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Nakai's conjecture for invariant subrings
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Let k be a field of characteristic 0 and R a locality over k. Let Derfc (R)
denote the K-algebra of high order derivations on R/k (cf. [7]) and derfc(#)
the subalgebra of Derk (R) which is generated by ordinary derivations on R/k.
It is known that if R is regular, then Derfe(#) = derfc(#) ([1], (16.11.2)). Nakai
proposed a conjecture which asserts that regularity of R is characterized by the
condition D.erk(.R) = derfc(Λ). The conjecture has been shown to be true only
in the case where either R is one-dimensional ([6], Theorem) or .R is the local
ring of a two-dimensional homogeneous complete intersection at the origin
([3], Theorem 4).

The main purpose of this paper is to verify the conjecture for certain invariant
subrings under finite group actions. Let a finite group G act on a /c-algebra
R. In §1 we study the relation between G-invariant high order derivations on
R and high order derivations on the invariant subring jRG (Proposition 1.2,
Corollary 1.3). In §2 we deal with invariant subrings of polynomial rings and
show that the conjecture is correct in the case of the local ring of an invariant
subring at the origin (Theorem 2.3). In §3 the conjecture is also verified in the
case of invariant subrings of regular local rings (Theorem 3.3).

Notation and terminology: Throughout this paper k denotes a field and
any ring is assumed to be commutative and Noetherian. Let R be a k-algebra
and Aί an β-module. A q-ih order fc-derivation of R into M is the same notion
as that of a differential operator of R into M of order ^ q which vanishes on 1
(cf. [1], [7]). In the present paper we use the terminology in [7]. The jR-module
of q-th order fc-derivations of R into M is denoted by Der£ (R, M). A q-th
order fc-derivation of R into itself is simply called a q-th order derivation on
R/k and the module of such high order derivations is denoted by Derjj! (R) instead
of Der£ (R, R), We denote by Derfe (R) the jR-algebra of high order derivations
on R/k and by derfc(jR) the subalgebra of Όεrk(R) which is generated by the
first order derivations on R/k. It follows from [7] that Όeτk(R) = R®\J%=ί

Der^(K). Let 3<=:R®kR be the diagonal ideal, that is, the ideal generated by
α ® 1 — l®a,aeR. The module of q-ih order differentials on R/k is, by definition,
β*/fc = 3/3«+1 and then HomR(Ωq

R/k, M)^Der« (R, M). For X = Spec (R) let
Ω%/k denote the sheaf of q-th order differentials on X/k.
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§ 1. Preliminaries

In this section k denotes a field of arbitrary characteristic. Let R be a k-
algebra, G a group acting on JR and .RG the invariant subring of R under the
action of G. Suppose G acts trivially on k. Then G acts on Derg (R) by the rule:
D-*D° = σ-iDσ for DeDerf (R) and σeG. We denote by Derf (£)G the RG-
module of invariant q-th order derivations on R/k under the action of G. Then
we have the following.

LEMMA 1.1. If kf is an extension field of k, the action of G can be extended

to R' = R®kk
f and Der£,(K') naturally. Then R'G = RG®kk

f, Όerq

k,(R'G) =
Derf (RG) ®Λ k' and Derf, (K')G = Derf (K)G ®fc k'.

The proof of this lemma is immediate and will be omitted.
A G-invariant g-th order derivation on R/k induces a q-th order derivation

on RG/k9 and hence there is a natural homomorphism: Derf (β)G->>Der£ (RG)
as an jRG-module.

PROPOSITION 1.2. Let R be a k-algebra and G a finite subgroup of Aut(R)
such that its action on k is trivial. Assume that there exists a closed subset
Z of X = Spec(R) such that depthR^^2 for every p e Z and a natural mor-
phism f: Jf-»7=Spec(.RG) is etale outside of Z. Then the homomorphism:
Der? (β)G->Der£ CRG) is an isomorphism.

PROOF. Consider a natural homomorphism of sheaves: f*Ω$/k-+Ω$/k (see,
[7], Chapter II, §3). Taking the dual of this homomorphism gives us a homo-
morphism: (Ω%/k)^-+(f*Ω$/ky between the dual sheaves. Since depthR^^.2
for every peZ, we have depthz (β£/JtΓ, depthz(/*ΩJ/fc)

v'^2 ([12], Lemma 1)
and hence there are isomorphisms

H»(X-Z, (Ω\lkY) s H\X, (Qi/t)
v),

H°(X-Z, (f ΩW) S H°(X, (/*«*/*)")

([2], Theorem 3.8). By the assumption,/: X->Yis etale outside of Z and conse-

quently

(ΩW\X-Z — (f*Ω«γ/kY\X - Z

is an isomorphism (cf. [8]). Thus we get an isomorphism

H°(X, (Ω«x/kΓ) s H°(X,

that is,
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Then it is easy to show that Derf (R)G £ Derf (RG). Q. E. D.

COROLLARY 1.3. Let R be a k-algebra and G a finite subgroup of Aut(jR)
such that its action on k is trivial. Assume that there exists a closed subset Z
of X = Spec (R) such that depth R^^ 2 for every p e Z and the inertia group of
p is the unit group for every p e X — Z. Then the homomorphism: Derf (R)G-*

Derf (KG) is an isomorphίm.

PROOF. Since the inertia group of p is the unit group for every p e X — Z,
the morphism /: X-»7=Sρec(RG) is etale outside of Z ([10], Chapitre X,
Theoreme 1). Thus the assertion follows from Proposition 1.2.

§ 2. The case of invariant subrings of polynomial rings

Let k be a field of characteristic 0. Let jR = fc[xlv.., xj be a polynomial
ring over k and G a finite subgroup of GL(n, k). Then G acts on 1-forms of
jR and thus G can be regarded as an automorphism group of R. An element
σeGL(w, k) is called a pseudo-reflection if rank (σ —7)^1 and σ has a finite
order, where / is the identity matrix. We say that G contains no pseudo-reflections
if G does not contain any pseudo-reflections other than the identity element.

LEMMA 2.1. Let a finite group Gc=GL(n, k) act on R = k[xί9..., xj natu-
rally. If G contains no pseudo-reflections, then the homomorphism'. DerjJ(.R)G

->Der£ (RG) is an isomorphism.

PROOF. The assertion is immediate in the case where either n — 1 or G = {/}.
Assume that n^2 and G^{/}. Let σ (^7)eG. Our hypothesis and desired
conclusion are unaffected by tensoring, over /c, with an algebraic closure of k
(Lemma 1.1). Thus we may assume that k is algebraically closed. Then we can

assume that σ is a diagonal matrix diag {£1?..., C«}> by a suitable linear change of
variables. Since G contains no pseudo-reflections, we have Ci^l for at least
two i. Suppose ζ^l for i = l, 2. Put * = Spec(£) and Xσ = {ρeX|σ(p) = p}.

If a maximal ideal (x^-a^..., xn-an) belongs to Xσ, then a1 = a2 = Q Thus Xσ

is of codimension g; 2 in X, where for a closed subset Y of X we denote by Ϋ the
set of closed points contained in 7. Ύ is dense in Y for every closed subset 7,
because k is algebraically closed. Hence we obtain coάimxXσ^2 and thus Z =

^Λ(*/)eG^σ is a closed subset of X with coding ZΞ^2. Recalling the definition
of Z the decomposition group of p is the unit group and so is the inertia group of
p for every peX-Z. On the other hand, the fact that codimxZ^2 implies

2 for every peZ. Thus Corollary 1.3 completes the proof.

LEMMA 2.2. Let G be a finite subgroup of GL(n, k) and G be of order g.
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If G acts on R = k[xlv.., xj naturally, then there exists A eDerg (K)G such that

J(x?)=l.

PROOF. Let σ = (αjy.(σ))eG and G = {σί9...9σg}. Since each σy is a non-

singular matrix, we have 0,̂ 1(0^) ̂ 0 for some ι'7 (l^j^g). Hence there exist
cl9...9 c w e f e such that

(Σ?1=ι c/Λα^i)) ••• (Σ7.=ι cigalβι(σβ)) * 0.

For these c, 's let us consider a derivation D=^1==ίcid/dxί on jR. Then Λ =

Π<τeG^σ is a G-invariant 0-th order derivation on R/k. A straightforward
calculation yields

and hence it is easy to check that the coefficient of d^/dxf in A is

c = (Σ?1=ι Wt^σJ) - (Σ?.=ι cι.β,,ι(σ*» * 0.

Then c~lΔ is a desired high order derivation. Q. E. D.

Let a finite group GcGL(w, k) act on JR = fc[x1,..., xj naturally. Put
τn = (x1?..., xw) Γ\RG. Nakai's conjecture for the local ring (RG)m asserts that if
Derfc((£G)J=derfc((#G)m), then CRG)m is regular. Now it is easy to show that
the condition Derfc ((RG)m) = derfc ((#

G)m) is equivalent to Derk(KG) = derk (RG)
(cf. [3]). Hence Nakai's conjecture for CRG)m is equivalent to the assertion that
if Derfc(#G) = derfc(£G), then RG is a polynomial ring.

THEOREM 2.3. Let k be afield of characteristic 0. If a finite group Gc:
GL(n, k) acts on JR = fc[x1,..., xj naturally and if Derfc(#G) = derfc(£G), then
RG is a polynomial ring.

PROOF. We may assume that k is algebraically closed (Lemma 1.1). Let
H be the subgroup of G generated by all its pseudo-reflections. Then H is normal
in G and RH is a polynomial ring over fe([13], Theoreme 1). Since RG = (RH)G/H,

we may assume that G contains no pseudo-reflections. Suppose G^{/} and put
g = the order of G. Let σ(^I)e G. We can assume that σ is a diagonal matrix

diag{C l5..., CJ with C i ^ l > by a suitable linear change of variables. Let D =

Σi=ι^S/SXi (cteR) be a derivation on R/k. Since Dσ=Σ?=ι σ-^c^dldxt
and Ci Φ 1, Dσ = D implies that c± is a polynomial without the constant term. As G
contains no pseudo-reflections, it follows from Lemma 2.1 that every ordinary deri-

vation on RG/k is the restriction of a derivation Σ?=ι cfildxi onR, where cί has
no constant term. Thus every g-th order derivation on RG contained in derk (RG)
is induced by a G-in variant 0-th order derivation on R of the form cdβ/dxl + •••,
where c has no constant term. On the other hand, it follows from Lemma 2.2
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that there exists Δ e Derf (R)G such that A(xβ

ί) = 1. Since Derf (K)G £ Der? (RG),
we see that the restriction A\RG£derk(RG). This contradicts the assumption.
Hence G = {/} and this completes the proof.

§ 3. The case of invariant subrings of regular local rings

Throughout this section let R be a local ring containing a field of char-
acteristic 0 and m the maximal ideal of jR, where R is not necessarily a locality.
Let G be a finite subgroup of Aut (R) satisfying the following condition:

(C) The automorphisms of jR/m induced by the elements of G are the identity.
Then G acts linearly on m/m2 and hence there is a natural homomorphism

λ: G-*GL (m/m2). An element σ of G is called a pseudo-reflection if rank (λ(σ) —

7)^1, where / is the identity automorphism of m/m2. We say that G contains
no pseudo-reflections if G does not contain any pseudo-reflections other than
the identity element.

LEMMA 3.1. Let (R, m) be a regular local ring containing a field k of
characteristic 0. Let G be a finite subgroup of Aut(R) satisfying the condition
(C). If G contains no pseudo-reflections, then the homomorphism: Derf (R)G-+
Derf (jRG) is an isomorphism.

PROOF. In the case of dim.R = l, the assumption implies that G is the unit
group, and the assertion is trivial. Assume that dim #^2. Let X = Spec(R)
and Z be the set of p e X at which R/RG is not etale. Since G contains no pseudo-
reflections, for every p e X of height 1 the inertia group of p is the unit group (cf.
[13]) and consequently R/RG is etale at p ([10], Chapitre X, Theoreme 1). Hence
every prime ideal in Z is of height ^2. Thus Proposition 1.2 completes the proof.

Let (R, m) be a regular local ring of dimension n containing a field. Let
£ be the completion of R and K a coefficient field of R containing a quasi-coefficient

field k0 of R (cf. [5]). Let tl9...9tn be a regular system of parameters of R.
Then jR = K[[f j,..., fj], a formal power series ring over K, and Der£(/t) is a

free ^-module with the partial derivations d/dtl9...9 d/dtn as a basis. Then the
following conditions are equivalent:

(1) d/dtt (1 g ί ̂ n) map R into itself, i.e. 3/δf 46Der£ 0(R)
(2) Der£0 (R) is a free .R-module of rank n

([5], Theorem 99). If a regular local ring (R, m) satisfies these equivalent
conditions, then we say that (WJ) holds at m (cf. [5]).

LEMMA 3.2. Let (R, m) be a regular local ring containing a field k of
characteristic 0 and assume that (WJ) holds at m. Let G be a finite subgroup
of Aut (R) satisfying the condition (C). Then, for any f e r n — m2 there exists
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A eDerf (K)G such that Λ(tg) is a unit in R, where g is the order of G.

PROOF. Since f em-tn2, there exist ί2» > *« such that {tί = t, t2,...9 tn} is
a regular system of parameters of R. By the assumption, each σ( e G) induces
an R/m-linear action on m/m2 and so we have

0 (modm2)

where (atj(σ)) e GL (n, R). Let G = {σi9...9σg}. Since α /

ϊ7 (l^j^), there exist c1,..., c n e/c satisfying

for some

For these c, 's let us consider a derivation D= Σ?=ι Cfδ/δίj on R and put

where ilv.., ̂  run over all permutations of !,...,#. Then 1̂ is a G-in variant
0-th order derivation on R. By the condition (C),

Dσ = Σ?=ι (Σ?=ι WtW + UjWdtj

for some i^-em. Now a straightforward calculation shows that the coefficient
of d*ldtl in A is of the form

0!(Σ?1=ι ^flί^ίσO) - (Σ?,=ι ^α<βl(σg)) + i;

for some υ e m. This element is a unit in R by the choice of c{. Thus ^ is a
desired high order derivation on R. Q. E. D.

THEOREM 3.3. Let (R, m) be a regular local ring containing a field k of
characteristic 0 and assume that (WJ) holds at m. Let G be a finite subgroup
of Aut(#) satisfying the condition (C). // Derfc(#G) = derk(#G), then RG is
regular.

PROOF. Let H be the subgroup of G generated by all its pseudo-reflections.

Then H is normal in G and RH is regular ([13], Theoreme 1'). Since RG =
(RH)G/H, we may assume that G contains no pseudo-reflections. Let G be of
order g and suppose λ(σ)^I for some σe G. Let ί1?..., tn be a regular system of
parameters of R. Since λ(σ)^I9 σ(t^φtι (modm2) for some i. Hence it holds
that either a(t^ = ati (modm2) with a — l^m, or σ^Ξί + w (modm2), where the
residue classes ίf, u (mod m2) are linearly independent over R/m. Thus we can
choose a regular system {tl9..., tn} of parameters of β so as to satisfy the following:
If we put

Σ3=ι aj&)tj (mod m2)
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then either one of the following holds :

(1) flu(σ) — l^m and ΛJ 1(σ)em for j^2;

(2) α12(σ) — 1, fl22(σ) — l e m and aj2(σ)em forj^3.
Let {zv} be a transcendence basis of R/m over /c and choose a representative

xv in .R for each zv. Then R contains the quotient field k' of fc[{xv}]. Let K be

the coefficient field of the completion R containing k'. Then R = K[[tί9..., ίj].

Let d/dxv denote a derivation on R defined by dxμ/dxv = δμv and dti/dxv = 0, where

δμv is the Kronecker delta. Then every derivation D on R/k is written

where cί? dv e K and (Σv d^/dx^RJaR. By the condition (C),

with uj9 ι?vem. Hence Dσ = D implies cv em by the choice of a regular system

{*!,..., £„} of parameters of #. As G contains no pseudo-reflections, it follows
from Lemma 3.1 that a derivation on RG/k is induced by a G-invariant derivation

on R. Hence every 0-th order derivation on RG contained in derk(RG) is the

restriction of a G-invariant g-ih order derivation on R of the form cdβ/dtβ

ί-\ —

with c e m. On the other hand, Lemma 3.2 implies that there exists A e Derg
(K)Gsuch that A(t$ is a unit in R. Since Derf (R)G ^ Der? (RG), A\RG£derk

(RG). This contradiction shows λ(G) = {/}. Thus, the proof is completed.

COROLLARY 3.4. Let (R, m) be a regular locality over afield k of charac-

teristic 0. Let G be a finite subgroup of Aut(R) satisfying the condition (C).

//Der£CRG) is a free RG-module, then RG is regular.

PROOF. The proof is immediate from Theorem 3.3, [4], Theorem 1 and [11],
Proposition 2.

REMARK. Platte [9] proved a result similar to Corollary 3.4 in the case of

analytic algebras.
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