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Let k be a field of characteristic 0 and R a locality over k. Let Der, (R)
denote the R-algebra of high order derivations on R/k (cf. [7]) and der, (R)
the subalgebra of Der, (R) which is generated by ordinary derivations on R/k.
It is known that if R is regular, then Der, (R)=der, (R) ([1], (16.11.2)). Nakai
proposed a conjecture which asserts that regularity of R is characterized by the
condition Der, (R)=der,(R). The conjecture has been shown to be true only
in the case where either R is one-dimensional ([6], Theorem) or R is the local
ring of a two-dimensional homogeneous complete intersection at the origin
([3], Theorem 4).

The main purpose of this paper is to verify the conjecture for certain invariant
subrings under finite group actions. Let a finite group G act on a k-algebra
R. In §1 we study the relation between G-invariant high order derivations on
R and high order derivations on the invariant subring RS (Proposition 1.2,
Corollary 1.3). In §2 we deal with invariant subrings of polynomial rings and
show that the conjecture is correct in the case of the local ring of an invariant
subring at the origin (Theorem 2.3). In §3 the conjecture is also verified in the
case of invariant subrings of regular local rings (Theorem 3.3).

Notation and terminology: Throughout this paper k denotes a field and
any ring is assumed to be commutative and Noetherian. Let R be a k-algebra
and M an R-module. A g-th order k-derivation of R into M is the same notion
as that of a differential operator of R into M of order <q which vanishes on 1
(cf. [1], [7]). In the present paper we use the terminology in [7]. The R-module
of g-th order k-derivations of R into M is denoted by Derf (R, M). A g-th
order k-derivation of R into itself is simply called a g-th order derivation on
R/k and the module of such high order derivations is denoted by Der{ (R) instead
of Der{ (R, R). We denote by Der, (R) the R-algebra of high order derivations
on R/k and by der, (R) the subalgebra of Der, (R) which is generated by the
first order derivations on R/k. It follows from [7] that Der, (R)=R®\Uz-,
Derf (R). Let 3cR®,R be the diagonal ideal, that is, the ideal generated by
a®1—1®a,aceR. The module of g-th order differentials on R/k is, by definition,
Qi =33/3%"1 and then Homg (2%, M)=Der{ (R, M). For X=_Spec (R) let
Q% x denote the sheaf of g-th order differentials on X/k.
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§1. Preliminaries

In this section k denotes a field of arbitrary characteristic. LetR be a k-
algebra, G a group acting on R and RC the invariant subring of R under the
action of G. Suppose G acts trivially on k. Then G acts on Derj (R) by the rule:
D—-D°=0"1Do for DeDer{(R) and 6eG. We denote by Derf (R)® the RS-
module of invariant g-th order derivations on R/k under the action of G. Then
we have the following.

LemMaA 1.1. If k' is an extension field of k, the action of G can be extended
to R"=R ®,k' and Derf. (R’) naturally. Then R'¢=R¢ ®, k', Derl. (R'6)=
Der? (R°) ®, k' and Der{. (R")°=Der{ (R)° ®,k’.

The proof of this lemma is immediate and will be omitted.

A G-invariant g-th order derivation on R/k induces a g-th order derivation
on RE/k, and hence there is a natural homomorphism: Der? (R)¢— Der{ (R)
as an R%-module.

PROPOSITION 1.2. Let R be a k-algebra and G a finite subgroup of Aut (R)
such that its action on k is trivial. Assume that there exists a closed subset
Z of X=Spec(R) such that depthR,22 for every peZ and a natural mor-
phism f: X—Y=Spec (RC) is etale outside of Z. Then the homomorphism:
Der{ (R)¢—Derf (R€) is an isomorphism.

Proor. Consider a natural homomorphism of sheaves: f*Q%,— Q% (see,
[7], Chapter II, §3). Taking the dual of this homomorphism gives us a homo-
morphism: (Q%,)"—(f*Q%,)” between the dual sheaves. Since depth R, =2
for every peZ, we have depth, (2%,), depth, (f*Q},)” =2 ([12], Lemma 1)
and hence there are isomorphisms

HYX—-Z, (Q%)7) = HUX, (%)),
HY(X-Z, (f*Q%,07) = HY(X, (f*Q%,)")

b([2], Theorem 3.8). By the assumption, f: X— Y is etale outside of Z and conse-
quently

(Q /k) | X—Z — (f*Q% /k) X —-Z
is an isomorphism (cf. [8]). Thus we get an isomorphism
HYX, (Q%)7) = HAX, (f*Q%,07).,

that is,
Der{ (R) = Der{ (R% R).
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Then it is easy to show that Derf (R)¢ = Der} (R). Q.E.D.

COROLLARY 1.3. Let R be a k-algebra and G a finite subgroup of Aut(R)
such that its action on k is trivial. Assume that there exists a closed subset Z
of X =Spec(R) such that depth R, =2 for every peZ and the inertia group of
p is the unit group for every pe X —2Z. Then the homomorphism: Derf(R)%—
Der{ (R) is an isomorphim.

Proor. Since the inertia group of p is the unit group for every pe X —Z,
the morphism f: X—Y=Spec(RC) is etale outside of Z ([10], Chapitre X,
Théoréme 1). Thus the assertion follows from Proposition 1.2.

§2. The case of invariant subrings of polynomial rings

Let k be a field of characteristic 0. Let R=k[x,,..., x,] be a polynomial
ring over k and G a finite subgroup of GL(n, k). Then G acts on 1-forms of
R and thus G can be regarded as an automorphism group of R. An element
o€ GL (n, k) is called a pseudo-reflection if rank (6 —I)<1 and ¢ has a finite
order, where I is the identity matrix. We say that G contains no pseudo-reflections
if G does not contain any pseudo-reflections other than the identity element.

LeMMA 2.1. Let a finite group G=GL (n, k) act on R=k[x,,..., Xx,] natu-
rally. If G contains no pseudo-reflections, then the homomorphism: Derf (R)¢
—Der{ (R%) is an isomorphism.

PrOOF. The assertion is immediate in the case where either n=1 or G={I}.
Assume that n=2 and G#{I}. Let o (#I1)eG. Our hypothesis and desired
conclusion are unaffected by tensoring, over k, with an algebraic closure of k
(Lemma 1.1). Thus we may assume that k is algebraically closed. Then we can
assume that ¢ is a diagonal matrix diag {{,,..., {,}, by a suitable linear change of
variables. Since G contains no pseudo-reflections, we have {;#1 for at least
two i. Suppose {;#1 for i=1,2. Put X=Spec(R) and X,={p e X|a(p)=p}.
If a maximal ideal (x; —ay,..., x,—a,) belongs to X,, then a;=a,=0. Thus X,
is of codimension =2 in X, where for a closed subset Y of X we denote by Y the
set of closed points contained in Y. Y is dense in Y for every closed subset Y,
because k is algebraically closed. Hence we obtain codimy X,=2 and thus Z=
Us£nee X, is a closed subset of X with codimy Z2>2. -Recalling the definition
of Z the decomposition group of p is the unit group and so is the inertia group of
p for every pe X—Z. On the other hand, the fact that codimy Z2=2 implies
depth R, =2 for every peZ. Thus Corollary 1.3 completes the proof.

LEMMA 2.2. Let G be a finite subgroup of GL (n, k) and G be of order g.
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If G acts on R=Kk[x,,..., x,] naturally, then there exists A € Der{ (R)¢ such that
A(x)=1.

Proor. Let 0=(a;{(0))eG and G={o,,...,0,}. Since each ¢; is a non-
singular matrix, we have a;,(d;)#0 for some i; (1=<j<g). Hence there exist
Cy,--+5 €, € k such that

(Zr=1¢4,a5,1(01) - (ZF,=1 €1,01,1(0,y)) # 0.

For these c;’s let us consider a derivation D=3)?_, ¢;0/0x; on R. Then 4=
Ilse¢ D° is a G-invariant g-th order derivation on R/k. A straightforward
calculation yields

D = Z7=1 (X ciaij(a))a/axj
and hence it is easy to check that the coefficient of 09/0x{ in 4 is

¢ =(Xh=1¢1,01,1(07) -+ (X} =1 ¢;,a,4(0,)) # 0.
Then ¢~ !4 is a desired high order derivation. Q.E.D.

Let a finite group G=GL (n, k) act on R=k[x,,..., X,] naturally. Put
m=(xy,..., X,) N R¢. Nakai’s conjecture for the local ring (R€), asserts that if
Der, (R®),,)=der; (R°),), then (RC®),, is regular. Now it is easy to show that
the condition Der, ((R®),)=der, ((R%),) is equivalent to Der, (R%)=der, (R®)
(cf. [3]). Hence Nakai’s conjecture for (R%),, is equivalent to the assertion that
if Der, (R6)=der, (R), then RC is a polynomial ring.

THEOREM 2.3. Let k be a field of characteristic 0. If a finite group Gc
GL (n, k) acts on R=k[x,,..., x,] naturally and if Der,(R%) =der,(RC®), then
RE¢ is a polynomial ring.

Proor. We may assume that k is algebraically closed (Lemma 1.1). Let
H be the subgroup of G generated by all its pseudo-reflections. Then H is normal
in G and R¥ is a polynomial ring over k([13], Théoréme 1). Since RG=(RH)G/H
we may assume that G contains no pseudo-reflections. Suppose G# {I} and put
g=the order of G. Let 6(#I)eG. We can assume that ¢ is a diagonal matrix
diag {{y,..., {,} with {;#1, by a suitable linear change of variables. Let D=
21 1¢0/0x; (c;eR) be a derivation on R/k. Since D°=Y ", 67 (c;){;0/0x;
and {; #1, D°=D implies that c, is a polynomial without the constant term. As G
contains no pseudo-reflections, it follows from Lemma 2.1 that every ordinary deri-
vation on RY/k is the restriction of a derivation Y 7_; ¢;0/0x; on R, where ¢, has
no constant term. Thus every g-th order derivation on RS contained in der, (R®)
is induced by a G-invariant g-th order derivation on R of the form cd¢/0x{+---,
where ¢ has no constant term. On the other hand, it follows from Lemma 2.2
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that there exists 4 € Der? (R)% such that A(x{)=1. Since Der{ (R)¢ = Der{ (R%),
we see that the restriction 4|R¢¢der, (R¢). This contradicts the assumption.
Hence G={I} and this completes the proof.

§3. The case of invariant subrings of regular local rings

Throughout this section let R be a local ring containing a field of char-
acteristic 0 and m the maximal ideal of R, where R is not necessarily a locality.
Let G be a finite subgroup of Aut (R) satisfying the following condition:

(C) The automorphisms of R/m induced by the elements of G are the identity.

Then G acts linearly on m/m? and hence there is a natural homomorphism
A: G->GL (m/m?). An element o of G is called a pseudo-reflection if rank (A(c)—
I)<1, where I is the identity automorphism of m/m2. We say that G contains
no pseudo-reflections if G does not contain any pseudo-reflections other than
the identity element.

LemMma 3.1. Let (R, m) be a regular local ring containing a field k of
characteristic 0. Let G be a finite subgroup of Aut (R) satisfying the condition
(C). If G contains no pseudo-reflections, then the homomorphism: Derf (R)¢—
Der{ (R®) is an isomorphism.

PrOOF. In the case of dim R=1, the assumption implies that G is the unit
group, and the assertion is trivial. Assume that dim R=2. Let X ==Spec(R)
and Z be the set of p € X at which R/R€¢ is not etale. Since G contains no pseudo-
reflections, for every p € X of height 1 the inertia group of p is the unit group (cf.
[13]) and consequently R/RS is etale at p ([10], Chapitre X, Théoréme 1). Hence
every prime ideal in Z is of height =2. Thus Proposition 1.2 completes the proof.

Let (R, m) be a regular local ring of dimension n containing a field. Let
R be the completion of R and K a coefficient field of R containing a quasi-coefficient
field ko of R (cf. [S]). Let t,,...,t, be a regular system of parameters of R.
Then R=K[[t,,..., t,]], a formal power series ring over K, and Der} R) is a
free R-module with the partial derivations 8/dt,,..., 0/0t, as a basis. Then the
following conditions are equivalent:

(1) 0/ot;(1<i<n) map R into itself, i.e. 9/0t;e Derj, (R);

(2) Derj,(R)is a free R-module of rank n;
([5], Theorem 99). If a regular local ring (R, m) satisfies these equivalent
conditions, then we say that (WJ) holds at m (cf. [5]).

LemMMA 3.2. Let (R, m) be a regular local ring containing a field k of
characteristic 0 and assume that (WJ) holds at m. Let G be a finite subgroup
of Aut(R) satisfying the condition (C). Then, for any te m—m2 there exists
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A € Der] (R)¢ such that A(t9) is a unit in R, where g is the order of G.

ProoF. Since tem—m?2, there exist t,,..., ¢, such that {t,=¢, t,,..., t,} is
a regular system of parameters of R. By the assumption, each o(e G) induces
an R/m-linear action on m/m? and so we have

o(t)=3"-1a;(0)t; (modm?) (1gign),

where (a;/(0))€ GL(n, R). Let G={oy,...,0,}. Since a; (o;)&m for some
i; (12j<g9), there exist c,,..., ¢, € k satisfying

(Xh=1 €1,9i, 1(01) - (XF,=1 ¢;,a:,1(0,))Em.

For these ¢;’s let us consider a derivation D= Y%, ¢;0/0t; on R and put

where iy,..., i, Tun over all permutations of 1,...,g. Then 4 is a G-invariant
g-th order derivation on R. By the condition (C),

D7 = 371 (Xt ciai(0) +u;)0/ot;

for some u;em. Now a straightforward calculation shows that the coefficient
of 94/0t{ in A is of the form

g2t =1 €;,a;,1(0)) - (Z?g=1 cigaigl(ag)) +v

for some vem. This element is a unit in R by the choice of ¢;. Thus 4 is a
desired high order derivation on R. Q.E.D.

THEOREM 3.3. Let (R, m) be a regular local ring containing a field k of
characteristic 0 and assume that (WJ) holds at m. Let G be a finite subgroup
of Aut(R) satisfying the condition (C). If Der, (RS)=der, (RS), then RS is
regular.

Proor. Let H be the subgroup of G generated by all its pseudo-reflections.
Then H is normal in G and R¥ is regular ([13], Théoréme 1’). Since RG=
(RH)G/H we may assume that G contains no pseudo-reflections. Let G be of
order g and suppose A(c)#1 for some o€ G. Let t,,..., t, be a regular system of
parameters of R. Since A(o)#1, o(t;)#t; (mod m?) for some i. Hence it holds
that either o(t;) =at; (mod m?) with a—1¢&m, or a(t;)=t;+u (mod m2), where the
residue classes #;, # (mod m?2) are linearly independent over R/m. Thus we can
choose a regular system {t,,..., t,} of parameters of R so as to satisfy the following:
If we put

o(t) = X%-; a;(o)t; (mod m?) (1gisn),
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then either one of the following holds:

(1) ay(6)—1&mand a;(c)em for j=2;

(2) a;(0)—1, azy(6)—1emand a;,(o) em for j=3.
Let {z,} be a transcendence basis of R/m over k and choose a representative
x, in R for each z,. Then R contains the quotient field k' of k[{x,}]. Let K be
the coefficient field of the completion R containing k. Then R=K[[t,,..., ,]].
Let 0/0x, denote a derivation on R defined by 0x,/0x,=46,, and 0t;/0x,=0, where
0, is the Kronecker delta. Then every derivation D on R/k is written

D = Z?=l cia/ati + Zv dva/axv,
where ¢;, d,e R and (X, d,0/0x,)(R)=R. By the condition (C),
D7 = 31y (Xl cai(0)+u;)0/0t; + 3, (d, +v,)0/0x,

with u;, v,em. Hence D°=D implies ¢, e m by the choice of a regular system
{t{s..., t,} of parameters of R. As G contains no pseudo-reflections, it follows
from Lemma 3.1 that a derivation on RY/k is induced by a G-invariant derivation
on R. Hence every g-th order derivation on RS contained in der, (R) is the
restriction of a G-invariant g-th order derivation on R of the form c¢d?/0t{+---
with cem. On the other hand, Lemma 3.2 implies that there exists 4 € Der{
(R)% such that A(t9) is a unit in R. Since Der? (R)¢=Der{(R®), A4|RC&der,
(R%). This contradiction shows A(G)={I}. Thus, the proof is completed.

COROLLARY 3.4. Let (R, m) be a regular locality over a field k of charac-
teristic 0. Let G be a finite subgroup of Aut(R) satisfying the condition (C).
If Der} (R®) is a free R%-module, then RS is regular.

PrOOF. The proof is immediate from Theorem 3.3, [4], Theorem 1 and [11],
Proposition 2.

REMARK. Platte [9] proved a result similar to Corollary 3.4 in the case of
analytic algebras.
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