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0. Introduction

This paper is concerned with a supersymmetric extension of certain completely
integrable nonlinear systems. .

Supersymmetry is a concept originated from the unification theory in particle
physics. It is a formalism for describing Bose fields and Fermi fields simul-
taneously. It has been imported to mathematics recently. In the first place
V. G. Kac [6] established the theory of Lie superalgebras. Representation
theory of some infinite dimensional Lie superalgebras is studied prosperously
([3, 6, 12] and references cited there). B. Kostant [7], D. A. Leites [10] and
A. Rogers [14] have developed the theory of supermanifolds. Some of nonlinear
integrable differential equations have proved to have supersymmetric extensions.
Among them are the two-dimensional Toda lattice [13], the Korteweg-de Vries
(KdV) equation [9], the Liouville and the sine-Gordon equation [1] and so
on [4,8]. Yu.l. Manin and A. O. Radul [11] gave a supersymmetric extension
of the one-component Kadomtsev-Petviashvili (KP) hierarchy as the Lax
equations. They also gave the variational formalism.

The KP hierarchy was introduced by M. Sato and Y. Sato (cf. [15, 16, 17)).
It can be seen that the multicomponent KP hierarchy includes, through the
reduction procedure, the KdV equation, the Boussinesq equation, the nonlinear
Schrodinger equation and the Toda lattice. Sato’s fundamental theorem says
that the KP hierarchy is a dynamical system on the infinite dimensional Grassmann
manifold UGM.

The KP hierarchy can be treated in various aspects (cf. [2]). Among others
the linearization equations or the Sato equations are most important. They are
the equations

oW/ot®) = B@W — WE, 0",
B = (WE,0"W~Y), (n=1,2,...;0=0,1,...,r—1)
for W=7} ;.o w;0;7 € &(0)m" (see section 1).

The finite dimensional version of the KP hierarchy is named by K. Ueno
the Grassmann hierarchy. In the theory of Grassmann hierarchies the funda-
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mental role is played by a linear algebraic equation, which is called the Grassmann
equation. Ueno and the author gave in [19, 20] a supersymmetric extension
of one-component Grassmann hierarchies from the viewpoint of the Grassmann
equation. Our approach is slightly different from [11].

In the present paper we treat a supersymmetric extension of multicomponent
Grassmann hierarchies.

Let 6 be a Grassmann number and put @ =0,+60,. Super Grassmann hier-
archies are described by using the super microdifferential operator W=
> jmow;0®7J. Naturally the odd time evolution is introduced as well as the even
time evolution. In the theory of multicomponent super Grassmann hierarchies
the matrix valued super Grassmann equation is the central object.

The plan of this paper is as follows. We review one-component and multi-
component Grassmann hierarchies in Section 1. Section 2 is devoted to the
preliminaries for superanalysis. One-component super Grassmann hierarchies
are reviewed briefly in Section 3. In Section 4 we formulate multicomponent
super Grassmann hierarchies and induce the Sato equations for them (Theorem
4.1). In Section 5 we prove our main theorem (Theorem 5.1) which gives an
expression of solutions using superdeterminants.

It is a great pleasure to express my gratitude to Professors Kimio Ueno and
Masatoshi Noumi for a number of fruitful discussions, and to Professor
Kiyosato Okamoto for his constant encouragement. Thanks are also due
to Professor Masahiro Sugawara for his valuable comments on this manuscript.

1. Grassmann hierarchies

To clarify our motivation, we summarize in this section the theory of
Grassmann hierarchies according to Sato’s lecture [16].

Let o be a differential field of one variable x. Namely there is an additive
map 0,: X - with the property 0.(fg)=0.(f)g+f0.(g) for f, geA". Put
€ ={fex; 0(f)=0}, the constant field of #. Let 2=4"[0,], £=H((0;1))
be the ring of differential operators, the ring of microdifferential operators
respectively. The ring structure is defined through the Leibniz rule

o-f = 2 ()0 -0 (e 2),

where fe X", f(")=0)(f), <2)=n(n-—1)~~(n—v+1)/v!. Let 92(m), &(m) be the
subspaces of 2, & consisting of operators of order less than or equal to m, so
that 9 =\U,59 2(m), €=\Upyz €(m). We denote by 2(m)m°", &(m)™°" the
subspaces of monic operators of the form 07+ (lower order terms). For an
operator P= Znsz pna; € é” we pUt (P)+ = Zn>0 pn6; €.
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Fix two positive integers N>m. Let us consider the following linear
equation, which is called the Grassmann equation:

(1.1) WOE = 0,

where w=(w, 1,0,...,0), w=Wp, Wp_1,..., W;), W;€X, P=exp(xAy), Ay=
(0i+1,))o<i,j<ny and Ze Mat(N, m; €) with rank E=m. We call such a matrix
Z an N-dimensional m-frame, and the totality of N-dimensional m-frames is
denoted by FR(N, m; ¥). The equation (1.1) for the unknown vector w is
solved uniquely for any Ze€ FR(N, m; ¥). We denote by 4,,,..,, _, the deter-
minant of the m x m-matrix consisting of [-th rows of AeMat(N, m; ).
Then the solution is given by

wi = (=) (PE)o1m-j-1,m=j+1-m/(Potm-1 (J=1,..., m).

On the space FR(N, m; €) there is an action of GL(m; ¥) from the right by
multiplication. If Z is replaced by Zg (g9 € GL(m; %)), then (®Zg),,...,,.,=
(@E),O,l...,m_‘(det g). Thus the solution w is invariant under GL(m; ). There-
fore we have the one-to-one correspondence:

{w; solution of (1.1)} ~ FR(N, m; ¥)/GL(m; %).

The right hand side is nothing but the Grassmann manifold GM(m, N —m).

Next we introduce the time evolution or deformation of w in the Grassmann
manifold, and consider the Grassmann hierarchy. The time variables are denoted
by t, t5, t3,.... We give now the time evolution of the frame Z by Z(f)=
exp (n(t, Ay))E, where n(t, })=3,2, t,A". The time evolution of w is described as
follows. There exist functions b{™ (n=1,2,...;i=0, 1,...,n) for which the
relations

(0 01, +WAR) — 3 ;20 b§’”<2:;5 (” N i)(ﬁ“ﬁ»/@x”)A;‘("’V) -0
hold. These equations are induced from
(0/0t,— X120 bz~ (WPE()) = O,

and from the unique solvability of (1.1). Put W=} ;m,w;0m "/ (wo=1) and B,=
35, biman=i,  These operators are monic of order m and n respectively. By
an easy claculation we see that

(1.2) ow|ot, = B,W — Wor.

More elegant way to obtain (1.2) is as follows. Let Y =(y,..., Y,—,) be the
0-th row of the matrix ®&(f). The Grassmann equation (1.1) is equivalent to
the equation
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(1.3) Wy = 0.

By differentiating (1.3) with respect to ¢,, and by using the relation dy/dt,=
o™y |ox", we get (0W/dt,+ Won)y =0. By using the division theorem of differential
operators we have

OW|dt, + Wor = B,W + R,

for some B,e 2(n)*" and R,e 2(m—1). Then we have R, =0 for linearly
independent functions VY,,..., ¥,,_,. This says that R,=0, and the equations
(1.2) are obtained. From (1.2), the differential operator B, is rewritten as B,=
(WorWw~1),. The equations (1.2) are called the Sato equations for the Grassmann
hierarchy. Solutions are expressed by

w; = pj(_gt)((¢5(t))01"-m—1)/(¢E(t))01---m—l >

where p;(t) are the Schur polynomials defined by exp (n(t, 1))=3 ;o pj(t)A’ and
0,=(0/0t,, 2718/0t,, 3719/ots,...) ([17; p. 269]). Put E,=*(I,, 0)e FR(N, m; %).
The determinant 1(t, Z)=(PZ(1))g;...n— 1 =det (E,PZ(t)) is an important quantity
and is called the t-function. The nonlinear evolution equations (1.2) for w are
transformed to Hirota’s bilinear equations for the z-function ([17; Theorem 2]).

Next we consider the multicomponent Grassmann hierarchy. Let r be the
number of components. The Grassmann equation is

(1.4) VPE =0,

where "//7=(v§(‘ﬁ))0<a,ﬂ<,, WD =(wP), 5,4, 0,..., 0), weB =(wlad) wih)),
w P e ", &, =diag(exp(xAy),..., exp(xAy)) and Ee FR(rN, rm; ¢). For a
frame =, which satisfies the condition

(1.5) det (diag (‘Zq,..., 'Eo)®,5) # 0,

the equation (1.4) is uniquely solved by using Cramer’s formula. Note that if =
satisfies (1.5), then so does Eg for ge GL(rm; €). Like the one-component
case we have the following correspondence:

(1.6) {wh, 0<a, B<r; solution of (1.4)} ~
{Ee FR (rN, rm; %¥); E satisfies (1.5)}/GL(rm; ¥).

Recall that the Grassmann manifold GM(m, n) is decomposed into cells:
GM(m, n) = 1Ly GM(m, n)Y,

where Y runs over all Young diagrams included in the m x n-rectangular Young
diagram (For the cell decomposition of Grassmann manifolds by means of
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Young diagrams, one can find a detailed exposition in [16]). The right hand side
of (1.6) is a subset of the Grassmann manifold GM(rm, r(N —m)). For example,
if r=2 and m=1, N=2, then the right hand side of (1.6) is the union of cells
GM(2, 2)¥, where Y=0, 00, , HZ, and a subset of the generic cell GM(2, 2)¢.

We prepare the time variables £ (n=1, 2,...; a=0, 1,..., r—1) and define
the time evolution of Z by E(t)=diag (exp (n(t(@, Ay)),..., exp (n(t"~V, Ay)))E.
The t-function (¢, Z) is defined by the left hand side of (1.5). The diagonal
components w{**) are expressed as

wg.““) = p(—0,) (2(t, E))/2(t, E).

One can see that there exist r x r-matrices b® (n=1, 2,...; i=0, 1,..., n; a=0,
1,..., r—1) with b\®) = E,, for which the relations

@F 012 + #(ARy) = Tizo b3 (Taz (" )0 (An)7) = 0

hOId, Where we have pUt Ade):Eaa®AN’ AN,r=diag (ANs'--’ AN)' Putting
W=3 mow,05’ and B® =3, b#7~}, we have

BOW=3.23%," 0b(a)< n- 6<n;z>w§,.—i—v)a;)a;,
= 5% Beaw 3277 + X % T1b () Baa 02

XM S b(a)( (”v—i> wg,.—i—v)a;—j>
=3 Mo WiE 00 — 3 im0 [wy, E,,]0%0
+ X% 20 E, W('"_V)av—j
+ ngo Zi§1 < )b(a)w(n i- v)av j
= WE,, 0% + 0W/[ot{® .
Thus we obtain the Sato equations for the r-component Grassmann hierarchy:
n oW/o1l”) = B®W — WE,,on.
Here we have B{* =(WE,,0:W~!),. Clearly B”’=E,,0,. If r=2, then one sees
5O _,: a§+(W£°1)W§1°)—2(W§°°))x) —w§°‘)0x+(w§°1)w§1”—2(w$°”)x) ]
w(llo)ax_wioo)wglo) --w§°1)w§1°) ,
B — [ _wgm)wilo) w(101)ax___w(101)W§11) ]

—W(11°)ax+(W£°°)w§1°)-2(W£1°))x) ag+(w 01)w(10) z(w(lu))x)
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The (00)-component of B(? is, provided that w{*#’=0 for («, B)+#(0, 0), nothing
but B, of one-component theory.

For a solution W of (1.7) we define the Lax operator by L=Wo ,W-1, and
define C(®=WE,W-1. Then they satisfy the following Lax equations:

OL/o1® = [B®, L], 6C®o = [BR, CP]

with B{x)=(C(®L"),.
Taking the formal limit N, m— oo, one obtains the KP hierarchy.

2. Superdeterminats, superfields, super microdifferential operators

Let €N be the infinite dimensional vector space over ¥ spanned by {e,},n-
Put oz = A(%"), the exterior algebra of ¥~. This is a typical example of super-
commutative superalgebras. Namely .« has the decomposition .o =.o;® 4,
where o7, (resp. &) is the vector space spanned by elements of the form e; A
e, A~ Ae, _, with even (resp. odd) k, of;;- ;< ;47 ([i] denotes i(mod 2)),
and ab=(-)Yba for aesf;,, besf;;. The subspace 4o (resp..of,y is
called the even (resp. odd) part of /. There is a canonical projection ¢: &/ %,
which is called the body map. An element a € o is invertible if and only if &(a) #0.
For if &(a)#0, then

&a)™ Luzo (—)"((a —&(a))/e(a))"

converges and gives a~!.
For positive integers m and n, we define

Mat(m|n; &)y = {X =(Auplo<a,p<2; Aoo € Mat(m, m; o4,),
Aoy € Mat(m, n; oy 4y), Ayo € Mat(n, m; oy 4,9,
All eMat(n, n; Jy[v])}

for v=0, 1, and put Mat(m|n; &)=Mat(m|n; &) ®Mat(m|n; o).
Define

GL(m|n; &) = {X e Mat(m|n; &)oy; X is invertible} .

The invertibility of (4,5) € Mat (m|n; &) is equivalent to that of &(4,,) and
&(Ayy). We define the superdeterminants of X =(A,p)€ GL(m|n; &) by

sdet X = det (Ago—Ag1A7i A 0)/det Ay4,
S_ldet X = det (Al 1 ‘—AIOAE(;AOI)/det AOO .

The following remarkable property of the superdeterminants is of importance in
our argument.
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ProposITION 2.1 ([10]). Let X, YeGL(m|n; &«). Then XYe GL(m|n; &)
and 1) sdet XY=(sdet X)(sdet Y), s~!det XY=(s"'det X)(s7!det Y), 2) (sdet X)-
(s~idet X)=1.

For positive integers M >m, N > n, define

FR(M|N, m|n; o) = {EV=(Z,p)o<a,p<2; Eo0 € Mat (M, m; o4y,
Eo1€Mat (M, n; o4yy), Ero € Mat (N, m; 4,9,
Ey1€Mat (N, n; ooy, rank &(Ey0) =m,
rank ¢(Z,,)=n}.

An element FR(M|N,m|n; &) is called an M /|N-dimensional m|n-
superframe. On the space FR(M | N, m|n; «) there is an action of GL(m | n; 2)
by the right multiplication. Therefore we can define the super Grassmann
manifold by

GM(m|n, (M—m)|(N—n); &) = FR(M|N, m|n; &)/GL(m|n; ).

Let 0 be an abstract Grassmann number, ie., 02=0. We assume that
x0=0x. Denote X [0]=o4"@®#0. We consider the superalgebra &¥=X4[0]1®
A =L10;® 13 of superfields. A superfield f is of the form

f=foo + Ofo1 + fi0 + Of11,
where fo0, f11 € X @01 fo1, f10 € X @y Put
f* = foo + 0fo1 — f10 — Of11-

The derivation Jy acts on & and on Mat (r, r; &) by 0o(f)=fo,+f1:- We define
a square root of 9, by @=0,+00,: #,1= 14+, Namely

O(f) = f11 + 0(f10)x + for + 0(foo)x-

We often use the notation f instead of @(f). One easily checks that 02=9,.
The inverse element of @ is given by @~'=0+0,0;'. For an integer n, the super
Leibniz rule reads

0v-f = o (}) 10072,

@i f=3 ., <;f>f(j)@2n~zj + (=) Xm0 <;'>f(j)@2n+1—zj

for fe #,;. Adding ©~! to the superalgebra &, we get the space of super
microdifferential operators &'1'=2((©~')), which plays a role of the ring
of microdifferential operators €. We consider £!1! itself and Mat (r, r; &11Y).
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The product of two elements is defined through the super Leibniz rule. The
Z,-gradation &!11=¢&111,, @&, is given by

glll[v] = {Znez Pn@n eé'l'l; Dy E‘sp[n+v]} .

We put &U(m)=£L[[O"1]]0" for meZ, so that &=\, , &11(m).
There is a subsuperalgebra 2!/'=%[@], whose element is called a super
differential operator. Through the direct sum decomposition £!!l=211g@
&11(—1), any element Pe&!l! is uniquely represented as P=(P), +(P)_,
where (P),€2!! and (P)_e&lll(-1). An operator P=3,,p,0"¢€
&1 (m) (resp. Mat (r, r; £111(m)) (p,#0) is invertible if and only if p, is
invertible in & (resp. Mat(r, r; &)), and in that case P~le&!Y(—m) (resp.
Mat(r, r; &11'(—m)). We remark that the operator W=3 ., w;0~/ with
wo=1 (resp. wo=1) is always invertible.

3. One-component super Grassmann hierarchies

In this section we review briefly the theory of one-component super
Grassmann hierarchies according to [19, 20]. Equations in this section will
be generalized in section 4 to the multicomponent case.

We start with the following super Grassmann equation:

(.1) WOE = 0,

where w=(w, 1,0,...,0), w=(W,,...,w;), w;e¥, P=exp(04y+x43%) and
E=(&)o<i<n,0<j<m€Mat (N, m; o) with {;; € o, j;and rank &(E)=m. For the
sake of simplicity we assume that N and m are even numbers. For a matrix
X =(xipo<i<k,0<j<L€ Mat (K, L; &) with x;;€ # ;4 ;, denote XV =(Xyp)o<a,p<25
where X,p=(X2;+a2j+5). Then EVeFR(N/2|N/2, m/2|m[2; o) and equation
(3.1) is rewritten as

(3.2 (Ws Wi 25205 Was 1, 0,000, 05 Wy 1, Wiy 350205 Wy, 0,..., 0)PVEY = 0.

This equation is uniquely solved so that w;e %;;, for any N/2|N/2-dimensional
m/[2| m/2-superframe ZV. Solutions are expressed by means of the super-
determinants. From Proposition 2.1 (1), one obtains the correspondence:

{w; solution of (3.1)} ~ GM(m/2|m/2, (N—m)[2|(N—-m)/2; ).

We introduce the time evolution and consider the super Grassmann hierarchy.
The even time variables are denoted by ¢,, 1,, t¢,... and the odd ones are denoted by
ty5 t3, ts,.... We assume that they satisfy the commutation and anticommutation
relations [t5,, t,]1=0, [t25-1, t2m-11+=0. Put I'y=((—=)"*16;41,)o<i,j<n> Which
has the properties I'}=—A% and [y, Ay]+=0. The time evolution Z(¢) is
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defined by Z(tf)=exp (y(t, ['y))Z. Define the differential operators ([11])
Ozn = 0[0tyy, Oy =0[0t1y—1 + X1 tam-10/0t2n42m-2
for n>1. These operators satisfy the bracket relations:

(3.3) [0, 0,,]1=1[6, 0;,-,1+ =0,
[@2m @m] =0, [@2'1—1’ @2m—1]+ = 2@2m+2m—2'

Define an even operator W=3 %, w,07/ (wo=1) for the solution w of the
super Grassmann equation w®Z(t)=0. The Sato equations for the super Grass-
mann hierarchy have the following form ([19, 20]):

(3.4 02,(W) = (=)"(B,,W—WO™),
O, (W) = (=)"*"™(By,_  W—WO?"1),

where B,=(WO"W~1),. Here we give some B,’s.

B, =0 +2w,, B,=06?% (=0,),
By = 03 4+ 2w 02 — w0 + 2wz —ww; —2w w, + (W), —W,),
By = 0* — 2(w(),0 — 2((wy),w1 +(W2),).
We define the Lax operator by L=W6 W-1. Note that this is an odd operator

and that 4, +2u,=0if L=, ,4;0'". The time evolution of L can be calcu-
lated as follows.

(3.5 O3p-1(L) = O,,_(WOW™)
= 0,,_(W)OW — WOO,,_ (W)
= (=)"*™{By,_  W—WO - 1}OW-!

+ (=)"m"WOW-1{B,,_ W— WO -1} W-1
= (=)"*"{By,_ L—2WO W+ LB,, .}
= (=)"*™{[B3y-1, L1+ —2L?"}.

Similarly we have

(3.6) 02,(L) = (—)"[B;a, L].

Here we remark that B,=(L"),. Equadtions (3.5) and (3.6) are the Lax equations
for the super Grassmann hierarchy.

Solutions of (3.4) are expressed by means of the superdeterminants. Define
the j-th reference point in FR(N/2|N/2, m/2| m[2; o) by
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s
-

.0
3.8) 5} -[ ’ J
. =2j _

0 5, 1,

Whel‘e (tEj)ik-:(sik fOl‘ 0<l<m/2-], =5i+1,k for m/2—]<i<m/2 (0<k<N/2).
Put 1(t, EV)=sdet(ZgP'EY) and t,t, EV)=sdet("E};PVEY) for E=E(t).
Here we state the fundamental result of [19, 20].

THEOREM 3.1. 1) O(z(t, EV))=0(z(t, EV)).
2) wyi=(=)Yrt, EV)(t, EY),

W21+1_( )’(@+@1)(Tj(t, EV))[21(t, EV).
Especially,
3) w;=0(og(t, £V))=0,(log (¢, EV)).

Let us consider the body part &(W)=3X"/3e(w,;)057, &(B,,)=(e(W)on-
&(W)™1),, and kill the odd time variables. Then, from (3.4), after changing the
signature and indices t4,—15, t4n+2—>—1t2s41, W2;—W;, Bp,—B,, the Sato
equations (1.2) for the ordinary Grassmann hierarchy are recovered.

4. Multicompoennt super Grassmann hierarchies

In this section we generalize the equations in the preceeding section to the
multicomponent case. We should consider the matrix (wjﬂﬂ))oq,ﬂq for the
r-component case. Recall that w; e &;;; in the super Grassmann equation (3.1).
There are two choices in the generalization to determine the parity of w(*#).
The first one is w{*# e &,;; for all a and B, the second is wi*# € #,;,,.5. We
adopt here the second one. The r-component super Grassmann equation is of
the following form:

4.1 W PE =0,

where W =(FCN), gy WD =D, 5,5, 0,...,0), WED=(weh), ., wis),
wih ey, & =diag(exp (04y+x43),..., exp (04y+x43)) € Mat (rN, rN; &),
E=1(EO,. ,'15¢-D)e Mat (rN, rm; &), E® =(*)oci<n.o<j<rm if o is even,
—(§,+1,,)0<,-<N,0<j<,,,, if a is odd, with é,-j € i+ ;- and rank g(E)=rm. Set
W =wP)ocap<r

For a matrix X =(x{%)ocs<ro<i<ko0<j<r With x{¥ e F,,;;, denote XV=
(X,)o<uv<2> Where X,,=(x$%}, ,;+,), so that entries in X9, X, are even and
entries in X, X, are odd.

For the sake of simplicity we take even r, N, m for a while. We introduce
the even time variables 152, t{*),... and odd ones t{®, t$*),... for 0<a<r. They
satisfy [152), t]=0, [t ,, t¥)_,1,=0 for n, m>1, 0<a, B<r. The time
evolution of Z=Z(0) is defined as usual by
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(4.2) E(t) = diag (exp (n(1?, T'y)),..., exp (n(1*~V, I'y))E.

We consider the r-component super Grassmann equation (4.1) for E=E(¢).
For a superframe ZEYeFR(rN/2|rN/2, rm/2|rm/2; «/) which satisfies the
condition

4.3) diag (= oy, Ho)di" EV e GL(rm/2|rm/2; &)

(Eo€ FR(N/2, m/2; %) is defined as in section 1), the equation (4.1) is uniquely
solved. Hence we have the correspondence:
{w®B, 0<a, f<r; solution of (4.1)} ~

{EV e FR(rN/2|rN/2, rm[2|rm[2; o); EV satisfies (4.3)})GL(rm/2|rm[2; o).
Define the differential operators
@gﬁ) = 6/at5";), @gﬁ)ﬂ = a/at%ﬁ) 1+ w1 t2m 10/512n+2m 2.

They satisfy the same bracket relations as (3.3), and if «# g, then [@{®), ©¥)], =0
for odd n, m, and [0, ©¥)]=0 otherwise.

Now let us calculate some fundamental quantities for the simplest case,
i.e., r=2, N=4 and m=2. First we have

1 pi® pf®

exp (n(t®, I'y)) = )

p
L P
p
0
1

where pga)= _pga)= _ tia), pga)=1—,ga)= _tga) and pga)= tgnz)_l_ t(la)tfza). We can
write
1 a®» p@® ®
1 a® p®
D,5(t) = P,(H)E = diag ( , =0, 1)E,
1 a®
0
1

where a(a)_0+p(a) a(a)_0+p(u) b(a)_x+0P(a)+p(a) B(a)=x+0p§a)+1—)ga)
and ¢®=0x+xp{® +0ps” + p{®. We see that

O(2,(1) = A4, P5(1),  O(D,(1)) = I'PD(1),

where A, ,=diag(4,, 4,), I'¥=diag(I'40,, ['4d,,). Differentiating (4.1) by



388 Hirofumi YAMADA

O and by 0O, we get

4.9 (ODH )+ *T)D,(HE = 0,
4.5 (@(17/.)+7;"*A4,2)¢2(t)5 =0,

where #°* denotes the matrix obtained form % by changing the signature of
the odd elements. If we put

b — 2Wg00)5a0 — wgm)
1 - )
—w§1°) 2W£“)5u1

then we can see that in the equation
{@FF )+ WD)+ E O )+ * Ay )+ bPH 10, (1)E = 0,

the matrix in the braces is of the form % =(F)o, 4<,, Where F@P =(r{eh),. .,
r{##, 0,...,0). By the unique solvability of (4.1), the matrix % must be zero.
We define W=I+w,0"1+w,072 (w;=(w$#)oc,5<,) and B®=E,0+b{».
Then, by the super Leibniz rule,
(4.6) B®PW — (=) JWE,O = ¥ ;(E,W;+b{®w)0~
0 __w5.01) "2W§°0)5ao wg_on
+ Zj:even(_)a o1 + Zj:add @1_j’
w§~1°) 0 wgm) —2w_(i11)5a1
where we have put J=Ey,,—E,;,. The above argument says that the right hand
side of (4.6) is nothing but —O@(W)=—32_,0{®(w,)@ /. Thus we have

obtained the time evolution @{*) (W) of the super microdifferential operator W.
This argument is valid for the general case as follows.

THEOREM 4.1. For a solution # of the super Grassmann equation (4.1),
put W=3 ,mw,073 (w;=(W$*")oc, p<r» Wo=I). Then the time evolution of W
is given by the following Sato equations.

(4.7; a) O)(W) = (—)(BEW—WE,,0%),

(4.7; b) %) (W) = (—)"™(BE). ,W—(—)"JWE,0%1),
where J=3%"24 (—=)*E,,. The operators B*) are given by

(48) Bgan) = (WEaa:@an_l)+’ B%l)—l = (_)ﬂJ(WEmZQZn—lW—l)_‘_ .

ProoF. Since B , =E, 02" 1+(lo.t.), we have
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B W= E, W*@2" ! + (Lo.t)
= (E W*@?r~1 —(=)*JWE,,0*" 1)+ (—)*JWE,, 0% 1 +(l.o.t.)
(l.o.t.=lower order terms). Here
EMW*@Zn—l — (—)“JWEMGZ"’I — (_)a Zj u;,a)gzn—l—j,
where u_(,'a)=((u§'u))(ﬂw)0<ﬁ,y<r’ with (u-(’_a))(ﬂY)=(—.)j+}'w§a)’)5aﬂ_._(_)ﬁwgﬁu)a‘zy.
On the other hand, from the equation
(%), +(=)""'BG). )W 9,8 = 0,
we get
OLL\(W) + HHTPYrt + (=) E W Ay, + (Lot) = 0.

The super Leibniz rule implies (4.7; b). The equation (4.7; a) can be obtained
similarly. Multiplying W~! from the right, we have

O (W)Wt = (=)"(B,,—~ WE,,0*"W™),
O (W)W = (=)"*™(By,- 1 — (=) JWE,,0 W),

The left hand sides are operators of negative order. Thus the super differential
operators B{* are obtained by taking the differential operator part of the right
hand sides as desired. B

We see
0 Wim) 0 ——wg")
Bf = E,,0% + (-)° 0+ (=)
__W(llo) 0 ngo) 0
for r=2, and
2w, —WPD(S0+0,1) WP(Gh0+6,2)
B = E,0 +| —w{iOGs0+5,) 20{105,, ~W{1PG+5,) |,
w{29(8,0+8,2) —w2V(8,,+6,,) 2wEDs,,
r o _w§01) _Wgoz)
B = E 02 +| wi® 0 0 e
L w(12°) 0 0
r wgm)wglo)_wgoz)w(lzo) ——wg‘“)—w(1°1)w£‘°)+w§°2)w£21)
+ w§‘°)+w§1°)w§°°) _wgm)wgm)
| w§2°)+w§2°)w§°°) _wgzo)wgon
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_ Wgoz) + w§°1)w§12) — wgoz)wgzz)
ngo)wgoz)
wgzo)wgoz)

for r=3.
These examples suggest the following equality.

PROPOSITION 4.2. 372 Bi® =4,

PrOOF. If we put W™'=% ;.o 0,07/, then we see that vo=1I, v;=—w; and
v,=—w,+wwf. Hence
r—l B(a) = (Wo.W 1)+
=(O*+w,0+w)(I+0v,071+0v,072)),
= 02 + (W +v1)0 + (v, +wvf +w))
=0,. N

5. t-functions

In this section we define the z-function of the multicomponent super Grass-
mann hierarchy and prove a representation formula of a solution.
Put X=¢,2(t). Using the check operator (V), we put

diag (”"O(m/2), - 15,(m/2))XV if m is even,

diag (‘Zo((m+ 1)/2 » 'Eo(m—=1)12), 'Eo((m +1)/2),...., ‘Eo((m—1)[2)XY

0=

if m is odd,

where Ey(k)="*(I;, 0)e FR(N/2, k; €). We consider the superframe =V for which
XoeGL(rm/2|rm[2; &) if rm is even, € GL((rm+1)/2|(rm—1)/2; &) if rm is
odd (cf. (4.3)). Then we can define

6.1 1(t, EV) = sdet X,

which does not vanish.
We set, for Z(t) ='(*ZO0)(¢),..., tEC=1)(¢)),
(@) o<i<n,0<j (« is even),
exp (0Ay+xA3)E@(t) = HJOSE<N,0< <rm _
(agi)l,j)0<i<N,0<j<rm (¢ is odd).
Clearly one has

(5.2) @(a(")) = 051)1,,', @(0)(‘1(“)) =(- )'+15a0a51)1,j-
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Put
. =[ wize?)  (wigsh J
Wi ?) ) )
where
. { (Wit wieB),..., weP)  for [y] =0,
POUT ) W) sy for [y] =1,

if m is even, and

wiab) —

[ (wieh), wieh),..., w?)  for [y]=0,
1 =

W), wiel,.., wie?) - for [yl =1,
if mis odd. Then the super Grassmann equation is equivalent to
(5'3) WAXO = - (Aﬂv)0<y,v<2 Py

where A00=(afn2,°§)j), Aoy :(aSnZ,aé)k+1)’ A10=(afnzf1+,12)j) and A;;=(a{+1) with
0<a<r/2 (resp. 0<a<(r+1)/2), 0<pf<r/2 (resp. 0< f<(r—1)/2)) if r is even
(resp. odd), and 0< j<rm/2 (resp.0<j<(rm+1)/2), 0<k<rm/2 (resp.0< k<
(rm—1)/2) if rm is even (resp. odd).

Now we can state our main theorem.

THEOREM 5.1. wi{*® =(=)*0@@(log(t, EV)) for O0<a<r.
For the proof of this theorem, we use the following lemma.

LEMMA 5.2. Let Z=(2,)0<ap<m be an even matrix and Y=(yp)o<ap<m be
an odd matrix. If &(Z)=YZ for an odd vector field @, then G(detZ)=
(tr Y) (det Z).

PrOOF OF LEMMA 5.2. Denote Z,, the (a, b)-cofactor of Z. By using the
chain rule of the differentiation, one sees that

O(det Z) = T M31, (d(det Z)/02,,)0(z,)
= 20520 Zay 20" VacZer
= 220 Ve 2850" ZapZe
= 20720 VacOa(det Z)
=(trY)(detZ). N

Proor oF THEOREM 5.1. We give a proof for the case that r and m=2s are
even and that «=0. Other cases are, mutatis mutandis, verified.
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In the following we use the indices which run over integers with the con-
ditions: 0< f<r; 1<np<m, odd; I<v<rm, odd;0< j<rm—1, even; 2[f]1<k<
m+2[B], even, where [f]=p mod 2.

Let X0=(ég>. Put Q=detA and G=D—CA'B="((g),..., (g 1).

We denote by G[g#’— p,] the matrix obtained by substituting the vector p,=
(p,,) instead of the row vector g =(g\#)) in G. Putting A"'B=07!(f,,), we
have

o =) — 07 %0 .
We put
ggr) = al(c,{l) Q Z] akj)f]v,

which is equal to zero, because of the trivial identity B— A(A~1B)=0.
By Cramer’s formula the solution w{®® is expressed as

w{0® = — 0-1det G[gQ,—g®]/s~det X, .

Now, by differentiating by ©{® the equation g{¥’=0, we have

— a®y,,050 + ONQQ 2T alf) f, + Q X a8, i1 fi0p0
- Q1 3;af)0(f;) =
Notice that Q~! ¥ ; a®) f;,=a{f). Therefore the following matrix equality holds:
— 350009 ) + O12(Q) (@) = (@) (O(f,))-
Thus we have the matrix equality
(5.4) 6{9(Q47'B) = ©°(Q)4™'B — Q471G,
where G =1(t(g'9), 0,..., '0). Next we calculate ©{?(g%)).
(5.5) O1(gh) = 921,050 + ONQQ2 T af) f,
+ 01T, a®00f,)
= g%1,,050 — O1(Q)Q g + ef),
where we have put
ef) = 07 H{OP(Qaf) + X ;af) O(f;)} -
The rs x rs-matrix E, which has e as entires, is expressed as
(5.6) E = 0~{O{(Q)D+COP(QA'B)} .
From (5.4) it follows that
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COP(QA™'B) = CA™H{O{(Q)B—-QG}
= — 09(Q)(D-G) — QCA™'G.

Substituting the above to (5.6), we get

(5.7)

E = 0"{6/”(Q)G—QCA™'G®)}
= 071{OQG—(h$)G),

where we have defined h'%) by CA-'=Q-'(h¥)). If we put O{(4)4A1=Q!.
(h'#)), then h'Q=—h'(? and h’'{) =0 for B+#0.

(5.8)

We show that

Q' det Glgy21 g1 = O1(Q7" det G).

The right side is equal to

~0((Q)Q 2 det G + 01 X, ¥, det Glg >0 ()]
= (the left hand side) — (rs+1)0{°(Q)Q~2det G
+Q1Y, 3, detG[gP —elP)].

Using Lemma 5.2, putting Z=A4 and Y=(h'#)), we have

(the third term) = Q2 {rsO(Q)+ X, h;9_,} det G

n,n—1

= (rs+1)0(Q)02 det G.

Finally we use (2) of Proposition 2.1 to obtain

O@(log (s~'det X)) = — O(log (sdet X,)). B

It is plausible that, taking the limit N, m— oo, one would obtain the super

KP hierarchy. We hope that the link between the super KP hierarchy and
the Lie superalgebra gl(oo | o0), which is constructed in [18] by means of the
free field operators, will be revealed in the near future.

[11]

[2]

(31

[4]

References

M. Chaichian and P.P. Kulish, On the method of inverse scattering problem and
Bicklund transformations for supersymmetric equations, Phys. Lett. 77B (1978), 413-416.
E. Date, M. Jimbo, M. Kashiwara and T. Miwa, Transformation groups for soliton
equations, Proc. RIMS Symp. “Non-linear Integrable Systems —Classical Theory and
Quantum Theory—"", T. Miwa and M. Jimbo ed., World Scientific 1983, 39-119.

P. Goddard, A. Kent and D. Olive, Unitary representations of the Virasoro and super
Virasoro algebras, Commun. Math. Phys. 103 (1986), 105-119.

M. Girses and O, Oguz, A super soliton connection, Lett. Math. Phys. 11 (1986),
235-246.



394

[51
[6]

[71
[8]
[91
[10]
(1]
(12]
[13]

[14]
[15]

[16]

17

(18]

[19]

[20]

Hirofumi YAMADA

V. G. Kac, Lie superalgebras, Adv. Math. 26 (1977), 8-96.

V.G. Kac and I.T. Todorov, Superconformal current algebras and their unitary
representations, Commun. Math. Phys. 102 (1985), 337-347.

B. Kostant, Graded manifolds, graded Lie theory and prequantization, Lecture
Notes in Math. 570, Springer-Verlag 1977, 177-306.

B. A. Kupershmidt, Super integrable systems, Proc. Natl. Acad. Sci. USA. 81 (1984),
6562-6563.

, A super Korteweg-de Vries equation: an integrable system, Phys. Lett. 102A
(1984), 213-215.

D. A. Leites, Introduction to the theory of supermanifolds, Russian Math. Surveys
35: 1 (1980), 1-64.

Yu.I. Manin and A. O. Radul, A supersymmetric extension of the Kadomtsev-
Petviashvili hierarchy, Commun. Math. Phys. 98 (1985), 65-77.

A. Meurman and A. Rocha-Caridi, Highest weight representations of the Neveu-
Schwarz and Ramond algebras, ibid. 107 (1986), 263-294.

M. A. Olshanetsky, Supersymmetric two-dimensional Toda lattice, ibid. 88 (1983),
63-76.

A. Rogers, A global theory of supermanifolds, J. Math. Phys. 21 (1980), 1352-1365.
M. Sato, Soliton equations as dynamical systems on an infinite dimensional Grassmann
manifold, RIMS-Kokyuroku 439 (1981), 30-46.

, Soliton equations and the universal Grassmann manifold, Lectures delivered
at Sophia University, 1984, Notes by M. Noumi in Japanese.

M. Sato and Y. Sato, Soliton equations as dynamical systems on an infinite dimensional
Grassmann manifold, Proc. U.S. Japan Seminar ‘“Nonlinear Partial Differential Equations
in Applied Science”, H. Fujita, P. D. Lax and G. Strang ed., Kinokuniya/North-Holland
1982, 259-271.

K. Ueno and H. Yamada, A supersymmetric extension of infinite dimensional Lie
algebras, RIMS-Kokyuroku 554 (1985), 91-101.

, A supersymmetric extension of nonlinear integrable systems, Proc. Conf.
“Topological and Geometrical Methods in Field Theory”, J. Westerholm and J. Hietarinta
ed., World Scientific 1986, 59-72.

, Super Kadomtsev-Petviashvili hierarchy and super Grassmann manifold,
Lett. Math. Phys. 13 (1987), 59-68.

Department of Mathematics,
Faculty of Science,
Hiroshima University

Present address :
Department of Mathematics,
College of Science,
University of the Ryukyus,
Okinawa 903-01, Japan





