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This note treats strongly continuous one-parameter affine semigroups on
a Banach space X. An affine semigroup decomposes into a linear part and a
translation part. These parts are reassembled here as an “augmented”’ linear
semigroup in one higher dimension, and the latter is used to characterize the
affine semigroup. Relations among the infinitesimal generators (i.g.) of an
affine semigroup, its linear part, and its augmented semigroup are studied. It
is shown that the translation part is completely determined from the linear part
by an element of (X x X)/G(U), where G(U) is the graph of the i.g. of the linear
part. Also obtained are necessary and sufficient conditions for a curve to be
the translation part of some affine semigroup. An application of these conditions
is the so-called “‘screw line’’ studied by von Neumann and Schoenberg.

Affine concepts are an almost trivial modification of linear ones. The
treatment here is intended to aid in the discovery of the correct nonlinear generali-
zations of familiar linear concepts. Thus affine versions of one-parameter groups,
compact semigroups, and analytic semigroups are studied, along with affine
cosine functions.

§1. Affine semigroups and associated linear semigroups

Except where otherwise noted, Banach spaces are taken to be real.

By a strongly continuous one-parameter affine semigroup on a Banach
space X, or affine semigroup for short, is meant a one-parameter family {S(¢):
t >0} of continuous affine transformations on X with the properties

(s;) S(0)=I (the identity operator on X), S(t+s)=S(t)oS(s) for s, t>0; and
(s;) for each x in X, t—S(#)x is a continuous function from [0, o) into X.

A linear semigroup is defined similarly except that “linear’’ transformations
replace “affine’’ transformations. Strong continuity for ¢t >0 will be assumed in
both the linear and affine cases.

Affine semigroups arise naturally in the study of linear differential equations
with a nonhomogeneous (constant) term. Applications of the affine theory
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in this vein, for example, the Duhamel Principle ([12], p. 438), asymptotics
(cf. [5]), and second order differential equations (see §5 below), although implicit
in our discussion, will not appear directly.

Corresponding to any family {S(t): t>0} of affine transformations on X
are a family {T(t): t>0} of linear transformations on X and an X-valued function
t—z(t), t>0, called respectively the linear part and the translation part of
{S(¢): t>0}. These parts are related to the original family S(-) by the equations

z(t) = S(1)0,
(1.1) T(x = S()x — S(1)0, t>0, xin X,
S(Hx = T()x + z(¢).
The one-to-one correspondence between families S(-) and pairs (T(-), z(-))

leads to a description of an affine semigroup in terms of its linear and translation
parts.

PROPOSITION 1.1.  Let {S(t): t>0} be a family of affine transformations on
X with linear part {T(t): t>0} and translation part {z(t): t>0}. Then S(-)
is an affine semigroup on X if and only if T(-) is a linear semigroup on X and
z(+) is a continuous map from [0, ) into X satisfying

(1.2) z(t+s) = T(t)z(s) + z(t), s,t>0.

This result follows readily from (s,), (s,), and (1.1), and the proof is left to

the reader.

A convenient way to establish additional properties of the affine semigroup
S(-) is to introduce another linear semigroup.

Let X denote the Banach space X x R, and let n, and 7, be the canonical
projections of X onto X and R. If S(-) is a family of affine transformations on
X with linear part T(-) and translation part z(-), an induced family {T(): >0}
of linear transformations on X is defined as follows:

(1.3) T(1)[x, & = [T()x+&2(1), &1, [x, & in X.
The family T(-) satisfies the equation
(1.4) E=m,0T(t)[x, &1, [x,&linX,t>0.

It is easy to see that any family T(.) of linear transformations on X satisfying
(1.4) induces a family S(-) of affine transformations on X given by

(1.5) S()x = o T(1)[x, 11, t>0, xin X,

with linear and translation parts
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T(t)x = m;oT(1) [x, 0],
(1.6) t>0,xin X
2(t) = n,oT(H [0, 1].

PROPOSITION 1.2.  Let {S(t): >0} be a family of affine transformations on
X and let {T(t): t>0} be the associated family of linear transformations on X.

Then S(-) is an affine semigroup on X if and only if T(-) is a linear semigroup
on X

PROOF. Suppose that S(-) is an affine semigroup. Then T(.) and z(-)
have the properties noted in Proposition 1.1. Hence

T(t+s)[x, &] = [T(t+5)x+Ez(t +5), &]
= [T()T(s)x +E&z(s))+ E2(2), £]
= T()oT(s) [x, &].

Strong continuity of T(-) follows easily from (1.3) and Proposition 1.1.

Conversely, if T(-) is a linear semigroup satisfying (1.4), then S(-) satisfies
(1.5) and

S(t+s)x

noT(t+5)[x, 1]

noT(t)e T(s)[x, 1]

noT(t) [1,0 T(s)[x, 1], myo T(s)[x, 1]]
o T() [S(s)x, 1]

= S(1)oS(s)x.

Strong continuity of S(-) is implied by (1.5). [ ]

The linear semigroup {T(t): t>0} on X is called the augmented semigroup
associated with S(-).

§2. The infinitesimal generator

The infinitesimal generator of an affine semigroup S(-), hereafter abbreviated
as i.g., is the map A4 defined by

2.1 Ax = lim,_ ¢+ (1/h) (S(h)x —x).
Its domain D(A) consists of the set of all x in X for which the limit in (2.1) exists.

PROPOSITION 2.1. Let S(-) be an affine semigroup with augmented semi-
group T(-) and linear part T(-). Then the following relations hold among
their respective i.g. A, U, and U:



436 Jerome A. GoLDsTEIN, Shinnosuke OHARU and Andrew VoGT
i) D(A)={x:[x, 1] isin D(O)} and
Ax=m,o0[x, 1] for x in D(A);

ii) D(U)={x:[x, 0] is in D(O)} and
Ux=mn,°0[x, 0] for x in D(U); and

iii) DO)={[x, &]: £#0, (x/&) is in D(A)} U {[x, 0]: x is in D(U)},
and for [x, &] in D(0)

[EA(x/E), 0] if &#0
Ulx, &1 =
[U(x), 0] if &=0.
PrROOF. The expression (1/h)( T(h)[x, £]1—[x, £]) equals
(2.2) [(1/hX(T(h)x —x)+ &(1/h)z(h), 0].

If £=1, this reduces to [(1/h)(S(h)x —x), 0] since z(0)=0. When h goes to 0™,
the conclusions in i) are obtained. If £=0, (2.2) reduces to [(1/h)(T(h)x —x), 0].
When h goes to 0%, ii) results. For other values of ¢ linearity of U implies that
[x, €] is in D(O) if and only if [x/£, 1] is D(0), and by i) O[x, £]1=¢0[x/&, 1]=
E[A(x/&), 0]. So iii) holds. [ ]

COROLLARY 2.2. Let S(-) be an affine semigroup. Let x be an element
of X and let 0<a<b. Then (I/(b—a))fb S(t)x dt is a member of D(A), and

A((1/(b—a)) f: S(n)xdt) = (1/(b—a))(S(b)x —S(a)x).

ProoF. With a, b, and x as above, and £ in R, the linear semigroup T(-)
has the familiar properties

(i) J" F()[x. Eldt is in D(O)
and ’

Gy 0 ([ T0Lx Qar)=Tb)x, - T@x, &
By linearity of U, D(0) contains

b
(1 /(b-a))fa (1) [x, 1]dt
b
=f,, () [x/(b—a), 1/(b—a)]dt
= [ LTI =) + (116~ )20, 1/~ s

b
= [(1/(b—a)) f S(tyxdr, 1,
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and the image of the latter under U is (1/(b—a)T(b)[x, 11— T(a)[x, 1]).
Applying part i) of Proposition 2.1 and the identity (1.6), we obtain the Corollary.

In particular, from Corollary 2.2 with x=0, we see that (1/(b—a)) Ib z(t)dt
is a member of D(A4), and A((]/(b——a))fb z(t)dt)=(1/(b—a)Xz(b)—z(a)) for
0<a<b.

PROPOSITION 2.3. Let S(-) be an affine semigroup with linear part T(-),
translation part z(-), and i.g. A. Then for any pair of elements v, w of X satis-
fying Av=w, and for all t>0,

(2.3) () = (- T + f;T(s)wds.
PrOOF. The augmented semigroup T(-) of S(-) satisfies the identity
T(0)Lx, & - [x, €1 = [ 76)0x, £ds

for [x, £] in D(0). By part iii) of Proposition 2.1, with x=v and =1, this
reduces to

[T(t)o—v+2(1), 0] = fo ()0 v, 11ds

- L 7(s) [w, 0]ds

- j' [T(s)w, 0]ds.
0
Projecting to the first component, we obtain (2.3). |

The identity (2.3) was noted by Crandall and Pazy in [1], p. 411.
Let us denote the translation map x—x+v from X onto X by the symbol
o Note that S(t)=1,.,°T(1).

PROPOSITION 2.4. A map A with domain and range in X is the i.g. of an
affine semigroup on X if and only if there exist vectors v and w in X such that
T_,0A0tT, is the i.g. of a linear semigroup on X.

ProOF. If A is the i.g. of an affine semigroup S(-), let U be the i.g. of its
linear part T(-), let v be any member of D(A), and let w=Av. Corollary 2.2
guarantees that v and w exist.

For x in X and h>0, (1/h)(S(h)x —x)=(1/h)S(h)v—v)+(1/hXT(h)(x —v)—
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(x—v)). As h tends to 0, the first term on the right converges to Av=w. So the
other two terms converge or diverge together, and x is in D(A) if and only if x—v
is in D(U). Thus D(A)=D(U)+v, and Ax=w+U(x—v)=1,0Uct_(x) for x in
D(A). So A=rt,Uot_,and U=1_ oAo1,.

Conversely, suppose that U=1t_,0A01, is the i.g. of a linear semigroup
T(-). Then we define S(-) to be the family of affine transformations with linear
part T(-) and translation part z(-) given by (2.3). It is easy to see that z(-)
satisfies (1.2). Thus by Proposition 1.1, S(-) is an affine semigroup. Let A’
be the i.g. of this semigroup. By (2.3) (1/h)(S(h)v—v)=(1/h)(T(h)v+ z(h)—rv)=
(l/h)f: T(s)wds tends to w as h tends to 0+. So v is in D(A’) and A'v=w.

It follows from the last paragraph that 7_,0A’o1,= U and thus that A’ = A. [ ]

COROLLARY 2.5. If A is the i.g. of an affine semigroup, A generates exactly
one such semigroup.

Proor. If A generates two affine semigroups S(-) and S’(-), then A4 has
two representations, A=t,0U-t_, and A=71,0U’t_,. Here U and U’ are the
i.g. of the linear parts of S(-) and S’(-), and as in the proof of Proposition 2.4,
v and w can be taken to be the same for both semigroups. Since D(A)=D(U)+
v=D(U’)+v, it follows trivially that U= U’. Because the i.g. of a linear semigroup
uniquely determines the semigroup, we conclude that S(-) and S’(-) have the
same linear part T(-). By (2.3) they also have the same translation part and
are identical. [ ]

§3. Relations between the linear and translation parts

Let T(-) be a linear semigroup with i.g. U. Let J, denote the set of all
maps z(-) from [0, c0) into X that are translation parts of affine semigroups
with linear part T(-). By Proposition 1.1 these are just continuous maps satisfying
(1.2). Inspection of (1.2) shows that 77 is a real vector space. It is a Fréchet
space under the family of seminorms ||z(- )| x=sup {||z(?)||: tis in K}, K a compact
subset of (0, o). Completeness under these seminorms follows from (1.2).

Motivated by (2.3), we introduce another real vector space X, =(X x X)/G(U)
where G(U) is the graph of U, and a map ¢: Xy — .9 defined by

3.1 &([v, w]) = (I = T(O)» +f0 T(s)wds

for [v, w] in X;. Since U is a closed operator, X is a Banach space.

PROPOSITION 3.1. The map ¢ is well-defined, and is a continuous linear
isomorphism from X, onto .



Affine semigroups on Banach spaces 439

ProOOF. To show that ¢ is well-defined, observe that if [v, w]=[v", w'] then
v'—vis in D(U) and U(v'—v)=w'—w. It is then a familiar fact from linear semi-

group theory that T(t)(v’—v)—(v'——v)=I; T(s)U(v’——u)ds=f; T(s)(w' —w)ds,
from which ¢([v, w])=¢([v', w']) follows.

That ¢ is onto is shown in Proposition 2.3, and linearity is evident.

We next show that ker ¢ is trivial. Suppose ¢([v, w]) is the zero function.
Then T(t)v—v=j; T(s)wds. Dividing both sides of this equation by ¢ and
letting ¢ tend to 0+, we obtain that v is in D(U) and Uv=w. Hence [v, w] is
the zero element of X.

For any compact subset K of (0, o0),

(o, WDk = sup{\j (I=T(t)o+ f T(s)wdsn tek)

< Ci-(lloll +1wl)

where Cg is a constant whose existence is guaranteed by the strong continuity
of T(-). Varying (v, w) in the equivalence class [v, w], we obtain:

l¢(Lo, wDllk < inf {Cx-([lv] +wl): (v, w) € [v, w]}
= Ck- [I[v, will.

This shows that ¢ is continuous. [ ]

The map ¢ can even be regarded as an isometric isomorphism if we let it
induce a norm on the range space. For z(-) in Jy let ||z(-)| =inf {|| x| + || Ax]|:
x € D(A)}, where A is the i.g. of the unique affine semigroup with translation
part z(-) and linear part T(-). With this norm J is a Banach space. Note
that ¢~!(z(-))=the graph of A=a point or equivalence class in X,.

Proposition 3.1 characterizes translation parts corresponding to a given
linear part (they come from equivalence classes in X x X mod G(U)). It is
also possible to obtain a partial characterization of the linear part of an affine
semigroup given the translation part.

PROPOSITION 3.2. Let z(-) be the translation part of an affine semigroup
S(-) with linear part T(-), and let Z denote the closed linear span of the range
of z in X. Then Z is invariant under S(-) and T(-). Furthermore, if T,(-)
and Ty(-) are the linear parts of two affine semigroups with translation part
z(+), then T,()x=T,(t)x for all t>0 and all x in Z.

Proor. This follows from the identity T(f)z(s)=z(t+s)—z(t) and the fact
that S(t)x=T(t)x + z(¢). n

PROPOSITION 3.3. Let z(-) be a map from [0, o) into X. Then necessary
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and sufficient conditions for z(-) to be the translation part of an affine semigroup
on the space Z defined in Proposition 3.2 are that z be a continuous map, z(0)=0,
and there exist a constant M > 1 such that

(3.2) [X1<jcndfz(t;+ D=z < M- || X 1<j<n 4;2(8))]]

whenever t is in (0, 1], n is a positive integer, A,,..., A, are in R, and t,,..., t, are
nonnegative real numbers.

ProoF. Let z(-) be the translation part of an affine semigroup on Z, and
let T(-) be its linear part. By Proposition 1.1 z(-) is continuous. By (1.2)
z(0)=0 and

igjzn Azt D= 2(0) = Xigjcn 4, TD(1)
= T(O)(X1<jzn 4;2(1))).

(3.2) now follows from the fact that a strongly continuous linear semigroup T(-)
satisfies sup {|| T(?)||: 0<t<1} <M for some constant M > 1.

Conversely, let z(-) be a continuous map satisfying (3.2). Let Z,=the
linear span of the range of z. Define a family of maps {Ty(¢): t>0} of Z, into Z,

by

(3.3) To()(X1<j<n 4;2(1))) = Xi<jcn A2(t;+ 1) — 2(1)).
Suppose Y.< j<q 4;2(1;)=0. Then by (3.2)

(3.4) 2icjsnAfz(t;+)—2(1) =0

for t<1. If (3.4) holds for all ¢ in [0, n], then for any fixed t the linear
combination in (3.4) can be substituted into the right side of (3.2). Since this
combination is the zero vector, the vector on the left side of (3.2), with ¢ replaced
by some s in [0, 1], is also the zero vector, thatis, 0=3,;., A;(z(t;+t+5)—2(s))
+(Xicjcn (AN 2(t+5)— 2(5)) = X 1< jcn Aj(2(tj+t+5) — z(t+5)). Thus (3.4)
holds for ¢ in [0, n+1]. By induction (3.4) holds for all t>0.

This shows that Ty(t) is a well-defined map from Z, into Z, for t>0. Line-
arity then follows without difficulty. Moreover, To(t)eTo(sN X 1<j<n 4;2(t;))=
To (X 1<jcn Af2(tj+8)—2() =X 1< jcn Af2(tj+s+ 1) —2(1) — 2 1<cj<n A(2(s+1)
—z2() = X 1<jen Ai(2(ti+s+1) — z(s+ )= To(t+5) (X 1< j<n 4;2(2))-  So To(+)
has the semigroup property.

By (3.2) | To(t)x|| < M| x|| for all x in Z, and t< 1. Since Ty(t) is a continuous
linear map from a dense subset of Z into itself, there is a unique continuous
linear extension T(t) from Z into Z with |T(¢)| <M for t<1. If tisin (n, n+1]
for some integer n>1, To(t)=Ty(t—n)°Ty(1)". Hence for t>1, Ty(t) has a
unique continuous linear extension from Z into Z, which we also call T(f), and
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IT@) <M for t<n+1.

By uniqueness of the extension T(-) has the semigroup property. For x
in Z we can find a sequence {x,} in Z, converging to x. The functions t Ty(t)x,=
T(t)x, are continuous because of equation (3.3) and continuity of z(-), and these
functions converge uniformly on compact subsets of [0, o0) to the function t—
T(t)x. Hence the latter is continuous. So T(-) is a linear semigroup on Z.

Since T(#)z(s)= To(t)z(s)=z(t+s)— z(¢) by (3.3), we may apply Proposition 3.1
to get an affine semigroup S(-) on Z with linear part T(-) and translation part

z(-). N

COROLLARY 3.4. Let H be a real Hilbert space and let t—z(t) be a map
from [0, o) into H. Then necessary and sufficient conditions for z(-) to be
the translation part of an affine semigroup of isometries on H are that z be a
continuous map, z(0)=0, and there exist a function g: [0, 0)—[0, o) such that

(3.5) ()= z(s)Il = g(|t—s])
for all t, s>0.

Proor. Let S(-) be an affine semigroup of isometries on H with translation
part z(-). By Proposition 3.3 z(-) is continuous and z(0)=0. For t>0, let
g@=zOl=[SNO[. If t>s, then [z(t)—z(s)|=S(H)0—S(s)0] = | S(s)S(t—
5)0—S(s)0]| = ||S(t—s5)0—0| =g(t—s), and (3.5) is established.

The above proof (i.e., the necessity) is valid if H is an arbitrary Banach space.
The Hilbert space structure of H is only needed for the sufficiency argument,
which we now give.

Suppose z(-) is continuous, z(0)=0, and (3.5) holds. Then a condition
stronger than (3.2) holds. Let { , ) denote the inner product in H.

(3.6) 12 1<jzn A2t + D= 2(D)]?
= Y ici jen MhK2(ti+ D)= 2(0), 2(t;+ 1) — 2(1))
= Lisijen Aidi<2(0), 2(15))
= [ Zi<jsn 4209012

Here the second equality is valid since <z(t;+1)—z(t), z(t;+1)—z(t)) =
DUzt 1) — 202 + 20+ 1) — 2012 = 1208+ 1) — 2(6,+ D12} = (1/2){g(1)2 +
g(1,2 = gt = 112} =120 21>+ 20 )2 = 1 2(1) — 2 )2 = (1), 2(1,)>-

Since (3.6) is a special case of (3.2), there is an affine semigroup S(-) on
Z with translation part z(-). However, in the notation of the proof of Proposition
3.3, we may also conclude from (3.6) that || To(t)x|| =] x| for all x in Z,and t>0.
By continuity in ¢, || T(t)x||=|/x|| for all x in Z and t>0. Hence, each T(t) is
a linear isometry of Z into Z. So the affine semigroup S(-) consists of affine
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isometries. If Z+ denotes the orthogonal complement of Z in H, we extend S(-)
to H by defining S'(t)(z+2)=S(t)z+z', for t>0, z in Z, and z’ in Z+. It is
routine to verify that S’(-) is an affine semigroup of isometries on H with trans-
lation part z(-). ]

Corollary 3.4 is a variation of a result due to von Neumann and Schoenberg
[9], given in a group setting rather than a semigroup setting. In the present
context their problem might be posed as follows. Let g be a continuous function
from [0, o) into [0, c0) with g(0)=0. Regard the half-line [0, c0) as a metric
space M under the metric d(t, s)=|t—s|. If we replace this metric by a new
metric-like function d,(t, s)=g(d(t, s)), the half-line is denoted by g(M) and is
called the metric transform of M. The problem is to determine those functions
g for which the metric transform g(M) is isometrically embeddable in a real Hilbert
space.

The functions g are called screw functions and the embedded metric trans-
forms might be called screw half-lines. By Corollary 3.4 screw functions are of
the form g(t)=| z(¢)|| and screw half-lines are subsets of H of the form {x+ z(1):
t>0} where x is any fixed element of H and z(-) is the translation part of an
affine semigroup of isometries of H. With the aid of (2.3), the screw functions
and screw half-lines can be expressed in terms of linear semigroups of isometries.

If {S(t): t>0} is a strongly continuous semigroup of surjective isometries on
a Banach space X, by a classical result of Mazur and Ulam [7] S(¢) is auto-
matically affine for each t>0. Then S(-) can be extended to an affine group on
X, and the translation part of this affine group satisfies (3.5) for ¢, s in R.

§4. Some classes of affine semigroups

In this section we state generation theorems for a few major classes of strongly
continuous affine semigroups. We emphasize criteria that do not appeal to
the corresponding linear objects, although the proofs may make such appeals.
Here is an example.

ProPOSITION 4.1. A map A with domain and range in X is the i.g. of
a (strongly continuous) affine semigroup on X if and only if

i) D(A) is a dense subset of X, closed under affine combinations;

i) A(Ax+(1=2A)y)=AAx+(1 —=2)Ay for x and y in D(A);

iii) G(A)={(x, Ax): x is in D(A)} is a closed subset of X x X ; and

iv) there exist constants ®>0 and M >0 such that for all A>w and n=
1, 2,..., the map x—x—(Ax)/A is one-to-one from D(A) onto X and
1= AJAY "1y < M(1 =)™

PROOF. Suppose A is an i.g. By Proposition 2.4 A=1,U-t_, for vectors
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vand win X and a linear operator U that is the i.g. of a linear semigroup. By
the Generation Theorem for strongly continuous linear semigroups ([3], p. 20)
U is a linear operator, D(U) is a dense linear subspace of X, G(U) is closed in
X x X, and there exist constants w, M >0 such that forall A>w and n=1, 2,...,
the map x—x—(Ux)/A is one-to-one from D(U) onto X and |(I-U/A)™*| <
M —w/A)". It follows that A satisfies i), ii) and iii) with D(4)=D(U)+ v.

Let x=y—(Ay)/A for y in D(A). Then

x =y = (t,oUct_p)A =y — (U(y—v)+w)/A
and
4.1) x+wl—-—v=U-U/A)(y—-v).

For 2> w and x in X there is exactly one y in D(A) such that (4.1) holds. Applying
the inverse (I—U/A)~! to (4.1) and solving for y, we obtain:

4.2) I-A/A) 'x=I-U/A)y Y (x—v+(w/A) + v,
and by an elementary induction
4.3) I=A2)"x = (I=U[)™(x—=v) + X1<;<n (I=U/D)TI(W[A) + v

for n>1. Then [(I—A/A) "x—(I—=A/A)y"x'||=|T-U/A)"(x—x")| <M1 -
wfA) "|x—x"|| for all A>w and x, x" in X. Hence iv) is true.

Conversely, suppose that A satisfies i) through iv). Let (v, w) be an arbitrary
member of G(4). Then it is a simple exercise to verify, by reversing the above
steps, that the operator U defined by U=1_,cAot, satisfies the conditions of
the Generation Theorem and is the i.g. of a linear semigroup. By Proposition 2.4,
A is the i.g. of an affine semigroup. ]

To treat other classes we pause for definitions.

An affine group on the Banach space X is a one-parameter family {G(t): t € R}
of continuous affine transformations on X with the properties

(g,) G(0)=I and G(t+s5)=G(t)-G(s) for s, t in R; and

(g,) for each x in X, t—G(t)x is a continuous function from R into X.

A compact affine semigroup (cf. [10], p. 48) is an affine semigroup S(-)
with the property that the closure of S(¢)(B) is compact for any bounded set B
and any t>0.

It is convenient (but not necessary) in the following instance to take the
underlying Banach space to be complex. Let C denote the set of complex
numbers. An analytic affine semigroup (cf. [2], p. 80; [3], p. 33; [10], p. 60)
is an affine semigroup S(-) with the property that for some positive number 6 <
n/2 there exists a family {S(1): A€ 4} of continuous affine transformations on
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X with A={0} U {A: Ae C, 1#0, and |arg 4| <4} such that
(a;) the family {S(1): 1€ 4} extends the original semigroup and satisfies
S(Ay +243)=S(4,)°S(2,) for ,, A, in 4;
(a;) foreach x in X, A—S(A)x is a continuous function from 4 into X ; and
(a;) for each x in X and h in X*, 2—h(S(2)x) is an analytic function from
4\{0} into C.
The semigroup property and the affine character of the family {S(1): 1€ 4} are
consequences of the analyticity: if we assume that each S(2) is a continuous map
from X into X, coinciding with a member of the affine semigroup for A=1>0,
then (a;) guarantees that (a,) holds and that S(1) is affine for each 1 in 4.
Each affine concept above has a linear counterpart whose definition is identical
except for substitution of “linear’’ transformation for “affine’’ transformation.
The linear part and the translation part of one of the above affine families
are defined as in (1.1), with t € R for the group case.

PROPOSITION 4.2.

i) A family {G(t): te R} of affine transformations is an affine group if
and only if its linear part is a linear group and its translation part is a continuous
map from R into X satisfying (1.2) for t, s in R;

il) an affine semigroup is compact if and only if its linear part is compact;
and

iii) an affine semigroup is analytic if and only if its linear part is analytic.

PrRoOOF. The proof of i) is similar to that of Proposition 1.1, and we omit it.

The proof of ii) reduces to the observation that for any bounded set B and
any t>0, the closure of S(7)(B) is just the translate of the closure of T(t)(B) by the
vector z(t). If one closure is compact, so is the other.

If the affine semigroup S(-) is analytic with analytic extension {S(4): 1€ 4},
then T(X)x=S(4)x—S(2)0 for x in X and 2 in 4 defines a family {T(1): 1€ 4}
of continuous linear transformations that is an analytic extension of the linear
part T(-) of S(-). Conversely, if such an analytic extension exists for the linear
part T(-) of an affine semigroup S( - ), then equation (2.3) describing the translation
part z(-) of S(-) can be used to define z(1) for Ain 4 if ¢ is replaced by .. Then we
define S(A) for 2 in 4 by S(A)x=T(A)x+2z(A) for x in X. From (2.3) and the
analyticity of {T(1): A€ 4}, the map A—z(4) is continuous on 4 and A~ h(z(4))
is analytic on 4\{0} for each fixed h in X*. It follows that {S(1): Ae 4} is an
analytic extension of S(-) as required. [ ]

The translation part of the extension of an analytic affine semigroup satisfies
2(A, +4;) = T(4)z(4,) + z(4,) for A,,4, in A.

The above-mentioned affine families may also be augmented in the manner
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of (1.3) to give linear families. It is easily seen that {G(?): t € R} is an affine group
if and only if its augmented version is a linear group, and that the affine semigroup
{S(#): t>0} is compact or analytic if and only if the associated augmented linear
semigroup { T(1): t>0} is likewise. (In the analytic case, work in the Banach
space X xC.) We omit details.

We now give generation criteria for the various families. The i.g. of an affine
(or linear) group is defined by an equation similar to (2.1) with “h—0+"’ replaced
by “h—0’ so that the limit is two-sided.

PROPOSITION 4.3. A map A with domain and range in X is the i.g. of an
affine group on X if and only if it satisfies conditions i), ii), and iii) of Proposition
4.1 and

iv)’ there exist constants w>0 and M >0 such that for all real A with
|A|>w and n=1, 2,..., the map x+—x—(Ax)/A is one-to-one from D(A)
onto X and ||(I—A/A)™"| i, <M1 —wf|A])~"

PROPOSITION 4.4. An affine semigroup {S(t): t>0} is compact if and
only if the family of functions {t—S(t)x: |x|| <1} from (0, o) into X is equi-
continuous on each compact subinterval of (0, o) and the i.g. A has the property

that the closure of (I—A[A)"Y(B) is compact for each bounded set B and some
A>w with o as in (4.1iv).

PROPOSITION 4.5.  An affine semigroup {S(t): t>0} on a complex Banach
space X is analytic if and only if its i.g. A is such that there exist constants
C>0 and w,>w (with w as in (4.1iv)) such that the map x—x—(Ax)[A is one-to-
one from D(A) onto X and |(I—A/A)"|L;, <CI|Al/|Im 4] for all complex 2 with
Re A>w; and Im A#0.

PROOF OUTLINES FOR 4.3, 4.4, AND 4.5. With regard to 4.3, the identity
A=rt,U-t_,, the equations (4.2) and (4.3), and the Generation Theorem for
linear groups ([3], p. 22) may be applied in the same manner as in Proposition 4.1.

As to 4.4, by the proof of Theorem 3.3 of [10], p. 49, necessary and sufficient
conditions for the linear part T(-) of S(-) to be compact are that 1—T(t) be
continuous in the uniform operator topology for +>0 and that (A/—U)~! be
compact for some A>w where U is the i.g. of T(-). It is a simple matter to
verify that equicontinuity of the family {t—S(t)x: [ x| <1} on compact subintervals
of (0, o0) corresponds to continuity of #—2z(f) and to continuity in the uniform
operator topology of t—T(t) for t>0. The condition on U translates into a
condition on A in the manner of Proposition 4.1.

In the case of 4.5, we employ the analyticity criterion in part b) of Theorem 5.2
of [10], p. 61, with adjustments because the linear part T(-) may not be uniformly
bounded and 0 may not be in the resolvent set of U, the i.g. of T(-). The con-
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dition for analyticity of T(-) is that ||(AI = U)"'|| <C/|Im A| for Im A#0, Re 1>
w,>w (where w is the constant appearing in (4.1iv), the criteria in (4.1iv) being
valid for real or complex Banach spaces-cf. [11], p. 20). Proposition 4.2(iii)
then permits us to proceed in the manner of Proposition 4.1, showing that the
condition on U corresponds to a similar one on 4. [ ]

For other analyticity criteria see section 1.5 of [3], section 2.5 of [10], and

(81

§5. Affine cosine functions

Now let us consider affine cosine functions (cf. Chapter 2 of [2], §2.8 of [3],
and [4]).

An affine cosine function is a family {K(t): t € R} of continuous affine trans-
formations on X satisfying

(c;) K(0)=I, K(t+s)+ K(t—s)=2K(t)oK(s) for t, s in R; and

(c,) for each x in X, t— K(t)x is a continuous function from R into X.
A linear cosine function is defined similarly.

PROPOSITION 5.1.  Let {K(t): te R} be a family of affine transformations
with linear part {C(t): te R} and translation part {z(t): te R} as in (1.1), and
let {C(t): te R} be the associated augumented linear family as in (1.3). Then
the following statements are equivalent:

i) K(-) is an affine cosine function;

il) C(-)isa linear cosine function and z(-) is a continuous function from R

into X satisfying

(5.1) z(t+s) + z(t—s) = 2C()z(s) + 2z(t)  for t,sinR;
iii) C(-) is a linear cosine function.

The proof of this result is straightforward, and is left to the reader.

(5.1) implies that z(0)=0 and z(—t)=z(t) for all t.

By the infinitesimal generator, or i.g., of an affine cosine function K(-),
we mean the map A defined by

(5.2) Ax = lim,_o (2/h?) (K(h)x—x).

The domain of A, D(A), is the set of all x for which the limit in (5.2) exists. The
i.g. of a linear cosine function is defined similarly.

With the aid of the known properties of linear cosine functions, in the manner
of §2 above we can establish the following properties for an affine cosine function
K(-):



i)
ii)

iii)
iv)

(5.3)

v)

vi)

(5.4)
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the i.g. of K(-), C(-), C(-), denoted by A, U, and U respectively,

satisfy i), ii), and iii) of Proposition 2.1;

(2/:2)f' (t—s)K(s)xds is in D(A) for %0 and x in X, and its image
0

under A is (2/12)(K(t)x — x);

A=1,0Uo-t_, where v and w are arbitrary vectors satisfying Av=w;

the translation part z(-) of K(-) is given by

2(t) = v — C(t)y + f; (t—$)C(s)wds

—v— C(ty + I; S(s)wds

for tin R, where v and w are as in (iii) and S(-) is the linear sine function
associated with C(-);

every affine cosine function with linear part C(-) is obtained from a
translation part of the form (5.3) where (v, w) is an arbitrary vector in
X x X, any two such pairs in the same equivalence class mod G(U)
giving the same function z(-); and

there exists a constant w >0 such that for 1> w the maps x—x —(A4x)/A2
and x—x—(Ux)/A? are one-to-one from D(A) resp. D(U) onto X, with
inverses infinitely differentiable as functions of A satisfying for m=1, 2,...

ldm/dAm(A= (I — A[22)™ )| Lsp = Ild™/dAm(A= (I —U[22)7H)] .

Using (5.4), we can prove a generation theorem for affine cosine functions
like 8.3 in [3], p. 119, but we omit the statement of this theorem.
As is well known (cf. [3], p. 120, for example), given a linear cosine function
C(+), the formula

(5.5)

T(t)x = (4nt)~1/2 ff exp (— s2/41)C(s)xds,

for t>0, defines a linear semigroup T(-) (which is in fact an analytic semigroup).
Moreover, the infinitesimal generator of C(-) is the i.g. of T(-), i.e., C"(0)=
T'(0)=U. This is also valid in the affine case.

PROPOSITION 5.2. Let {K(t): te R} be an affine cosine function with i.g. A.
Then the family {S(t): t >0} of functions on X defined by

(5.6)

{ S(t)x = (4m)-l/2J'°° exp (—s2/41)K(s)xds (1>0)

S(0)x = x

for x in X is an affine semigroup with i.g. A.
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ProOF. The semigroup property of T(-) defined in (5.5) leads to the calculus
identity

(5.7  (Anrt)y~'2(4nt)"1/2 J‘a_o exp [~ (s+u)?/16t]exp [—(s—u)?/161]du
= (4n(t+1))"Y2exp [—s¥4(t+1)].

Given an affine cosine function K(-), it is a standard result (see Theorem 3.1
of [2], p. 33) that the associated augmented linear cosine function C(-) satisfies
| C(1)]l < Me®!!! for suitable positive constants M and w and all t in R. Hence,
as in (L.5), [A(x|=|m,C(D[x, 17| <Melti(|x||+1). This bound shows
that the integral in (5.6) is finite and S(-) is well-defined.

Then for x in X and t>0, >0,

S(z)osmx=(4m)-'/2(4m)—1/2r_° f " {exp (—s?/a1) exp (—u?/dv)
K(s)K(u)x}duds

— (dnt)~"(4n7) 12 f ) ff {exp (= s2/41) exp (— u?/47)
(1/2)(K(s+u)x+ K(s —u)x)}duds

= (@t +0))12 f " exp [ s?/a(1+1)]K(s)xds = S(t+x.

Here we have used the cosine function identity (c,), a change of variables, and
the identity (5.7).

Additional identities from calculus may be used to establish that t—S(t)x is
strongly continuous at t=0* for all x and that A’(x)= A(x) for all x in D(A) where
A’ is the i.g. of S(-). By the text adjacent to (5.4) and by Proposition 4.1, we
know that the maps x—x—(A4x)/A and x> x—(A'x)/A are one-to-one and onto X
for A sufficiently large. If y=x-—(A'x)/A for some x in D(A4’) and some A as above,
then y=x, —(Ax,)/4 for some x; in D(A). Since A’ extends A, one-to-oneness
implies that x, =x and Ax=A4'x. Hence, A=A4". ]

If we denote the translation parts of S(-) and K(-) in Proposition 5.2 by
w(-) and z(-) and set x=0 in (5.6), we get:

w(1) = (4nt)112 f " exp(—sanz(s)ds (1>0).

Since K(-) is an even function, (5.6) may also be rewritten for t>0 as

S(t)x = (m)-wf: exp (—s2/40)K(s)xds

= (nt)~'2.2(f)(1/41)
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where % denotes the Laplace transform and f is the function given by f(r)=
r~12K(r'/?)x for r>0. Thus there is a one-to-one correspondence between
the functions K(-)x and S(-)x for x in X.

The affine semigroup S(-) obtained in Proposition 5.2 is also analytic (assume
the Banach space is complex). Its linear part is analytic by Theorem 8.7 of [3],
p. 120, since it can be defined by (5.5) with C(-) the linear part of K(-), and then
Proposition 4.2(iii) is applicable.

Under certain circumstances Kisynski [6] has shown how a linear cosine
function C(-) gives rise to a linear group T(-) on a suitable “energy norm’’
product space X,, x X where X, is a Banach space intermediate between X and
D(U) and U is the i.g. of C(-). The methods of this note then indicate how affine
groups might be constructed on this same product space with linear part T(-).
The translation parts of such affine groups have formulas similar to (5.3) with
(v, w)in X,, x X.

See [4], [6], and [11] for further discussion of these product spaces.
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