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1. Introduction

In fluid dynamics, many authors have tried to explain wave motions on
a liquid layer over an inclined plane. To study this problem they have
proposed several models which seem to be very interesting also from the
mathematical point of view [1], [13]. One of the models is the following
partial differential equation derived by Topper and Kawahara [18]:

U, + uu, + oty + Py + Plyrrr = 0. (1.1)

Here, the wave motion is assumed to depend only on the gradient direction
x of the plane. The variable u means the height of the wave at the point x
and time t. The physical parameters o, f and y are all positive. Let us
assume that the inclined plane is infinitely long toward the direction of x,
that is, xe(— o0, o). Then (1.1) can be considered as a 1-parameter equation
by taking an appropriate scale transformation of u, x and t. For example,
(1.1) can be transformed to the following e-family of equations:

Uy + Ul + Uy + E(Uyy + Uyr) =0, t>0, —o0 <x < o0. (1.2)

Here ¢ is a positive parameter. The equation (1.2) is regarded as the
Korteweg-de Vries equation when the backward diffusion (u,,) and dissipation
(Uyx) terms are absent [19]. On the other hand, when ¢ is large it is expected
to be close to the Kuramoto-Sivashinsky equation:

Uy + Uy + Uy + Uy = 0, t>0, —o0 <Xx< o0,

which describes chemical turbulence ([10], [11]) or instability of flame front
([17]) and exhibits very complicated patterns. Therefore, one find that ¢ is
a very important parameter, which determines the character of the solutions
of the equation. Numerical solutions to (1.2) are shown in Kawahara and
Toh [7] with different values of ¢&. In Figure 1 one of the same numerical
solutions to (1.2) with small ¢ is shown.

In this paper we are mainly concerned with the equation (1.2) when ¢ is
small. At first one might expect that they have similar solutions to those of
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the KdV equation. To answer this question is significant not only
mathematically but also in the application point of view. Because some
physical circumstances, for example the Reynolds number is large or surface
tension is small, correspond to the case when ¢ is small. It is also important
in the sense of understanding the role of dispersion, dissipation and instability
in nonlinear wave systems.

In Figure 1 a typical numerical simulation of the initial and boundary
value problem for (1.2) with small ¢ is shown, where the boundary condition
is periodic. Also there is the one for the KdV equation with multi soliton
initial data. For the soliton solution, see Zabusky and Kruskal [19] and Lax
[12]. It is a well-known fact that in the KdV equation there are permanent
waves of different amplitudes and each wave retains their form even after
joint interaction. On the other hand for the equation (1.2), it can be said
that at the first stage many pulses appear and each pulse moves to the same
direction interacting each other. In the next stage the amplitudes of them
become equal to each other and consequently they move at the same
speed. Kawahara and Toh’s numerical results [8] show that this wave train
is very close to the KdV cnoidal wave solution, which are a well-known
periodic wave solution to the equation, for suitably determined amplitudes
and wave velocities. To analyze this second stage in detail, let us put specific
initial data and compare the result for the KdV equation with that for (1.2). In
Figure 2 we put a 2-soliton-like initial data. In the perturbed equation (1.2)
the two waves interact each other and vary their shapes and amplitudes to
become equal gradually. In Figure 3 two cnoidal waves of different amplitudes
are given for (1.2). In these cases the amplitudes of them are also modulatd
and converge to some value.
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Figure 1. Numerical simulations of the initial and boundary value problem in the interval (0, L).
(a) KdV equation. « =0, y =0 and f =20 in (1.1). Multi soliton-like initial data
is given. L= 200.
(b) a=1,7y=1and B =20 in (1.1). It corresponds to the case & =1/20 in (1.2).
Some small amplitude initial data is given. L= 200.
Boundary conditions are all periodic.
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Figure 2. Numerical simulations of the initial and boundary value problem in the interval

(0, L). 2-soliton-like initial data are given in all cases. Also boundary conditions are

all periodic.

(a) KdV equation. =0, y=0 and B =15 in (1.1). L= 37.

(b) «a=1,y=1and f=15in (1.1). L=37.
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Figure 3. Numerical simulations of the initial and boundary value problem in the interval (0, L).
(@), (¢) (1.1) with « =1, y=1 and f=20. Two cnoidal waves which have different
amplitudes are given for the initial data. L= 50. Boundary conditions are all periodic.
(b), (d) Evolutions of corresponding amplitudes are shown.
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Motivated by the above, we address the following questions:

(P1) Can KdV pulse and cnoidal wave solutions persist when ¢ is small
in the equation (1.2) as is shown in the numerical examples?

And if so,
(P2) is there any amplitude or speed selection principle in (1.2)?

Kawahara and Toh performed formal perturbation analysis for these
problems to equation (1.1) in [7] and determine the amplitudes and the shapes
of travelling wave solutions to (1.2). Here we consider this problem from a
mathematically rigorous point of view, by using bifurcation methods in
Hamiltonian system, so that the structures of solutions can be understood
clearly together with the roles of instability and dissipation terms.

For this purpose let us first investigate travelling wave solutions to the
equation (1.2). By using the travelling coordinate z = x — ct, where c is speed,
we get the following equation for travelling wave solution to (1.2):

—cu' +uu +u" + e +u")=0. (1.3)

Here ' denotes the derivative by z. After integration and suitable scale
transformation, the problem is reduced to finding the homoclinic and periodic
solutions of

1 y 1 . y
—U+§U2+U+e<iU+\/¢_:U>=O. (1.4)

Je

Here U =u/c and denotes the derivative by 7 = \/Ez.

At a glance, this problem looks like a singular perturbation problem
because ¢ is small. However, it can be reduced to a regular perturbation
problem. It is convenient to rewrite (1.4) as a system of first order differential
equations as follows.

(1.5)

Then, by putting ¢=0 formally, one can expect that there exists a
2-dimensional invariant manifold near the surface {U — U?/2 — W =0} when
¢is small. Fenichel [6] has studied such kind of singular perturbation problem
and his theorem assures the existence of the invariant manifold in this case.
Therefore the problem can be reduced to a regular perturbation on this
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2-dimensional manifold. Moreover, the unperturbed system of this perturba-
tion equation is the following Hamiltonian system which is equivalent to the
travelling wave equation for KdV, in other words, it can be get from the
lowest order approximation of the invariant manifold.

U=V, 16
(o w0

V=U~--U2
2

And by using higher approximation of the invariant manifold we can conclude
that the regular perturbation equation takes the form:

U=V,
{ . 1 1 1.7
p = U—5U2+a<\ﬁ(U— 1)V—$V>+0(82).

This reduction is the first step.
Next, to study the regular perturbation problem (1.7), we have only to
calculate the following integral (See Carr [2]).

b(c, €) = JH(U, V)de

Here, H = V?/2 4+ U?/2 — U3/6 is a Hamiltonian function for the unperturbed
system (1.6), and the integral is performed along the orbit of (1.7). &(c, &) =0
implies that there exists a homoclinic or periodic ordit for (1.7). Simple
calculation shows that

D(c, &) = sﬁ(JUzdr - CJU'Zdr> + 0(e?).

And by taking the limit ¢ tends to zero in &/e =0, we can conclude that
the limit speed ¢, must satisfy the following condition.

JUzdr — cojﬁzdr =0. (1.8)

Here, in this case, the integration is performed along the orbit of unperturbed
system (1.6). And if one can show that ¢, is positive then the inplicit function
theorem would give us the solution, i.e., there exists a smooth' function
c(e) such that ®(c(e), &) = 0.

We can obtain the same condition as (1.8) in another way. By multiplying
U to equation (1.4) and integrating it, we get the equation (1.8) as the necessary
condition for the existence of travelling wave solutions to (1.2).
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Therefore, for the third step, it is necessary to calculate these integrals of
U? and U? in the condition (1.8). The speed of travelling wave solution is
described as the ratio of these Abelian integrals. We can analyze these
functions by using the theory of analytic functions and algebraic geometry,
which is clearly reported by Carr, Chow and Hale [3] and Cushman and
Sanders [4]. As a result, we will get monotonicity properties for the speed
of travelling waves, by which the selection principle can be understood.
Recently Derks and Gils [5] have studied the similar problem to ours, however,
their interest lies only in the necessary condition such as (1.8) and other points
still remain unclear. They have not discussed the relation between the
amplitude and the wavelength which we will study in the last section.

These are summarized into three steps: i) reduction into an regular
perturbation problem, ii) the regular perturbation analysis for a Hamiltonian
system and iii) calculation of Abelian integrals. We will study the third step
first in Section 3 and later, the former two steps will be considered in Section 4.

In this paper we restrict ourselves to the existence and the structure of
travelling wave solutions to the perturbed system (1.2). However as is stated
in Kawahara and Toh [8] and [9], the solution structure has very rich
character when ¢ is globally varied. Therefore this work is only a first step
for studying this kind of nonlinear wave equations. These are attractive
problems for further study.

ACKNOWLEDGMENTS. The author expresses his sincere gratitude to
Professor Masayasu Mimura for his insightful suggestions and continued
encouragement. He is also greatly indebted to Professors Takuji Kawahara
and Sadayoshi Toh for helpful discussions and numerical simulation
technique. Finally, he would like to thank Professor Takaaki Nishida who
introduced him this problem, and Professor Yasumasa Nishiura for valuable
advice and beneficial discussions.

2. Some notations and the main result

Our purpose is to find travelling wave solutions to the equation
(1.2). Therefore, as was mentioned in Section 1, it can be translated to the
following by the travelling coordinate of the speed ¢, z = x — ct:

—cu +uw +u" + e +u")=0. 2.1)

Here ' denotes the derivative by z. On the other hand, these equations have
an integral:
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2
—cu+ "7 Y w4 e +u")=C, 2.2)

for some integral constant C. In (2.2), without loss of generality, we can put
C equal to zero, because (2.1) is invariant under Galilei transformation:

d=u—k ¢é=c—k

Moreover if we perform the scalings u =cU and z = r/\/z to the equation
(2.2), the final equation is given as

—U+1U2+U'+8(L0+ﬁii>=o. (2.3)
2 Je
Here, denotes the derivative by 7. If we find a bounded solution (U, ¢, c)
to (2.3) then the corresponding (u, ¢, ¢) is our travelling wave solution to the
equation (2.1) and, therefore, to the original equation (1.2).

Now the unperturbed system of (2.3) is the following, whose solutions are
travelling wave solutions to the KdV equation.

1 ..
—U+5U2+U=O. (2.4)
It has an equialent form:
U=V,
{ 1 (2.5)
V=U--U?
2

which is a Hamiltonian system with the Hamiltonia n function:

H=—1V2+1U2——1U3. (2.6)
2 2 6

Consider a level curve of the form H =k in the region {U>0}. It
corresponds to a periodic orbit of (2.5) if k satisfies 0 < ¥ < 2/3, and when
k =0 it includes a homoclinic orbit. By homoclinic we mean the solution
whose w-limit and a-limit set are the same point. These are a well-known
cnoidal wave solution and a 1-solition solution to the KdV equation,
respectively. Therefore we can parameterize all travelling wave solutions to
(2.4) by k. By using this parametrization, we can describe the existence result
of travelling wave solutions. The proof will be dene in the following two
sections.

THEOREM 2.1. Let I, be any bounded interval in R. Then there are some
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&* such that the family of solutions to (2.3):
2 . .
{UK,E,C(E,K)(‘E): 0<k< 3 O<e<e*, Uiroon0 =0, Uy, 600 < 0}

exists, where each U, , . satisfies (2.3) for ¢ and c. And U, , . (1) is a homoclinic
or periodic solution when k =0 or 0 < k < 2/3, respectively. On the contrary,
if we find a homoclinic or periodic solution U (t) of (2.3) which satisfies U(t)ely
for all T when ¢ is in (0, ¢*), then there are some 0 and x such that

U(T) = UK,E,C(E,K)(T - 0)

Moreover c(e, k) is a smooth function of ¢ and k and when ¢ tends to zero
c(e, k) converges to cy(k), where co(k) is a smooth decreasing function on
ke[0,2/3], c,(0)=7/5 and c4(2/3) =1. And also U, (1) converges to U, (1)
uniformly in 1, wher U,(t) is a homoclinic or periodic solution of (2.4) on the
level curve {H =k} with U,(0)=0 and U,(0) <O.

REMARK 2.2. The simple pictures of these limits when e tends to zero,
i.e. the bifurcating points, are shown in Figure 4.

4

=
e,
>
>

Figure 4.

REMARK 2.3. Although there exist travelling wave solutions to the KdV
equation for any positive sped, in the perturbed systems some appropriate
speed c(e, k) and consequently amplitude are selected by the balance between
the instability and dissipation effects.

REMARK 2.4. In this theorem only the relation between the speed and
k (the level of the Hamiltonian) is treated, however, the relation between the
speed and wavelength is also a matter of significance. It will be discussed in
Section 5.
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3. Analysis by the Abelian integral theory

It is already mentioned in Section 1 that there is a necessary condition
(1.8) for the existence of travelling wave solutions to (2.3). In this section we
assume U is a solution to (2.4) in (1.8). Because U is expected to be close
to the solution to (2.4). Rigorous treatment of the perturbation procedure
will be mentioned in the next section. And there, (1.8) is given quite naturally
in the perturbation procedure. Here we concentrate ourselves on calculating
the limit speed, when ¢ tends to zero, of the travelling wave solutions from (1.8).

First, let Q and R be

1{ .. 1(..
Q=—JU2d'c and R==|U?%dx.
2 2

And let the two non-negative roots of U? — U3/3 =2k =K be «(K) and
B(K), where a(K) < B(K). Here, as in Section 2,0<x<2/3 and 0< K <4/3.
As mentioned above, the orbit {(U(r), V(r))} is on the level curve
{H = x = K/2}, where V = dU/dr, therefore we have

r ., 2
] U_EU ]
=j X~ 7 au, R=j E(U)dU,

.  EQ)

a

by using equations (2.5). Here, E(U) = \/UZ —U3/3 - K.

Now Q and R are the functions of only K. The purpose of this section is
to prove the following proposition which will assert the monotonicity of the
speed with K.

0

ProposITION 3.1. Let X(K) = R We have X'(K) >0 for 0 < K < 4/3.

Moreover
. 5 .
lim X(K)=- and lim X(K)=1
kL0 7 K14/3

To prove the proposition, it is convenient to represent Q and R by the
following integrals:

J(K) = r U"E(U)dU,n=0, 1,2, 3.1)

a

Then it holds
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B U )
J Z0) dU = 2J/(K). (3.2)

a

Therefore Q and R are represented as follows:
1
Q0= —2J5(K)+ 2J5(K) — 5.L’;(K) and

R=J0.

At first, let us study the basic properties of J, and J, by the following four
lemmas.

1
LemMma 3.2. limJy=—, limJ, =—.
Klo 5

Proor. Direct calculations of J, and J; with K =0.

Lemma 3.3. lim J1(K) =2.
K141 Jo(K)
8
; f UE(U)dU
ProOF. lim 2= lim =% — = lim U =2.
14/3 J, Kt4/3 B U-2
f E(U)dU
Jo Jo
LEMMmaA 3.4. = A(K) , (3.3)
J, Ji
6
5k _4
S 5
where A(K) =

12
12 §<2K _E>
3507 5

Proor. From the relation
U3 dE
E*=U?—---—K and hence 2E—=2U — U?,
3 dU

Jo can be calculated as follows.

Jo=fEdU=fE2d£=f(U2—lU3—K>d£
E 3 E

o3 -aet)-op
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~

E

- |eu- K)Q—gJUzdj—zj<l—~U>LdU
) 3]0 E 3 )4

E
_[eu- K)d—g—%KzU—zEﬂl_)d_E_zJ( _~U>d_EdU
) 3 dU ) E 3 )au
= EU_K>d_UJ‘(1_U)fi£dU
J\3 E U
.
- <2U—K>d—U—%fEdU
J\3 E 3

4 2
= 2KJ§ = 2Ji = Lo,

This implies the first equation in the lemma.
calculated almost simply as J,.

JUE(U)dU - JUEZd::] JU(UZ _v_ K)‘LU

On the other hand, J; is

J
! 3 E

4 16 4
=—KJ(',+<2K )Jl—Jl.
5 5 3
This proves the lemma.

1 1
- _K =

Js 1 2 3 J5
Lemma 3.5. <J(’)'>=Z ) <J?>,
1 —K 5I( 1

where 4 = K(3K — 4).

ProOF. By the previous lemma, J” = A~([

— A')J' holds, where I
denotes the identity matrix. We have

1 1 4
50 3(2’(‘?6) 5
I — A = and A~ l(K)—i ,
_E 1 124 _12 6K
35 7 35 5

hence,
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e 1
1 203
AN =AY ==
4 1
- K -K
2

This implies the lemma.

We note that all J,’s can be represented only by J, and J,. For example
the following lemma holds:

6 48
LemMma 3.6. J,=2J,, J; = — TIKJo + HJI and

180 12 /120
J4=———KJ0+—<——K>J1.
11-13 13\ 11

Proor. J,, J; and J, are calculated similarly to the proof of LEMmA 3.4.

J2=JU2EdU
=6J1_2J2.
Jy = JU3EdU - ..

8
= — 2KJO + 16.]1 - §J3.

JU"’EdU = JU2<2U — 2Ed—E>EdU
dU

10
— 4KJy +10J; = = J,.

~
I

Therefore we get

13 4

—J, = —@K+<§—4K Ji.
3 11 11

This completes the proof.

To analyze Q and R, let us represent them by J, and J,. Applying
lemmas 3.4, 3.5 and 3.6,
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1
Q=—20;+2J5 - J,

I

6 2
—-KJy+-(3K —2)J]
2 Ko+ 5( )1

. (3.4)
R=1J,, R =J, (3.5)

We can now show the monotonicity of X = Q/R. By the above relation
(3.4) and (3.5) we have

J
X:gzi—L (3.6)
R J,

therefore we consider J;/J, instead of X. Let )?=J1/J0 and Z = J{/J.
Then by LEMMA 3.5

! 1 " ! !’ "
Z' = W(JIJO —J1Jo)

1
=—§ZQK—3KZ+ZH. (3.7)

1
LEmMA 3.7. Z' = 3—A{3K —3KZ +2Z%* >0, for 0 <K <4/3.

Proor. 3K —3KZ + Z?

2 —
=<Z~3£> +3K(44 3K)>

2

0.

And 4 <0 from LEMMA 3.5, we get the lemma.
Equation (3.7) corresponds to the Ricatti equation in Carr, Chow and
Hale [3] and Cushman and Sanders [4].
LemMa 3.8. If X'(Ko) =0 for some 0 < K, < 4/3, then X"(K,) < 0.
Proor. By the definitions of X and Z, we have
JoX + Jo X' =1J],
JoX 420X + I, X" =J1,
JoZ =J4,
S JeZ + JyZ' = JY.
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Jo(Ko)Z'(K)
Jo(Ko)
Jo(K)>0 and Jy(K)<0. Therefore by LEmMMA 3.7, we can conclude

X"(K,) < O.

LEMMA 3.9. If X'(K,) =0 for some 0 <K, <4/3, then 12/7 < X(K,) < 2.

Since X'(K,) =0, we have X"(K,) = By (3.1) and (3.2),

Proor. By the equations (3.3), i.e.

6 4 12 3 16
Jo=-KJ;—=J; and J,=—KJj+—-|2K —— }J{,
0 5 0 571 1 35 0 7( 5) 1

we get

12Jy — 7J, = 6K(Q2J) — J)).

J 12 6K !
—1—=ﬁjg<ﬁ—2>.
Jo 1 1J, J§
~ ~ Ji
If X'(K,) =0, then X(K,) = — and

’

0
g2 Ko Ji

X -2).
7 7 JO( )

Hence

and we have the lemma.

Moreover, from lemmas 3.2 and 3.3, we have

im— = —,
Kl0

J, 12 .
lim —
Jo 7 K14/3 J,

=2

Therefore combining these facts with lemmas 3.8 and 3.9 we get the following:
LEmMMA 3.10. For 0 < K < 4/3, X'(K) > 0.

By noting the relation (3.6), this proves the monotonicity of X in the
ProposITION 3.1.

4. Perturbation analysis

Our purpose here is to find a homoclinic and periodic solutions to the
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equation (2.3):

—U+1U2+U+5<LU+\/EU>=O.
2 N
It is a singular perturbation problem when ¢ is small as was mentioned in
Section 1.

In contrast, if we did not have the perturbation term of u,,,, in (1.2)
then the equation corresponding to (2.3) would be the following regular
perturbation problem:

1 .. .
_U+5U2+U+LU=0, (4.1)
c

which is equivalent to
U=y,
{ (4.2)
V=U-— SUP - Ly

Je

Along the orbit of (4.2) the derivative of the Hamiltonian is
H="_v*>0.
c

Therefore neither homoclinic nor periodic solution can exists in this case.
Let us go back to (2.3). The equivalent first order ODE system is

U=y,
V=W,
. { . 4.3)
e/ W=U—--U*—Ww—-_"V.
2 N
Assume c is in some bounded interval [c,, c,] with ¢; > 0. Because of the
small parameter ¢ the dynamics of (4.3) is very fast at the points apart from
the surface {U — U?/2 — W= 0} and these points will be absorbed toward
the surface. Therefore the essential part of the dynamics lies on this surface,
more accurately, on the invariant manifold close to this surface. Our first
aim is to show the existence of sucha invariant manifold and extract the
reduced dynamics on it from (4.3).
By putting Z = W— U + U?/2, (4.3) is equivalent to
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. (4.4)
Z= ——Z+UV—<1+>V,

1
s\/E 4

e =0

Here, for convenience we consider the parameter ¢ as a variable so that we can
study the flow in (U, ¥, Z, e)eR® x R. And we mean the original dynamics
of (U, ¥, Z)eR?® by the words 3-D dynamics, 3-D flow or 3-D equations of
(4.4) to distinguish it from the full dynamics of (4.4). The set {(U, V, Z, ¢):
¢ = constant.} is invariant under the full dynamics (4.4). Moreover by the
slow time scaling o = 1/¢, (4.4) takes the form

U' =¢V,
1
V/=£<U"‘§U2+Z>’

1 !
z=-"'z +£{UV— <1 +—)V},
Je ¢

g =0.

4.5)

—

Consider the plane & = {(U, V, Z)eR?*: Z=0}. Z is consisting entirely of
equilibrium points of the 3-D flow of (4.5). Linearized equation of this 3-D
equations around each point in & has exactly one negative eigenvalue and
two zero eigenvalues whose eigenspace corresponds to the tangent space of
Z. In this situation, we can apply the theorem on normally hyperbolic vector
field by Fenichel (refer to Theorem 9.1 in Fenichel [6].). Consequently, we
have 3-dimensional center manifold M in the full dynamics of (4.5) near S,
that is a locally invariant manifold, M > S x {0} for fixed compact set S in

Z and M is tangent to = at all the points in S x {0}. Moreover it can be
represented as the graph of

Z=IU,Ve, (U V)eS, cel (4.6)

Here, I is some neighborhood of zero in R and I'(U, V,0)=0, DI (U, V,0)=0
for all (U, V)eS. Because of a local invariant property of a center manifold,
by differentiating (4.6) along the orbit of (4.5) we get
1 1 v
— (=T (U, V,e)+ S{UV——— <1 + ,> V} =DIr' (U, V,e)| V' | =0(?).
c

\/E ¢
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And it gives us the first order approximation of the center manifold:
1
T(U,V,e= s\/E{UV— (1 + - V>} + 0(e?). (4.7)
c

LEMMA 4.1. Let us fix any compact subset S in R? and integer k. Then
there exists some neighborhood 1 of zero such that we have a C* manifold M

M={(UVZe:Z=TU,Ve), U,V eeS xI},

which has the following four properties.

i) I'eCx (U, V,00=0 and DI'(U, V,0)=0 for all (U, V)eS.

il) M is locally invariant, i.e., if Py = (Uqy, V%, Zo, €)M and let P(c) be the
solution of (4.5) with P(0) = P, then P(c)e M when |o| is small enough.

iy If (U(o), V(o), Z(0), &) is a solution to (4.5) for all 6eR and (U(o),
V(e))e M for all o, then (U(o), V(0), Z(c), e)e M for all o.

iv) I satisfies (4.7).

Now we can reduce the 3-D dynamics onto a 2-dimensional manifold
M =Mn{(U,V,Z,¢):¢=¢,}. From the previous lemma we have only to
consider the dynamics on M® for small ¢ to find a homoclinic or periodic
solution. By substituting (4.7) into (4.4) we eventually get the reduced
dynamics on Mé®:

U=V,

) 1 1

V= U—2U2+e\/E{UV—<1 +—>V}+0(82).
C

It is a regular perturbation problem.

If we once get a regular perturbation problem like (4.8) in (U, V)-plane,
we can easily check if a periodic orbit persists or not as follows. First,
remember the dynamics of the unperturbed system (2.5), which can be
understood by the level curve of H. Fix an initial data («, 0) with
0 <a<?2 Now let (U(z), ¥(r)) be the solutio of (4.8) with (U, V)(0) = («, 0).
Then there exists 7; >0 and 7, < 0 such that

4.8)

V(r)>0for0<t<1y, V(r,)=0, V(1) <0 for 0> 1> 1, and V(r,) =0.
4.9)

Let us define a function @ as follows. (See chapter 4 of Carr [2] in detail.)

(o, ¢, &) = 4[ H(U, V)dx. (4.10)

T1

Here,
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. 1
H= aﬂ{uvz - (1 + —> VZ} + 0(&?).
C
®(a, c, ) denotes difference of the level between the two points on the U-axis:

¢(“5 & 8) = H(U(Tl)’ V(Tl)) - H(U(TZ)5 V(TZ))

Therefore, ®(, ¢, €) = 0 if and only if it is a periodic solution. And our aim
is to solve @ = 0. Let ®(a, ¢, &) = D(a, ¢, €)/¢, then D(a, ¢, ¢) has a limit when
¢ tends to zero:

By (a, ) = lilrg B(a, ¢, £) = \/E J{(Uo —HK? - ! V02>} dr.
) c

Here, by noting (4.9), (U,, %) is a solution of (2.5) and this integral is performed
on a level curve {H = H(a, 0)}, where H(x, 0) = k€(0, 2/3). Therefore,

Bo(o, ¢) =/ H(Uo -0 - 1(]3}(11
C

. 1 .
—Je | UgUUydr — — Jugdr
Je

=i<cjﬁg—JU§>=0'

Thus we have to determine the limit speed ¢, by

I

ng—cong=o. (4.11)

We can define the similar function for a homoclinic solution as

o8]

0
Y(c, ¢) = J H(U, V)dr—f H(U, V)dx.

0

Here the former part is integrated along a solution (U(z), V(r)) on the one
dimensional unstable manifold of the origin with V(1)>0 for — o0 <7<0
and V(0)=0. The latter is similar. ¥(c, &) and i’o(c) are also defined
similarly :

~ 1 ~ ~
Y, ¢ = . P(c,e) and Yy(c)= liln(} Y(c, ¢).

Consequently, we get
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~ 1 . .
- (e~ [ug)-o

where U, is a solution of (2.4) and the integration is on the curve {H =0},
more precisely, on the homoclinic solution of (2.5) in this case. Therefore the
condition for the limit speed is the same as (4.11).

Let ¢, be
co = X(K)™ . 4.12)
Then from PropOSITION 3.1 in the previous section, we have

LEMMA 4.2. For 0 < K < 4/3, the pairs (Uy, co) satisfies the limit speed
condition (4.11) for periodic and homoclnic solutions with o = a(K), where a(K)
is defined in Section 3. Moreover, dcy/dK <0

. 7 .
limco =~ and lim ¢, =1.
K|O 5 Kt4/3

Let us calculate

0P

ac

1 .. 1 .
080 e 0= 4 [0+ [U350
2\/0—0 250\/&
and similarly 0Y7/ac > 0 so that we can solve the equations @=0and =0
by the implicit function theorem. More precisely, there exists a unique smooth

function cg(e) = c(e, K) for each K such that
D (a(K), c(e, K), e =0 for 0 < K <4/3 and 0 <& < ¢* and
P(c(s, K), &) =0 for 0 <& < g*.

Therefore we get THEOREM 2.1.

5. Wavelength and speed

Through Sections 1 to 4, we concentrate only on the relation between
the speed of the travelling wave solutions and their level k or K. However,
from a practical view point, the relation between the speed and the wavelength
is more important. Because x is not a practical parameter for the equation
(1.2) but it is used in convenience of parametrizing the travelling waves. If
we fix the interval [0, L] and assume that the boundary condition is periodic
as in the numerical simulation Figure 1, then there are at most countable
number of possibilities in wave-length, i.e. L/n for n=1, 2,---.
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Noting a scale transformation z = r/\/E to get the equation (2.3), the
wavelength £, for the original equation (1.2) is &, = T/\/a. Here, T is a
period of the travelling wave solution U in THEOREM 2.1. Let us consider
the limit of ¢ |0, then T is now a period of U,(7), i.e.,

bqu (T2 T
ZJ‘ d‘[=_~’
a |4 0 2
au
T=2J——=—4J5(K).
E(U)

LeMMA 5.1. lim T= + oo, lim T=2n.
K|O Kt4/3

Proor. The first one is easy to calculate. For the second one, it follows
from lemmas 3.4 and 3.3 that

. o1
Jim T=— Jim = {3(10K — 16)J, +28.,)

= — lim o {3(101( —16) + 28 ﬁ}
K14/3 3K (3K — 4) Jo

2 lim Jo
K14/34 — 3K

I

= 2.
LemMa 5.2. For 0<K <4/3, T'(K) <O.
Proor. From lemmas 3.5 and 3.4, we have

5
T'(K) = — 4J5(K) = 7 Jo <0,

LEmMMA 5.3. For 0 < K <4/3, &(K) <0. Moreover
}(1{% (o(K)= + o and xl%il}s ¢o(K) =2m.

PROOF. Let ¢ = ¢3/16, then using (4.12), (3.4) and (3.5), we obtain

_ IR (= o+ )

¢ 7y

We can prove the monotonicity of ¢ by the technique almost similar to the

’

argument in Section 3. Let m = Jj*(— J, + J;) and n = J,. And let p = ﬁ,
n
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What we have to show is that p is positive. By simple calculation,
p=2J5(—Jo+ Jy) + Jo(— Jo + J)).

Here, Ji = — 5Jo/124 and also —J, +J, =Q are positive. While Jg =

_ 1 fﬁg and also — J§ +J; = % Jl—;EdU are negative. Therefore we have
2J) E

p(K)> 0 and the remainder part of the proof is similar.
Combining lemmas 4.2 and 5.3, we can conclude the following.

THEOREM 5.4. In the limit ¢ tends to zero, the speed c, and the wavelength
&y of travelling wave solutions to (1.2) have the relation:

co = Co(&p), 2m <&y < + 0, Cp>0.

REMARK 5.5. Especially, there is a unique travelling wave solution which
has a fixed wavelength, and moreover there is no travelling wave solution
which has wavelength less that 2z to equation (1.2). It is also interesting to
note that if we fix the interval [0, L] then there are only a finite number of
travelling wave solutions under periodic boundary condition, because L/n must
be larger than 27
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