology of Naim,

condition (iv) of Theorem 2 is equivalent to the ©-potential associated with
h being valued + oo at P (see the expressions given for @ in [9], p. 239). From
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[9], p. 237, Application 2, this is true for a.e. (A)P e d*Q, and so the result is
proved.
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