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1. Introduction

Consider the initial value problem

(1.1) y'=f(χ,y),

where /(x, y) is assumed to be sufficiently smooth. Let y(x) be the solution of
this problem,

(1.2) xn = x0 + nh (n = l, 2, . . . ;Λ>0),

where h is a stepsize. Let yl be an approximation of y(x^ obtained by some
appropriate method. We are concerned with the case where the approximations

yj 0' = 2, 3,...) of y(xj) are computed by two-step methods. Conventional two-
step methods such as linear two-step methods [1], pseudo-Ruhge-Kutta methods
[1, 3] and so on [4] require starting values y0 and yl to generate y^ (j = 2, 3,...).

In our previous paper [5], introducing a set of subsidiary off-step nodes

(1.3) xn+v = x0 + (n + v)h (n = 0, 1,...; 0 < v < 1),

at the cost of supplying an additional starting value yv9 we proposed two-step
methods for computing yn+ί together with subsidiary approximations yn+v of
y(xn+v) (n = 1, 2,...). It has been shown that for r = 2, 3 there exists such a method
of order r-f 3 with r function evaluations per step.

In this paper we introduce another set of off-step nodes

(1.4) xn + μ = x0 + (n + μ)h (n = 0, 1,...; Q<μ<i,μ*v)

and at the expense of providing one more starting value yμ we propose two-step
methods of the form

(1.5) yn+μ = yn + frr+i^B-^-i) + h Σ/=o Cr+ijkjn (r = 3, 4, 5),

(1.6) Λ + V = Λ + frr + ίO'n-Λ-l) + hΣjtθCr+2jkjn,

(i.T) yn+ι = yn + s(yn-yn-ι) + A Σ
where
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(1.8) K0n — fesn-i, kln = f(xn-ι+μ> yn-ι + μ)> k2n = /(xn_ι+v, yn-ι+v),

(1.9) kίn = f(xn + aih, Λ+ί»O.-Λ-ι) + * Σ£4cyfc*) 0 = 4, 5,..., r + 2),

(1.10) β, = 6, + Σ j-4 βy (i = 4, 5,..., r + 2), αr+1 = μ, a,+2 = v,

ah bf, cu (y=0, 1,..., i-l;j=4, 5,..., r+2), p, (;=0, 1,..., r+2) and s are real
constants, and yn+ft (n=0, 1,...) are subsidiary approximations of y(xn+ll).
Convergence of these methods is studied in [6]. A stepsize control is imple-
mented by comparing the method (1.7) with the method

(1.11) zn+1 = yn + z(ya-ya.1) + h £jig wjkjΛ.

It is shown that for r = 3, 4, 5 there exist a method (1.7) of order r+3 and a method
(1.11) of order r+2 with r function evaluations per step. Finally these methods
are illustrated by numerical examples.

2. Preliminaries

Let

(2.1) ί,+ 1 = uOv-Λ-i) + h Σ'j¥0Vjkjn (n - 1, 2,...),

(2.2) zn+l =ya+1 + tn+1,

(2.3) aί = μ - 1, α2 = v - 1, α3 = 0,

(2.4) X*) + s(Xx) - X* - Λ)) + h Σ jig p,/(x + α^fc) - Xx + ft)

(2.5) Xx) + ft,(Xx)-Xx-Λ)) + ft Σ}-4 cw/(

= ΣS-i «y(Λy//Dj'ϋ)(*) + 0(ft9) (i = 4, 5,..., r + 2),

(2.6) «(χx)-Xx-Λ)) + ft Σ&vjy'^ +
Then we have

(2.7) (-I)*-1 + fc Σ518 fl5-1Py - 1 = s* (fc = 1. 2,..., 9),

(2.8) (-!)*-'&, + fc Σ j=i a)' Jcv - αj = etk

(i = 4,5,...,r + 2;fe=l,2,.. .,8),

(2.9) (-!)*-»« + k Σί±§ β}-1^ = Wi (k - 1, 2,..., 8).
Let

(2.10) fcf. = /(x.+α,ft) (/ = 0,1,2,3),
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(2.11) kfa = f(ytt+ath, y(Xa)

(2.12) 0(x)=//x,Xx)),

(2.13) Γ(xπ) = XxJ + s(Xxn) - XXB_ ,)) + ft Σ5±2o M*» - Xxπ+ x) ,

(2.14) Tμ(xB) = Xxπ) + br+ ΛXxJ-Xx,,-!)) + h Σ5=0 <W ufc?n - Xxn+μ) ,

(2.15) Tv(xn) = Xxn) + br+2(y(Xn)-y(xn.1)) + h ΣjiJ cr+2jkjn - y(xπ+v) ,

(2.16) R(xn) = «(XxB)-XxB-!)) + h Σj±§ ryfcy.,

(2.17) ^ = (̂̂ +1), Bί = (aί-al}Ai, Ct = (^-a^, Dmί = (^-αJC,,

£mί=(αί-«m+ι)Am> ^«i=(αi-αm+2)£mi (i=0, l,...,.r+2; m=4, 5) ,

(2.18) X^αj + α^ Y, . α tα2, Jϊm_2 = αm + Xt, 7m_2 = 7t 4- αmX1(

= α m+l

Zm = Zm_2 + am+1Ym-2, Um = αm+1Zm_2, Zm+2 = αm+2 + Xm,

în + 2 = ^m + αm + 2-^m> Zm + 2 = Zm + Om + 2Ym, Um + 2 = Um + dm+2Zm,

Vm + 2 = am + 2Um>

(2.19) P1J = Xj-ί, P2J=Yj-Xj, P3J = Z j - Y j , P4J=Uj-Zj

0 = 1, 2,.. .,7),

(2.20) F,+ 1 = ΣSίίΛβy, GJ+2=Σ5«Pi^y ^+2 = ΣϊUΛΣUeΛβW.

KJ+ x = Σ?±l »(βy, M;+2 = ΣSί βiβiβy. N7+2 = Σtfi »ι Σ W c*ew,

(2.21) >1 = 3 + 5Xt + lOYj, B = 2 + 3Xt + 5yls Q = 27 - 35Xt + 50^,

(2.22) Ru = 2 + 3Xt + 5 Yt + 10Z,-, R2ί = 10 + 14̂ , + 21 Yt + 35Z.,

R3. = R2i + 701/i, R4i = 15 + 20Xt + 28Yt + 42Z{ + !QUt,

R5t = R4i + 140F(, R6l = 35 + 45Xj + 60^ + 84Z( + 126t7( + 210Ff

(2.23) Qlt = 22- 27Xt + 35Yt - 50 ,̂

Q2ί = 130 - 154-Yj + 1897, - 245Zj + 350174,

Q3l = 225 - 26QXt + 308^ - 378Zf + 490C7f, Q4l = Q3ί - 840F,,

Q5t = 595 - 675JSΓ, + 7807, - 924Zj + 11341?, - 1470 ,̂
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(2.24) dlt = a&at+3),. d2ί = α2(3α? + 4(1-0^ - 6α,),

d3l = αf(12α? - 15Puα? + 20P21αf + 30 YJ,

d4ί = β?(10β? - 12Puα? + 15P21αf + 207,),

(2.25) gίίk = «?(10α1 - 12Pltβ? + 15P2Jkβf - 20P3fcαί - 30Zt) ,

02* = «?(60αf - 70Pltα? + 84P2tα
2 - ί05P3kat - 105Zk) ,

g3ik = α?(60α? - 70P1Jkαf + 84P2tα? - 105P3,α? + 140P4taf + 2ίOUk),

duk = a?(105a? - 120Puaf +140P2(to?-168P3ka?+210P4taί+280C/)i).

Choosing ei jfc=cy=0 (i=4, 5, 6; fc=l, 2,..., 5;j=4, 5,..., m — 1), we have

(2.26) 6, + Σ}-i cy =
 αί' - *ι + 2 Σ}=5, αyciy = αf,

- ί> + 6 Σ , = d ' (2« + l)* + 12 Σ-=i B C = rf2ί,

(2.27) Bfe, -h.60 Σjΐi,

(2.28) Rlm-2bi + 60Σ

(2.29) - R2m-ϊbl + 420 Σ}ΐUi 'ajD^ctJ"- 92tm-2 = 60eί7 - 70Plm_2ei6)

(2.30) - R3mbt + 420 Σ}=L+2 £m/v - 03ίm = 60ei7 - 70Plmeί6 (i ̂  m + 2) ,

(2.31) K4mb f + 840 Σ}»i,+2 βy^^cy - 04™ = 105eί8 - 120Plmei7 + 140P2mcί6,

(2.32) Γ(x) = Σ5-ι S

+ Σ J-6

(2.33) τ;(x) = Σ5-6 WΛ'//!)J><»(*)
+ Σ}=6 (Σί.4 <w

(2.34) TΛx) = Σ5-6

(2.35) Λ(x) = Σ?=ι VrfMMyUKx) + Σ]=β

If we put Sj=0 (i=l, 2,..., 6), we have

(2.36) Σ}t2oP;=l-s, 2 Σ;ί2o αΛ = 1 + s, 6 Σ}ΐ2ι Aypy = 5 + s,

12 Σjί! Bjpj = .7 - 10α1 - (2αt + l)s, 60 Σ£2

m CjPj = >4s + Q.

60 Σ5U+1 βmΛ- = - «lm-aS.+ δim-2,
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(2.37) 420 Σ5U+2 EmjPj - ̂  - Q2nι = 60S7,

(2.38) 840 Σ5U+2 <*jEmJPj + R*mS - Q*m = 105S8 - 120PlmS7 (r ̂  m - 1) ,

(2.39) -

(2.40)

Setting Wt = Q (i = l, 2,..., 5), we have

(2.41) Σ5i 2ot>j=-κ, 2ΣSi2o*Λ = «, 6Σ£iM' = wv

12 Σ5t22 *Λ = - (2a, + l)ιι, 60 Σ}t5, CΛ = An,

(2.42) WΣ'&+ιDmJVj + Rlm-2u=-lQW69

(2.43) 420 Σίί2

m+2 Emjυj - R,mu = 60M^7 - 70Plm^6 (r ̂  m - 1) ,

(2.44) 840Σ5i2m+3^«Λ + ,R5m+2W = 105Pf8

T- 120Plm+2W7 + 140P2m+2^6 (r^m).

From (1.5), (1.6) and (1.7) we have

(2.45) yn+2 + σ - (H-s)^l+1 + ff + syn+σ-= hΦσ(xn9yn_l9 yn, yn+i, yn-i + fl,

yn+μ> Λ+ι + μ » Λ - ι + v » Λ+v» Λ + i + v ί Λ) (σ = μ, v, 0) . • .

Hence the method (1.5)-(1.7) is stable if and only if - 1 ̂  s < 1 [6].

3. Construction of the methods

We shall show the following

THEOREM. For r = 3, 4, 5 there exists a method (1.7) of order r-f 3 which

embeds a method (2.2) of order r-4-2.

3.1. Caser = 3

We choose 'S|==e5ί = 0 (ι = l, 2,..., 6), έ?4j. = H^==0 (/=!, 2,..., 5) and s =

t;5 = 0. Then; for any given α4, as and w^O such that A^Q and K 1 2v^0 other

constants are determined uniquely by (2.26), (2.28), (2.36) and (2.41), and we

have F7=p4e46 and ̂ 7 = ̂ 4^45.

For instance the choice

(3.1) μ = 0.475, v = 0.72, u = - 0.5

yields
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(3.2) b4 = - 10.57084022, c40 = 1.535351271, c41 = 7.817720652,

c42 = - 1.668025015, c43 = 3.360793310, e46 = - 5.06£-1,

(3.3) bs = 2.820015690, c50 = - 0.3866898256, c51 = - 2.321160150,

c52 = 0.8538960019, c53 = - 0.8839560779, c54 = 0.6378943610,

(3.4) Po= - 0.03316404542, Pl = 0.5131534954, p2 = - 1.295834612,

/>3 = 1.466226744, j>4 = - 0.4966636240, p5 = 0.8462820415,

S 7= -3.76£-l, ^7= -2.50£-1,

(3.5) v0 = - 0.07330178082, t^ = 0.3607658602, ι;2 = - 0.05726365496,

v3 = 0.1302064686, υ4= - 0.007010454636, v5 = 0,

W6 = - 2.66E-2.

3.2 Case f = 4

We set 5^0 0 = 1, 2,..., 7), e5,. = e6j.= Jf. = 0 (j = l, 2,..., 6), e4fc = 0 (fc =

1, 2,..., 5) and C64 = s=p4 = ϋ4=0, and we have

(3.6) 14(25v2 - 60v + 31)μ2 - 14(60v2 - 149v + 80)μ + 434v2 - 1 120v + 627 = 0.

For any α4 (0<α4^l), w^O and μ and v satisfying (3.6) such that ^4^0, .R lf^0
(i=2, 3) and at^a4 (i = 5, 6), other constants are determined uniquely by (2.26),
(2.28), (2.36), (2.37), (2.41) and (2.42), and we have K7 = 0.

For instance the choice

(3.7) μ = 0.5, v = 0.8944214639, a4 = 0.675, u = - 0.5

yields

(3.8) b4 = - 22.90457102, c40 = 3.535669047, c41 = 17.18938358,

c42 = - 8.580227199, c43 = 11.43474559, e46 = - 1.63£+0,

(3.9) bs = - 1.452588224, c50 = 0.2070869290, c51 = 1.268152211,

c52 = - 1.943565301, c53 = 2.369551210, c54 ̂  0.05136317476,

e57 = 1.62^-1,

(3.10) b6 = 9.665320921, c60 = - 1.399600243, c61 = - 8.108142987,

c62 = 8.663023327, c63 = - 9.313405398, c64 = 0,

c65 = 1.387225844, e67 = - 1.33£ + 0,
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(3.11) po «- 0.0002604862769, pl = 0.007475908655,

p2 = - 0.2075555104, p3 * 0.4457409447, p4 = 0,

p5 = 0.4902512337, p6 = 0.2643479096, S7 = 6.72£ - 4,

F7 = - 2.71JE - 1,

(3.12) v0 = 0.07255003032, i^ = 0.4178452993, υ2 = - 0.4423239876,

t>3 = 0.4873012654, ϋ4 = 0, ι?5 = - 0.04160721900,

v6 = 0.006234611543, W6 = 7.13£ - 2.

3.3 Caser = 5

We choose ^=0 (ί = l, 2,..., 8), ̂ =^.=^=^=0 O' = l, 2,..., 7), e4k=Q

(fc=l, 2,..., 6) and P4 = t;4 = c74=0, and we have

(3.13)

-f 30J57! = 0,

(3.14) 60Cα| - 10(7P12C-D>4 -f 12(7P22C~ P12jD)α| - 15(7P32C+P22D)αf

- 20(7CZ2 + P32D)α5 - 30Z2D = 0,

where C=£12 and D=R22. For any μ, v, u^O and at (i=4, 5) satisfying (3.13)
and (3.14) such that A^Q, C^O, £35^0, ̂ 57^0, arfμ, v and 0<α^l (i=4, 5),
other constants are determined uniquely by (2.26), (2.28), (2.30), (2.36), (2.37),
(2.39), (2.41), (2.42) and (2.43), and we have F7=F8 = X7 = K8=0.

For instance the choice

(3.15) μ = 0.904, v = 0.342, a4 = 0.5076061751, a-5 = 0.6570915471,

M = 1.0

yields

(3.16) b4 = 34.53590888, c40 = - 3.565512499, c41 = - 22.20711780,

c42 = - 17.78022895, c43 = 9.524556536, β47 = - 5.33^- 1,

(3.17) bs = ~ 1.337705905, c50 = 0.1350142014, c51 = 0.4412783792,

c52 = 0.7057437510, c53 =* 0.3408428475, c54 = 0.3719182732,

ess = - 5.28E - 2,

(3.18) bβ = - 11.03438741, c60 = 1.120778577, c6ί = 5.568320667,

c62 = 5.773473673, c63 = - 0.9740570107, c64 = - 0.3350867960,

c65 = 0.7849582964, 668 = - 5.36E - 1,
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(3.19) b1 = - 3.031199895, c70 = 0.3074472541, c71 = 1.385552776,

c72 = 1.589075508, c73 = 0.04113356034, c74 = 0,

c75 = 0,06576373415, c76 = - 0.01577293821, ers = - 1.42E - 1,

(3.20) s = 0.2428733357, p0 = - 0.02419657518, pl = - 0.1180080624,

p2= -0.1296951316, ^3=0.1489507863, p4 = 0,

p5 = 0.2289030122, p6 = 0.2267983033, p7 = 0.4243743317,

S9 = - 3.32E - 2, F9 = - 1.94E - 1,

(3.21) υ0 = - 0.1015527525, ^ = - 0.5035064634, v2 = - 0.5233496733,

ι?3 = 0.09675621105, »4 = 0, v5 = -0.02669845199,

ι;6 = 0.005931997435, υ7 = 0.05241913276, W8 = 4.84E - 2.

4. Numerical examples

The following six problems are tested:

Problem 1. y' = y, X0) = l. Xx)=.exp(x)r

Problem .2. / = 2x^, XO) = 1, Xx) = exp (x2).

Problem 3. 'y' = '—5.y9 X0)=l. Xx) = exp( —5x).

Problem 4. /= - y2, X0)= 1. Xx) = 1/(1 -f x).

Problem 5. / = j-2x/j, X0)=l. Xx) = (l+2x)1/2.

Problem 6. y' = l-y2, χθ) = 0. Xx) = tanh(x).

Computation by methods (3.1), (3.7) and (3.15) is carried out by the following
program.

( i ) Compute yμ, yv9 yl9fθ9fμ9fv and/j.

(ii) Compute y1 + μ, yί + v, y2,fι+μ,f 1 + ̂ /2 and *2-
(in) If \t2\ >εmax(l, \t2\)9 then halve the stepsize and go to (i).

(iv) If :\t2\<εί max(1, |ί2|), then replace >>o,/0 and ft by y29-f2 and 2ft
respectively and go to (i).

(v) Replace jo, yμ9 yv9 y i 9 f θ 9 ' f μ 9 ' f v 9 and/x by yi9yι+μ9 yί+v, y2> fι> Λ+ μ »
fί+V9 and/2 respectively and go to (ii).

Here β=10'-'-«/2 :and ε1=2-'-6ε. Butcher (6,8) formula [1], Shanks (7,9)
formula and Shanks (8,12) formula [2] are used for computing starting values for

methods of order 6,7 and 8 respectively. The errors at x = 3 are listed in Table 1.
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Table 1.

1 2 3 4 5 6

(3.1) 2.86£-6 2.04£-3 -4.16£-10 -3.67£-8 -3.44E-6 9.91E-9
(3.7) -2.06£-7 -7.64£-5 1.12.E-10 -8.18E-11 2.58£-8 1.43£-10
(3.15) 1.47£-8 -3.16E-1 \.62E-9 3.32£-ll 1.21E-9 6.32E-10
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