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§1. Introduction

Consider second order linear parabolic systems of the form
(1‘1) Dtu(x’ t) = Z_’;,k=l Ajk(x9 t)Dx,'kau(xi t) + 27=1 Bj(xa t)DXju(x7 t)

in R"x (0, T], T>0, where D,=0/0t, D,,=0/0x;, 1< j<n, Ap(x, t) and B(x, 1)
(1< j, k< n) are m x m (possibly complex-valued) matrix functions in R” x [0, T7],
and u(x, t) is an m-vector function in R” x [0, T].

Suppose that the following hypotheses are satisfied :

(A;) There exists a constant >0 such that

(1.2) R L] k=1 Ap(x, D00, {) = dlo]?|()?

for all 6=(0,,..., 6,)€R", {=col ({,..., {) €C™ and (x, t)eR"x [0, T]. where
( , ) denotes the inner product in C™ and | | denotes the Euclidean length of
a vector in R” or C™.

(A;) Au(x,t) and By(x,t) (1<j, k<n) are bounded and continuous in
R"x [0, T] and satisfy uniform Holder conditions (exponent ae(0, 1]) with
respect to x. :

Then, the Cauchy problem for (1.1) with the initial condition

(1'3) ]imuo u(x, t) = uo(X), XER",

has a bounded solution (in the classical sense) u(x, f) in R"x [0, T] provided
uy(x) is bounded and continuous in R”. And if (A;), which is referred to
afterward in Theorem, is assumed, then u(x, t) is unique and represented in
the form

(1.4) ux, 0 = [ 20,0, x, uodde,

where Z(t, 7, x, £) is a fundamental matrix of (1.1) (see Section 2).
We denote by U the set of all bounded complex-valued solutions u(x, t) of
(1.1) defined in R” x [0, T7], and define
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(15) AR [0, T]) = sup,o, Leleanomy

ll#ll ccrnx oy
where ||u| cp,=sup {lu(x, 1)|; (x, t)e D}. The quantity #"(R"*x [0, T7]) is finite,
since (1.4) implies the existence of a constant K >0, independent of u, such that

'u(xs t)l < Ksupxsll" 'u(xr 0)|9 (X, t)ER" X [0’ T] .

(It is trivial that A" (R"x [0, T])>1.) We say that the maximum principle
holds for system (1.1) if X"(R"x [0, T])=1.

In an interesting paper [1] Maz’ya and Kresin have considered the parabolic
system with constant coefficients

(1.6) Du(x, t) = 2% 4=y ApD, D, u(x, t),

and have shown that the maximum principle holds for (1.6) if and only if all
the A;, are scalar matrices in the sense that 4; =a,E, with a; €R, where E,
denotes the m-dimensional unit matrix.

The purpose of this paper is to extend this result of Maz’ya and Kresin to
more general parabolic systems of the form (1.1). More precisely, we prove the
following theorem in Section 3.

THEOREM. In addition to (A,) suppose that

(A3) Aulx, 1) (1< j, k<n) have second derivatives with respect to x, Bj(x, t)
(1< j<n) have first derivatives with respect to x, and these derivatives together
with A(x, t) and Bj(x, t) are bounded continuous functions of (x, t) in R"x
[0, T], and are uniformly Hélder continuous functions (exponent o) of x.
Then, the maximum principle holds for (1.1) if and only if

Ajlx, 1) = ajlx, DE,, Bix,t)=bix, )E,, 1<j,k<n,

where a;(x, t) and byx, t) are real-valued scalar functions with the same
regularities in R"x [0, T] as A;(x, t) and Bj(x, t), respectively.

To prove this theorem the method used by Maz’ya and Kresin [1] is closely
followed. In particular, a crucial role is played by an explicit representation of
X' (R" x [0, T]) in terms of a fundamental matrix Z(t, 1, x, &) of (1.1).  Section 2
summarizes basic results concerning fundamental matrices which are needed in
the development of Section 3.

§2. Fundamental matrices

In this preparatory section we state bacic results concerning fundamental
matrices (or fundamental solutions) for parabolic systems of the form (1.1).
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By a fundamental matrix of (1.1) we mean an m x m matrix function Z(t, ,
x, &) defined for (x, t)e R"x (0, T, (£, 1) e R"x [0, T), t>1, which as a function
of (x, t) e R" x (7, T] satisfies (1.1) and is such that

limey, 20,7 % Ouo(@dE = ue(x), xeR?,

for any continuous bounded function uy(x) in R".
1) We start with the simple case where A4;(x, t)=A4,(t) and Bjx, t)=0
(1< j, k<n), i.e. the system

.1 Dau(x, t) = 3% 4=y Au()D, D, u(x, t).
In this case one obtains a fundamental matrix of (2.1) of the form Z(t, 1, x, )=
G(, 1, x—¢&) with G(¢, 7, x) given by
G(t, 1, x) = (2n)‘"f eix9Q(t, 1, 0)do.
RVI
Here Q(t, 7, o) is the solution of the initial value problem

DQ(t, 7, 0) = [— X% x=14()0;0,10(t, 1,0), 0<t<t<T,
Qo(t, 7, 0) = E,.

Note that if A4;(f) are real-valued, then so is the fundamental matrix G(t, 7, x)
of (2.1). In fact, Q(t, 7, 0) is clearly real-valued, and since Q(¢, 7, 6)=Q(t, T, —0)
we have

G, 7, 0 = (2n)-nf TEI0, T, 0)do
R"
- (27r)"‘f ei5-00(t, 1, —0)do
Rn

— Q2m)" Ln =01, T, 0)do
= G(t, 1, X).

Furthermore it can be shown that G(t, 7, x) is an entire function of (x,/(t—1)'/2,...,
x,/(t—1)'/2) and satisfies the inequalities

ID3G(t, 7, x+iv)] < Cy(t—1)~"*22 exp {—c|x|>+ Flo]?/(t — 1)}

for xeR", veR", 0<t<t<Tand ¢=0, 1, 2,..., where |4| denotes the norm
of an mxm matrix A as a linear mapping i.e. |4A|=SUpsccm,¢=1 |AE], Di=
Di ...Din, ¢=4,4+--+4, and C,, ¢, F are positive constants depending
only on n, m, 8, T and the coefficients A4,(t) (1<j, k<n). For the proof of
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the above results we refer to Eidel’man [2] (Chapter 1, §2).

2) Next we consider the general system (1.1) for which hypotheses (A,)
and (A,) are satisfied. Then, there exists a fundamental matrix Z(t, 1, x, &)
of (1.1), which is constructed in the following manner. First, let Gy(t, 7, x, y)
denote a fundamental matrix of the system

Dtu(x’ t) = 27,k=l Ajk(y’ t)ijkau(X, ‘t)’

yeR" being regarded as a parameter, define K (t, 1, x, &), p=1,2,..., by the
formulas

Kl(ta 7, X, é) = Z;’,k=l {Ajk(x’ t)_Ajk(é, t)}ijkaGO(t’ T, X—é, 5)
+ Z;!=l Bj(x9 t)ijGO(t’ T, X—é, é)a

K5 %, O = [ [ [ Kt B x 90K, (B 7, 3 Ody JdB p =23,

and put
¢(19 T, X, é) = Z;ozl Kp(t9 T, X, 6)'

The desired fundamental matrix Z(t, 7, x, £) of (1.1) is then given by
(2.2) Z(t, 1, x, ) = Go(t, 1, x =&, &)

* J: Un Golt, B, x=y, Y)(B, 7 y, é)dY}dﬁ.

We can verify that Z(t, 7, x, &) is well defined, is indeed a fundamental matrix
of (1.1) and satisfies the inequalities

(23)  IDEZ(t, T, x, O] < C(t—1)" "2 exp { —c|x—E]/(t— 1)},

for xeR", £eR", 0<1<t<T, and £=0, 1, 2, where C and ¢ are positive con-
stants depending only on n, m, 6, T and the coefficients A4;(x, t) and By(x, 1)
(1<j, k<n). In particular, for any continuous bounded function u(x) in R",

the function
(2.4) ux, 0 = [ 205 x, Duo@d

represents a bounded solution of Cauchy problem for (1.1) in R"x(z, T] with
the initial condition

(2.5) lim,,, u(x, t) = uy(x), xeR"

From the above construction we see that a fundamental matrix Z(t, 7, x, &) is
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real-valued provided all the coefficients A;(x, t) and Bj(x, t) (1< j, k<n)are
real-valued.

3) Let us consider the system (1.1) for which (A;) and (A;) are satisfied.
Then, we can define the adjoint system:

(2.6) D(—:)v(é, 7) = 27,k=1 D(—.:,-)D(—g,‘)[‘Ajk(f, (&, 1)]
+ 2%=1 D¢y ['BAE, D&, 1],

where 'A4;, and ' B; denote the transpose of A4 and B;, respectively. Proceeding as
in the preceding subsection, we can prove the existence of a fundamental matrix
of (2.6), that is, an m x m matrix function Z*(t, 1, x, ¢) defined for (x, t)e R" x
0, T], (¢, 1) eR"x [0, T), t>r, satisfying (2.6) as a function of (¢ 1) (£€R”,
0<t<t<T), and satisfying the relation

ey, [ 24, 7 % Ouoxdx = 0@, LeRr,

for any continuous bounded function vy(¢) in R*. An exact analogue of the
estimate (2.3) is shown to hold for the fundamental matrix Z*(¢, 7, x, &) of (2.6)
and its first and second derivatives with respect to £. The following relations
holding for x, yeR", 0<t<f<t<T, are needed in the next section:

2.7 Z(t, T, x, y) ="Z*(t, 1, x, ),
28) 26,5 x,0) = [ 20, B, %, 02, %, & 3.

The detailed proofs of the facts stated in 2) and 3) can be found in Eidel’man
[2] (Chapter 1, §3).

§3. Maximum principle

1) We first restrict our attention to the case where all the coefficients A4 ;(x, 1)
and Bj(x, t) in (1.1) are real-valued. We denote by #R(R" x [0, T]) the quantity
X' (R"x [0, T)) defined by (1.5), where the supremum is taken over the set of
real-valued, bounded, continuous solutions u(x, t) of (1.1). The following
result gives a characterization of H#R(R" x [0, T1]).

THEOREM 3.1. Suppose that (A ) and (A,) are satisfied. Then,

(G AR X[0, TD) = SUPsewm, 1= senmocest [ 12000, x, DIdE.

ProOF. Let (x, t) be fixed in R*x (0, T]. Consider the linear mapping
which assigns to each bounded continuous function #y(x) in R” the value at
(x, t) of the solution u(x, t) of the Cauchy problem
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Dau(x, t) = 27 =y Ajlx, D, D, u(x, t) + 2= Bi(x, D, u(x, 1),
(x,)eR" x (0, T],

lim, o #(x, t) = uy(x), xeR"

The norm of this mapping is computed as follows:

e, O = supyeage | [ 205, 0, x, Duo(@ee|
= SUPjjupji<1 SUPser™m, |5|=1 (z, jn" Z(t, 0, x, &uy(&) df)

SUP|,[=1 SUP|jup| <1 (z, fm Z(t, 0, x, f)"o(f)d5>

= sup]:]=l Supl{"ollél fﬂ" ('Z(ta Ov X, é) z, “o(f))dé

If we define N, ,(z2)={EeR": 'Z(1, 0, x, £)z=0}, then,

4, 1 = SUPia1=y SUPpugys | (Z(1,0, x, &) 2, (&) dé,

R"=N(x,t)(s)
and since the interior supremum of this integral is attained by

uy(&)="2(t,0, x, O)z/|'Z(t, 0, x, &)z|, we obtain

I, Ol = supyuge | 'Z(1, 0, x, &)zldé

"=N(x,t)(s)

= supper [ 12020,0, x, &)alde.

Since Hg(R" x [0, T])=sup,cgrn,0<:<r | #(x, D), the conclusion readily follows.
Q.E.D.

The real-valued version of the theorem stated in the introduction can be
proved with the help of Theorem 3.1.

THEOREM 3.2. Suppose that (A,) and (A,) are satisfied. Then, A g(R" x
[0, T])=1 if and only if

Aplx, 1) = au(x, YE,, Byx,t)=bix, )E,, 1<j, k<n,

where a;(x, t) and by(x, t) are scalar functions with the same regularities as
Aj(x, t) and B{(x, 1), respectively.

PrROOF. The proof of the “if*’ part is easy. In fact, let u(x, t) be the unique
bounded solution of the Cauchy problem
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Dtu(x’ t) = Z?,k=l ajk(x’ I)ijkau(X, t) + Z7=1 bj(x9 t)iju(x, t),
(x,)eR" x (0, T],
lim, ;o u(x, t) = f(x), xeR",

where f(x) is a given bounded continuous function in R”, and define w(x, t)=
(u(x, t), q), where g e R™ is a fixed vector with |g|=1. Then, w(x, t) is a solution
of the Cauchy problem

D‘W(X, t) = 27,k=1 ajk(x’ t)ijkaw(x: t) + 2_7:1 bj(xv t)ijw(x, t),
(x, )eR" x (0, T].
lim, o, w(x, t) = (f(x), ), xeR",

and so by the well-known maximum principle ([3], §1, Theorem 10) we see that
‘W(x’ t)l < SuprR" l(f(x)s q)l < SupxeR" |f(x)|’ (X, t)ER" X [09 T] .

It follows that |u(x, t)] <sup,g~ | f(X)], (x, 1) eR"* x [0, T, which implies F#R(R"
x [0, T])=1.

The proof of the “only if*” part proceeds as follows. We begin by showing
that A j(R" x [0, T])=1 ensures that

(3.2) 'Z(t, 0, x, Oz = |'Z(t, 0, x, &)z|z
for all zeR™, |z]=1, and (¢, x, &) with x, (eR” and O0<t<T. In fact, if
(3-3) I'Z(to’ 0, Xo, éo)zolzo # rZ(t07 0’ x09 io)zo

for some z,€R™, |zo|=1, x4, £, €eR” and 0<t,< T, then in view of the proof
of the preceeding theorem and with the use of (3.3) we see that

1 = Ha(R"x[0, T]) > sup||uo.|gfm (Zlto, 0, X0 &)z, Ue(E))dE
=J‘R"—N (x0) (‘ Z(t0’09 xO’ é)ZOa tZ(to, 0, xc, é)zO/!tZ(to, 0, X0 f)zondé
> f (Zto, 0, Xor E)20, 20)dE
-
= | (@0, 210, 0, %0, Dzo)dE
= (zo, Emzo) = 1.

Here we used the continuity of *Z(t,, 0, x,, ¢) in ¢ and the fact that J Z(t,, 0,
R'l

Xo, £)dE=E,. This contradiction verifies the truth of (3.2).
Let Z49)(t, 1, x, &) (1< 4, s<m) denote the (¢, s) element of the funda-
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mental matrix Z(t, 7, x, ¢) of (1.1). Putting
z=2z, =col(1,0,..,0),..,z=1z,=col,..,0,1)

successively in (3.2), we find

ZUs(t,0,x,8) =0 for £#s, x,eR", 0<t<T
Put z=col m~'/2(1,..., 1) in (3.2). Then, forevery £, 1<f4<m,

{(ZD(1, 0, x, €) +---+ (Ztmm(1, 0, x, £))2}1/2 = m'/2Z40(1, 0, x, £),
so that

Zun(, 0, x, &) =---= Ztmm)(1, 0, x, &) for x,feR", 0<t<T

It follows that there exists a scalar function z(t, 0, x, &) such that
(3.4) Z(1, 0, x, &) = z(1, 0, x, &)E,, for x,(eR”, 0<t<T

Applying (2.8) and using (3.4), we have

L" 209t 1, x, E)2(1, 0, &, y)dE =0 for £#s 1< 4f,s<m,
and

[ 200 o x, 262, 0.6 e = 20,0, x,3)  for 1< L<m,

for all (¢, x, y) with x, y e R" and 0<t<t< T, whence we obtain for any bounded
continuous function ¥(x) in R”

[ zeow e o(f, =200 8wy Jie =0 for €45,

and
. Zuo(, 1, x, 5)(Jnn z(t, 0, &, y)t{/(y)dy)df =fm z(t, 0, x, yW(y)dy

for £, 1<¢<m. Since Y(x) is arbitrary, we see that
Z0s(t, 1, x,8) =0 for ¢ #s,
Zamt, 1, x, &) =-..= Zmm(t, 1, x, &),
and hence there exists a scalar function z(¢, 7, x, &) such that

(3.5 Z(t, 1, x, &) = z(t, 1, x, §)E,,
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for all (x, 1)eR"x(0, T], (§, ©1)eR"x [0, T), t>1. Furthermore, in view of
(2.7), we get

(3.6) ZX(t, 1, x, &) ="Z(t, 7, x, &) = z(t, 1, x, E)E,,.

Let o(x) be a bounded continuous function with compact support in R”,
and define

w0 = [ 7l x, OYoddx, (& DR x [0, ).

Put h (&, t)=uy(&, 1)c, where c=col(cy,..., ¢,,) €R™.  Then, h (&, 1) satisfies
(3.7) L*h,&, 1) = Db (&, ©) — 25 k=1 D= g\D (- gy ['A (&, DALE, 1)]
= 2421 D—¢) ['B{E, DA (S, 1)] =0, CeR", 0<t<t<T,

and lim,,, b (&, T)=yo(&)e, E€R".
Substituting

¢, =col(l,0,...,0),..., ¢, = col (0,..., 0, 1)
in (3.7) yields m? Cauchy problems
L5y (uo(&, 1) = 84D —yuo(¢, 1) — T4 k=1 D~ gD~ 2y [4 F(E, Duo(€, 1)]
— 21 D, [BSE, Dug(é, 1] =0, £eR”, 0<t<t<T,
lim,; uo(¢, 1) = Yo(8), LeR", 1< 4, s<m,

where §,, is Kronecker’s symbol.

Because of (A,), LY,, (1<£4<m) are backward parabolic. Using (2.3),
we see that

(3.8)  ue(&, DI < Cy(t, Dexp{—Ca(t, DIEI?}, CeR", 0<t<t1<T,

for some positive constasts C,(t, 7) and C,(t, 7). Since (3.8) implies uy(&, 7)€
Li(R") (1<q< o) for t<t, we can take Fourier transforms of L (ug(¢, 1))=0
with respect to £.

Let £+#s, 1< ¢, s<m. Then, the Fourier transforms satisfy
3.9 2 k=1 F A ug]o 0, — iXn., F[B*'uslo; =0

for t<tand £+#s,1<¢,s<m. In view of (3.8) it can be shown that the Fourier
transforms F[A4%u,], F[B!*9u,] are entire functions of . Let J(*)(g, 1)
denote the left-hand side of (3.9). Then, each J9(g, 1) is represented by a
power series in o
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TG, 7) = Ty, puzo Hit2y, ()00

with all the coefficients h{?s), (1)=0. Since
0= hifo (0 = = i | BI (& DuolE, e
R"

and Y, is arbitrary, we have B{*(¢, 1)=0 for all £#s, (eR” and O<t<t<T.
Likewise, we obtain B?X(¢, r)=0forall 1< j<n, £+#s,¢€R" and 0<t1<t<T
Similarly, since

0 = hifg.o(e) = [ A& ot e,
it follows that AL9(E, 1)=0 for £#s, (eR" and 0<t<t<T. Furthermore,
A&, 1)=0forall j, k (1< j, k<n), €+#s, EeR" and 0<t<t< T

Next we fix ¢ and s, 1<¥¢,s<m, and take the Fourier transform of
L, (uo(€, 1)) — L (ue(E, 7))=0. Arguing as above, we conclude that

AGD (& 1) == A (&, 1), BY'V (¢, 1) == Bf™ (£, 1)

forall j, k(1< j, k<n),eR"and 0<t<t<T. This completes the proof.
Q.E.D.

2) Finally we deal with the general case of (1.1) where 4;(x, t) and B(x, t)
(1< j, k<n) are complex matrices. Let Ry(x, )=RA;(x, 1), Hp(x, t)=
ImAj(x, 1), S{x, )=2R:Bj(x, t) and U (x, )=Fm»B(x, t), that is,
Aj(x, 1) = Ryx, ) + iH (x, 1)
Bix,) =Six,) + iUx, 1), 1<j,k<n.
Define the 2m x 2m real matrices K ;(x, t) and M (x, t) by
Rij(x,t) —Hj(x, 1) >
ij(x’ t) Rjk(x’ t)

CSi(x, 1) —Uj(x, t)
M(x, 1) =(

Kij(x, 1) = <

» I1<j,k<n.
U;(x,1) S;i(x, t)

Let u(x, t) be a bounded continuous solution of (1.1) and denote by v(x, t)
and w(x, ) the real and imaginary parts of u(x, 1), respectively. If we define

yx, )= <38§: :;), then y(x, t) is a bounded continuous solution of the system

(3.10)  Dy(x, 1) = 5 4=t Kplx, DD, Do y(x, 1) + 5=y M j(x, D p(x, 1).
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As is easily verified, for any 6=(0,,..., 6,) € R" and n=col (,,..., #,,) € C 2™,
Re (X0 k=1 Kj(x, o000, 1) = 25-1 Re (X1 4=1 Ajlx, 00,04, ),

where {, =col (Z-ny,..., Ze N,y) + i COl (Re Ny 15---» ReNam) and {,=col (I 1y,...,
I N) + 1 €O (Iom Nyt 15+, Fm N2m), and so the new system (3.10) is parabolic
because (A ;) is assumed for the original system (1.1) and |n|?=33_,|{,|>. Since
the coefficients of (3.10) are real-valued, there exists a real-valued fundamental
matrix Y(t, 7, x, £) of (3.10), and entirely the same arguments as in the preceding
subsection are applied to the system (3.10). Thus, we have the following results.

THEOREM 3.3. Suppose that (A,) and (A;) hold. Then,

(B11)  H R X0, TD) =5uP,eaim, tai=t semrosr [ 1¥(1, 0, %, Ozlde.

THEOREM 3.4. Suppose that (A,) and (A;) hold. Then, " (R"x [0, T])=1
if and only if

(3.12) Ap(x, 1) = a;(x, DEp Bj(x, 1) = b(x, DE,, 1<j, k<n,

where a;(x, t) and bj(x, t) are real-valued scalar functions in R"x [0, T] with
the same regularities as A;(x, t) and Bj(x, 1), respectively.

PROOF OF THEOREM 3.4. As in the proof of Theorem 3.2, using (3.11), we
can show that X" (R" x [0, T])=1 if and only if

(3'13) Kjk(xa t) = ajk(x’ t)EZm, Mj(x, t) = bj(x7 t)E2m, 1 Sj’ k <n,

where a;(x, t) and bj(x, 1) are real-valued scalar functions in R"x [0, T]. It is
easy to see that (3.13) is equivalent ot (3.12). Q.E.D.

We conclude by referring to a paper by Otsuka [4] in which a characterization
of the positivity of fundamental matrices of parabolic systems is obtained.
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