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0. Introduction

Beukers proved some congruences for the numbers b, = ) (})*(*#+*) which
were introduced by Apéry. We shall give another proof of these congruences by
using Greene’s result on hypergeometric series over finite fields.

1. Some facts on hypergeometric series over finite fields

Let p be a prime, > 3 and let F, denote the finite field with p elements.
Throughout this paper, capital letters A, B, C and y, ¥, p will denote multiplicative
characters of F,. Given any multiplicative character 4 of F,, we extend A to all
of F, by defining A(0) =0. & and ¢ denote the trivial multiplicative character
and the character of order 2 respectively.

Finite analogue of binomial coefficients are defined as follows*):

() -2bons

where J(A4, B) denotes the Jacobi sum.
Then we have

AL+ x) = 8(x) + ZB@)* B(x),

where 6(x) =0 if x #2 0 and 6(x) =1 if x = 0.
We may consider that these values are all in the p-adic number field @,. We
identify F,with Z,/pZ,. Then we denote by w the Teichmuller character of F, i.e.

o(x)modp=x  forall xeF,.

. A . . . A p—1[A\*
*) In [3], Greene defined the finite analogue B of binomial coefficients by B = 8
p
In considering the reduction modulo p of special values of hypergeometric series over finite fields,
A *
our definition seems to be more convenient. It is clear that our ( B) also satisfy formulae (2.6),

(2.7) and (2.8) in [3], and other formulae can be easily modified.
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Then the set of all multiplicative characters of F, is
{o*;0<k<p-2}
LemMA 1. We have
o (’;) modp) for 0<i<k
<wi) - {0 (modp) for k<i<p—2.

Proor. The proof is obtained by comparing expansions of both sides of
congruences: o*(1 + x) (mod p) = (1 + x)*.

The hypergeometric series over the finite field F, is defined by
Ay, Ay, A Aox\N* (A1 x\* <Ax)*
* 05 P15 0n = 0 1 e n
"+1F”< Blin-:Bnlx) ZX< X) <B1X> BnX X(x)
Our definition is different from Greene’s ,,,F,: the relation is

— 1\
n+1Fn=(pT) n+1F':'k'

In [3], Greene evaluated certain special values of these hypergeometric series :

(1) 2F1*<A’ g| 1) = A(- 1)(212)*.
) {O if Bisnot square,

(5 vo-e

«(A4, B _
@ Fr( -1

(3) If we assume that 4, B and ABC are not trivial, then we have

.(A, B, C )
3F2( ic, Bc!!

A

0 _ if Cisnotsquare,
= (n) 5 (2 () v
4) \uBb) T\ 4) \ 448D if € =D
In [4], Greene and Stanton evaluated ;F 2( 2 f’ fl - 1):

G 3F§(¢’Z”f’|-1)= 1 {—P¢(2) if p=S5,7(mod 8),

p—1716(@*~p) if p=1,3(mod8),

where p = ¢ + 2d?, for p =1, 3 (mod 8).
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2. Congruences of Apéry numbers

For any pair (m, /) of non negative integer m and ¢, we define the Apéry
number of type (m, £) by
m n (n+k\"/n\*
-5 ()

Put w = m + ¢, which is called the weight of the Apéry number.
PROPOSITION 1.  Let ai™*) be the Apéry number of weight w. For any prime
p=>3,putp=2f+1. Then we have

= oy (P Py DY) (mod p)

€,...

PROOF.

3

am o

LT =S (A) s

(4O wedn

X

<

*
by Lemma 1. Smce< ) =x(—=1) ( ) , we have
)

(¢X>*"’(¢X) x(—=1)*  (mod p),
S (P8

COROLLARY 1. Ifm+ ¢ =m + ¢ and ¢ = ¢' (mod 2), then

a(fm ¢)

¢|( 1yt ) (mod p).

9o

a(m,l) = a("l’,l') (mod p)

Combining this result with (1), (2), (3) and (4) in the preceding section, we get

COROLLARY 2. The notation being as above and if p=1 (mod 4) we put
p=4f"+ 1. Then we have

(1) af? = ¢(-1) (mod p).
0 (mod p) if p=3(mod 4),
) aft = { (;;/) (mod p) if p= l(mod 4).
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0 (mod p) if p=3(mod 4),
(1,2) — N2
3) ap = { (;Jf’) (mod p) if p=1(mod 4).
n_1J0 (mod p) if p=S5, 7(mod 8),
@ af-t = {45(2)4(:2 (mod p) if p =1, 3(mod 8).

ReMARK 1. The following result is easily proved; If the weight is odd and
¢ is even, then a*) = 0 (mod p) if p. = 3 (mod 4) and if the weight is even and
¢ is odd, then af* = 0 (mod p) if p = 3 (mod 4).

The following congruences of binomial coefficients are well known: for any
prime p, p = 1 (mod 4), p = a* + b? with a = 1 (mod 4), then

<2§:> =2a (mod p).

4 * *
Since <2f,> = (?) = ¢pp(— 1)<p> (mod p) with p = ', so we get
f p ¢
32—y
<2f,> =(-12a (mod p).
Combining the above result with Corollary 2, we obtained the congruences
of Apéry numbers proved in [1] and [6]: for example

THEOREM 1. The notation being as above, we have

a0 = {0 (mod p) if p=3(mod 4),
“ |4a®>  (mod p) if p=1(mod 4).

Beukers proved this congruence by knowing the zeta functions of a singular
K3-surface. Our argument is different from his and may be convenient to further
generalizations.

3. Variant 1

In [6], Stienstra and Beukers gave the congruences for the following numbers

=3 ()

We shall show that these numbers also are related to special values of
hypergeometric series.

LEMMA 2. For any multiplicative character x of F,, we have
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(57 = ("9 xe + o,

where §(x) =0if y#eandd(x)=11if y ==
Proor. This is proved by using the formula (2.16) in [3].

PROPOSITION 2. The notation being as above, we have
cfst;("”Z”fm)H (mod p).
Proor. We have
2 2k *2 w2k *
e =T1(3) () =Zha(S) (%) modn
O =) () e (2
= 4) + mod
SO () =Z0) () (2) moap)

3F§<¢’ ff f|4) +1  (mod p).

In contrast to the preceding section, we get the following congruences by
using Theorem (13.1) in [6].

COROLLARY.

F1(* 9 014

¢

{— 1 (mod p) if p=2(mod 3),
—1+4e¢* (mod p) if p=1(mod 3),

where p = e + 3g* for p =1 (mod 3).

The following problem arises from this result:

PROBLEM. Can we evaluate F 2(¢’ (f’ (f|4>?

4. Variant 2

» The result in §2 shows why the Apéry number b, at n = (p — 1)/2 satisfy
interesting congruences modulo p. It is because such b, is connected to

3F 2(¢’ f’ f| 1). Hence it is natural to consider whether ; F 2<l//’ ;/l’ Z’l 1) and

5F, (p ’ Z ’ s | 1> with y and p characters of order 3 and 4 respectively are connected

t]

to the Apéry numbers too.
Let pbeaprime,p = 1(mod 3). Putp=3f+1=6f + landputy = 0*/
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and y = /. Then we have

(V) =, () =L, (V) o,

=a%”  (mod p).

Since (l//X> =y(-1 ('//), we have
. (=1 X
dP? =a%®  (mod p).

On the other hand, by (1) in § 1, we see that

Fr(P Y1) = v 1)(;’;’) - (2}') (mod p),

and

(2;> =—e (mod p)

where p = e? + 392, e = 1 (mod 3).
Hence we have

THEOREM 2. The notation being as above, we have
aPP=a}"=—e¢  (mod p).
To obtain the congruences for the Apéry number a$4! we have to evaluate

oF; ('//’ '/; | — 1), but this is not yet done.

By the same argument, we get

THEOREM 3. The notation being as above, we get

a0 = (Sf’><5fl) (mod p),

21" J\2f"
= 2eh (mod p),
where 4p = h? + 3i% such that if 2 is a cubic non residue mod p then h= — 1

(mod 3), h is odd and i # 0 (mod 3) and if 2 is a cubic residue mod p thenh = — 1
(mod 3) and h is even.

Letp=4f+1landputp =w* andp = »’. Weconsider3F}"<p’f’£|l>.

By (3) in § 1, this is equal to zero if p = 5 (mod 8). So we may assume that p = 1
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(mod 8) and p =8’ + 1. Then we have

(1]

[2]
(31
[4]
[s]
[6]

JF¥ (P’ 2” £| 1) = <¢w3f'>*<$gj,f’)* (mod p),

s P
=(I)(11)
= <6f’)(5f’ (mod p).
THEOREM 4. The notation being as above, we have
0 (mod p)if p = 5(mod 8),
=6 Gr) /o=
References

F. Beukers, Arithmetical properties of Picard-Fuchs equations, Sem. de Theorie des
Nombres, Paris 1982-1983, 33-38, Progress in Math. 51, Basel, Boston, Stuttgart, Birkhauser
1984.

B. Berndt and R. Evans, Sums of Gauss, Jacobi and Jacobstahl, J. Number Theory 11(1979),
349-398.

J. Greene, Hypergeometric functions over finite fields, Trans. Amer. Math. Soc. 301 (1987),
77-101.

J. Greene and D. Stanton, A character sum evaluation and Gaussian hypergeometric series,
J. Number Theory 23 (1986), 136-148.

K. Ireland and M. Rosen, A classical introduction to modern number theory, GTM 84,
Springer-Verlag, New York Heidelberg Berlin, 1982.

J. Stienstra and F. Beukers, On the Picard-Fuchs equation and the formal Brauer group of
certain elliptic K3-surfaces, Math. Ann. 271 (1985), 269-304.

Department of Mathematics,
Faculty of Science,
Hiroshima University








