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0. Introduction

Let X and Y be smooth G-manifolds, where G is a finite group. Then
the r-jet bundle J'(X, Y) is naturally a differentiable G-fibre bundle. Let
J&(X, Y) be the subspace of J"(X, Y) consisting of all the r-jets of “equivariant
local maps”. Then Jg(X, Y) is a G-invariant subspace of J'(X, Y).

Let Q(X, Y) be an open G-subbundle of J"(X, Y) —» X which is invariant
under the natural action by local equivariant diffeomorphisms of X on
J'(X,Y). Then Q(X,Y) is called a natural stable regularity condition. We
say that a map f: X — Y is Q-regular if j'f(X) = Q(X, Y). Now we assume
that Q(X, Y) be a natural stable regularity condition. We say that Q(X, Y)
is G-extensible if the following conditions hold: There exists a natural stable
regularity condition Q'(X x R, Y) = J"(X x R, Y) (where G acts on R trivially)
such that

{n(i*(Q’(X x R, Y)) = Q(X, Y)
r(i*(Q(X x R, Y)nJ"(X x R, Y))) = Q(X, Y)nJ4(X, Y),

where 7:i*(J"(X x R, Y))>J'(X, Y) is the natural projection defined by
n(jix,00f) = juf oi for the canonical inclusion i: X - X x R. The examples of
the G-extensible regularity condition are given in ([2], [3]).

In this paper we will prove the following approximation theorem.

THEOREM 0.1. Let (X, Y) be a G-extensible regularity condition, and
suppose that there is a continuous equivariant section o: X — Q(X, Y) covering
the map f: X - Y. Then f may be fine C°-approximated by smooth Q-regular
equivariant maps whose r-jets are G-homotopic to o as sections of Q(X, Y).

This result is an equivariant generalization of the approximation theorem
in Appendix of [4]. In [2] we have shown a theorem of homotopy
classification on Q-regular smooth equivariant maps. If we consider an open
manifold X, Theorem 1.3 in [2] does not assert that the homotopy class of
a proper equivariant map is represented by the jet of an Q-regular proper
smooth equivariant map. However, Theorem 0.1 guarantees this property, so
that the theorem refines the previous result in [2].
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In §1 we recall some elementary facts about transformation groups.
Theorem 0.1 will be proved in §2 by using the usual extension technique for
G-equivariant maps on equivariant simplicial complexes and the C!-
triangulation theorem for smooth G-manifolds which has been proved in [1].

1. Preliminaries

Let G be a finite group and X a G-manifold. For any xe X, we denote
Gx the orbit of x and G, the isotropy subgroup of x. Let ¥V, W be Riemannian
G-vector bundles over Gx. The fibres V,, W, of V, W over the point x are
G,-modules and we have canonical isomorphisms V= G x ¢ V,, W= G x ¢ _W,.
The bundle

D(V)®D(W)={(,weV@Wl|v| <1, |wl|<1}

with fibre D(V,) x D(W,) is called a handle bundle with index = dim V. Let
Z, Y be invariant submanifolds of X and ¢: S(V)® D(W)— 0Z be an equi-
variant embedding, where S(V)@® D(W) = {(v, weV@® W|||x| =1, |w| < 1}.
If Y=2),(D(V)® D(W)), then we say that Y is obtained by attaching the
handle bundle D(V)@® D(W) to Z via S(V)@® D(W). We may consider that
D(V)®D(W)= G x ¢ (D(V,) x D(W,)). Then there is an open G,-equivariant
C®-map

F:J(D,(V)® D(W), Y)|D,(V,) x D(W,) — J"(D,(¥;) x D(W), Y)

defined by F(jif)=j(fID,(¥) x D(W)). Here, D (V)= {veV||v] <2}.
Since G is a finite group, F is an isomorphism on fibre and maps

Je(D2(V) @ D(W), Y)|Dy(¥,) x D(W,)
isomorphically onto Jg_(D,(¥) x D(W,), Y). We define
Q.(D,(%) x D(W,), Y) = F(2(D,(V) @ D(W), Y)| D,(V,) x D(¥)).

If Q(X, Y) is G-extensible, then Q. (D,(V,) x D(W,), Y) is G.-extensible. Since
G is a finite group, we can interpret Propositions 4.3 and 4.4 in [2] as follows:

ProPOSITION 1.1. Let G be a finite group. Suppose that Q(X,Y) is
G-extensible and G, acts on V trivially. Then the restriction map

Pa: CG.a.(D2(K) x D(W), Y) — C§ 0. (D (%) x D(W), Y)

is a Serre fibration, where Dy ,(V,) = {ve V|1 < |v| <2}.

PROPOSITION 1.2. With the same assumption, the restriction map
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p: G (Q:(D2(V) x D(W,), Y)) — I' (Dy (V; x D(W), Y))
is a Serre fibration.
Here, the notation is the same as in [2].

We now review some results of equivariant simplicial complexes in
[1]. By a simplicial complex we mean a geometric simplicial complex, that
is, the topological realization of an abstract simplicial complex considered as
a topological space together with the structure given by the simplexes. A
simlicial G-complex consists of a simplicial complex K together with a G-action
¢: G x K— K such that g: K - K is a simplicial homeomorphism for every
geG. For a simplicial G-complex K we say that it is an equivariant simplicial
complex if the following conditions are satisfied.

1. For any subgroup H of G we have that if s = {v,,...,v,) is a simplex of
K and s = {hyvy,..., h,v,) is also a simplex of K for some h,e H (i =0,...,n)
then there exists he H such that hv; = hyv; (i =0,...,n).

2. For any simplex s of K the vertices v,,...,b, of s can be ordered in such
a way that G, <--- < G,,.

In condition 1 the vertices v,,...,v, need not be distinct. We call G,
the principal isotropy subgroup of s. The above conditions are purely technical
since the second barycentric subdivision of any simplicial G-complex is an
equivariant simplicial complex. In [1] lllman has shown the C!-triangulability
theorem for smooth G-manifold when G is a finite group.

2. Proof of Theorem 0.1

Let p be any invariant smooth metric on Y, and let «: X — (0 o0) be an
invariant smooth function. We shall show that there exists an Q-regular
equivariant map g: X — Y such that jg is Q-regulary G-homotopic to o (i.e.
o and j"g is G-homotopic as sections of (X, Y)) and that p(f(x), g(x)) < a(x)
for each xeX. For an open invariant submanifold W of Y, we define
QX, W)=J'(X, W)nQ(X, Y). If Q(X, Y) is G-extensible then Q(X, W) is
also G-extensible. We will use this fact to prove Theorem 0.1. Furthermore,
we need the following simple lemma.

LeEMMA 2.1. Suppose that we have a commutative diagram

E-SE

Lo lv

B4 B,
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where p, p' are Serre fibrations and g is a weak homotopy equivalence. Then
g is a weak homotopy equivalence if and only if its restriction to each fibre
of E is a weak homotopy equivalence.

Proof of Theorem 0.1. For each xeX, let W, be an open G/, -invariant
convex coordinate neighbourhood of f(x) contained in {yeY|p(f(x),y) <
1/4a(x)} such that gW, = W,  for each geG. Take an open covering {U,}
of X such that each U, is a G,-invariant subset which is included in
{yeY|a(y) > 1/2a(x)}nf "' W,. Choose a smooth equivariant triangulation
of X so fine that each n-simplex A4 lies in one of the open sets U,, say U,,
where n = dim X. Suppose inductively that we have construct an invariant
neighborhood X;_; of (j — 1)-skeleton on X, and an Q-regular equivariant
map g;_,: X;_; = Y such that j'g;_, is Q-regularly G-homotopic to a|X;_,
and such that j'g;_;(X;_,nU,) = W, for each n-simplex A4 (these constructions
may clearly be made for j = 1).

Now let X;_; be an invariant neighbourhood of the (j — 1)-skeleton in
X;_,, and for each j-simplex E let X(E) be a G -invariant neighbourhood of
E, where ecIntE, in Uy =n{U,|E < A} such that X(E)— X;_, are disjoint
and there is a G,-diffefomorphism

(X(E), X(E)nX}_,) = (D(¥,) x D"7I(W), Dy 5 x D"I(W,)).

Here we may choose X (E) with the following properties:
a) V¥, and W, are G,-vector spaces and the action of G, on V¥, is trivial.
b) For any heG, h(Di(¥) x D" (W) = Di(V,) x D" (V).
c) If h(Di(V)) x D"~ (W))n (D5 (V) x D" ¥(W,)) # @, then heG,.
We have a G-diffeomorphism from G x g, (D4(¥,) x D"~¥(W,)) to G(D4(V,)
x D"7I(W,)) = GX(E).
Consider the following commutative diagram:

CEa (X(E), W) L5  TILQUX(E), W)

L. L

CEo.X(E)NX_{, Wy) Lo I (QXE)NX_1, Wy))

whose vertical maps are Serre fibrations (by Propositions 1.1 and 1.2) and
whose horizontal maps are weak homotopy equivalence by Theorem 1.3 in [2].

Since j'g;-, | X(E)nX_, is Q,-regularly G,-homotopic to o| X(E)nX;_,,
and so there is a section 7 in the fibre over j'g;_;|X(E)nX’'j — 1 which is
Q,-regularly G_-homotopic to | X (E) and there is an Q,-regular G -equivariant
map gz: X (E) —» W in the fibre over g;_; | X(E)nX;_; (using Lemma 2.1) such
that j"gg is Q,-regularly G_.-homotopic to 7 and hence o.
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Now we define X(GE) = GX(E) and ggi: X(GE) > GWg by ggppnzy = hge(2)
for any ze X(E) and each heG. Then ggg is an equivariant map and jggg
is Q-regularly G-homotopic to ¢. Define X; = gz X(GE), and g;: X; - Y by
9;(z) = gge(z) for ze X(GE). This completes the induction step.

By this method, we can construct an Q-regular equivariant map g: X -» Y
such that jg is Q-regularly G-homotopic to ¢ and such that g(U,) = W, for
each n-simplex A.

By the definition, U, = U, , for some x,eX. If zeU,, then f(2), g(z2)eW,,,
so that p(f(z), g(2)) < p(f(2), f(x4) + pg(2), f(x0) < 1/4(a(x,) + a(xy)) =
1/2a(x,). However, ze U, then a(z) > 1/2a(x,). It follows that p(f(z), g(z))
< a(z). This completes the proof.
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