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1. Introduction

The study of coexistence problem of competing species is one of the main
topics in mathematical ecology. In this paper we study the relation between
the coexistence of two competing species and the domain shape of their habitat.

The model system which we use here is the following Lotka-Volterra type
reaction-diffusion equation:

u, = duAu + u(au - buu - Cul)),
v, =d,4v + v(a, — b,u — c,v), xeR, t>0,

(1.1)

Eu(t,)c)=0=iv(t, x), xedf2, t >0,
ov v

u0,x)=>0, v(0,x)>0, xeQ,

where 4 is the Laplace operator, £ a bounded domain in R**!, u and v the
population densities of the two competing species. The constants a, and a,
are the intrinsic growth rates, b,, ¢, and b, c, the coefficients of intraspecific
and interspecific competition, respectively, d, and d, the diffusion rates. We
assume that all these constants are positive.

By a suitable normalization, we can rewrite (1.1) as

u, = e du + u(l —u — cv),
v, =&2dAv+v(a—bu—v), xef,t>0,

(12) 0
—u(t,x)=0=iv(t, X), xedQ, t >0,
ov ov

u©0,x)>0, v(0,x) >0, xeQ,

where a, b, c, d, ¢ are positive. The following result is well-known (for example,
see de Mottoni [7]):

(I) If a<min{b, 1/c}, then lim,, ,(u(t, x), v(t, x)) = (1, 0).
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(II) If b<a< /e, then lim, ., (u(t X), v(t, x))=<1_“c, “_b).
1—bc 1—bc

(II) If 1/c <a < b, then (1, 0) and (0, a) are locally stable.
(IV) If max{b, 1/c} < a, then lim,_, ,(u(t, x), v(t, x)) = (0, a).

By using Lyapunov’s second method, it is also shown that the above results
except for Case (III) are independent of the domain shapes. In Case (III), it
was shown by Kishimoto and Weinberger [2] that any non-constant stationary
solution of (1.2) is unstable if the domain Q is convex, that is, only one species
can survive and the other species becomes extinct due to competition.

Let us consider the case where their habitat is dumbbell-shaped, i.e., the
habitat consists of two distinct domains (a domain A and a domain B) and
a channel connecting two domains. If the channel is sufficiently narrow, then
it is difficult for species on one domain to migrate to another domain through
the channel. This implies that the competition is relaxed by the narrow
channel and two competing species may show a segregated pattern, that is, one
species lives dominantly in domain A and the other dominantly in domain B.
In fact, Matano and Mimura [5] proved that there exists a stable non-constant
stationary solution if the channel is sufficiently narrow.

We guess that the weaker species can not survive due to competition if
the stronger species becomes so active as to migrate to another domain at
will through the channel. Conversely, if the stronger species is not so active,
two competing species may coexist even in the case where the channel is not
so narrow. In other words, the coexistence of two competing species depends
on not only the domain shapes but also the magnitude of the competition-
diffusion. Our aim is to show how these two effects are concerned with the
coexistence.

In this paper, we consider the coexistence problem of two competing
species in domains which are non-convex but not necessarily dumbbell-
shaped. We shall prove that there exists a stable non-constant stationary
solution of (1.2) if the curvature of a boundary of the domain and the
magnitude of competition-diffusion are well-balanced in a sense. To show the
existence of a stable non-constant stationary solution, we shall make use of the
maximum principle (or super-subsolution technique) developed by Matano [4],
i.e., we shall construct stable sets of a dynamical system arising from (1.2).

In Section 2 as the first stage, we study travelling wave solutions of a
one-dimensional equation. In Section 3, we construct stable sets of (1.2) when
Q is a thin tubular domain or a rotationally symmetric tubular domain. We
also study a spatially inhomogeneous one-dimensional equation.
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2. Travelling wave solutions of a one-dimensional equation

In this section, we consider the one-dimensional equation

{u, =u,, + f(u, v),
dv, = dv,, + g(u, v), xeR, t >0,

where f(u, v) =u(l —u —cv) and g(u, v) =v(a — bu —v). A travelling wave
solution (u, v) = (), v(€)), £ = x — st, where s is the propagation speed,
satisfies the ordinary differential equation

0 = ug + su; + f(u, v),
2.1) 0 = dvg, + sdvg + g(u, v), teR,
(ua U)(-— w) = (0’ a)’ (u’ D)(+ OO) = (19 0)

Solutions of this equation will play important roles in the proof of the existence
of a stable non-constant stationary solution of (1.2). Since (2.1) does not
depend on ¢ explicitly, we assume

u(0) = 1/2

in order to fix the solution. We shall say that (u, v) is (strictly) positively
monotone if u is (strictly) increasing and v is (strictly) decreasing.

From an ecological viewpoint, the propagation speed s represents the
difference of the strength of two competing species. If s >0 (resp. s <O0),
then the travelling wave propagates rightward (resp. leftward). This implies
that the species u is weaker (resp. stronger) than the species v. If s =0, then
two species are in equilibrium.

Mimura and Fife [6] obtained the following result:

LemMMA 2.1. (Mimura and Fife). Suppose that bc > 1. Then there exists
ae(1/c, b) such that (2.1) with s = 0 has a strictly positively monotone solution.

Let by, ¢y and d, be any constants satisfying

3+./5 boco —
2.2) 1 < byco < V5 Poto=1 4o b0
2 Co boco — 1

and let a, and (uy, vy) be the constant and the strictly positively monotone
solution, respectively, of (2.1) with (b, ¢, d, s) = (b, ¢, dg, 0) given in Lemma
2.1. The eigenvalues of the linearized operator of (2.1) at (u, v) = (0, a,) (resp.
(1, 0)) for (a, b, c, d, s) = (aq, by, o, dg, 0) are easily obtained as

£ Jagco — 1, £ ./ao/dy (tesp. = \/(bo — ao)/dy, % 1).
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From the inequalities (2.2) and 1/c¢y < ay < by, we have
(2.3) aoco - 1 < ao/do and (bo - ao)/do < 1.

In the following, we fix (a, d) to (ao, dy) and take (b, ¢) as parameters.
If we put u="'(u, u, v, v) and
Ug
—u(l —u—cv)—su
Fu; b, ¢, 5)= ( ) s ;
Vg
— v(ap — bu — v)/dy — sv,

then (2.1) is rewritten as
d

(2.4 —u=F(u;b,c,s).
d¢

Clearly there is a one-to-one correspondence between a solution of (2.1) and
a heteroclinic orbit of this 4-dimensional dynamical system which connects
©, 0, ay, 0) with (1, 0, 0, 0). Hence, by Lemma 2.1, there exists a heteroclinic
orbit for (2.4) at (b, c) = (by, c,). We can show that the heteroclinic orbit
persists when we take (b, ¢) as bifurcation parameters in a neighborhood of
(bo, co). In fact, we can prove the following theorem by applying Theorem A
of Kokubu [3] to our problem.

THEOREM 2.1. Suppose that (2.2) holds. Then there exists a (b, c)-family
of solutions (U(¢; b, c), (¢; b, ¢), s(b, ¢)) of (2.1) in a neighborhood of (by, co)
such that

lim, ¢ o, B(E5 B, €) = 1p(£), lim(b,c)—»(bo,co)ﬁ(é; b, ¢) = v4(),

(2.5) lim(b’c)_,(bo’c()) S(b, C) = 0,
0 0
%s(bo, o) <0, %S(bm co) > 0.

Furthermore (i(¢; b, ¢), D(&; b, ¢)) is strictly positively monotone and satisfies

(@(; b, c), 6(¢; b, )
(0, ap) + B-(1, e_(b, c))exp(y-(b, c)¢)
+ o(exp(y-(b, ©)8)) as &—> — o0,

(la 0) - ﬁ+(1> €+(b, c))eXp(_ }’+(b, C)ﬁ)
+ o(exp(—y+(b, c)f)) as &—> + oo,

(2.6)

where B_ and B, are certain positive constants and y_(b, c), 7, (b, ¢), e_(b, ¢)
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and e, (b, ¢) are continuous in (b, c) and satisfy

y-(bo, co) = V@oCo — 1,
P+ (bo, Co) = V (bo — ao)/dy,

2.7 b
e_(by, Co) = — 00 (<0),
o ao — do(aogco — 1)
ap+dy—b
e (bo, co) = — ———2 (< 0).
Codo

Since the proof of this theorem needs lengthy argument, we state the
proof in Appendix.

Let (B(e), é(e)) be a function which depends on a small parameter ¢
smoothly and satisfies

(2.8) (b(e), é()) = (by + by + 0(8), co + c1€ + 0(e)) as &—0,

where b, and ¢, are constants. Then, by virtue of Theorem 2.1, the
propagation speed s(b(e), ¢(e)) of (A(¢; b(e), é(e)), B(E; b(e), é())) satisfies

(2.9) s(b(e), é(e)) = (Myb, + M.c,)e + 0o(e) as & —0,

0 0
where we put M, = a—bs(bo, co) <0 and M, = a—s(bo, co) > 0.
c
Throughout this paper, we shall use the following notations:
by, ¢y and d, are constants which satisfy (2.2).

a, and (uy, vo) are the constant and the strictly positively monotone
solution, respectively, of (2.1) with (b, c, d, s) = (by, ¢o, dg, 0) given in
Lemma 2.1.

(4, d) is the strictly positively monotone solution of (2.1) with
(a, b, c, d, 5) = (ay, b, c, dy, s(b, ¢)) given in Theorem 2.1.

(B(s), é(e)) is a function of ¢ which is represented as (2.8).

3. Existence of stable stationary solutions
3.1. Supersolutions and subsolutions

We introduce an order relation into the space C(Q) x C(Q) in the
following manner:

(uy, v1) > (uy, V) <=>u (x) > u,(x) and v,(x) < v,(x) in Q.
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Let &(t) be a local semiflow on C(2) x C(Q) defined by (1.2).

DEFINITION 3.1. geC() x C() is called a (time-independent) supersolu-
tion (resp. subsolution) of (1.2) if

D(t)q < q (resp. D(t)q = q) for all ¢t >0.

If, in addition, g is not a stationary solution of (1.2), then it is called a strict
supersolution (resp. strict subsolution).

The following result was proved by Matano [4]:

LemMma 3.1. (Matano). Let g, g€ C(Q) x C(Q) be a strict supersolution and
a strict subsolution of (1.2) respectively satisfying q >q, q # q. Then there
exists a stable stationary solution p = (u, v) of (1.2) satisfying 4 > p = q.

From the maximum principle in a generalized sense, the following is
obtained.

LEmMMA 3.2. (Matano and Mimura [5]). Suppose that (u, v) is a continuous
piecewise C*-class function satisfying

{szdu + f(u, v) <0,
e2dAv + glu, 1) >0, xef

(in the sense of distribution) and
0 0
—u(t, x) = 0> —u(t, x), x€ 0.
v v

Then (u, v) is a supersolution of (1.2). If (u, v) satisfies the reversed differential
inequalities, then it is a subsolution of (1.2).

3.2. One-dimensional equations
In this subsection, we consider the equation

U = &t + 2y (X)u, + f (4, V),
(31) v = ezdovxx + 82d0'))(X)Ux + g(u’ l)), XE(O, L), > 0’
u,(t, x) =0 =o,(t, x), x=0,L,t>0,

where y(x)eC([0, L]), f(u,v)=u(l —u—cv) and g(u, v) = v(ay — bu — v).
We shall construct a supersolution and a subsolution of this equation by using
the technique developed in [9].

Let xe(0, L) and ¢ > 0 satisfy [x — ¢, x + ¢] = (0, L), and let ¢ >0 be a
small parameter. Put (#(x; y), 2°(x; y)) = @((x — y)/¢e; b(e), ée)), d((x — y)/
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¢; b(e), é(e))) and define (U, V) = (U(x; %, &, £), V(x; %, ¢, £)) by
U(x; %, &, ¢)

W(x—¢;x)+ P,r*/4 xe[0, x — £],

@ (x;X)+P(x —x+7£/2? xe(x—¢,%x—1¢/2],
= W e (x; X) xe(x—£/2, x+ £/2],

Ex; %)+ 0ux —x— /2  xe(X+¢/2, %+ 7],

1 xe(x + ¢, L],

V(x; %, ¢ ¢)

0°(x — ¢; x) — P,t%/4 xe€[0, x — ¢],

0%(x; X) — P,(x — X + £/2)? xe(x—¢,x—1¢/2],
=4 *(x; x) xe(x—2¢/2,x+¢/2],

5*(x; X) — Qp(x — X — £/2)? xe(x+£/2,x+¢],

0 xe(x+¢, L],

where P,, Q,, P,, 0, > 0 are constants given by
D 1 A A ~ 4 A A
P, = —iig(— ¢/2; b(@), &), 0. = ;{1 —i(/e; b(e), &e))},

- 1

~ 4
P,= —— 0~ ¢/e:b@), ¢@),  Oo=50¢/e; (o), &)

—9
el
(see Figure 1). We note that (U, V) is continuous in ¢ and is positively
monotone for sufficiently small ¢ > 0.

X

Figure 1 Supersolution (T, 7)

LemMA 3.3.  Suppose that Myb, + M c, > y(x) for all xe[x — ¢, x + £] =
O, L) for some xe(0, L) and £ >0. Then there exists & = &) > 0 such that,
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if0<e<é& (Ux; % e ¢), V(x; X, & £)) defined as above is a strict supersolution
of (3.1).
ProoOF. By assumption and (2.9), we have &y(x)— 3(5(8), é(e)) <0 for

xe[x —¢,x +¢] if ¢ >0 is sufficiently small. According to the asymptotic
behavior of (i(¢; b, ¢), D(€; b, ¢)) as € > + oo (see (2.6)), we have the following:

(i) P,/P,= —e_(bo, co) +0(1), 0,/0.= —e.(bo, co) + 0(1),

(ii) (U, V)=(0, ap) + o(1) and (V—ay)/U =e_(by, c;) + o(1) for xe
©, x —2),

i) &P,/ =o(l) for xe(® —3¢/4,%— £/2),

(iv) &Q,/d=o0(1) for xe(x +¢/2, x + 3£/4),

as ¢/0. Moreover, from (2.2) and (2.3), we have the following inequalities:

140, ao) + £,(0, ag)e_(bo, co) = — (agco — 1) <0,

agbodo(agco — 1)

gu(O’ aO) + gv(O, aO)e-(bO, cO) = > Oa

ag — do(agco — 1)

£.(1,0) + £,(1, 0) e (by, co) = — % <0,
1]
0u(1, 0) + gu(L, ) (bo, o) = Lo =)o+ do =bo)
cody

Hence the following estimates are obtained as ¢|0.
(i) For xe(0, x — ¢),

U + 90 U, + f(U, V) = £(U, V)
= £u(0, ao) U + £,(0, ao) (V= a) + o(|U|, |V = ao])
= U {/£.(0, ap) + £,(0, ag)e_(bo, co) + o(1)}
<0.
(ii) For xe(x — ¢, x — 3//4),
U, +eyx) U, + f(U, V)
= {er(x) — s(b(e), &(e))} a5 + £(T, V) - £, )
+2e2P{1 + y(x)(x — X + £/2)}
< {£u0, a))P, - £,(0, ag) P, + o(IP,], IP,)} (x — X + £/2)?
+2e2P{1 + y(x)(x — x + £/2)}

2
< T P{100, ) + 0, an)e_(bo, c0) + (1)}
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< 0.
(iii) For xe(x —3¢/4,x —{£/2),
Uy +e2y(x) U, + f(T, V)
= {ey(x) — s(b(e), ¢(e))} 65 + 262 P, {1 + p(x) (x — X + £/2)}
+f(U, V) - f@, )
< e{y(x) — Myb; — M,c, + o(1)} 4%
+ P,{£,(0, ap) + £,(0, ag)e_(by, co) + o(1)} (x — X + £/2)?
< 0.
(iv) For xe(x —¢/2, x + ¢/2),
20, + e29(x) U, + f(U, V) = {ey(x) — s(b(e), é(e))} i < 0.
(v) For xe(x+¢/2, x+ 3//4),
U + 290 U, + f(U, V)
= {e7(x) = s(b(e), &)} 5 + 267 Q {1 + y(x) (x — X — ¢/2)}
+f(U, V) = f@, &)
<e{y(x) = Myb; — M,c, + o(1)} 5
+ 0, {fu(L, 0) + £,(1, 0)e,, (b, co) + 0o(1)} (x — X — £/2)?
<0.
(vi) For xe(x + 3£/4, x + ¢),
U, +e2yx) U, + (U, V)
= {ev(x) — sb(e), 8} & + (T, V) — £ (@, ")
+ 2620, {1 + y(x)(x — x — £/2)}
<{£1,00, - (1,00, + o1l 1,1} (x — X — £/2)?
+ 280, {1 + y(x)(x — x — £/2)}

2 _
< EQu{fu(l, 0) + (1, 0)e (b, co) + o(1)}
<0.

(vii) For xe(x + ¢, L),

U, +e2yx)U, + f(U, V)=0.
Therefore the following inequality holds if ¢ > 0 is sufficiently small:



202

[U.1=
0

where [u](x) = u(x + 0) — u(x — 0).
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Uy + 900, + (T, V) =0
for all xe(0, L)\ {x £ ¢, x £ £/2}. Moreover, we have

—%ﬁg(//s;ﬁ(s), ée) -0, (<0) xX=Xx+7,

x=%+2¢/2 %—¢,

In summary, we have shown that the

following inequality holds in the sense of distribution:

U, + ey U, + (U, V) <0 (#0)

for all xe(0, L).

Similarly, we can prove that the following inequality holds in the sense

of distribution:

e2do V., + e2doy (¥, + g(U, V) 2 0 (#0)

for all xe(0, L).

Finally, from the definition of (U, V), we have

U,(x; X, 6 ¢)=V,(x; X, ¢ ¢)=0,

x=0,L.

Now, by virtue of Lemma 3.2, if ¢ > 0 is sufficiently small, (U(x; %, &, £),
V(x; X, ¢, £)) defined as above is a supersolution of (3.1).

Let (U, V) = (U(x; x, & ¢), V(x; X, & £)) be a function defined by

Ux; x, &

Vi(x; x, ¢,

?)

0

2(x; x) — Pu(x — x +£/2)?
4*(x; x)

2(x; %) — Qulx — x — £/2)?
P(x + ;5 x) — Q.2 /4

?)

ao

(x5 x) + Py(x — x +¢/2)?
0°(x; x)

0°(x; x) + Q,(x — x — ¢/2)?
(x +¢;x)+ Q,0%/4

xe[0, x — 7],
xelx—¢,x—7¢/2],
xelx—7/2,x+¢/2],
xe(x+7£/2,x+ ],
xe(x+¢, L],

xe[0, x - 7],
xe(x—7¢,x—1¢/2],
xe(x—1¢/2,x+¢/2],
xe(x+7¢/2,x+ 7],
xe(x+¢, L],
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where P,, Q,, P,, @, > 0 are given by
4, \ 1, \
B, = zii(= /25 b(), £), Qu=—(¢/e; b(e), £(e),

Bo= o {ao = 8= £/ B0, 60N} Q= = 0ul¢/es BG@), E@)

(see Figure 2). Then (U(x; x, &, £), V(x; X, &, £)) is continuous and positively
monotone for sufficiently small ¢ > 0. Similar to Lemma 3.3, the following
lemma holds:

LemMa 3.4. Suppose that Myb, + M ,c, < y(x) for xe[x—¢,x+¢] <
0, L) for some xe€(0, L) and £ >0. Then there exists ¢ = g(£) > 0 such that,
if0<e<eg (Ulx; x, 6 ¢), V(x; x, & £)) defined as above is a strict subsolution

of (3.1).

0 x=7 X x+¢ L

Figure 2 Subsolution (U, V)

As a direct consequence of Lemmas 3.1, 3.3 and 3.4, we obtain the
following result:

THEOREM 3.1. Suppose that

(i) there exists x,€(0, L) such that vy(x) is strictly increasing in a
neighborhood of x = x,, and

(i) Myb; + M.c; = y(x).

Then there exists e, > 0 such that, if 0 < & < &y, (3.1) with (a, b, ¢, d) = (a,, b(e),
é(e), dy) has a stable non-constant stationary solution.

Proor. By assumption (ii) and (2.9), there exists a solution family

(@(¢; b(e), é(e)), D(E; be), 2(e)), s(be), é(e))) of (2.1) such that

s(b(e), () = ey(xo) + 0(e)  as e —> 0.
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By assumption (i), we can choose x, xe(0, L) and # > 0 such that

(3.2) y(x){ <o) xe(®—4,F+6) < (0 x),

> y(xo) xex —7,x+ 7)< (xp, L).

From Lemmas 3.3 and 3.4, for sufficiently small ¢ > 0, there exist a strict
supersolution (U(x; X, ¢, ), V(x; X, & ¢)) and a strict subsolution (U(x; x, &, ¢),
V(x; x, & £)) of (3.1) for (a, b, ¢, d) = (a,, b(e), é(e), d;). Moreover, it is easy to
see from the definitions of (U, V) and (U, V) that

(Ux; %, 6 0), V(x; x, & £)) > (U(x; x, &,7), V(x; X, & £))

for all xe[0, L]. Hence, by Lemma 3.1, there exists a stable non-constant
stationary solution of (3.1).

ReMARK 3.1. By applying the result of Kishimoto and Weinberger [2]
to (3.1), we see that any non-constant stationary solution of (3.1) is unstable
if y(x) <0 for all xe(0, L). Theorem 3.1 implies that their result is optimal.

3.3. Thin tubular domains

In this subsection, we consider the existence of a stable non-constant
stationary solution of (1.2) in the case where Q is a thin tubular domain. We
characterize Q = Q(u) as follows. Let p(x)(xe[0, L]) be a smooth curve in
R"*! which does not intersect itself, where x denotes the length parameter
(i.e., |p(x)) = 1). Let {g;(x)}}-; be an orthonormal basis of an n-dimensional
normal plane at p(x), and let D(x) = R" be a simply connected bounded domain
with a smooth boundary. We assume that p(x), {g;(x)}}=; and D(x) depend
on xe[0, L] smoothly. We define

(33) Q= Q(ﬂ) = {P(X) + ﬂ23=1yjqj(x)|y = (yla--w.})n)ED(x)a XE(O’ L)}a

and
a(x) = f dy, xe[0, L].
D(x)
We introduce the equation
1
ur = 82’— {a(x)ux}x + f(u’ U),
o(x)
1
(3.4) v, = ezdo—ﬁ{a(x)vx}x +gu,v), xe(,L), t>0,
o(x

u,(t, x) =0 =o,(t, x), x=0,L, t>0.
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It was shown in the proof of Theorem 1.1 of Yanagida [10] that a
supersolution (resp. a subsolution) of (1.2) can be constructed by slightly
perturbing a strict supersolution (resp. a strict subsolution) of (3.4) in the
direction of the normal plane of the curve. (In [10], scalar reaction-diffusion
equations are studied, but his technique can be also applied to competition-
diffusion equations without much change.)

Hence the following result is obtained:

LeEMMA 3.5. Suppose that (3.4) has a strict supersolution (u, v) and a strict
subsolution (u, v) which satisfy (u, v) > (u, v). Then, there exists py >0 such
that, if 0 < u < py, (1.2) with Q given by (3.3) has a stable stationary solution.

As a direct consequence of this lemma and Theorem 3.1, we obtain the
following result.

THEOREM 3.2. Suppose that
(i) Q is given by (3.3),

(ii) there exists xo€(0, L) such that o (x)/a(x) is strictly increasing in a
neighborhood of x = x,, and

(i) Myby + M.c; = o (xo)/0(xo)-

Then there exist ¢, >0 and po = po(e) >0 such that, if 0<e<eg, and
0 < pu< g, (1.2) with (a, b, ¢, d) = (ay, 5(8), é(e), do) has a stable non-constant
Stationary solution.

By taking (), é(e)) = (bg, co), we obtain the following corollary:
COROLLARY 3.1. Suppose that
(i) R is given by (3.3), and

(i) there exists xo€(0, L) such that a(x) attains its strict local minimum
at x = x,.

Then there exist ¢, >0 and py = ug(e) >0 such that, if 0<e<eg, and
0<u<uy, (1.2) with (a,b,c, d)=(ag, by, ¢y, dy) has a stable non-constant
Stationary solution.

3.4. Rotationally symmetric tubular domains

In this subsection, we consider the existence of a stable non-constant
stationary solution of (1.2) in the case where Q is a rotationally symmetric
domain given by
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(3.5) Q={(x,y)eR xR0 < x <L, |yl <ax)},
where a(x) > 0 is a C'-class function.
Let x(x), p(x), @(x) and Y(x) be functions on [0, L] defined by

o'(x)

a(x) /o () + 1

p(x) = 1/k(x) if o'(x) #0,

K(x) =

o(x)=x— :,—((x)% if o'(x)#0,
) =x + —29%) (o) 4 o) i o(x) % 0)

Jax)?+1+41

(see Figure 3). We have the following result:

1]

o “ox) x ¥ L
Figure 3 Rotationally symmetric tubular domain

THEOREM 3.3. Suppose that

(i) Q is given by (3.5),

(ii) there exists xy,€(0, L) such that x(x) is strictly increasing in a
neighborhood of x = x,, and

(i) Myb, + M.c, = ni(x,).
In case o'(xq) # 0, suppose further that
(V) 0<y(xy) <L, and
(V) (x—(x0))* +a(x)?>p(xo)* for min {xq, ¥(xo)} < x <max {xq, Y(xo)}.

Then there exists €, > 0 such that, if 0 < ¢ < &, (1.2) with (a, b, ¢, d) = (a,, be),
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é(e), do) has a stable non-constant stationary solution.

ProOF. By the symmetric transformation with respect to the plane
x = L/2 if necessary, we may assume that o'(x,) > 0.
By assumptlon (iii) and (2.9), there exists a solution family (%(¢; b(e), ¢(e)),
8(¢; b(e), é(e)), s(b(e), é(e))) of (2.1) such that

s(b(e), () = enk(x,) + o(e) as ¢—0.

By assumption (ii), there exist d, > 0 sufficiently small and x, xe(0, L)(x <
Xxo < x) close to x, such that x(x) is strictly increasing in [x — d, X]
Ulx, x + 6o] = (0, L) and satisfies

(3.6) K(X) < k(xo) < K(X).

It is easy to check that, if a'(x) 20 in [Xx — J,, X] (resp. [x, x + do]), then
o'(x) is increasing in [X — &y, X] (resp. [x, x + 8o]).

First we consider the case where o'(x,) > 0. Then, by taking d, and x
suitably, we may assume that o'(x) is increasing in [x — 8y, X]JU[X, X + J¢].
Moreover, by assumptions (iv) and (v), the spherical segment

{06 M 1(x = 0(x0))* + 11> = p(xo)?, x > xo}

is entirely contained in Q. By (3.6), we can choose Vpositive constants 7, y
and y such that

0<—_n—<§)<mc(xo)<y<L,
p(x) —2¢ Topx)+ 27
3.7 X —0p <max{x|x <x, xeS(x, — 2)} (= x,),
X + 0o = max{x|x > x, xeS(x, 24)} (= x,)

where

S, )= {y10 <y <L, 1p(x) + ¢ = /U — ¢(0) + a()’}.
Let us consider the equation
u, = &*u,, + e2yu, + f(u, v),
v, = e*dgv,, + e2dyjv, + g(u, v),
re(p(x) —2¢ — 9, p(x) +9), t>0,
u=0=v, x=p(x)—2/—-06,p(x)+, t>0,

(3.8)

where J is an arbitrary positive constant and

r=x— o) + Iyl
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Similar to Lemma 3.3, this equation has a supersolution (U(r), V(r)) =

(ﬁ(r; P(f) - /5 &, /)9 I_/(r; p(i) - la &, /))
Let Q,, 2,, 2, be subdomains of Q defined by

2, = {(x, Yelx > % r> p(®)},
Q, ={(x )€\ Q, |x > %, p(¥) — 2/ <r < p()},
Q;=0\(2,URQ,)
(see Figure 4). Now we define (u(x, y), v(x, y)) by
(u(x, y), v(x, y))
(1: 0) (X, y)egl’

=1 (UM, V() (x, y)e2,,
Op(R) = 20), V(p(x) —2¢))  (x, y)€L,.

We shall prove that (u(x, y), vo(x, y)) defined as above is a supersolution of
(1.2).

1]

0 oD |e—s ¥ ¥@ L x

Figure 4 Position of 2,, 2, and Q,

First we prove that (u(x, y), v(x, y)) satisfies
19 e24u + f(u, ) <0,
( ' ) 82d046+g(ﬁ, 5)20, (x’ .V)G'Q’

in the sense of distribution. By substitution, we obtain
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24u+ f (u, 0)
f(1,0)=0 (xa J’)E-st

=

=!{ &0, +&-U0.+f(U, V) (x, y)eQ,,

~

fO@pE) —22), V(p(x) —2) <0 (x, y)eQ;.
Here, by (3.7), we have

2<)7 for (x, y)eQ,.
r

Hence, by using the fact that (U(r), V(r)) is a monotone supersolution of (3.8),
we obtain

20, +620, + (0, V)
r

<erU,+ 490, + f(U, V) <0  for (x, y)eQ,.
Hence it holds that
E4u+f@,0) <0, (x,))eR,

in the sense of distribution.
Similarly we can also prove

82d0A6+g(L_l, 6)207 (xs J’)GQ,

in the sense of distribution. Hence (3.9) holds.
Next we prove that

0
(3.10) —u>0 and 25 <0, (x, y)e0Q.
ov ov

The outer unit normal vector v at (x, y)e{(x, »)|0 <x <L, |y| =a(x)} is
represented as

Ve (—a) y/y).

VoA x)?+ 1

On the other hand, we have

]

Vi=—(x—-0(x),y), (x)e,.

~ |

Hence, on 02n0Q2,, we obtain
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dv
U, -
= {—d(®)(x — 9(®) + a(x)}.

ryo(x)? + 1

Since {x|(x, y)edRn0R,} = [X — dy, X] and since o'(x) is strictly increasing
in [x — g, x] (i.e., a(x) is convex),
x—ox) x—ox)

for all xe{x|(x, y)edQ,ndR}. This means that aiti >0 on 9QNIR,.
v

.. .0 . .
Similarly we obtain -a—v <0 on 0Q2,n092. Moreover, since (u, v) is constant
)

. 0o _ 0 ._
in 2,UQ;, we have é—u = a—v =0 o0n 02n(0Q2,U0R2;). Thus we have shown
v v

that (3.10) holds. Hence, by Lemma 3.2, (3.9) and (3.10), (u(x, y), v(x, y)) is
a strict supersolution of (1.2).

Next let (U(r), ¥(r) = (U(r; p(x) + 7, & ¢), V(r; p(x) + ¢, ¢ £)) be a sub-
solution of

U, = &*u,, + e*yu, + f(u, v),

v, = Ezdovrr + 82’)_)Ur + g(u9 U)a
re(p(x) — 6, p(x) + 24 +96), t>0,

u=0=v, r=px)—29, p(x)+2¢+9, t>0,

where ¢ is an arbitrary positive constant and

r=1(x— o)+ [yP.

Let Q,, Q,, Q¢ be subdomains of Q defined by
Q,={(x, y)e|x > x,, r > p(x) + 2/},
Qs = {(x, Y)eQ\ Qu1x > x, p(x) <7 < p(x) + 2¢},

Q¢ =02\ (2,UQ;),

and let (u(x, y), v(x, y)) be defined by
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(u(x, y), v(x, y))
UpE) +29), Vip(x) +27))  (x, y)eQ,,
=< (U), ¥@m) (x, y)eLs,
(0, ao) (x, y) € Q.

Then we can show that (u(x, y), v(x, y)) is a strict subsolution of (1.2).
Moreover, it is easy to see from the definitions of (u(x, y), o(x, y)) and

(u(x, ), v(x, y)) that (i(x, y), 9(x, y)) > (u(x, y), v(x, y)) for all (x, y)e 2. Hence,

by Lemma 3.1, there exists a stable non-constant stationary solution of (1.2).
Next we consider the case where o'(x,) = 0. By (3.6), we have

K(x) <0 < K(x),

i.e. o/(x) is increasing in [X — dq, X]U[X, X + d5]. A strict subsolution of (1.2)
can be constructed precisely in the same manner as in the case a'(x,) > 0. A
strict supersolution of (1.2) can be constructed with a slight change if we take
account of the fact that x(x) < 0 and p(x) <O.

We can choose constants £ >0 and y < 0 such that

n -
————<9<0 and x—-6,<x,<x
o(®) — 27 Y 0 ¢

Then, similar to Lemma 3.3, (3.8) has a supersolution (U(r), V(r)) = (U(r; p(X)

- {’ &, /)’I—/(r; p(i) - /, &, f))
Let 24, 252, be subdomains of 2 defined by

Q; ={(x, y)eQ|x < X, r > — p(x) + 27},
Qg ={(x, )eR\ Q2,|x < %, — p(X) <r < — p(X) + 2¢},

Qy =2\ (2,UQ),
and let (u(x, y), v(x, y)) be defined by
(u(x, y), v(x, y))
Up(x) = 22), V(p(x) = 20)) (%, y)e2,,
=< (U(=7), V(=7) (x, y)€Qs,
(1,0 (x, y)e Q.
Since a(x) satisfies
f) _ o

)< 0@ S X -0
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for all xe[x — §,, x], we can prove that (u(x, y), v(x, y)) is a strict super-
solution of (1.2). We omit details of the proof.

Since (u(x, y), v(x, y)) > (u(x, ), v(x, y)), by Lemma 3.1, there exists a
stable non-constant stationary solution.

By taking (b(e), ¢(¢)) = (bo, ¢o), We obtain the following corollary:

COROLLARY 3.2. Suppose that there exists xy€(0, L) such that a(x) attains
its strict local minimum at x = x,. Then there exists ¢, >0 such that, if
0<e<ey, (1.2) with (a, b, c,d) = (ag, by, ¢y, dg) has a stable non-constant
Stationary solution.

REMARK 3.2. As is easily seen from the proof above, it is sufficient for
Theorem 3.3 and Corollary 3.2 that the domain  is rotationally symmetric
only in a neighborhood of x,.

4. Concluding Remarks

As we have seen in Section 3, whether or not there exists a stable
non-constant stationary solution of (1.2) strongly depends on the domain shape
and the magnitude of competition-diffusion—at least, as far as the solutions
obtained by our techniques are concerned.

When a(x) is a C2-class function in a neighborhood of x = x,, the
assumption (ii) of Theorem 3.2 for the function a(x) is equivalent to

(4.1) o (xo)at(xo) — &' (x0)* > 0,
while the assumption (ii) of Theorem 3.3 for the function x(x) is replaced by
4.2) o (Xo)a(xo) — o' (xo)* — o' (x0)* > 0.

The shape of the thin domain defined by (3.3) is quite different from that of
the rotationally symmetric domain defined by (3.5). It seems interesting to
note that, if the higher order term of a'(x,) in (4.2) is neglected, then (4.2)
reduces to (4.1).

The stable non-constant stationary solutions of (1.2) which we have
obtained in this paper arise from the situation in which the effect of the
curvature of the boundary and that of the competition-diffusion are
well-balanced. If these effects are unbalanced, we guess that such a stable
non-constant stationary solution of (1.2) no more exists unless the domain is
dumbbell-shaped with a sufficiently narrow channel.

Acknowledgement. We express our sincere thanks to Professors
M. Mimura and H. Matano for valuable comments.
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Appendix.

In this appendix, we state the proof of Theorem 2.1. Rewrite
F(u; b, ¢, s) = f(u) + g(u; b, ¢, s), where
Ue
—u(l — u—cqv)
f(u) = °
Vg

and —v(ag — bou — v)/d,

0
— sug + (¢ — co)uv
g; b, c,5)=
0
— sv; + (b — bo)uv/d,
f
Let J_ = ;l(O, 0, ag, 0) be a Jacobian matrix of f at u =0, 0, a,, 0), and let

u

A; and p;,i=1,2,3,4, be eigenvalues and corresponding eigenvectors,
respectively, of J_. By an elementary calculation, we get

Ay = —J/aog/dy, p: =°0,0, 1, 4,),

= —Jagco—1, p,="1,4,,e_,e_4,),

(A1)
/13=1/aoco_1, p3=t(1, /13, e_, e_l3),
Ay = Vv ao/do, Ps =10, 0, 1, 4,),
where
e_=— aobo <0.

ag — do(agco — 1)

Note that, by (2.3), we have 1; <1, <0< 13 < 4,.
Similarly let 6; and q;,i=1, 2, 3, 4, be eigenvalues and corresponding

0

eigenvectors, respectively, of the Jacobian matrix J, =6—(1’ 0,0,0) of f at
u

u=%1,0,0,0). Then

al = - 1, ql = 1(1) - 13 0, 0),
0, = — /(b — ao)/dy, 9 =(1, 05, €4, €,0,),
03 = +/ (bo — ao)/do, 93 ='(1, 03, €4, €,03),

04 = 1, q4 = t(la 1’ O’ 0)5

(A.2)
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where 0, <0, <0< 03 <0, and

__a0+do—b0

e, = < 0.
Codo

Let W* and W* be a stable manifold and an unstable manifold of (2.4)
with (b, ¢, s) = (by, ¢y, 0) With respect to the equilibrium point (0, 0, ag, 0).
Then, by (A.1), W5 and W* are two-dimensional and are tangent to p,, p,, and
P3, P4, respectively. Further let W:* and W be a A,-stable submanifold of
W2 and a A,-unstable submanifold of W, respectively. Then W2 and W2
are one-dimensional and are tangent to p, and p,, respectively.

Similarly, let Wi and W} be a stable manifold and an unstable manifold
of (24) with (b, c, s) = (bo, co, 0) with respect to the equilibrium point
(1,0,0,0). Then, by (A.2), W; and W} are two-dimensional and are tangent
to q,, q,, and q;, q,, respectively. Further let W;* and W be a o,-stable
submanifold of W} and a g,-unstable submanifold of W}, respectively. Then
W and W are one-dimensional and are tangent to q, and q,, respectively.

Let & be a linearized operator of (2.1) with s = 0 around (u, v) = (4, Vo),
and let £* be its adjoint operator defined by

0 0
20 ) =( SN )
v dovge + g u + g, v
0 0
L*(u, v) =< uee + o : - g"z >
dov¢¢ + fu+g,v
. o of .. .
respectively, where f,”(&) = = (uy(&), vo(&)), and so on. The adjoint equation
u

can be written as

d of

(A.3) dév = vau(uo),
where u, = "(ug, ugg, Vg, vos) and v =(— us, u, —dyv,, dyv). Differentiating
(2.1) with respect to ¢, we see that (u, v) = (4ps($), voe($)) -is a non-trivial
bounded solution of £(u, v)=0. Hence its adjoint equation Z*(u,v)=0
must also have a non-trivial bounded solution, say (u*(¢), v*(£)). Then
V¥ = (—uf, u*, —dyv¥, dyv*) satisfies (A.3). It can be proved that the
non-trivial bounded solution of #*(u, v) =0 is unique up to multiplication
by constants.

It was proved in Theorem A of Kokubu [3] that, when (b, c) is in a
neighborhood of (b, ¢,), the heteroclinic orbit of (2.4) persists if the following
conditions are satisfied:



Competition-diffusion equations 215

(H1) The heteroclinic orbit uy(£), £€R, is on neither W** nor W;.
(H2) W* and W; have one-dimensional intersection.

(H3) W* is transversal to W}, and W; is transversal to W>*.
(H4) g satisfies

+ o . 0 .
J_w v (6)6(& b, c)g(uo(é), bo, ¢o, 0)d& # 0.

Moreover it was also shown in [3] that s(b, ¢) satisfies

[+ a
J V*(f)ﬁg(uo(é); bo, ¢o, 0)d¢

-

9

"0
%S(bo,co)" ~ Rr e P
f V*(f)ag(uo(@; bo, co, 0)d¢

- 0

(A.4)

+ a ‘
j V*(f)a—g(“o(f); bo, o, 0)d¢
C .

— 00

0
&5(170,00): T Pre P) :
f V*(é)ag(“o(éﬁ by, o, 0)d¢

- 00

We shall prove in the following that the conditions (H1)-(H4) do hold for (2.4).
First we prove that the condition (H1) holds.

LEMMA A.1. The heteroclinic orbit uy(£), £ €R, is on neither W** nor Ws.
ProOF. Let us consider the equation
(A.5) doVie + V(ap — V) =0, ¢eR.

Then V =10, 0, ¥, ¥;) is a solution of (2.4) with (b, c, s) = (by, ¢o, 0). It is easy
to verify that, for an arbitrary constant C, there exists a solution of (A.5)
satisfying

V(&) = ao + Cexp(4s8) + oexp(44¢)) as & — — 0.
or equivalently,
V(&) =10, 0, ap, 0) + Cp, exp(44¢) + o(exp(44¢))  as & —> — 0.

This means that V(¢) is on W*. Since W™ is one-dimensional, if uy(¢) is
on W* then uy(¢) = V(&) for some C. However this contradicts that (uy, vo)
is a solution of (2.1). Hence uy(¢) is not on W

Similarly, if uy(¢) is on W, then we can prove that (uy, v5) = (U, 0),
where U is a solution of ‘
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U)—1 as {— + o0
This contradiction implies that uy(£) is not on WS .

In order to verify that the condition (H2) holds, we need some lemmas
below.

LEMMA A.2. Any non-trivial bounded solution (u*,v*) of £L*(u,v)=0
satisfies u*(E)v*(€) <0 for all E€R.

Proor. First we prove that (u*, v*) satisfies u*(£)v*(£)<0 in a
neighborhood of — co. Since the eigenvalues of J_ is all real, neither u*(¢)
nor v*(¢) oscillates in a neighborhood of — oo. Moreover, since f,° <0 and
g% < 0, neither u*(&) nor v*(&) is identically zero in a neighborhood of — .
Hence we can define &, and &, by

&, =inf {EeR|u*(¢) =0} e(— oo, + 00],
¢, = inf {EeR|v*(§) = 0} e(— o0, + ©].

Without loss of generality, we assume that &, < £, and that u*(¢) >0 in a
neighborhood of — oo.
If v*(&) > 0 for all ée(— oo, &,), then

3
0= f w*{(uog)se + £ithog + £, Vo) ¢

—

Su
= - u?(éu)“O{(éu) + f {f,,ovoéu* - g.?“oqv*} dé

[

> 0.

This contradiction implies that v*(£) <0 for all £e(— oo, &,).
Let us derive a contradiction by assuming that £, < + co. First we
consider the case where &, = £,. In this case, integration by parts yields

Su
0=j ((ttoe> Vog), L*(u*, v¥)) dé

= uog(£)uf (8) + voe(C)VE(CL)-

Since uf(¢,) <0 and v¥({,) > 0, the above equality holds only if u¥(£,) =0
and v¥(£,) = 0. By the uniqueness of the solution, this implies that u*(¢) =0
and v*(¢) = 0. This contradicts the fact that (u*, v*) is a non-trivial solution.
Next we consider the case where &, < £, and u* has at least one zero in
(s> &) Then we have the inequalities u¥(£,) <0 and u}(¢,) = — g2v* <O.
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Since u*(£) > 0 for £ < £,, these inequalities imply that u}(£,) < 0. If we put
50 = inf {ée(éw év)lu*(é) = 0}9
then u*(¢) < 0 for £e(&,, &) so that

&o '
0= j u*{(uog)g + £, g + £, vog} d&

&o
=[—ueu¥]® + | {— guosv* + flvo.u*} dé
tu

< 0.

This is a contradiction. Hence u* has no zero in (§,, &,).

Finally we consider the case where ¢, < ¢, and u* has no zero in
(&4, €,). Putting 4*(¢) = max {u*(£), 0} and substituting (@*(¢), v*(£)) into
L *(u, v), we obtain

0 ce(—x, &),
ufy + f00* + glv* =¢ —uF(E)OC - &)  E=¢,
gav*(>0) ¢e(us Suls

* 0~% 1] * — 0 fe(_ @, iu]’
Qovis 1o + g0 {—fv°u*(<0) Fe( &1,

where 6(£) denotes a Dirac’s d-function. Hence we obtain
{I}
0< f ((uog, vog), L*(W*, v*))dE = voe(E,)0E(E,) < O.

This contradiction implies that £, = + co.
Thus the proof is completed.

LEMMA A.3. Any non-trivial bounded solution (u, v) of & (u, v) = 0 satisfies
u(®)v(é) <0 for all £€R.

This lemma can be proved in the same manner as Lemma A.2 by replacing
the roles of (uge, vo) and (u*, v*). So we omit the proof.
The following lemma shows that the condition (H2) holds.

LEMMA A4
U 1 {(u, v)|(u, v) is a bounded solution of ¥"(u, v) = 0}
= {B(uos, vo)| BER].

PrOOF. Suppose that there exists a non-trivial bounded solution (u, v) of
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&(u,v) =0 which is linearly independent of (ug, vo). It is clear that
(U, V)=(u, v) + C(ug;, voe) also is a non-trivial bounded solution of £ (u, v)=0
for an arbitrary constant C. If we take C = — u(0)/u(0), then U(0)=0.
This contradicts Lemma A.3.

Next let (u, v) be a non-trivial bounded solution of #"(u, v) =0 for n > 2
and let (u*, v*) be a non-trivial bounded solution of #*(u, v) =0. From the
above argument, we see that there exists f€R such that £" (u, v)= B(uoe, Vo).
Hence

+ + o
ﬂj ((uogs vog), (u*, v*))dE = f (L7 2(u, v), L*u*, v¥)d¢ =0.
Here, by Lemmas A.2 and A.3, we have

J~ ((uog, voo), (u*, v*))dE # 0.

Hence we obtain f=0. Inductively, we obtain (u, v)e {B(uo;, vos)| fER}.

The following lemma shows that the former part of the condition (H3)
holds.

LemMa A.S. Let (u, v) be any solution of £ (u, v) =0 satisfying (u, v) >
0,0) as £ > — 0. If |(u,v)| > 0 as &€ — + oo, then there exists a constant
C, # 0 such that

(@(), v(Q)) = Cy(1, 0) exp(04¢) + 0exp(648))  as &—> + o0,

PrROOF. By (A.2), the asymptotic behavior of u = '(u, u;, v, v,) is repre-
sented as

u(é) = C3q; exp(05¢) + C4q4 €xp(04&) + o(exp(0;8)) as & — + oo,

where C; and C, are certain constants. It is sufficient for the proof of this
lemma to show that C, # 0.

Contrary to the conclusion, suppose that C, =0. Then, by (A.2),
(u(8), v(&)) satisfies u(&) >0, us (&) >0,v(¢) <0 and v:({) <0 in a neigh-
borhood of + c©0. On the other hand, by Lemma A.2, we have u*(¢) > 0,
uf(§) <0, v*(¢) <0 and v¥(&) >0 in a neighborhood of + oo. Hence,
integrating by parts, we obtain

0= F ((, v), L*(u*, v¥))dg

- o

= u(Qu(S) + dov(§)vE (&) — ug(u*(8) — dove()v*(¢)

<0
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if £ >0 is sufficiently large. This contradiction implies that C, # 0.
The following lemma shows that the latter part of the conditio (H3) holds.

LEMMA A.6. Let (u, v) be any solution of £ (u, v) =0 satisfying (u, v) -
0,0) as ¢ - + oo. If |(u,v)] > 0 as &> — oo, then there exists a constant
C, # 0 such that

(%), v(8)) = C,(0, ) exp(4,¢) + o(exp(4,¢))  as {—> — o0,

This lemma can be proved in the same manner as Lemma A.S5. So we
omit the proof.

Finally, from Lemma A.2 and

0 0o 0
Wol&); boy oy O) = | 05 O
u 5 5C b = b
3(s, b, o) o ot Do o 0 0 0

— Vg Uglo/dg O
it follows that the condition (H4) holds.

Thus we have shown that all the conditions (H1)-(H4) do hold.
Moreover, by Lemma A.2 and (A.4), we obtain

0
é;s(bo, ) <0 and (%S(bo, co) > 0.

The proof of (2.5) is now completed.
Next let us prove that (4, ) is positively monotone in a neighborhood

of (b, ¢) = (b, co) and satisfies (2.6) and (2.7). Let J_ = Z—F(O, 0, ay, 0) be a
u

Jacobian matrix of F at u = (0, 0, a,, 0), and let :ll, and p;, i = 1, 2, 3, 4, denote
eigenvalues and corresponding exgenvectors of J_. If (b, ¢) is close to (by, ¢g),
by continuity, we may assume that /ll < /12 < O < A3 < 4.

OF
Similarly let J+ =a—(1, 0,0,0) be a Jacobian matrix of F at u=
u

1,0,0,0), and let 6;, and q;, i =1, 2, 3,4, denote eigenvalues and corre-
sponding eigenvectors of J.. If (b, c) is close to (b, co), by continuity, we
may assume that ¢, < d, <0< 653 < dy,.
By virtue of Lemma A.1, there exist constants C_ >0 and C, > 0 such
that
0,0, ag, 0) + C_p; exp(43¢) + o(exp(45¢))
as ¢ — — oo,

1,0,0,0) — C.q,exp(o;¢) + olexp(0,¢))
as ¢ — + 0.

ue(8) =



220 Yukio KAN-ON and Eiji YANAGIDA

In view of the proof of Theorem A of Kokubu [3], there exist constants
B_ >0 and B, >0 such that B_—>C_ and B, — C, as (b, ¢) = (b, co), and
that & = (4, i, 0, ;) satisfies
I(O, 09 a09 0) + B—ﬁ:i exp('}’_ é) + O(CXP(’Y— f))
as £ — — o0,
'(1,0,0,0) — B4, exp(y+ &) + olexp(y+ &)
as & — + o0,

u¢) =

where
y-(b,0)=4; and y.(b,¢)=35,.

Moreover the orbit of & converges to that of u, as (b, ¢) = (by, co). These
imply that there exists ¢, independent of (b, ¢) such that, if (b, c) is close to
(bg, Co), u(&) is strictly increasing and (&) is strictly decreasing in (— oo, &;).
Similarly we can prove that there exists &, independent of (b, ¢) such that, if
(b, ¢) is close to (bg, co), #(&) is strictly increasing and 9(€) is strictly decreasing
in (&,, + o). ‘

On the other hand, since (uq, vo) is strictly positively monotone and since
i depends continuously on (b, ¢), #(¢) is strictly increasing and §(¢) is strictly
decreasing in (&, &,) if (b, ¢) is close to (b,, c)-

Thus we have shown that (i(&), 6(£)) is strictly positively monotone.
Moreover, since y_ — A3, p; = p; and y,. = 0,, §—q, as (b, ¢) = (by, cp), We
obtain (2.6) and (2.7).

The proof of Theorem 2.1 is now completed.
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