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On the differentiability of Riesz potentials of functions
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In the n-dimensional euclidean space Rn, we define the Riesz potential of
order α of a nonnegative measurable function / on Rn by

where RΛ(x) = \x\Λ-» if a<n and #„(*) = log(l/|x|). It is known (cf. [2]) that if
/e Lp(Rn), p^ 1, and \Raf\ φ oo, then RΛfis (ra, p)-semi finely diίferentiable almost
everywhere, where m is a positive integer such that m^α. In the case oιp>n,

this fact implies that RΛf is totally m times differentiate almost everywhere.

A function u is said to be totally m times differentiate at x0 if there exists a poly-
nomial P for which lim^^ |x — x0\~m[u(x) — P(x)] = 0.

In this note, we are concerned with the case where αp = n and α is a positive
integer m, and aim to give a condition on/which assures the total m times differ-

entiability of RΛf.

THEOREM. Let m be a positive integer, p = n/m>l and f be a nonnegative
measurable function on Rn such that Rmfφco and

f(y)p(log(2+f(yW<ly < oo for some δ > p - 1.

Then Rmf is totally m times differentiable almost everywhere.

The proof of the theorem will be carried out along the same lines as in that
of Theorem 3 in [2].

We first prepare the following lemmas.

LEMMA 1. //m, p and f are as in the Theorem, then

Γ Rm(x - y}f(y}dy ^ M
J E(f)

for all x e Rn, where E(f) = {y; f(y)^ 1} and M is a positive constant independent
off and x.

PROOF. We may assume that x = 0. We set
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for ./ = 1, 2,... . Then we have

where £(0, ry ) denotes the open ball with center at 0 and radius rj such that
\B(Q, ΓJ)\ = \EJ\ (\E\ denotes the n-dimensional Lebesgue measure of a set E)
and Ml is a positive constant independent of j. By Holder's inequality, we obtain

for some positive constant M2 independent of/. Thus the lemma is proved.

LEMMA 2. Under the same assumptions as in the Theorem,

\imx^xo |χ-χ0Γ
mJ β(Λo 2 | x_x o l )

 Rm(χ-y) [f(y)-f(χo)}dy = o

for almost every x0 e Rn.

PROOF. Set E ( f 9 x 0 ) = {y;\f(y)-f(x0)fel} and F(f, x0) = R»-E(f, x0).

From Lemma 1 it follows that

r

^ M ( Γ |/(y) -/(x0)l*[log (2 + |/(y) -/(x0)
\J B(xo,r)

B(xo.r)

for any x and r, where M is the positive constant given in Lemma 1. Since

< oo, we have

|χ-χ0|-
w Γ RJίχ-y) \f(y)-f(χ0)\dy = 0

J £(/,*(,) nfl(jco,2|*-x0|)

for almost every x0 eRn.
On the other hand, for any ε>0 we obtain

Γ RJίχ-
J F ( f , X o ) r \ B ( X o , r )

^ Γ Rm(x - y)dy + Γ Rm(x - y) \f(y) -f(xQ)\dy
J B(jc,εr) J B(xo,r)-B(x,εr)
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g M'(βr)" + («0— f I/GO -/(x0)l<ίy
J B(xo,r)

with a positive constant M ' independent of/, x, r and ε. Hence

lim sup^ |jc - x0| ~
m f , Rm(* - >0 I/GO -/(
J F(/,xo)nB(xo,2|x-x0|)

g Λf 'β»2» + e»-" lim sup^xo |x-x0l"
w f \f(y)

J B(x0,2|x-xo|)

Since /eL/oc(K"), it follows that

iim^xo |χ-χ0|-
m f Rm(χ-y)\f(y)-f(χo)\dy = o

J F(/,3Co)nβ(xo,2|x-x0|)

for almost every x0 e ΛΛ. Thus the lemma is established.

We are now ready to prove the theorem.

PROOF OF THE THEOREM. Let / be as in the theorem. For a multi-index λ

with |λ|:gm, define

Aλ = lim r_0 Γ l(dldx)*R J (x0 - y)f(y)dy.
J Rn-B(x0,r)

If \λ\ = m, then the limit exists and is finite for almost every x0 as is well-known (cf.
[4; Theorem 4 in Chap. II]), and if \λ\<m, then the limit exists and is finite for

x0 such that J |x0 — y\m~\λ\~nf(y)dy<co. Thus Aλ exists and is finite for almost

every x0 e Rn. In what follows let x0 be a point such that Aλ exists and is finite
for any multi-index λ with \λ\^m.

On account of Lemma 4 in [2], I Rm(x — y)dy is infinitely differentiable
Jβ(θ,i) r

in β(0, 1). We let Bλ = Q if |λ|<m and Bλ = (d/dx)λ\ Rm(x-y)dy if
J B(0, l ) χ=0

|λ| =m. As in [2; Theorem 3], consider the numbers Cλ = Aλ+f(xo)Bλ and define

Letting X£(x, y)^RJix-y)-Σ\λ\^(^Γl(x-XoYl(dl3xYR^(x0--y)9 we write

\χ-χ»\-m{Rmf(χ)-P(χ)}

Km(x, y)f(y)dy
JRM-B(xo,l)

-x0\-m f KJix, y) \J(y)-f(xoy]dy
J B(xo,l)-B(xo,2\x-xo\)
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x limr io Γ
J B(x0,2\x-x0\)-B(xo,r)

ί
J BB(x0,2\x-χo\)

= / 1 + / 2 + / 3 + / 4 + /5,

since I (d/dx)λRm(x)dx = Q for any r, s>0 and any λ with |Λ| = ra.

We first note that 7\ tends to zero as x-»x0 since I (l + \y\)m~nf(y)dy<ao,
J r

which follows from the condition that Rmfφco. If l im r i o r n \ l/00~

/(x0)|dy = 0, then, as in the proof of Theorem 3 in [2], we see that I2 and /3 tend
to zero as x-»x0. Further, the definition of Bλ implies that I4 tends to zero as

x-*x0. Finally, in view of Lemma 2, /5 tends to zero as x-»x0 for almost every
x0eRn. Thus, we infer that Rmfis totally m times differentiate at almost every

X0.

REMARK 1. In the case p = l and m = n, if we modify the condition on/in
the Theorem, then we obtain the total n times differentiability of Rnf. Indeed,

if / is a nonnegative measurable function on Rn such that \Rnf\ φ oo and I f(y) log

(2+/OOHy<°o, then Rnfis totally n times differentiate almost everywhere.

Since our definition of differentiability is different from that of [1], we give
a sketch of a proof. Instead of Lemmas 1 and 2 we can establish the following
results in a way similar to these lemmas, and carry out the proof along the same

lines as the proof of Theorem 4 in [3].

LEMMA Γ. There exists a positive constant M such that

for any nonnegative measurable function f on Rn such that FΞ J f(y)\og(2 +

LEMMA 2'. /// is a nonnegative measurable function on Rn such that \ f ( y )

log (2 +/(y))dy < oo, then

lim^ Γ l/(>0-/(xo)l l°B(\x-Xo\l\x-y\)dy = 0
J B(x0,2\x-Xo\)

for almost every XQ e Rn.
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REMARK 2. We can find a nonnegative measurable function/ on Rn such that

\f(y)p[lθB(2+f(y))]p~ίdy<co and Rmf is not totally m times differentiate

at any point of Rn, where m is a positive integer and p = n/m>l.

For the construction of such /, take a sequence {x,-} which is everywhere
dense in Rn. For a sequence {r,-} of positive numbers, define

l̂))]-! on B(xj9rj)

0 elsewhere.

If Γj<e~e, then it follows that

for a positive constant M independent of j and Rmfj(Xj)=co. If {r7 } is so chosen

that Σ"=ι./2|'-1Dog(log(l/ry))]-'+1<oo and maxtg,ΛGOg/}+1G') on B(xj+l,
rj+l), then /=Σ"=ι /; satisfies the required conditions. In fact, Rmf(Xj)=ao
for each _/ and

^ Σ?-ι f (Σy-.Λω)' (log (2+
J B(xk,rίc)-U£ > f cβ(x£,r£)

^ Σf-i Γ
J B(xk,rk)

^ M Σ^i /c

which implies that Γ
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