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with large diffusion coefficients
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§1. Introduction

A lot of reaction-diffusion equation models have been recently used to
study pattern formation in population ecology, morphogenesis, neurobiology,
chemical reactor theory and in other fields. These are usually described by the
following weakly-coupled parabolic systems:

(1.1a) u,=D Au + f(u), (t, x) € (0, 0) x 2,

where £ is a bounded domain in R" with smooth boundary 02,
u="uy, u,,...,u,), D=diag(d,,d,,...,d,) with diffusion coefficients d; >0
(i=1,2,...,m), 4 is the Laplacian and f is a smooth mapping of R™ into itself.

One of the familiar boundary conditions for the system (1.1a) is the
homogeneous Neumann boundary condition:

ou
(1.1b) %=0, (t, x) € (0, 0) x 092,
where 0/0n denotes the outer normal derivative on 0Q.

One of the important topics for (1.1) is the problem as to whether or
not stable spatially inhomogeneous equilibria or periodic solutions exist from
pattern formation point of view.

It is shown by Chafee [3] that any stable equilibrium solution of the
scalar reaction-diffusion equations of (1.1) (m = 1) in one dimensional interval is
constant. Later, along this line, there have been a lot of papers including
Matano [16] and Casten and Holland [2], in which the same result is valid
when @ is a bounded, convex domain in R". We should note that this
conclusion for scalar versions holds for any nonlinearity of f.

Kishimoto and Weinberger [15] generalized the above result to the system
(1.1a) satisfying (0/0u;)f; > O for i # j, which is called the m-cooperating system.
Namely, when 2 is any bounded convex domain, there are no stable in-
homogeneous equilibrium solutions of (1.1). On the other hand, for the system
(1.1) with m =2 satisfying (6/0u;)f; <O for i #j, which is called the com-
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petitive system, Matano and Mimura [17] have proved that there exists a
bounded nonconvex domain Q — R? for which the system has stable spatially
inhomogeneous equilibrium solutions when suitable additional conditions are
imposed on f (see also Matano [16] for the scalar equations). We note
that when Q is convex, the system has no stable spatially inhomogeneous
equilibrium solutions (see Kishimoto and Weinberger [15]).

These results indicate that the stability of spatially inhomogeneous equilib-
rium solutions depend on the shape of domain. In fact, Hale and Vegas [10]
discussed this problem by appropriately parametrizing a family of nonconvex
domains. Following them, there are a lot of papers on scalar equations (for
instance, Vegas [21], Keyfitz and Kuiper [14], Dancer [6], Jimbo [12], [13]) to
discuss the changes of solutions by varying the domain.

Recently, Morita [20] has studied (1.1) in the system version, when D is
arbitrarily fixed large and £ is a nonconvex domain of dumb-bell shape with
very narrow handle. His assertion is that there exists a finite dimensional
Lipschitz continuous invariant manifold together with its attractivity and the
reduced form of ordinary differential equations on the invariant manifold.

On the other hand, Conway, Hoff and Smoller [5] considered the problem
(1.1) for arbitrarily fixed Q. By assuming the existence of invariant region for
(1.1) they conclude that if all of the diffusion coefficients are very large, any
solution of (1.1) tends to be spatially homogeneous as t - +co0 and that the
asymptotic behavior of the solution of (1.1) is qualitatively determined by the
following ODE:

d
(1.2) d_'t‘ = fu).

However, we note that if all of the diffusion coefficients are not large, there exist
stable spatially inhomogeneous steady states of (1.1) with m > 2 for suitable f(u)
even if 2 is convex (see Mimura, Nishiura and Yamaguti [18]).

These two results indicate that the existence and stability of spatially
inhomogeneous equilibrium solutions of (1.1) depend on not only the shape of
domain but also the diffusion coefficients.

In this paper, we study the dependency of these two effects on solutions of
the problem (1.1). To do it, we introduce one parameter ¢ into the system
(1.1a) in a way that Q is a dumb-bell shape domain Q, used in [10] and [20]
(see Figure 1) and that D takes D =¢°D (f > 0) with D = diag(d,,...,d,,)
(d,>0,i=1,2,...,m). If ¢is sufficiently small, the situation is as follows: £, is
a dumb-bell shape domain such that it closes to £, which is the union of two
disjoint convex domains and all the diffusion coefficients are very large with the
rate # > 0. Our aim is to construct a finite dimensional Lipschitz continuous
invariant manifold and derive the reduced form of ODE on the invariant
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manifold from (1.1). We note that the case when 8 = 0 was already discussed
by Morita [20].

X,

FIGURE 1

In Section 2 we show some results obtained by Hale and Vegas [10] and
Vegas [21] and Morita [20]. In Section 3 we construct an invariant manifold
of finite dimensions and show its global attractivity. In Section 4 we derive
the ordinary differential equations on the manifold. The discussion on the
asymptotic behavior of solutions of (1.1) with an application to population
dynamics will be reported in a forthcoming paper [19].

ACKNOWLEDGEMENTS. The author would like to express his gratitude to
Professor M. Mimura, Dr. S.-I. Ei and Dr. X.-Y. Chen for very helpful sugges-
tions which are important to this paper. He also wants to thank Professor
H. Matano, and Dr. Y. Morita for their skillful help.

§2. Preliminaries

We consider the following reaction-diffusion equations with two parameters
¢>0and 0> 0:

“r=81_oDA“ + f(w), (t x)e(0,0)x Q,,
2.1)
—=0, (t, x) € (0, 00) x 09, .
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Here Q, = R? are the e-family of nonconvex domains symmetric with respect to
x; axis with smooth boundary 09, for ¢€(0,&,] (¢ > 0), which consists of
three disjoint unions Q, = QL U Q8 U R,, where Qf, Qf are two disjoint convex
domains and R, is a handle satisfying |R,| >0 as ¢ -0 with respect to the
Lebesgue measure || in R%. (see Figure 1).

We assume without loss of generality that f(0) = 0. We also assume that
there exists K* > 0 such that

(H) (2.1) admits an invariant region Vx = {ue R"0<u; < K,1 <i<m}
for any K > K*.

In fact, the existence of such an invariant region for competition-diffusion
system is studied in [4]. Now we fix sufficiently large K (> K*) and simply
denote Vy by V, because we only consider solutions of (2.1) in V.
Let Z¥= (H*®,))" be the m-product space of H*(2,) for k>0 and
£€(0,&] with the norm [ufz = (ZZ, [|ullfxqy)"?. In particular, we write
Z) = (L*(2,))" as Z, simply. The inner-product in Z, is denoted by (u, v),, =
zn, j o, ui(x)v(x) dx. A, and exp {—A,t} denote a closed operator —e7%D4 in
Z, with the domain 2(4,) = {u € Z2|0u/on =0 on 02,} and the C,-semigroup
in Z, generated by — A4,, respectively.
Hereafter we modify f to f by multiplying a suitable C®-cut-off function
such that
(i) f(u)=fw) for ueV and fw)=0 for ueV={ueR"-1<u <
K+ 1,@i=1,...,m}

(ii) there exists p > 0 such that |f(u)|, |f,()| < p for u e R™, where f,(u)
means the first derivative of f;

(i) |f@®) — f(u?)| < p max {|u® — u?|, 4K} for u®, u® e R™ and it
holds for f(u) in place of f(u).

Using the above notation, we may write (2.1) with conditions (i) ~ (iii) as
an abstract form

du _ —Au+ fw), t>0,
2.2), dt

u(0) = uy e Uy. ,

where Uy = {ue Z! n(L*(2,))"|lu e V and |lul;: < K'}. Here we note that the
existence and uniqueness of solutions of (2.2), u(t) e C*([0, ), Z}) N D(4,) is
proved in a standard manner (c.f. D. Henry [11]).

In this paper, we are concerned with (2.2), and simply write f as f through
the rest of this paper.

We first give some results with respect to the family of the domains £,
which is proposed by Hale and Vegas [10]. Let A%, »® be the k-th eigen-
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value of —4 in Q, with Neumann boundary condition and the corresponding
normalized eigenfunction, respectively. It is well known that 0 = AV < A?) <
/15;3) < el

ProrosiTION 2.1 (Hale and Vegas [10], [21]).

(1) A2 is continuous in ¢ and there exists y; > 0 such that A® < y,e for
small ¢ > 0.

(2) There exists y3 > 0 such that 2> > y; for small ¢ > 0.

B NoPllary = 0E™), 0P — 0P licx gy = O™?). Here Q5 = QF U QF

o 12
_{(1 —a)IQoI} =og in

1— o2 ,
{al!) l} = ol in QX
0

and

o =

with a = |QR|/|Q,|.

Now we consider the asymptotic behavior of solutions of (2.2),. Let Q° be
the projection from Z, into (span {0V, ®®})" and P* = Id — Q°, where Id is
the identity on Z,. For u=(uy,...,u,)€Z, and we L*(,), {u, ), means
((uy, @2y -+ +» (U ®)p20)) and for Y =(y;,y,) e R*™, ¥, = (o, 0?)e
(L*(82,)% Y P, € Z, does y, 0!V + y,w?. Using the above notations, we note
that Q° is represented by Q°u = Y- ¥,, where Y = (y, y,) and y; = {u, P>,
(=12

PrROPOSITION 2.2. For t > 0, the followings hold:

Y
(1) llexp {—A,t} Pl < exp { -5 d,,r} lolz, for ¢ € Z;

@) llexp {— A} Pollz < aoe?2™2 exp {—3 d*t} lollz, for ez, and
some oo > 0;
" Y
(3) llexp {— 4,6} Poll; < exp {—8—3 d*t} IPl,  for @eZl, where
d,=min {d,, ..., d,}.

LEMMA 2.3. There exists K, = K,(K’, K) >0 such that if u,e Uy, then
u(t, -) € U, for all t > 0, where u(t, *) is the solution of (2.2),.

Proor. Since V is a positively invariant region of (2.2),, we have

24 Y& < Nu@)llz," 0Pl 2y < Km|Q, )" (=1,2)
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by Schwartz’s inequality, where y,(t) = <u(t), o’),. The solution of (2.2), can
be represented by the following integral equation:

2.5), u(t) = exp { — A t}u, + ft exp { —A4,(t — )} f(u(s)) ds fort>0
]

Operating P® on both sides of (2.5),, we have from (2) and (3) of Proposition
2.2,

IPu®)llz2 < llexp {—A.t} Puoliz; + J; lexp {—A4,(t — )} P (u(s)llz: ds

< 00 {~(1/6%) dat} Pl + ae®? || 205/ 000029
o -

X [Lf(u(s))lz, ds

@ _ 0
< [3K(m|Q,)"? + K'] + aop(m|Q, |)2%? J exp { (5732/8 ) dus} o
(V]

< [3K + aop(nd,/y3)"?e§1(m|€2,, )" + K.
Thus it follows from the estimate of (2.4) that
lu@®llz: < 1Q°u®)llz: + IPu)l 2
<1y OM g ay + 1y2ON0Plg1ay + |1 Pu@)ll2:
< [6K + aop(nd,/y;)"e§] x (m|2,)'* + K'=K, . QED.
Hereafter, we fix sufficiently large constant K’ as well as K and do not
write explicitly the dependency on constants K, K’ and K,. For example, we
denote Uy. simply by U.

The following result can be found in Vegas [21], which is useful in
obtaining some estimates of asymptotic behavior of solutions of (2.2),.

LemMA 2.4 (Vegas [21]). Let g, € Z, and g, € (span {@}", o })", where
of) = |2, and &’ has been already defined in Proposition 2.1. Then

"che“Z, < Mlsllz ||ga||z, + 2|lg. — go“zo + ||9:”(L2(R,))m s

where Z, = (L*(2,))" with the norm ||, and M, is a positive constant
independent of small ¢ > 0.

Now we can write (2.2), as follows:



Domain-dependency of reaction-diffusion systems 555

(d
% = (Y- ¥, +u), o),
(2.6a), < dy,; A2 o (2)
E= —8—0Dy2 + <f(Y ¥/£ + u)awa >Z, ’

210 =), »,000=)3,
@ =—Au+Pf(Y - ¥ +10),
(2.6b), J dt
 #(0) = Py, ,
where y;(t) = <u(t), 0z, yP = <ug, 0>, (i=1,2) and Y(t) = (y,(t), y2(0)),
u(t) = Pu(t). Note that Y(t): ¥, = Q%u(t).
Next lemma is proved in the similar manner to Morita [20].

LEMMA 2.5. There exist ¢, >0, to>0 and ¢ >0 such that for any
e€(0, &), |[Pu)z: < ce®V? for any t >ty and any u, € U, where u(t) is the
solution of (2.2), or (2.6),.

Proor. From the variational characterization we have

2.7) (rady/e°) ull7, < | A;%u)Z,  for e P°Z,,

where A}%i means (A,|p. )"*@.
From the equation (2.6b), and the estimate (2.7), we have

1d

_ _ . du(t)
- 1/2 2 _ -\
2dt ”Ac u(t)”Z, (Azu(t)’ dt >zl

— | A @13, + (Au(t), P(Y " P, + u)),

< — 44N, + [ 40@)l 2, IPS(Y - P, + D),
< =34z, + 3IPSA(Y- ¥, + D)2,
< —(r3dy/26") | A 2a @12, + FIPA(Y - ¥, + )17, ,

so that

d _ _ —
it IAZa@NZ, + (rady /) | APA@)1, < |IPSF(Y - ¥, + D2,

1

< {IlP”f(Y' 7z, +J

0

2
IPf(Y - ¥, + tu)u| dt}

< 2{IPS(Y-P)IZ, + (p*e*/v3d) | A*a ()17} -
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So it follows from Proposition 2.1 and Lemma 2.4 that
IPF(Y - )z, < M| f(Y- P)llz, + 21f(Y-¥,) — (Y- Po)lg,
+ 1LY POl 2w yym

< ce'?

for some positive constant ¢’ independent of &, where ¥, = (0", ®{’) and
Y ¥ =y, 0l + y,0 for Y = (y,, y,) € R*. Thus we have

d
p 1APA@)Z, + (r3dy/e° — 20713, ) 1| 40013, < 2¢"%e

and therefore

28 I A2Pu)Z, < exp {—(73d,/e° — 2pe/ysd, )t} | A5, 13, + Ce
) <c’e

for some positive constant ¢ and ¢ and any t¢>t, where t,=
0+1 .
SUp, <, {-——(S—-log s}, because 6, = y3d, /e’ — 2p%e®/y,d, > 0 for sufficiently

small ¢ € (0, &,) and
2— d*
29) 4243, < = I3, ,
where d* = max {d,, ..., d,}. On the other hand,
_ o d o d,
(2.10)  [|A2a®)1Z, = (A 8(), u(1))z, > ::(—Au(t), u(t))z, = 8—: IPa(e)llz, -

So we have from (2.7) and (2.10)
(211) 7@l zs < ¢ | AT ,

for some ¢; > 0. The proof of this Lemma is complete with help of (2.8) and
(2.11). Q.E.D.

§3. Existence and attractivity of an invariant manifold

In this section, by using the standard centre manifold theory (for instance,
see J. Carr [1]) we construct a global invariant manifold. The main argument
owes to Morita [20].

We define a function set V*:

Ve = {he CR*™ PZIIAlll < Bos*V2, [|1Alll, . < Byo*D7,
3.1)
h(Y) =0 for Y = (y;,0) € R*"},
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where
HIAlle,c0 = SUpye gom 1A(Y)ll 22

[R(Y}) — h(Y2)llz:
h||lsL = su :
= supy, g, ==

and f,, B, are positive constants determined later. It is easy to see that V* is
complete.
We define an operator %#° on V*:
0
(3.2) (#°h)(Y,) = J exp {As}PA(Y- ¥, + h(Y)) ds
for he V¢ and Y, e R*™, where Y = Y(t; Yy, h) = (y,(t; Yo, h), y,(t; Yo, h)) is the
solution of the following equation:

diyf = (Y, + h(Y)), oD,
(33) Sdya_ K &
22 e Dy + SV W+ W), 0,

If h¥ is a fixed point of #° it is obvious that Y*(¢)- ¥, + h*(Y*()) is a
solution of (2.5), where Y*(t)= Y(t; Y,, h*) for any Y,e R?". That is,
Mh¥)={u=Y ¥, + h¥Y)YeR>™} gives a global invariant manifold of
(2.6),.

The following two propositions can be easily proved by Proposition 2.1
and Gronwall’s inequality.

PROPOSITION 3.1. There exists ¢, > 0 such that
Y-, — Y- Pllz, < coe™| Y|
and
1Y Pl amym < coe™|Y|  for YeR?™.

PropOSITION 3.2. (1) Let Y(t)= Y(t; Yo, h) and Y(t) = Y(t; Yo, h) for
Y,, Yo R*™. Then

_ _ ,1(2)
|Y(8) — Y(0)l < | Yo — Yol exp {—(p +od*+ ﬁlpe“"m”) t}

fJort <0.
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(2) Let YO(t) = Y(t; Yy, h®) for any Yo R*™ and " e V¢ (i = 1,2). Then
2@
[YDO@) — YO@) < pl||KY — h?|||,  exp{ —| p + ? d* + B, pel?®* V2 |t

fort<0.

LEMMA 3.3. There exist Bo, By >0, and ¢, > 0 (¢, < &,) such that for any
e € (0, &;), #° is a contraction on V* with respect to |||*||l;, -

Proor. We first show that #° maps V* into itself for appropriate f,, f;.
For any h e V* it follows from Lemma 2.4 that

0

a0e"*(—$)™" exp {(Y—z) d*S} IPS(Y - %, + h(Y)l, ds

&

AR (Vs < j

—00

and

1

IPF(Y- ¥, + h(Y))llz, = |PF(Y - ¥,) + f Pf(Y- ¥, + th(Y)) o h(Y) dzl,

0

< IPF(Y - E)liz, + pPoe®*?

< M| f(Y- )]z, + 21 /(Y- ) — f(Y" ¥o)llz,
+ LAY )l 2oy + B>

< (1 + phoe®)et?

for some positive constant ¢; > 0. So we have

0\ 12
IR (Xo)lz: < mofes + phoe’)e® " (y”id)
3%%

1/2
= ag(c; + pPoe?) (L) g20HD2 < B (204102

'ySd*
where ¢, and B, are constants satisfying

1/2
n
1— e >0,
: Op <‘y3d*)

34 o %G (nfysd,) V2

ﬁO = . 172
1— [}
€200p (y‘;d*)

Similarly, defining Y(t) = Y(s; Yo, h) and Y(t) = Y(t; Y,, h) for different initial
values Y, and Y,, we obtain by Proposition 3.1 and Lemma 2.4
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O

I(°h) (Yo) — (#H)(Yo)lizs < | toe®?(—35)7"2 exp {(y/&°) d,s}

x |[PF(Y- %, + h(Y)) — PA(T- ¥, + (D), ds
< {7 o= exp (/2% dys)

x |P{f(Y- ¥, + h(Y)) — f(Y- ¥, + h(Y))| ]}z,
+ pIIh(Y) — h(Y)lz] ds

and

IP*{f(Y" ¥, + h(Y)) = f(Y" ¥, + h(Y))}l,

(35) < (M, + 2co)pe?|Y — Y| + 2 ”Jl {(f(Y ¥ + h(Y) + (Y — Y) &)
(1]

P‘JIA(Y' Y, + h(Y) + (Y = Y)- ) o (Y — Y)- ¥,) dt
o

z,

(Y = Y) )~ fY ¥ + (Y — Y) ¥o) o (Y — ¥)- ¥p)} dr

Zy
< (c2 + 2pBoe®)e"?|Y — Y|
for some positive constant ¢, > 0. Then it follows that

(k) (Yo) — (#°h)(Xo) 22

o
< f 00”2 (—5)77 exp {(v3/e”) d,s} - (c2 + 2pBoe’ + pPre%)e?|Y — Y| ds

<|Y? — YOao(c, + 2pBoe’ + pPBye°)
X (n/[,ysd* _ (psﬂ + /lgz)d* + ﬂlp8(40+1)/2)])1/28(20+1)/2
Let By, B, and &, be the constants satisfying
7 = 73d, — (g3 + y,62d* + B pef®* %) > 0,

(3.6) g, » Jolcat 2pBoe3) (n/7)"?
1= 1 — pe3(n/7)'?

Then we have
(@B, < Bye?*D2.

Since y,(t; Yy, h) =0 for Y, = (»?, 0) holds from the uniqueness of solution of
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(3.3), we have (#°h)(Y,) = 0 for Y, = (39, 0), which implies that %° maps V* into
itself.

In the rest we show that %° is a contraction mapping on V° Defining
YO(t) = Y(¢; Yy, h?) for any K € V¢ (i = 1, 2), we have

IR >) (Ye) — (RHD) (Yo) 22

< JO aoe”?(—5)71% exp {(73/¢°) dys} LIP*{ f(YD(s) ¥, + KDY D(s)))

= f(YP(s) &, + KDY D))}z, + p IK2(YD(s) — V(YD s))] 2] ds
and similarly to (3.5),
IP{f(YD(s) &, + hD(Y D)) — F(YP(s) #, + KUY D))},
< (ez + 2pBoe%)e 2| Y2 s) — Y(s)] .
So,
I(2°HP)(Yo) — (RHD)(Yo) | 22

1/2

T 1/2
20+1
8( o+ + “oP Eo]lllha) - hu)l”a,ao .

< [“o(cz + 2pPoe’ + pPy€°) (§>
Y Vady

Taking f,, B, and sufficiently small ¢, such that

n\12 N
(3.7 K = ag(cy + 2pPoe3 + Pﬁlsg)<§> eforV2 4 “op(y d ) e3<1,
3%%

we have
H(#H2) — (RO, < K[| — KD, 00
for any ¢ € (0, ¢,], as required. Q.E.D.

From this Lemma, we know that %£° has an unique fixed point on V* and
we express it by h¥.

THEOREM 3.4. There exists ¢, >0 such that for any e¢e(0,¢,), there
exists a 2m-dimensional Lipschitz continuous manifold represented by M, =
{Y ¥, + h*(Y)|Y € R*™} " U, which is invariant under the semiflow S(t)u, =
u(t; uy), where u(t;uy) is the solution of (2.2), with uye U. h¥ satisfies
B0 = OEP*T2), NIIBEll,,L = O?**2) and h¥(y,,0)=0. Also, there
exist €¢3>0 (e3<é&,) and N >0 such that for any c€(0,¢;), there is a
v=1v(e) >0 so that for any solution u(t)e U of (2.2),, there exists Y, e R?™

satisfying
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lu(®) — (Y(t)- ¥, + h¥(Y @)z < Ne™  fort >0,
where Y(t) = Y(¢t; ¥,, h*).
Proor. By Lemma 3.3, the proof of the former half is obvious. We

now prove the attractivity of the manifold. Writing u(t) = Y(¢)- ¥, + u(t) =
YO0V + y, () + u(t), we see

D oy,
d A2
D2 LDy, + (f(Y ¥+ ), 02,
(3.8) ? dt € ¢
Y, = Y(0),

t

u(t) = exp {—A,t}u, +J exp{—A,(t —s)}Pf(Y ¥, +u)ds.
0

.

Here, we note that the solution of (2.2), on the manifold .#, is represented by
Y(t)- ¥, + h*(Y (1)), where Y(t) = Y(t; Y,, h*) for ¥, R*™. Defining Y(t) — Y(2)
and A¥ + Y)—u(t) by { =((y,{,) = Y(t) — Y(t) and H*(¢; (), respectively, we
have

(dt,

=5 = S+ V) ¥+ hC+ Y) - f(Y- ¥, + 1), o)z, »

B9 s b, 4 A+ 1B B+ ) = SOt D, 0

O =Y - Y,

and

H¥(t: 1) = exp {— A} HHO; Ty — Yo) + f exp (At — )
3.10
19 X P{f(C+ Y)Y, +h¥+Y)—f(Y-¥,+u)}ds.

We consider the existence of {(f) instead of ¥(t). By Lemma 2.5, we can
assume [tz < ce®*2. We shall show that there exists a solution {(t) of
(3.9) such that |{(f)] < N,e™™ for some positive constants N, and v.

We define a set &; by

@, = {{ = (1, 3) € C([0, ) R*™[[C,0 = SuPr2o (1L €”) < qe®* P2},

where v and g are constants to be determined later. We also define an
operator @° on @; such that ¢*({)(t) = ((¢{{)(®), (950) () € C([0, c0); R*™) for
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&) = (1), £, (D) € D5, where

-

(@i0)(®) = —Jw S+ 1) ¥+ h*C+Y) = f(Y ¥, + 1), o), ds

© /1(2)
{— 5 D0+ f(C+Y) ¥,

&

G11) (e = —f

t

+hC+Y) - f(Y ¥ +u), w£2’>z,} ds.

-

It is obvious that the fixed point of ¢° is a solution of (3.9). So that it
sufficies to show that ¢° is a contraction on & for appropriate g > 0.
Similarly to the procedure of (3.5), we have

IH*E5 O)llzs < (Boe** V7 + ce®D2) exp {—(2—3) d*t}

(3.12) + ft %oe”?(t — 5)7* exp { - <§> d(t — ) [ese™ ||

V]
+ pIH*(s; Ol z:] ds

for some positive constant c; > 0. Choosing v and ¢, satisfying

d
(3.13) v < “80*

for 0 < ¢ < g3, we have

eI H*E; Ol < (Boe™ + 6™ + g q(n/[rad,, — ve®])12e0+ "2

t
+ oy pell? f (t—s) "2 exp {—(yli* - v) (t— s)}
0

X | H¥(s; | ds .

Let y = sup,»o {1 H¥(t; )l 2e™}. If &; satisfies
(3.149) 1 — app(n/[y;d, — ve3])** >0,
we have
XS 21(q)e® 2,
where

() = [Bos® € + tocsal/lysdy — ve]) 2e0H Y02
= 1= aop(n/[y;d, — ve®])2°
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which implies
IH*(t; Oz < x1(@)e®*PPe™  fort>0.

Let ¢; be sufficiently small such that there exist constants v = v(g), q = q(¢)
satisfying (3.13) and

i Px1(9)
£ * 1
(315) V> 80 d +ps q>v—(d*/1£2)/80+p)

for any e€(0,¢3]. In fact, we can take such constants v(g) and q(¢) because
A < y.¢ and the coefficient of q in the right side of the second inequality of
(3.15) is less than 1 if &4 is sufficiently small. Thus, it follows that

L /1(2)
l(@*0) (0] < f {(d*ﬁ + p)ICI + pllH*(s; C)"z}} ds

® /1552) 0+1)/2
< d* TP g2 + py, (q)e® V2 eV ds
t

*1(2) /.0
_ (@7 + 5)4 +P1@ iz < gt

for {e @;. So we find that ¢°® maps &; into itself.
We shall show that ¢° is contractive on &:. Letting (), (® € &; and
calculating (3.11) similarly to (3.5), we have

(2)

(@ T)@) — (9T < f i (‘e—d + c4e“’“>/2) 0@ — (] ds

® }‘EZ) 6+1 2
S 86 d* + 648( )2 e vsnc( ) — C(l)”v.oo dS
Jt

for some positive constant c,, which implies

d*A?/eb + ¢ @12

2
||§08C(2) - (PEC(I)”\».ao < ”C( ) — C(l)“v,uo .

Therefore if 5 satisfies
(3.16) eV < p

¢° is a contraction and the proof of Theorem 3.4 is complete. Q.E.D.

REMARK 3.1. By this Theorem, we know that | ¥(t)| < K, for ¢t > t,, where
to is determined by Lemma 2.5.
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REMARK 3.2. We note that h¥ is continuous in sufficiently small ¢ > 0,
weakly in Z! and strongly in Z, in the sense of [10], by combining Lemma 3.5
and Corollary 3.9 in Hale and Vegas [10] and the smooth dependency of the
fixed point of contraction mapping on parameters.

§4. ODEs on the invariant manifold

In this section we rewrite the ordinary differential equation (3.3) on the
manifold in another form and consider the dependency of 6 on the asymptotic
behavior of solutions of (2.2),.

We have known that Y(¢) = Y(¢; Y,, h*) for )70 € R?™ is the solution of (2.2),
on the invariant manifold. Let

@1 v=YJ !,

where

Conp(l—e =1 —a)t?
J=lal /2< x (- a))‘“) '

Then we find that v = (vy, v,) (v; € R™) satisfies the following equation:

dv, AP o @ e

= _ * <

i & —aD(v, —vy) + <f(vl¢e + v,4; h (), - )|Qe|>
4.2)

dv; _ A2 (1) (2) 4 7* e

a (1 x)D(vy —vy) + <f(vl¢e + 0,6, + h¥(v)), °‘|Qe|>z, )
where
@3 P = 12,|"((1 — DoV — (1 — ¥))w?),

' 2 = 12,200 + (1 - 0) o),

and h*(v) = h*(2,|*((1 — 0)v, + av,), |2,|"*(@(l — @))?(—v, + v,)). Here we
note that

1 in Q& 0 in QF
4.4 (1) — Y (2) o
(44) ¢ { in QF° ° {1 in QX

and h*(v) = 0 when v; = v,. Therefore we obtain

~ ¢(1)
f(v1>—<f("1 m””ﬁm)’ “)|Qo|>zo

(2)
flvy) = <f(v1 P + 0,08, lQo|>zo
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Let

_ (1)
Gi(v) = <f(vl¢§“ + 0,6 + K@), (1_"%@'9& ~ ),

and

B (2)
G5(0) = <f(v1¢§” + 028 + RO). 2 |>Z — f(v2).

Here we define the following norms:
|Gk, = sup {|G(v)}; [v] < K},

GW) — GE? . .
|Glk,L = sup {I (Tv(lz — v‘z(:)| )I; v #£ @ D e R and v < K (j=1, 2)}

for G: R*™ > R™ Then we have the following estimates by Proposition 2.1
and Lemma 2.4

4.5) |Gflk,0 = O€"?),  |Gflg, . =0E") (i=1,2),
where K, is the bound of v ((4.1)) induced by the bound K, of ¥. So (4.1) can
be written as follows:

dv A2
—j = flvy) + F“D(Uz —v;) + Gi(),

(4.6), »

d
% = f(v,) + —;0—(1 — o)D(vy — v;) + G3(v) .

First, we state the convergence of A?/e as ¢ |0, which is the key theorem
in analysing (4.6),, To do it, R, is assumed to be R, = {(x, x,)||x,| <1,
|x,| < eB(x,)}, where the function B(x,) is positive and even from [—1, 1] into
R with B(—1)=B(1) > B(0) >0, and Be C®(—1,1) increasing in [0, 1] and
d*B(x,)/dx* = oo as x, 11 for k > 1.

THEOREM 4.1.

where

1 1 -1
r=2{|.Qo| _lmdxl} .

The proof will be based on the following inequality which is given by Hale
and Vegas [10] under some hypothesis on Q,.
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LEMMA 4.2. There exists a constant ¢ > 0 independent of & such that

”“”211(11.) < C(”Au”zzmt) + llull g ay)

for any ueC?*(2,) satisfying Ou/on=0 on 08,  Here, A,= AL U AR and
AL = QF (AR <= QF) is the symmetric region of R, with respect to x; = —1
(x; =1). (See Figure 1.)

Proor or THEOREM 4.1. We will show that
. /1£2) 1
@7 lim, .o =~ = f BOe) {8/ (x1)}? dxy
-1

where ¢(x,) is the solution of the boundary value problem:
(B¢') =0, x| <1,
(4.8) #(—1) = o5,
¢(1) = wg -

From the variational characterization, we know that

J‘ [Pw|? dx, dx,
AP = inf { 22

weHl(Qg),W;éO,J‘ wdx,; dx, =0
f w? dx, dx, a
2,

Defining y/(x,, x,) by

#(x;) inR,
Y(xi, x;) = < of  in Qf
o  in QF

1
1€2,]

Y € H(,) and j Y dx,dx, =0. So we have
2,

and tll(xl,xz)=¢~t(x1,x2)— j ¥(x,, x,) dx, dx,, then we know that
Q,

1
@ f PR dx, dx, 2 J B@)* dx,
e < 2, _ -1

e ¢ B 1 1 ! 2\’
f Y2 dx, dx, (1 + 28.[ Bo? dx, — —4¢? {j Bé dxl} )
Q2. -1 |Qs| -1

which implies that

1(2) 1
4.9) lim sup,_ o % <2 J B(¢')?* dx, .
-1
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It remains to show
Y RN
(4.10) liminf_o - >2 | B(#)?dx, .
€ -1

To this end, let V,(xy,z) = 0®(x,, ez), where (x;,z)e R, = {(xy,2)||x,| <1,
|z] < B(x;)}. Then by Lemma 4.2 we have

V,\2 1 (aV,\?
2 € I e
Jo L (@) (&) Jese

(4.11) <ci? f V2dx, dz
R,

c
+ EJ [(@®)? + |[Fo?)?] dx, dx, .
Al

In view of this together with Proposition 2.1 (3) we know that {¥,} is uniformly
bounded in H'(R;). So we can find a subsequence {¢,} with ¢,|0, and
a function ¥, € H'(R,) such that V, — V, weakly in H'(R,) and strongly in
H**(R,) = L?(R,) by Sobolev imbedding theorem, and

oV, \? v, \?
lim inf, —1d = lim,_, In .
im inf,_, L <6x1> x, dz = lim,_, J;l <6x1> dx, dz

The estimate (4.11) implies that V; is independent of z. Let

X ={we H' (-1, )|w(—1) = of, w(l) = of} .

Now we show that ¥, € X. In fact, since ¥, € H'(R,), we know immediately
that ¥V, € H'(—1,1). To find the boundary value of V,, we recall Proposition
2.1 (3) which implies that

Vo {w{; , x;=—1

o, x;=1

uniformly on dR; N 02,. However from the continuity of the boundary trace
mapping H¥*(R,) - H'*(dR,), it follows that

V.. lor, = Volor, in H'*(dR,) .

Thus, V,(—1) = 0§ and Vy(1) = o, and this proves that ¥, € X. Observe that

pro. ‘[ Fo®|? dx, dx, > j [P l®|? dx, dx,
2,

R,

AV I A% av,\?
=Ll [Q—) +z<*a7) ]""* dZJ(a*) dx dz
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and that ¢ is the minimizer of the functional J: X — R defined by
1
J(w) = f B(x)(W'(x,))? dx, forweX.
-1

It follows that

A2 v, \?
lim inf .o ™ > lim inf _ A
im inf, . im inf, oLl <6x1) dx, dz

v, \? ov,\?
= l N tn __O
im,_, Ll <8x1> dx, dz > Ll <6x1> dx, dz

>2 f LBy dxy > 2 f B dx,

This gives (4.10), which along with (4.9) implies (4.7) and completes the proof of
Theorem 4.1. Q.E.D.

Keeping Theorem 4.1 in mind, we define the reduced equations of (4.6), in
the limit ¢ | 0:

(@ ©0>1)
di
(4.12), dt =10
V=0, =17;
i @=1)
dv, T D
I—f(lh)'f'l—_; (v —vy)
4.12),
dv,

T
ar = f(v;) + &D(Ul —v3);

i) ©0<6<1)

dv;
ar Sf(vy)
(4.12), p
vy
ar f(vy).

We now discuss the relation between (4.6), with sufficiently small ¢ and its
reduced equations (¢ | 0), (4.12).
By using Theorem 4.1, the following result can be easily verified.
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LemMa 4.3. Let § > 1. For any 6 > 0 there exist ¢* >0 and 6 > 0 such
that for any ¢ € (0, €¥*), there exists v(t) which satisfies

lot) — D) < 6™ (i=1,2) fort >0,

and dv/dt = f(T) + g(t) with |g(t)| < ¢, exp {—a,t} for t > 0 and some c,, 5, > 0,
where (v,(t), v,(t)) is a bounded solution of (4.6),.

We thus find that the reduced equation (4.12), plays a role of the limiting
equation of (4.6), when 0 > 1.

Combining Theorem 3.4, (4.1) and Lemma 4.3, we get the following theorem
corresponding to the result of Conway, Hoff and Smoller [5].

THEOREM 4.4. Let 6 > 1. There exist ¢, >0 (¢, < &3) and M > 0 so that
for any e€(0, &) there exists x = k(e) = O(e*™%) > 0 such that if u(t) is any
solution of (2.2),, then

lu(®) — B0z, < Me™

holds for t>0 and some o(t) which satisfies dv/dt = f()+ g(t) with
lg(t)] < M, exp {—x,t} for t > 0 and some M, and x, > 0.

The above theorem indicates that when 6 > 1 and ¢ is sufficiently small,
there are no stable spatially inhomogeneous solution of (2.2),.

We next consider the cases when 0 <6 <1 and 6 =1. Since (4.6), is
represented as

dv,
a fwy) + o(1)
4.13),

dv
2= 1) + o(1)
for 0 <60 <1 and

do,
“L = f02) + Do, — v1) + o()

4.14),
dv

2 = (o) + -D(vy — v) + o(1)
for 0 =1 as ¢ 0, general theories of ODEs state that the orbits of (4.12); and
(4.12), which approaches the asymptotically stable attractor is close to that
of (4.13), and (4.14), uniformly in ¢, respectively. So, generically we can say
that (4.12), and (4.12), is the limiting equations of (4.13), and (4.14), as ¢ |0,
respectively. Thus, we have arrived at the reduced equations of (4.6), in the
limit ¢ | 0.
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The next problem is the study of the transient as well as asymptotic
behaviors of solutions of (2.2), by solving (4.12). The particularly interesting
case is for 6 = 1, because it includes three parameters 7, « and D. So, the
dynamics of solutions of (4.6), or (2.2), generally depend on these parameters.
From the global bifurcation view point, this will be discussed in a forthcoming

paper [19].
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