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ABSTRACT. Comparison of some estimators and multi-sample tests about mean
directions for the Langevin distribution have been studied. Before displaying main
results, the background of directional statistics is briefly considered.

We derive the expectations and MSEs (mean square errors) of the MLEs
(Maximum Likelihood estimators) of concentration parameter, xk and mean direction,
u in the forms of asymptotic expansions. We also compare the marginal MLE of «
with the MLE. It is shown that the estimators so modified as to satisfy a higher
order asymptotic unbiasedness are the same in a higher order asymptotic sense.
Further, it is shown that those estimators have smaller MSEs than the original ones
when x is not so small, but for small k the MLE is preferable.

Next we consider some multi-sample tests for mean directions, y;’s. Two cases
are studied in detail. Namely, all y;’s are on the same but unknown axis and y,’s
are in the given subspace.

1. Introduction

This paper is concerned primarily with the Langevin distribution for
directional data. In general, there are three basic approaches to directional
statistics, which are called embedding, wrapping and intrinsic approaches. For
a discussion of these approaches, see Jupp and Mardia [1989]. They are
usually used in different area, depending on their merits. In inferential
problems, the embedding approach is commonly used, i.e., we consider to
embed (p — 1)-dimensional sphere &?~! into p-dimensional Euclidean space
#P. We also discuss a little more about this topic in the last section.

In section 2, we summarize some backgrounds of directional statistics,
especially related to the Langevin distribution with a little refinement or
improvement. Most of them are found in Mardia [1972] and Watson
[1983a]. Therefore we give only an outline without strict proofs. Those are
used in subsequent sections and will be helpful in understanding the rest of
this paper. Although we do not put importance on applications here, Fisher
et al. [1987] and Fisher [1993] have given a lot of examples.
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A random vector x in RP of its length | x| unity is said to have a
p-variates Langevin distribution M, (u, ) if its probability density function is
given by

{a,(x)} ! exp (ku'x) (1.1)

on the (p — 1)-dimensional unit sphere 77! = {x|xe%?, | x| = (x'x)*/? = 1},
where C’ denotes a transpose of a matrix C, ||u| =1 and x>0. The
normalizing constant is given by

E -B4q
(k) = Qmy*Ip_ (k) 2,

where I,(x) is the modified Bessel function of the first kind of order v. The
parameters g and x are called the mean direction vector and the concentration
parameter, respectively. This form of distributions was first introduced by
Watson and Williams [1956], but the distributions in the special cases p =2
and p=3 were first derived by von Mises [1918] and Fisher [1953],
respectively.

The Langevin distribution plays an important roll among distributions
on a sphere. It is a member of (curved-) exponential family, whose shape is
symmetric and unimodal. So it is one of the most common distributions for
directional data. For the special case p =2, there is another common
distribution that is called wrapped normal distribution. These two distribu-
tions have quite similar properties, but there exist some differences between
them as discussed by Collett and Lewis [1981]. Though the normalizing
constant of the density (1.1) is complicated, it is relatively easy to carry out
asymptotic approximations or expansions. Therefore asymptotic theories have
been investigated.

The problems of estimating u and x have been investigated by several
authors. For example, Best and Fisher [1981] noted that the MLE of « is
quite biased by a simulation study and they proposed a new estimator in the
case of von Mises or Fisher distributions, i.e., p=2,3. Ducharme and
Milasevic [1987, 1990] proposed to estimate x as well as u based on the
spatial median. Fisher and Lewis [1983] considered estimating common mean
directions for a circle or a sphere. Watson [1986] discussed the optimality of
estimations about modal directions for the class of rotationally symmetric
distributions. Ronchetti [1992] has given optimal robust estimators for the
concentration parameter and proposed a general class of M-estimators for
directional data. Moreover, Bartels [1984] considered the case of bidirectional
mixture of von Mises distributions and Spurr and Koutbeiy [1991] compared
various methods for estimating parameters in this case.

In section 3, we consider the MLE £ and the marginal MLE & of k. Then
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we derive the modified estimators of K and K which satisfy higher order
asymptotic unbiasedness in the case when the sample size n is large. It is
shown that these two modified estimators are the same as in a higher order
asymptotic sense. Further, it is shown that with relatively large n those
estimators have smaller MSEs than the original ones when x is not so
small. On the other hand, MLE is preferable for small k. We also consider
the case when x is large. The asymptotic distributions of these estimators
are different, according to the cases when n is large or x is large.

For various testing problems on mean directions and concentration
parameters, Watson [1983a, 1983b, 1984] obtained asymptotic distributions of
some test statistics. Watson [1983c] also extended large sample theory related
to these tests to a more general class of distributions with rotational
symmetries. Stephens [1969] studied multi-sample tests for the Fisher
distribution, i.e., p =3 and derived a two-sample exact test for the equality
of modal vectors or of concentration parameters. Stephens [1972] also
investigated multi-sample tests for the von Mises distribution, i.e., p=2. Higher
order asymptotic theories have been considered recently. Chou [1986] derived
asymptotic expansions of some statistics proposed by Watson [1983a] about
a mean direction and Hayakawa [1990] also derived those of some other test
statistics. Fujikoshi and Watamori [1992], Watamori [1992] studied some
related testing problems, too.

In sections 4 and 5, we consider two multi-sample hypotheses about mean
directions. One is that all mean directions are contained in a given subspace
of 771, The other is that all mean directions are on the same but unknown
line. The latter one is an extention of the equality of mean directions studied
by Hayakawa [1992]. He also considered the equality of concentration
parameters. We derive asymptotic null and nonnull distributions of some test
statistics and compare these. Section 4 is concerned with the large sample
situation. On the other hand, section 5 is concerned with the highly
concentrated situation.

In section 6, we discuss more fundamental notions of directional
statistics. We proceed discussion on different stance from that of previous
sections. First we point out some weak points of embedding approaches.
Next some possibility of overcoming them is considered, based on a recent
work due to Watamori and Kakimizu [1994]. Some related topics and recent
trend are also discussed briefly.

2. Backgrounds

In directional statistics, we consider the case where data are on a unit
sphere. Some of them are directions and others are axial data. We
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distinguish directions from axial data by taking account of their signs. Because
spheres are compact and have non-zero curvature, we should proceed statistical
theories with special care. Distributions on a sphere can be regarded as a
kind of singular ones by embedding them into a Euclidean space. However,
the singular nature does not mean that all distributions on a sphere have
singular dispersion matrices, but that any distribution on a sphere has the
following moment relationship,

tr X+ pl?=1, 2.1)

where tr 2 is the trace of the dispersion matrix and g is the mean vector.

As one of the motivations why we study the distributions on a sphere,
it may be noted that there are three data sets mainly quoted. One is ‘the
declinations and dips of remnant magnetization in nine specimens of Icelandic
lava flows of 1947-48’ given in Fisher [1953]. The others are ‘the vanishing
angles of 209 homing pigeons in a clock resetting experiment’ (Mardia
[1972, p. 123]) and ‘the direction of perihelia of 448 long period comets’
(Mardia [1975a]). We may extend the underlying space to a more general
manifold, however, there is no practical and natural data set suitable to other
manifold just like wind data corresponding to a circle. None the less,
statistical theories on a sphere have not got enough study and it seems that
they used to have been paid little attention by many statisticians.

2.1. Rotational symmetry

Let x be a random vector which takes values on #?~ 1. 1t is said that
x has rotationally symmetric distribution about a given unit vector ue ¥?~}
if its density depends only on u'x. When we decompose x as

X =ppu'x + (I, — pp)x,

its density does not depend on the orthogonal complement of u. More
generally, we call it rotational symmetry that the distribution is invariant under
any rotation in an s-dimensional subspace V. The Langevin distribution
satisfies this condition. Another example of this class is the Scheiddegger-
Watson distribution with density proportional to exp {x(u'x)*}. Let p >3,
t = w'x and dw, denotes the area element on #?~'. Then

-
do, = (1 - 32"V dtdo,_,.
Thus if x ~ M (s, x) then its probability element is decomposed as follows:
Lp-
{a,(x)} ' exp kp'x - dw, = {a,(x)} "' (1 — £2)2? 3')dtdcop_l

1,-
= 0,1 {a,(9)} 11 — 27 Vdt (o, 1} Mdo, ;.
(2.2)
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Here, w, ' = {27?/2/I'(p/2)} ! is the density of a uniform distribution on
&P~1. From (2.2) we obtain the density of ¢t as

Dp—1 253
Pl — 22?77 _1<t<1
a,(x) ) (2.3)

Integrating (2.3) about ¢ from — 1 to 1, we get

t Lp-
f Dot per(y — 2@ gp .
-1 ap(K)

Thus

%0 _ f "o — eV
Wp-1 -1

(2.9)
As another decomposition of x, consider

x=pt+(1— 2 |El=1 ELp

From the decomposition (2.2) of the probability element, we know that & has
a uniform distribution on %72t and ¢ are independent and

E(§) =0, D(¢) = E(§8) = (I, — ui)/(p — 1),

where E and D denote the expectation and the dispersion, respectively. Now
let

()

A,(0) = Z"—

d
o = {log a,(x)}.

(2.5)
By differentiating both sides of (2.4) about «, it is shown that (d"/dx")A4,(k) =
AD(x) is the (r + 1) th cumulant of t. Thus
E@t)=A4,(k), Var(t) = A4,(x),
E(t?) = Ap(k) + A,(x)*.

Further, A4,(x) is non-decreasing and convex on (0, o), and takes its minimum
at k =0 and maximum as k — oo in the range [0, 1], i.e.,

0<4,x)<1
It is also known that A;(x) <0, so A,(x) is non-increasing and takes its

. . . . 1 .
minimum as k¥ — o0 and maximum at k =0 in the range [0, — |, ie.,
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1
0<A)K) < —.
14

These properties of A,(x) come from properties of Bessel functions. For a
general theory of Bessel functions, see, e.g., Watson [1980]. From the above
results we obtain

E(x) = pE(t) + E(1 — Y E(®)
= HE(t) 2.6)
= A,(K)n,

and

D(x) = E(xx) — {E(t)}*up’
= up'E(t?) + E(1 — t))E(E&) — {E(t)} > np

Bl -) (I, — py) (2.7)

= Var (t)uy' + . L

A (x
= A,(K)pp + {c(—) I,—pp)=2, say. (2.8)

Here we note that the equations (2.6) and (2.7) hold for any rotationally
symmetric distribution about u. Further, the equation (2.8) is obtained from
the Ricatti equation, which is shown in section 2.3. Moreover, from the
equations (2.6) and (2.7) we have
tr D(x) + | E(x)||? = Var (t) + E(1 — t?) + E(t)?

=1+ Var(t) — Var (t)

3 1’
which shows the moment relationship (2.1) as we mentioned before. The

moment relationship can be also proved by taking the expectations of both
sides of x'x = 1.

2.2. Distribution theory
Let xe #?~! and x = u(f) denote the polar coordinate transformation of
x, where

ji—1
uj0)=cos@; [[ sin, j=1,-,p, sinf,=cosf,=1,
k=0

0<6,<mj=1,-,p—20<6, ,<2n
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The subscript denotes the j th coordinate. Then the Jacobian J, is given by
p—1 .
J,0) =[] sin”76,_,, J,0)=1
ji=2

Assume that each x; has identical and independent Langevin distribution (i.i.d.),
ie.,

xl,"'axn ~ i.i.d. Mp(”: K)‘

Let
x.=Yx; R=|x]|, i=12xi=lx.,
n n
and @ denote the polar coordinates of x./|x.| = x./R = X/| x|, i.e.,
x. = R -u(d).
Then it is shown that
u(@)|R ~ M, (s, xR), (2.9)

(see e.g., Mardia et al. [1979, p. 473] but by their notations, a,(x) and c, are
corresponding to a, (k) and w,' here, respectively). We note that the
distribution of u(f) obviously depends on R. The exact distribution of R was
derived by Mardia [1975]. In particular, for p = 2 or 3, Mardia [1972] and
Fisher [1953] gave the density functions in more reduced forms. But these
distributions are too complicated and it seems that further reductions have
not been done yet.
When x — 0, it is shown that

.lci—r-% a,(k) = w,,

and hence x has a uniform distribution on &#?~!. Applying this to (2.9), we
have u(f) and R are independent when x tends to zero. Conversely, if u(d)
and R are independent, then x; has a uniform distribution on %?~! under
the assumption that x; has a density. This gives a characterization of a
uniform distribution. For other characterizations, see Mardia [1975b].

2.3. Maximum likelihood estimation and the normalizing constant
The maximum likelihood estimator (MLE) ji of u is given by

. X. X
”:—:—

) (2.10)
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and the MLE K of k satisfies the following equation,
A,(R) = |Ix], @2.11)

(Mardia et al. [1979]). Both are consistent estimators. The Langevin
distribution is the only one that the MLE ji is given by (2.10) among all
rotationally symmetric distributions about u with densities of the form
f('x). This shows somewhat analogue of the normal distribution, i.e., it is
the only one that the sample mean is always the MLE of population mean
among all continuous distributions on #P. The proof is given in Watson
[1983a, p. 89]. His proof needs the differentiability of f(¢) about ¢ and
measurability of f’/f, but Bingham and Mardia [1975] proved a more strong
result by assuming only that f(t) is lower semi-continuous at t = 1.

In order to study asymptotic behaviors of j and &, it is fundamental to
obtain asymptotic approximations or refinements of a,(x), 4,(x) and the inverse
function of A,(x) when x —» oo or k - 0. First we consider a,(x). From the
argument about the normalizing constant of ¢t in section 2.1, we know that
it satisfies the integral equation (2.4). By differentiating both sides of (2.4),
we have

ka, (k) + (p — 1)a,(x) — xa,(x) = 0. (2.12)
Using this, it is shown (Fujikoshi and Watamori [1992]) that for x — oo,
- —te-n 1
a,(x) = (2m) K e“q1 — ﬂ(p -1)@p-3) (2.13)
1
+ +)p—-DE-3)pP-5+0k3,.
128x2(p )Jp— D —3)p—35)+0( )}

Thus by taking logarithm of (2.13), we get

1 1
log a,(x) = 3 (p—1log2m + k — E(p —1)logk (2.14)

1 11 3
_gw—n@—$<;+5§)+mK)-

For x - 0, since

r 0 r: odd,
—;ap(K) lk=0 = .
dx r_, 2j+1 )
[z, ~w,  r:even,
=P+ 2)

a,(x) is expanded in Taylor series as
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i 1 4 1 6} 8
4l) = {+2p T w0+2" Tworopra oK)

Next we consider A,(x) defined by (2.5). Differentiating both sides of

(2.5), we have
_ () {a,’,(x) }2
A5 = a) a0

Combining this with (2.12), it is shown that A (k) satisfies the Ricatti equation

AL) =1 — A, (K)? — ”Lxl A, (). 2.15)

For x — o0, we obtain that

i, e-De-3) , - DE-3

p_
A =1—-—"—
»(K) 5 3

k™3 + 0(k™9),

and this is coincident with the result obtained by differentiating both sides of
(2.14). For x — 0, we obtain that

_1 1 3 1 5 7
AP(K)—pK+p2(p+2)K +p3(p+2)(p+4)x + O(x").

In studying properties of K, we need asymptotic approximations of the
inverse function of A4,(x), k = 4, '(y) for all y in [0, 1]. Using the equation
(2.15), we can find the asymptotic expansion of x for small y,

P, P0+Y
P+2 P+2)(p+4

and when y is almost unity,

K=py+ ¥+ 0(),

1.2 qopy42=3 P=3 1 _yp —
i LUt e { U U o1 UV (Ut

For more details about A4,(x), see Watson [1983a, Appendix A.2. pp. 190-195].
Using the above limiting results we may approximate the MLE & in (2.11)
for the cases of k > o0 and k >0 as

p—1 _ np-1
L) 20=1%D) 20— %]

as K — 0,

x

< 14
PIIXII=;IIX-II as k—0.



34 Yoko WATAMORI
Let L and n denote the likelihood function and the polar coordinates of
u, respectively. Since
log L= —nloga,(x) + kp'x.
= const. — nlog a,(x) + Riu' (n)u(6),

we have

[ #*log L] )

E _— ol = nA,(x),
[ 0%log L]

E| - o8 =0’ i=1"“3p—1a
[ Oxon; |
- 2 _

a’?iaﬂj i

B 21 ] i—1

E _8_og2L =nkA,() [] sin®n; j=1--,p—1
| (0n)* | i=0

Hence, for large n, we can conclude that &, 51,~~~,§p_1 are asymptotically
independent and normally distributed with means «, n,,---,1,_; and

var (k) = [nA,(x)]7 ",
~ 1 i-1
var (0) = — {kA,(x) [] sin®n;} 1, i=1-p—1,
n j=0

(Mardia et al. [1979, p. 439]).

2.4. Large sample theory (n — o0)
When x ~ M, (u, ), the dispersion matrix of x is given by
Ap(K)
K

2= A, (k) pp’ + I, — nu),

see, (2.8). Then the determinant of X, det 2 is
Ap(’c) )(p-l)
” .

det £ = A}(x)- (

From the discussion in section 2.1 we know that both A,(x) and A,(x) are
positive for non-zero k, so det 2 > 0. Applying the central limit theorem, for
n— oo,

Jn& = 4,09m > N,(0, 2),
\/;Z_%(i — A,()p) - N, (2.16)
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where N, denotes the p-dimensional normal distribution with mean 0 and
unit dispersion matrix I,, i.e., N,(0, I,). Multiplying pu’' from the left and

noting that p’ 2”12 =(1/\/A,(x))¢’', we have
N
e (WX~ 4,0) > Ny
V Ap(K)
Let us choose a p x (p — 1) matrix B, that satisfies the following conditions
BlBll = Ip -y, B,lBl = Ip—l’

ie., a p x p matrix (uB,) is an element of O(p), the orthogonal group of
order p. Since Bjp =0 and B{ X~ '? = /x/A,(x)B], we obtain

K
n Bix—->N,_,,
\/7 AP(K) 1 p—1

K
n——|Bix||2 - 13-4,
A,,(;c)" 1 X[ = xp-1

where x2 denotes a central chi-square distribution with p degrees of
freedom. For the unique solution & of (2.11), it holds that

A (& — 1) > N, (0, 4;(x)),
So/nAL () (R — k) — N,
It is also shown that
2nA4, ()1 — i) > 13-y

We note that the above limiting results can be elaborated by deriving their
asymptotic expansions. Some of them are given in the rest of this paper. It
is fundamental to obtain a refinement of the result (2.16), which is discussed
in section 4.1.

Next we consider the testing problem that p is in a given subspace
V. Without loss of generality, we may express V as

V={nlp=B {{=1}, 217

where B, is a given p x s matrix such that BB, =I,. In a special case
B, = o, the hypothesis becomes g = u, or g = — p,, and so slightly different
from the hypothesis u = gy, but we may think that these two hypotheses are
essentially the same. In fact the results of Watamori [1992] show Watson
statistics and the likelihood ratio criterion for the two hypotheses have the
same asymptotic expansions. In order to compare powers of these tests, we
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consider a sequence of the alternatives,
-1 U
n=(o+n 20)|po+n 24|

-1 -1
— (o +n 281+ 20712) 2, (2.18)

where u, = By, Boo =0 and A =48'/2. Let B, be a p x (p — s) matrix such
that (B,B)€O(p). Then

nK "% — 2
i IBX | = xp-5(A,p(k)KcA), (2.19)

where xg(y) denotes a noncentral chi-square distribution with p degrees of

freedom and noncentrality parameter 7.
Most of the results in this section are found in Watson [1983a, §4.2, §4.4,
1983b] and Watamori [1992] gives an extended result of (2.19).

2.5. Approximations in highly concentrated case (x — o0)

In this section we give an outline of asymptotic approximations for basic
distributions in a highly concentrated case (x — o0). The limiting results are
found in Watson [1983a, §4.5, 1984]. Some refinements of these and other
distributions are obtained in subsequent sections.

Let U = 2x(1 —t), where t = p'x. From the expansion (2.13) of a,(x) we
can approximate a,(x) for large k as

lp-1) -Lp-
a,() = r2" " VT2V e,
Substituting this approximation to (2.3), we obtain the density of U as
1 —u p-1
f (u) = S S e 2u?
27 It
Since this is the density function of xZ_,,
U-yx2_;.
Here we use the fact that
t=pux-1 (in prob.).

If we choose p x (p — 1) matrix B; as in the previous section, then the
projection of x onto the orthogonal complement of the space spanned by g,

1
is given by B;B;x = (1 — t?)2¢. So,

JxB,Bix = {x(1 + (1 — 0} - U,
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where U and ¢ are independent. By a characterization of the normal
distribution, it follows that

J%B,;B;x - N,(0, B, B)).
Multiplying B; from the left and noting BB, = I,_,, we obtain

JEBix>N,_,.

Applying this to p'x. = g’y x; =Y p'x; and B{x. = B} x; = Y Bjx;,, it follows
that

2k(n — p'x) > X:(p— 1)

\/;B;x.ANp_l,

K
;IIBEX-II2—>X§—1-

Next we consider to test the hypothesis that u is in a given subspace V
when « is given, where V is given by (2.17). As a sequence of the alternatives,
we consider now the one obtained from (2.18) by replacing n with «, i.e.,

= (o + Kk 28)(1 +2k71A) 2,
where p,, 6 and A are the same as in (2.18). Then
JxB,B.x. > N8, B,B),
JEBX. > N,_(5,1,_),

K
—IBx.|* = x5 (nd), (2.20)
where B, is the same as in (2.19). It is easily seen that ||x.||?> = | Byx.||? +
| B.x.|? and ||x.||, | Box.|| > n as k — oo. Therefore (2.20) is rewritten as
2k(l1x. | = | Box.||) = x7-5(n4).
Further, when k is unknown, it is shown that under the hypothesis u = u,,

(xl—wx)/p-1 o
n—x)/n—1{p-1) p—1,(p—1)(n—1):

2.6. Explanatory notes

In the backgrounds mentioned above we collect mainly the results related
to the subsequent sections, and we restrict topics on the Langevin
distribution. In particular, sections 2.4 and 2.5 are the bases of our main
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results. Some of the characterization problems are given in sections 2.2 and
2.3. For other ones, Mardia [1975c] has proposed the characterizations by
maximum entropy and others in 2 or 3 dimension.

Though some higher dimmensional applications have been considered (see,
e.g., Stephens [1982]), the main applications have been restricted to 2 or 3
dimension in practice. This may be probably due to that &' and %2 are
so familiar with us and hence we cannot be free from them on the
contrary. On the other hand, most of the results for directional distributions
can be extended to higher dimensions. From this point of view, we hope
that useful higher dimensional applications will be appeared in the near future.

3. Parameter estimation

3.1. Primaries
We consider the problem of estimating g and k, based on a random
sample x,,---,Xx, of size n from M,(u, k). Let

1 _
Xx=-Yx;, and R=n|x]|.
n

Here R is the resultant length of sample vectors.
The MLE £ and the marginal MLE & proposed by Schou [1978] can be
given as the solutions of the following equations:

A,(®) = [Ix],

and

=

K=0, if R<n?,
: 1
nA,(K) = RA,(KR), if R> n?,

respectively. Schou [1978] has shown that Pr(x =0)— 0, \/r;(ré—x) and
ﬁ(ﬁ — k) are asymptotically N(0, 1/4’) as n — oo.
The MLE of u is given as follows:

- n _
X=—X
l R

‘ -

ﬁ:

i

For simplicity we denote A,(x) and its derivatives about x as
A, A, A", A®) ... respectively.

3.2. Large sample case
Watamori [1992] derived the asymptotic expansions of distributions of
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some test statistics for testing mean directions. The method is based on

expanding test statistics in the terms of a normalized statistic y = \/n 2 ~/2(X
— Ap) and evaluating their characteristic functions. We will discuss the details
under a general setting in sections 4 and 5. The same method can be applied
for obtaining large sample approximations of ¥ and X.

The estimators ¥ and K are expanded in terms of y as

"

f(x—x)—Tﬂy+7{2A, yd, — pnp)y — i,z(uy)z}

+ ! {( ! + A )u’y YU, — up)y
n 24 /A x 2474k F
< A”2 A(3)
243 /A 64 /A
A/I p _ 1
nR—xK)=——py+— - (Wy?-"—o
SR —x1) = \/——l‘ f{M' Y, — pp)y 2A,2(ﬂY) 2A’x}
+ ! {(— ! + A )ﬂ’y Yy, — pp)y
n 24 /A 242 Ak ?
A"2 A(3)
( - )(ﬂ’yf‘
2AI3 /Al 6A12 /AI

~1 — 14" -3
+< P L =D >}+0,(n 2),
24 JAK* 247 JAk

)(ﬂ’y)3} +0,0n73),

The characteristic functions of ﬁ(r% — k) and \/;(JE — k) can be evaluated
in expanded forms, based on asymptotic expansions of the distribution of vy,
which is given in section 4.1. Inverting the resultant characteristic function,
we have the following theorem.

THEOREM 3.1 Let fa(x,) and fx(x,) be the density functions of x, =

\/;(1% — k) and x, = \/; (K — k), respectively. Then fy(x,) and fz(x,) can be
expanded for large n as follows:

’ ! - 1 A” — A_”
fx(xl)—\/ﬂ(ﬁxl)[l +ﬁ{( o+ ﬁ)xl 3 xl}
1{( @P-DP-3) @E-14" 54" A<3>>
] + - +
n 8A4'k? 4A4'%k 2443 842

C-DE-3) , p—4a" _ A7 A<3>> )
+ + L
< 812 aAx 842 aa )

+
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(p _ I)Aﬂ ANZ A(3) . A//Z 6 _3
(¥ 2 il omn 2|,
( » + A + AL + T +0(n ?)

A" AII
fied) =491 A,xZ)[H\[ (ZA’ 2_?’6)
1 —1) 5472 4®
-3 )
n 4412 24A'3 84’2
p—1 A7 A(3>> "
+|l——-—+—)x
( 42 847 44 )?
A112 A(3) A,,2 3
- (6A’ ¥ T)xé T xg} + o 2)]’
where ¢(x) = (1/4/2m) exp (— x?/2).

From Theorem 3.1 we can obtain expectations, MSEs and concentration
probabilities of & and K. The expectations of K and K are expanded as

p_l A”

24'% 2A’2> 007,

E[x]—x+1(

”

1 4
E[fl=k—— —— + O(n"?).
[Kl=x 347 (n~%)

The expansion of E[K] is coincident with Schou’s result. Note that the term
(p — 1)/2A4’k in the coefficient of 1/n is non negative and goes infinity as
goes infinity, and — A4”/2A’? is non-negative. This implies that the biases of
them are quite large when « is large. It is also shown that they have positive
biases and the 1/n term of E[K] is smaller than that of E[K]. The variances
of them are given as follows:

VIK] = L +0(n %) =V[K].
nA’

The MSEs of them are expanded as
p-DpP-=3 34"(p-—-1 114" A4A® }
- +
44?2 243k 44* 447
+0(m™3),
1 + 1{ -1 + 11A"2+ A®
nA’' 22472 444 4473

11
E[(:é—x)z]=ﬂ+?{

E[(% — 1] =

} +0(n™3).

Therefore it holds that
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P-D@-% 34'(-1
24"%K? 243k

E[(¢ — 19%] — E[(% — %] = ni{ } L oY),

The concentration probabilities of them are expanded for b > 0 as follows:
Pr(—b<./n(R—x)<b)=d(/Ab)— &(— /A'b)
+l|:_{(p—1)(p-—3)_A”(p—1)+ 54"
n 4./ A'K? 24 JA'k  124% /A
A® A'(p—1 24" ®
- }b + { ?-b_ + 4 }b3
44' /A 3./A'k 94" /A 4 /A

Aﬂz _3
— b3 A'b) + 0(n 2),
NI ]tb(\/ )+0@m ?)

Pr(—b <. /n{&—x) <b)= &(/A'b) — &(—/A'b)

N 1[_{ -1 547 A® }b
nL la/aw? 1242 /4 44 /4
242 4@ } A" ] -3
~ —~ b3 — b |6 (/A'b) + O(n”?),
{9,4' A a4/ 9./4

where @(x) and ¢(x) are the distribution and the density functions of the
standard normal distribution, respectively. These imply that

Pr(—b<./n(®—x)<b)—Pr(—b<./n@®—x)<b)
=1[{(p—1)(p—5)_ A”(p—l)}b
n 4\/Xx2 24" /A'k

A b{'d)(ﬁb) +0073),
3/A'x

Note that each coefficient of the differences of the MSEs and concentration
probabilities is non-negative when p > 4. For the cases p=2 and p = 3, all
the coefficients of the differences are not always positive and we cannot
conclude which is smaller at a glance. The values of the coefficients of 1/n?
(for the MSEs) and 1/n (for concentration probabilities) in some special cases
are given in Tables 1 and 2. The tables show that for small k the MSE of
K is smaller but for other cases K is preferable and the differences between
them become larger when x goes larger.

From the results on the expectations of ¥ and % it is possible to modify
the estimators so that they satisfy higher order asymptotic unbiasedness.
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Table 1: The coefficients of 1/n?> of MSEs

p=2 p=3

A ~

K K K Ke K K Ke
0.1 | —96.910 200.820 201.516 9973 902.748 903.612
0.5 1.434 10.678 9.919 11.792 39.944 39.916
1 14.288 12.699 5.578 18.184 17.244 13971
1387.096 1194.199 221.954 | 451.227 327.846 73.861
10 | 5781.160 4943.107 940.131 | 1849.974 1349978  299.996

Table 2: The coefficients of 1/n of concentration probabilities

coefficients of b

P=2 p=3
K K K difference K K difference
1 —0.405 —-1.133 0.728 —0.853 —-2.077 1.224
5 —0.274 —-0.178 —0.096 —0.436 —0.243 —0.193
10 —0.131 —0.092 —0.039 —-0.217 -0.117 —0.100

coefficients of b3

1 —0.183 —0.0575 —0.1256 —0.160 —0.0348 —0.125
5 0.00028 0.00481 —0.00453 | —0.00617 0.00428 —0.0104
10 | —0.0000213 0.000481 —0.000502 | —0.000722 0.000611 —0.00133

coefficients of b

1 —0.00939 —0.00205
5 —0.0000780 —0.000136
10 —0.00000183 —0.00000444

Such estimators are given by
r%«»=r€—l< p—AlA— AP(K)A>,
n\24,(R)k 247%([K)
1 A45(K)
n 242%)

’2@=i€+

Then it is shown that the distributions of \/;(réq, — k) and \/;(k@ — K) are
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coincident up to O(n~'). Further

1 {(p—l) A"

1
Bl — 071 = L+ LI H} +0(™)
— E[(Re — 1921 + O(n™?).

Therefore K, and K, are concluded to be quite similar. The values of the
MSEs up to the order n~2 in some special cases are also given in the Table
1. Tt is noted that each value for moderate « is smaller than the corresponding
value of ¥ or K. Note also that for the almost of all cases the MSEs of K
are middle and similar to those of either K or K,. When x is quite small K
is most preferable but for the usual values of k, K, is best of these three
estimators in the sense that the MSE is the smallest. It seems that it is better
to use Ky instead of ¥ when k is not so small

We can express fi as ﬁ=(Ay+Z”2y/\/;)/|| Ap+ZY%y/ /n|. Therefore
the asymptotic exansions of the expectation and the MSE of j are given as
follows:

. 1 p-1 L f(p—1D@A5p—-1)
Elil=p—- 2Ax”+F{ 8 Ax
Ap-D)p—4 A —1 s
L A=be=d AP D], o

and
. IV | ) _2
E[aA—mw@E—-pw] = :4—’((1,,—##)'?0(" ).

Note that the term of the coefficient of 1/n, (p — 1)/(24k) is quite large if x
is considered to be very small. It may be suggested to use

1 p—1
i = (14— .
He ( n 2A1€>”

as a higher order asymptotic unbiased estimator.

3.3. Highly concentrated case
Next we consider the case when « is large. In addition to the notations
in section 3.2, we use the following notations:

Z= \/;C_Bi [x1,5X,],

1,: an n-dimensional vector with all elements unity,
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1
PO=—1n1:| P, =1,— P,
n

e;: an n-dimensional unit vector with jth element unity and others 0,
It may noted that Fujikoshi and Watamori [1992] have essentially obtained
an asymptotic expansion of the distribution of Z. We can obtain stochastic

expansions of ¥ and  in terms of Z. The stochastic expansions of ¥ and K
are obtained as follows:

¢ -1y 1 ~1
E_nre-1) _[_E___ {(tr ZPyZ)? + 2tr ZP,Z' tr ZP, Z'
k tZP,Z x| 4(tr ZP,Z)’

— nY. (tr ZE,Z)?} ?—;—3] + 0,07,

x| &%

—)p-1) 1[m-D@E-1
_=De-1 1 [u—) {(tr ZPoZ'? + 2tt ZP,Z' tr ZP,Z'
rZP,Z | x| 4(tr ZP,Z)?

~nY (r ZE,Z)?} - -':—3] +0,(x7?).

Since the elements of Z are independently distributed as N(0, 1) in the limiting
case, we can see that tr ZP,Z’ and tr ZP,Z' are asymptotically independent
and

tr ZP,Z' > Yo 1)n-1)>
tr ZPoZ' -y 1.

Thus the limiting distributions of K and K are proportional to 1/ x(zp_l)(,,_l),
which is coincident with Schou [1978] who also pointed out Pr(k = 0)—» 0. It
is noted that neither £ nor K are asymptotically unbiased for large x. These
estimators may be modified as

(1— 2 )vé and (1——i—>;€,
n(p — 1) m-—1p@P-1)

which are asymptotically unbiased for large k. The above stochastic
expansions will be useful in obtaining further refinements as in the large sample
case. However, the investigation is left as a future work.
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4. Multi-sample tests for mean directions (I)-large sample case

4.1. Primaries
As far as there seems not to be any confusion, we write A,(x) as A and
A,(x;) as A; for simplicity. We cosider the problems of testing

le(”lsﬂzf”sl‘k)c=0 vs. Kl:(”1’”2""a”k)c7é0’
H,:p;eV vs. K,:p;¢V for some j,

where C is a given k x (k — 1) matrix with rank k — 1 and V is an s-dimensional
subspace (s < p — 1) based on k-random samples x; of size n; from M,(u;, k;),
I=1,---,n;, j=1,---,k. Since all norms of u;’s are unit, we may take

I-
C=< kot >, ¢} =1, for Vj,
€1 €3 ot Cg—y

without loss of generality. As in (2.17), we write V as V= {u|pu= By(,
{'=1}. So we can rewrite the hypotheses H; and H, as

Hy:pj=bjm, bj=cicj, =-1,
Hz:ﬂj=BO€j’ “Cj"=1'

Consider a sequence of alternatives
-1 —19, 3
B =(pno; +n;26)(1 + 2n;14) 2, 4.1)

where p,; is equal to b;u for H, or By{; for H,, 4;=6;6;/2 and ;p,; = 0.
Choose a p x (p — s) matrix B, such that (B, B,)eO(p). Let

1 n;
X. — — — _J
Xj=—Y X, n=yn; and p;=-.
nj, j n

We assume that each p; is O(1) as n— oo, i.e,, nj—> 0 as n—co. Under
these notations and assumptions we consider the distribution of

1
y; = \/"_JZJ 2(%; — A;po; — A;8;//ny),

A;
where X; = Aju;p; + — (I, — p;pj). The characteristic function of y; is given
by Kj

Zi(t) { a,(x) exp \/"7 \/A\},.l‘ojtﬁ' Ajxc; 8jt; )i o,

where
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and

Noting that
AU~D

log a,(x + x) =log a,(x) + ), x/, 4.2)
j=1

Jj!
where AY = (d’/dx’)A denotes the jth differential of 4 about x and A® = 4,
we obtain

1 1 -3
log ¥j(t) = - B+ —=1,(t) + O(r; 3),

N

where
lij(t) = ey ;00 + e5;0;B; + ey3;0;7; + €14;%;,
Lj(t) = eyq;05 + e22ja)gﬂj + €33;B7 + e245077; + e25;8;7; + €36,
+ 9271%? + €237
o; = io;ty, v; = i0;t;,
and

1 J4 A
€11 = Y t
2/ Ajk; j 64;\/A;
L, V4

€12j= — —F——
T2 /Ax 24
A. ,A{K-
e13j= - ,] + L =2 AjKjeIZj,
AjK; A;
A;

_ 2.

e s =
weJa”
J
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o 1 3A 4 A
a3 T 84k, 843 44,4 2447
b 1 1 A A
U243 4dpe; 447 AA AL

1 A
€3, = — ;

_ + —_—,
84;1c; 842

e N1 A AN
UM 2/ Ak 24545 44,4
1, A

€25;= — >
T 2 /Ax;  24,/4,

€265 = — Ay — Ajs
iKj

€27 = A ‘1“

ezsj = - AJK]}.J
Then

1 L vl -3
Y’J(tj) = exp E ﬂj 1 + ﬁ llj(tj) + n—l le(t]) + O(nj ) . (4.3)

where

IF(t) = 1;5(t)),
1
I3 = 3 llj(tj)z + L(t)

1
_ 12 .6 4 2 .2p2 4 2
= Eelljaj + eujelzj“jﬂj + —ety0 87 + €11€13;057; + €125€13;%5 Bjy;

2

1
4 2 2 2 2.2
+ (€21 + €11j€14)%5 + (€225 + €12j€14)%7 B + €23;87 + EeISjaj Yj

1
+ (€24 + €13j€14)07y; + €25;8;7; + (e26j + 53%4,')0‘,? + €377} + €35;7;-

Inverting (4.3), we have the following theorem.

THEOREM 4.1 Under the assumption of (4.1) the joint probability density
Sfunction of Y=(y;, ¥2,-**,Yi) can be asymptotically expanded as
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f(Y) = l—[ ¢p(Ym) : l:l flj(y_y)

1 1
& L)+ Y —=
i<t/ p
where ¢,(y) = (2m)"7% exp (- ¥'y/2),
fily) = ellj(”(,)jyj)a + €12jM0;Y; " Y;Y; + e13jbo;Y; - 0;Y; + eTajMo;¥is

fmmﬁﬂﬁ+om%}

1 ’ ’
+ D) e32;(mo;¥) (yjy)?

+ ey1je13;(0;¥)* 8Y; + erzje13i(m0;¥ )Y}y, 8y + e31;(mo;y)*

f2i(y) = ellj(”ijj) + 9111312;0‘01)'1)4)'1)’1'

’ ! ’ 1 ’ ’
+ egzj(I‘Oij)ZYij + ez*a,-(yjy,-)z + 2 e%aj(”ojyj)Z(anj)z

+ e34i(io;¥)* 0}y + €3s;¥;y; - 6;¥; + e36;(mo;¥)’
+ e3o;Y;¥; + €3,i(8]y)* + e3g;0]y; + €3},

and

*

ety = —3e11;— (p + 2)eyz; + 4,
* 15 ,

€31 = — ‘2‘3111 —(p + 8)eyyjerz; + €21 + e11j€14)s
x 2

e3,j = —6ey ;€15 — (p + 6)e1,; + 55 + €155€14)

2

eg‘.&j = - Eelzj + €33,
x

e3yj= —6ey ;€3 — (p + 6)eszje15; + ey4j + €135€14)
*x

€3sj = — €13j€13; t €25),

45 1
e3s; = 79311' + 6(p + 6)e;q €15 + ‘2‘(17 + 4)(p + 6)ei,; — 6eyy; — beyyjers;,
2 1,
—(p + H(ez; + e12je14)) — Ajeisj + €26 + '2“314,',

1
* 2
€27; = — 2 eisj + ezyj,

*x
e3s; = 3ej €13+ (p + dey e 35 — €245 — 1356145 — (P + 2)eys5 + €35,

*x 2
e3q; = 3ey €12+ (p + 4)elzj — €235 — €1z5€14; — 2(p + 2)ez3;,
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15 1
e3o; = — E'eflj —3(p + 4)eyyje125 — ‘2‘(1’ +2)(p + 4elz; + ey + 3eqqje44;

+ (P + ey + (0 + 2egzje14; + PP + 2eys; + Ajels; — ez
1

2
- E e14j - 2/1]-8271-.

Hayakawa [1992] derived an asymptotic expansion of the joint probability

density function of \/n;(X; — A,(x)p)’s. The above theorem can be also
obtained from his result by considering an appropriate transformation. We
note that our result has another merit since the limiting distribution is
N, (0, I,,), though our formula is slightly complicated.

42. LR Tests of H,
First we consider testing hypothesis H, against K; when k;’s are
known. Then the LR statistic T,,, is given as follows:

Ty = zn(zpjxj I ij” - ”ijijjij”)-
j

We are interested in studying the distribution of T;,, under the null hypothesis
H, and under a sequence of the alternatives (4.1). In general, T;,, is expanded
in terms of y = (y;---ys) as

1
To=G+8) (L —H)U,— M)(y+68+—aq,@)+ 0,(n™1),
Jn

where
H=pp/FB), M=upy,
8 = (A8} A,

B = (\/ p1Aik,by - AV prAikiby) s

and ® denotes the Kronecker product. Here g,,(y) is a polynomial of the
first and the third degrees in the elements of y. The nonnull distribution is
given by

P(Ty, <x)= P(X(zp—l)(k—l)('l) <x)+ on™),

where 1= {} A;x;4; — ||Zj\/;;bjijjéjl|z/(ZZlp,A,x,)}.
Next we consider testing hypotheses H; when k, =k, =--- = K, = k but
k is unknown. The MLE K of k satisfies

Ap(’e) = ZP,‘” ijll .



50 Yoko WATAMORI

Further let k satisfy

Ap(;é) = Hzpjbj’_‘j“
and this is the MLE of x under the hypothesis H,. Then LR statistic T,
is given as follows:

Tp12 = 2n{log a,(x) —log a, (%) — k | X p;b;%; | + R Y p; 1%}
j j

It is noted that the Taylor expansion of A, !(x) is given by

347 — 449
X4 (44)

1 A”
A YA (K)+X) =Kk +—x — x* +
p A+ ) A5 247 64"

Using this and the expansion (4.2) about log a,(x), T, is expanded in terms
of y under a sequence of alternatives (4.1) as

Tyis = + 8 (s — HY® L, — M)y + 8) + —— gi(y) + O,(n" "),
1

Jn

where qf(y) is a polynomial with the same property with g;;(y) and
H=pp, M=py,
8 = (/Axd; -/ Axd)),
B =(/pibi-/oub,

The nonnull distribution is given by

P(Ty12 <X) =Pl 1yu-1yA) < x) + O(n™),

where 2= Ax{Y 4;— |3, /p;b;8;1%/2}.

4.3. Test of H, when the concentration parameters are known

In this section we consider testing hypothesis H, against K, based on
k-random samples of size n; from M ,(u;, k;) when x;’s are known. Then the
two statistics, Watson statistic Ty,, and LR statistic T, ,, are given as follows:

(i) Tya =Y 21, = BoBYX, I,
(ii) Tz = 2"2 Pj’cj(”’-‘j” - ”B(,)ij”)~

The limiting distributions of these statistics have been obtained by Watson
[1983a]. Our purpose is to obtain asymptotic expansions of these distribu-
tions by extending the results due to Watamori [1992] in a special case
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k =1. Under a sequence of the alternatives (4.1), Ty,, and T;,, are expanded
in terms of Y as

~3
Twa1 = qo(Y) + O,(n 2),

1 1 _3
nu=qam+;§%03+;%aw+qm3»

where
4o(Y) = Z do0; () @.5)
g,(Y) = —Z \/7 ﬂo,y,qoo,(Y,)

1 1 A;
q,(Y) = ZP_,{ e ‘121,()’,) + A:? (”Oij)z} doo;(¥;)

J
d00i(Y;) = ¥;¥; — ¥;BoBoy; + 2 Ajk;0iy; + 24K,
do1j(¥) = ¥j¥; — (m0;¥;)* + 23/ Ajk; 8}y; + 2A;k;4;,
‘1211()’1') = 2‘101,'()’,') - ‘100j(Yj)-

Thus the characteristic function of Ty ,,, ¥w,,(t) is given by
Vo (t) = j fn [exp {ithOj(yj)} : ¢p(yj)] X g(Y1,"‘,yk)nde,
j i
where

gy, -y =1 +— flj(yj)

\/ﬁjf

{Z ~fi0) + X

1 -3
flj(yj)fl (YI)} + O(n ?).
i<t/ PP l

Consider the transformation
1
j=A 2y — ———=1/4;x;6;, (4.6)

where
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Then we obtain

_k(P—s) 2it
Ywa®)=(1-—2it) 2 exp( - ).) X 4.7
1—2it
1 i 1 2it —
Ez;,...,zk [g(AZ zl + 1 thz‘t A/ Alxl 51,'“,/121,, + 1 lz't Akkk 6k>:|’
— 2zl — zl

where the expectation with respect to z; is taken under N,(0, I,) and

A=Y ,AjK;4;. After calculating the expectation in (4.7), we obtain

_k(p—s) 2it
VYpu)=01-2it) 2 exp( - A)
1—2it

4 _3
x [1 + 1 Y dia(1 = 2it)™ + O(n 2)],
4" m=0

where

dio =242 4 6422 £ 2(p — 5)AMY + (p — s)(p — 5 + 2)p,

diy = — 810 _2(p— A4V —2(p — 5)(p — s + 2)pV,

dip = —44%D 4 44%D _2(p — s+ 2)A4D + (p — 5)(p — s + 2)p,
di3=2(p — s+ 241V, dy, =240D - 2)@?

AV =Y AjiAjlpy ACP =3 A0} p),

A0 =3 (Ajic;/ A= DAyl pj, pD =) ;(A)/ A} — 1/A;x)]p;.

4.38)

Inverting this characteristic function, we have the following theorem.
THEOREM 4.2 Under a sequence of the alternatives (4.1) the distribution
Sfunction of Ty,, can be asymptotically expanded as
2 1 ¢ 2 -3
P(TWZI < x) = P(Xk(p—s)(i) < x) + E Z dlmP(Xk(p—s)+2m('l) < x) + O(n )’
m=0
4.9)

where d,,’s are given by (4.8), and x}(}.) denotes a noncentral y*-variate with
f degrees of freedom and noncentrality parameter A.

Letting 6; =0 in (4.9), we obtain an asymptotic expansion of the null
distribution of Ty ,,,

1
P(Tyz1 <x)=P(Ep-9<X)+ . P—5)p—s+2)p" x (4.10)
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_3
{P(Xl%(p—:) <x)— 2P(X;‘:(p—s)+2 <x)+ P(x:(p—s)+4 < x)} +O0(n 2).

Next we consider the distribution of T;,; under (4.1). Similarly the
characteristic function of T, ,,, ¥,,,(t) can be expanded as

L —kp=s) 2it
Y@®)=Q0-2it) 2 exp( /l)
1—2it

x [1 + 1 i Rym(1 — 2it)™™ + 0(n"%)], (@.11)
4n m=o

where
hyo = 242D 4 6429 — 2(p — 5)A* + (p — 5)(p + 5 — 4)p*,
hiy = — 422D —8)2D 4 22p — s — 1)A* — (p — s)(p + 5 — 4)p*,
hyy = 242D 4 422D _2(p — 1)A*, hyy = — 242D,
*=34lpp p* =3 1/2AK;p),

and A?Y and A?? are given in (4.8). Inverting this characteristic function,
we have the following theorem.

4.12)

THEOREM 4.3 Under a sequence of the alternatives (4.1) the distribution
Sfunction of T,,, can be asymptotically expanded as

P(T 21 < %) = P((ip-9(A) < X) (4.13)

13 _3
+ E Z h1mP(Xl%(p—s)+2j('1) <x)+O0(n ?),
m=0

where hy,’s are given by (4.12).

Letting 4; = 0 in (4.13), we obtain an asymptotic expansion of the null
distribution of T;,,,

1
P(Tpy < X)=P(tép-9 < X) + E(p —5)(p + s — 4)p* (4.14)

-3
{P(Xl%(p—s) < x) - P(Xl%(p-s)+2 < x)} + O(n 2)'

This result implies that T,,, = {14+ (p+s—4)p*/(2nk)}T,,, gives a better
x2-approximation, since

~ -3
P(Ty;y < %)= P(ip-o < %) + O(n 2.

Let Bw,, and B;,; be the powers of Ty,; and T;,, with a level of
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significance a. These a, f are different from those ones used in section
4.1. Then from (4.9) and (4.13) it is possible to obtain asymptotic expansions
for By,, and Pr,;. A useful expression for such powers has been obtained
by Fujikoshi [1988]. Applying his result to (4.9) and (4.13), we obtain the
following theorem.

THEOREM 4.4. Under a sequence of the alternatives (4.1) the powers By,
and B, of Ty, and Ty ,, with a level of significance a are given by

Bwai = P(Xf(p—s)(i) 2> Xx,) (4.15)

1
+— [{— ABD — 3,022 _ (r— s)l(l)}gk(p—s)+2(xa; A)
n
1
+ {— ACD 4 322 4 5(17 —s+ 2)1“’}gk(p_s)+4(x,; A)
-3
+ @D — /1(22)gk(p—s)+6(xa; /1):| + O0(n ?),

and

ﬂLZl = P(Xl%(p—s)(j') = xa) (416)

T [(— ACD —30C2D) + (p — ) A*} G-+ 2(%a5 A)
n

1
+ {/1(21) + A28 — ) p—s+ 2)/1*}gk(p—s)+4(xa; A)

-3
- '1(22)9k(p—s)+6(xa; )v):l +O0(n 2),

where x, is the upper a point of Xf@—s) and g(x,; A) is the probability density
Sunction of x3(4).
Then taking the difference between (4.15) and (4.16),

1 A4j
Bwar = Brar + n [_ - s)(Z AJ : lj>gk(p—s)+2(xa; 4 (4.17)

7 “AjFj

7 “jFj

Alx? 1 Alk;
+ {— 22 i '1,? + E(P —s+ 2)(2 AJ ! Aj)}gk(p—s)+4(xa; )
J

Ajj 2 . -3
+ Z A7 |9kw-9+6(Xa3 A) |+ O(n 2).
7 P
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It is interesting to derive further reductions for (4.17), which clarify the
difference of the powers.

44. Test of H, when the common concentration parameters are unknown
First we consider testing hypotheses H, against K, when k; =k, =--- =
K, = Kk but x is unknown. The MLE &K of x satisfies

A,(®) =3 p; 1%l (4.18)
J
Further let & satisfy
A,(®) =Y p; I BoX;ll» (4.19)
J

and this is the MLE of x under the hypothesis H,. Then two statistics Ty ,,
and T;,, are given as follows:

(i) Ty, =n

A ( 5 — BoBo)x, 12,

(i)  Tpap = 2n{loga,(®) —loga,(®) — KY p; I BoX;ll + &Y p; 1%;11}.
i i

The statistic Ty ,, has been proposed by Watson [1983a] and T,,, is LR
statistic. Watamori [1992] has obtained asymptotic expansions of the null and
nonnull distributions for these statistics in a special case k = 1. The methods
used there can be extended directly to multi-sample case, i.e., k > 1. Using
(4.2) and (4.4), Ty,, and T;,, are expanded in terms of Y under a sequence
of alternatives (4.1) as

1 1 3

Twaz = qo(Y) + ﬁ q:1(Y) + o q2(Y) + Op("_g), (4.20)
1 1 _3

Tizz2 =4qo(Y) + 7;—1 q1(Y) + " q3(Y) + O,(n 3)’ 4.21)

where
qo(Y) = Z ‘100,'(}’,'),
J

q1(Y) =

B0;Yi900;(¥)

iq0(Y) — \/_ Z ;
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1
qi(Y)=<ﬂK f)Z\/p_,ﬂo,y,qo(Y),

1
q3(Y) = vy 2‘100’)2‘121,()’, 4-14—2 d00;(¥)421;(¥))

A”
= 5 Go(Y) (XA Py
2420 N IR0

1 1
- Z; ijﬂ(')jyj'zl: ﬁ BortYidoo(y) + — Az Z (”ijj)quOJ(YJ)
J 1

q;(Y)=( L 1)qo(Y)zqm,(y,)

24'k* 24
- (—A”— - —>{Z\/t7ﬂ’ Y3} 4o(Y)
24% Ak A%) VG NV TITorR AR

dooi(Y;) = ¥;¥; — YiBoBoy; + 2/ Ak 8y; + 2AxA;,
901,(Y) = ¥j¥; — (o;¥;)* + 2/ A b}y, + 2AxA;,
‘szj(Yj) = 2401;(Y;) — d00;(y;)-

The characteristic functions of Ty,, and T;,,, Pw.(t) and ¥, ,,(1),
respectively can be obtained in a similar way. Then we obtain

_k(p—s) 2it
1-—2it

4 -3
X [1 + 1 Y dym(1 =2it)™™ + O(n 2)],
4n m=o

and

_kp-5) 2it
Yaa(t)=(1-2it) 2 exp ( - A)
1—2it

4 -3
x [1 + L Y hym(l — 2it)™™ + O(n 2)],
4n m=0

where 4 = Ak, A~ The coefficients d,;’s and h,;’s are quite complicated and
omitted here. Inverting these characteristic functions, we have the following
theorem.

THEOREM 4.5 Under a sequence of the alternatives (4.1) the distribution
Sfunctions of Ty,, and T, ,, can be asymptotically expanded as



and
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P(Ty12 < %) = P(i(p-5() < X) (4.22)

1 & _3
+ E Z d2mP(xl;:(p—s)+2m(’l) < x) + O(n 2)5
m=0

P(Ty22 < %) = P((ip-5(A) < X) (4.23)

1 & -3
+ a Z h2mP(XI%(p‘s)+2m('l) <x)+ 0@ ?).
m=0

Letting 6; =0 in (4.22) and (4.23), we obtain asymptotic expansions of
the null distributions of Ty ,, and Tj,,,

1 2 - -3
P(Ty,, <x)= P(X%(p—s) <x)+ an Z dszP(Xf(p—stm <x)+O0(n ?),

and

m=0

1 2 - _3
P(Ty,, <x)= P(X'%(p—s) <x)+ an Z thPP(XI%(p—s)+2m <x)+ 0 ?),

where

m=0

’

~ A 2 1
dzo=(P—S)(P—S+2)<2A2— )Z +2@_S)(P_A_K+W)

d21 =

—k(p—s){———+

! 2
+k(p—S)2<i—-’;‘A, 2) Z\/_)

2 4
A A ks—1)+2 kis— 1)}
fk(p—9d 2 2 4 _ ,
=) {A’ZK yp Ax A

A 1 1
R (NS RED)

—k(p—s){k(p—s)+2}<:;;—i+L>

Ax  A'k?
A" A k(s—1)+2 k(s— 1)}

A%k A? Ak A'k?

A 2
+2(p—s){k(p—s)+1}<;13 + Z)Z\/p_p

Ax

- A 1 1
"”=""S’<"‘”2’{<z7‘m)¥;, (-A—u—)}
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+(p—-s){k(p—s)+2}(ﬁ—i o 2)(k 22\/5)
and
’;20=hf—h§»
hy, = — 2h%* — h% + %,
hy, = b + hY,
w—@—@@—ud(i%—z%>;%+@—9@—s+q%;%

—(p—s){k(p—s)+2}—2f+k(p—s){k(p—s)+2}2A, 3
p;

W= —(p—9)p— A4_3 - _
hi=—@—-90 S+2)(A )Z + k(p — 9) {k(p S)+2}2A,2

.l

+w—9w@—9+n(7———)ZJE,

"

1
h% = k*(p — s)(s — I)W —k(P—S)ZT

—o-96-1DL+20-9L _zﬁ_i>}1
+{<psm n - +2p-9) +m’9(ﬁ )12

{np—ﬂ——+k@—wf(—————)}zv63

Ak

Now let By,, and B,,, be the powers of Ty ,, and T;,, with a level of
significance «. Then from (4.22) and (4.23) it is possible to obtain asymptotic
expansions for By ,, and B;,,. However, it is difficult to obtain their difference

in a simple form.

4.5. Test of H, when the concentration parameters are unknown
Here we consider testing hypothesis H, against K, when x;’s are
unknown. The MLE £; of « satisfies

A,(K;) = |IX;]. 4.24)
Further let K; satisfy
A4,(%) = | By, |, (425)
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and this is the MLE of k; under the hypothesis H,. Then two statistics Ty,
and T;,; are given as follows:

(i)  Tyas= ZA’(’)H(I — BoBo)x|?,

(ii) Tizs = 2"2 {p;log a,(k)) —p;log a,(K;) — piK; | BoX; |l + p;; 1%l }-
i

The statistic Ty ,3 has been proposed by Watson [1983a] and T;,; is LR
statistic. Ty ,3 and Ty ,, are expanded in terms of Y under the sequence of
alternatives as

1
Tywaz = qo(Y) + TQf*(Y) + a3(Y) + O,(n ) (4.26)
Tyaa = 40(¥) + = g1*(¥) 4~ g1*(Y) + O,
L23 0 \/; 1 n‘lz P ) (4.27)

where

q?*(Y) ql(Y) + Z ﬂO}quOOJ(yJ)

\/p,A, j

1 1 A}
= Z < - l)l‘éj)’j‘looj'(yj'),
7 /P

1
a3*(Y)=q,(Y) + Z m 421;(¥)4900;(y;)
-3, (e
J
1

1 1
= zj:p_l (4A}Kf — ZZJ—;}) 421;(Y;)900;(Y;)

1
2A’2 >(”6ij)2q00j(yj)

1/ A 1 Al
+)— (ﬁ - ——)(uo,y,) q00;(Y))

T Pi\A] Ak, 247k
1 1 1
" Y - .
45(Y) ‘é ,{(2,4';& Tk )‘1211()’1)
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A; 1 AY
+ L — —— — 1 |(ph;y)? (¥),
<A} ijj 2A;~2Kj>(”01yj) }qOOJ(y;)

40(Y), 900j(¥)> 901;(y;) and q,,;(y; are the same as in (4.5). Similarly, the
characteristic functions of Ty,; and Tj,5, Pw,5(t) and ¥, ,;(t) are given by

_k(P—s) .
Pwas(t)=(1—2it) 2 exp( 2it 2)
1-—2it

4 -3
x [1 L Y dyn(l —2it)™™ + O(n 2)],
4n m=0

and

—k(p—3) 2it
1—2it

3 -3
X [1 + L Y hyu(1=2it)™™ + O(n 2)],
4n m=o

respectively, where
dyo=2ACY + 6122 +(p—s)(p+ 35— 6)p® + (p — 5)p**,
s = — 442D — 442D 4 4(s — 2202 4 2199 4(p — (s — 2p® — (p — ),
dy, =2ACD — 432D 4 2323 4 2(p— 35+ 6)A1?D — 2113 —(p —s5)(p — s + 2)p?,
dy; =442 — 4323 _2(p— s+ 2)A12),
dyy= —2AC2 42033
A =3 A}/(4p)),
MD=F (1= A (i)} by/py, 290 =T 4,471/ (47 p),
pP =3 {1/4;—1/(A4jx)}/Q2x;pp), pP =3 ,A4]/(A}K;p)), (4.28)
A2V and 1?? are the same as in (4.8) and
hyo =242+ 6422 + (p—s)(p+s—4)p@ + (p —5)p?,
hyy = — 442D — 472D 4 (s —3)A0D 4+ 2183 _(p—s)(p + s —4)p? — (p — 9)p®,
hyy = 243D — 4302 4 2)(33) _9(s — 3)202 _ 2303,
hys = 2422 — 2333 4.29)
Inverting these characteristic functions, we have the following theorem.

THEOREM 4.6 Under a sequence of the alternatives (4.1) the distribution
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Sfunctions of Ty,3 and Ty ,5 can be asymptotically expanded as

P(Tyy3 < x)= P(Xf(p—s)('l) <Xx) (4.30)
1 & -3
+ 4_ Z d3mP(XI%(p—s)+2m('1) < X) + O(n 2)a
N m=0
and
P(Ty 23 < %) = P((i(p-5(A) < ) (4.31)

1 3 -3
— Y hamP(E -5+ 2m(A) < x) + O(n 2),

+
4” m=0

where dj,’s and hs,’s are given by (4.28) and (4.29), respectively.

Letting 8; = 0 in (4.30) and (4.31), we obtain asymptotic expansions of
the null distributions of Ty ,; and Tp,;,

1 2 - -3
P(TW23 S X) = P(Xf(p—s) < X) + '4"; Z d3mP(Xf(p—s)+2m < x) + O(n 2)5

m=0
where
dyo = — )@ + 35— 6)p? + (p — 5)p,
dyy = —4(p — 5)(s = 9p @ — (p — ),
dyy =~ ~9p—s+2p?,
and

P(Tpa3 < X) = P((fp-9 < X) + 4—1n{(p - +s—4p? + (p — 9p¥}

-3
X {P(X%(p—s) < X) - P(x%(p—s)+2 < x)} + O(n 2)'

This implies that the Bartlett correction factor for T,,, is given by
1 2 3
1+ —{(p+s5s—49p® + p¥}.
2nk

Now let By,3; and B,,; be the powers of Ty ,5; and Tp,; with a level of
significance . Then from (4.30) and (4.31) it is possible to obtain asymptotic
expansions for By,3; and f;,;. By the same way as in Theorem 4.4, we
obtain the following theorem.

THEOREM 4.7 Under a sequence of the alternatives (4.1) the powers Py,
and B .3 of Twas and Ty ,5 with a level of significance o are coincident up to
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the order n~'. Further, By,3 (or Bi,3) is given by
Bwas = P(le(p—s)()') > x,)

1
+ —[(— AV — 3)»(22))gk(p—s)+2(xa§ A)
n

1
+ {%2“ —A s+ 2)A<*2’}gk<,_s,+4(x,; »

-3
+ (1(22) - 1(23))gk(p—s)+6(xa; )“)] + 0(" 2)‘

Theorem 4.7 shows that the differences between the powers of Ty ,; and
T.,3 are very small when n is large and «; are unknown.

4.6. Explanatory notes

The differences between By ,; and f,,; can be numerically evaluated by
using their asymptotic expansion formulas or doing simulation experiments.
However, it will be difficult to state the differences as a simple rule. From
the point of practical use, we can say that Watson statistic is calculated more
easily while LR statistic has a better chi-square approximation. It may depend
on our purpose which statistic we use.

As we mentioned before, H, is an extension of the hypothesis Hy: u, =
My =--- =, where LR test has been studied by Hayakawa [1992]. If we
take c; = — 1, then H, is the same as H,. On the other hand, even if we
take s=1 in H,, H, is different from H,, and this fact is also clear from
our results. For one sample test, the procedures of testing u = p, with given
Mo and p = B,¢ with p x 1 matrix B, are essentially the same.

5. Multi-sample tests for mean directions (II)-highly concentrated case

5.1. Primaries

In this section, we derive basic results on asymptotic expansions of various
statistics when each concentration parameter k; is large and the sample size
n; is fixed. Most of notations are the same as corresponding ones in previous
sections. However, our derivation process is slightly different, so the results
are not always corresponding to one another. Moreover, we use similar
notations to denote completely defferent things sometimes. Thus we will
attempt to explain our notations as possible as we can even if they are the
same in previous sections except in section 2.

Now, it is noted that most of methods to obtain asymptotic expansions
under large samples in sections 3 and 4 are basically based on Taylor
expansion. While, under a highly concentrated case, in addition to this, the
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differential equations (2.12), (2.15) for A,(x) and a,(x) play key roles in our
derivation process. In fact we often use the expansion for the logarithm of
a,(x), given in (2.14). Moreover we also note that this section heavily depends
on Fujikoshi and Watamori [1992].

We consider the problems of testing H; against K;(j =1, 2) given in
section 4.1 and the corresponding test.statistics defined in sections 4.2 and
4.3. Since we are interesting in the situation where ;s are large and n;’s
are fixed, instead of (4.1), we take a sequence of alternatives

= (po; + K; 5,)(1 + 2K 1A) % (5.1)

where p,; is equal to bj[t for H, or Bo{; for H,, A; = 8;6;/2 and &;py; = 0.
Choose a p x (p — s) matrix B; and an s x (s — 1) matrix ©,; such that
[ByB,]€O(p) and [{;0,;1€0(s). Let
KJ

- 1 )
Xj=—)X;, n=yn, k=3 k; and p;=-'.
n; i K

j J
We assume that each p; is O(1) as k — o0, i.e., k;— 0 as k= c0. Then the
identity matrix I, is decomposed as
I, = B;B; + By{;{;By + B,©,;01;By. (5.2)

For I=1,---,n; and j=1,---,k, let

1

Vi = /K;B; <le - T 5,'), uy = 2k;(1 — {;Box;), Wy = \/K_jaijB(l)le'
Kj

These are the standardized statistics in a highly concentrated case. Our test
statistics are functions of y; and wj;, so we obtain asymptotic expansions of
the distributions of them by extending Fujikoshi and Watamori [1992] to
multi-sample case. The characteristic function of y; and w; is given by

Y(ty;, ty;) = E[exp (ity;y; + ity;w;)]

a,(@))
99D oxp (— it :B.3)),
a,(Kj p( 1j ))
where
a_)j \/—(B tl] + B0@1]t2])

N[

i2
Bj(Bsty; + By Oy jty) + —(ty;t,; + t2]t2])}

{ 7 3
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1 2iA;
J J

Using the expansion (2.14) of the logarithm of a,(x), we obtain

1 ,, 1340
log #(ty;, t;)) = E(lztljtlj +i2ty;ty)

1 -1

Kj

| 2er -
- g(zzt”tu + z’tzjtzj)z} + O(x; ?).
Thus
1 2247 2247 -1
Wj(tl,l’ tzl) = Cxp E(l tlJtlj +1 tZJtZJ) + O(KJ ),
and in particular,

1, 1
j

+2(0— DB+ 4 — 1 +24)y} + O(K;Z)J,

where

B;=ity;ty;, y;=i6;Bt,;.
Using (5.3) we obtain the following theorem.
L
V¥
(5.1) the probability density function of Y =[y,,:,Yi] and W= [wy, -, W]

are asymptotically independent. Further, the probability density functions of Y
and W can be asymptotically expanded as follows, respectively.

THEOREM 5.1 Let y; = \/K;n; Bg (ij - 6,-). Under the assumption of

fr(Y) = Cpn,p-s(Y)[l + % by(Y) + O(K'z)], (54

and
fW(W) = ¢n,s—1(W) + O(K_l)s (55)

where
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n

@, ,(Y)=(2n) Zexp {— % tr YY’},

R

b,(Y)

1
_bs(y)
;Pj o

1

bsj(Yj) = 8n.
J

[;y)* +4/m8;B.y;- ¥jy; + 2{n(p — 1) — (0 — s + 2)}y}y;
+4n,(0;By)? + 4{nj(p — 1) — (p — 5 + 2) + 2n;4;} \/n;8}B,y;
—(p—95)p+s—4) -84l

In order to derive asymptotic distributions of test statistics, we introduce
expansions of distributions of y;’s and w;’s in another form which are also

obtained by (5.3).

THEOREM 5.2 Let Y;=[y;1, **,¥u,] and W;=[W;y,---,w;,]. Under the

assumption of (5.1) Y; and W, are asymptotically independent. Further, the
probability density functions of Y; and W, can be asymptotically expanded as
Sfollows, respectively.

ij(Yj) = ¢nj,p—s(Yj)[l + ;lc'blj(Y]) + O(K_z)]5

and
fw, (W) =&, o (W) + O™ 1),

where

L

8p;

J

by(Y)) = [—) (tree Y/ Y)*> —4) (tre,d;B,Y))(tr e,e; Y} Y)) (5.6)
1 1

—2(s = 3)r ;Y] — 4) (tr ¢,6;B,Y;)*
I

—4(s — 3 +24)Y tre,8/B,Y, + 8n;A; + nj(p — 5)(p + s — 4)]
]

and e, is the n-dimensional column vector with |th element 1 and others 0.
Note that from the decomposition(5.2) of I, each x;; can be decomposed as
xﬂ = BSB;Xﬂ + Bo@lj@iJB(,)xJ, + BoCJC;Béxll

1 , 1 1
= ——By(yj + B;d)) + ——BoO;W;; + —— BoL(1 — uy).
Kp; Kp; 26p;
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Since ||x;|| =1, by taking the norms of both sides, we have
uj = (yy + Bs6;) (yy + B;d)) + wiw; (5.7)
1 _
+ m {(yu + B;8) (yu + B;8) + wjyw;}2 + O,(x; ?).
j

5.2. Test of H, when the concentration parameters are known

Here we consider testing hypothesis H, against K, when ks are
known. Then two statistics, Watson statistic Ty, and LR statistic 7, are
given by

() Twa=x2p;IU, — BoBo)X,|I*,
J

() Top =263 pjm(I1%;] — I BoX;ll).
J

T,}z was proposed by Watson [1983a]. T, is the same as T,,; but the
coefficient of Ty, is slightly different from that of Ty ,,. Under a sequence
of alternatives (5.1), Ty, and T, are expanded in terms of Y; and W, as

Ty, = Z qu(Yj) + Op(K_z)S
j

| _
T, = Z ‘101'(Yj) + ;Z‘IU(Y}*, “;) + O(x 2),
J J

where
40;(Y)) = tr (Y; + B;6;1,)P,;(Y; + B(o;1,) = tr Y*P,; Y}*,
4.,(Y* W) = 1 {— L(U' Y* Py Y;*)?
pj 4n;

1 ! ’ r
+ E;tr Y*P,; Y¥(tr Y*Y* + tr VI;PUV@)},
J

1 1
P1j=1nj__1'lj1"lj’ P2j=_1’lj17llj5 Yj* = Y1+le‘sjl;’|,9
n. n.

J J

and 1, is the n-dimensional column vector with all elements 1. Thus the
characteristic function of Ty ,, ¥y ,(t) is given by

Vy,(t) = J JH [exp {itqo;(Y))} - D,, ,-s(Y;)]

X {1 + leU(Yj) + O(K‘z)}Hde.
K j j
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Consider the transformation

2it AU R §
Z}.:(Yj—l_—mBsﬁjl,,j)Aj 2, (5.8)
where
A, =P, + 1 P
/ Vi o ¥
Then we obtain
-k2=s) 2it
Ywa(t) = (1 — 2it) exp {55 A (59

1 1 2it
Jreze oz 2 non) s owa])
J

— 2it
where

J

The expectation with respect to Z; in (5.9) is taken under the normal random
matrix Z; whose elements are independently distributed as N(0, 1). After
calculating the expectation in (5.9), we obtain

_k(p—5s) 2it
W) = (1 — 2it) " 2 exp( z)
1 —2it

x [1 + 1 i d, (1 —2it)™™ + 0(x—2)], (5.10)
4K m=0

where

dog =6 +2(p— 1AV =2 —)A*+ (p—s)(p— )p — (p — 5)(p — s + 2)p*,
di=—81P4+2(p—9)A*—(p—9)(p—Dp+2(p — ) (p — 5 + 2)p*,

dy =41 — 20— 1AV +2(p — s+ 21* — (p — 5)(p — s + 2)p*,
dy=—2(p—s+2i*, d,=—21?,

A* = Zj()'j/pj)’ AV = Zj(nj'lj/pj), A? = Zj("jl;?/l’j)’

p=,1/p), p*=3,;1/2np).

Inverting this characteristic function, we have the following theorem.

(5.11)

THEOREM 5.3 Under a sequence of the alternatives (5.1) the distribution
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Sfunction of Ty, can be asymptotically expanded as

P(Tyz < %) = P(}p-g(#) < X) (5.12)

1 & _
+ R Z de(Xl%(p—s)+2m(}“) < x) + O(K 2)9
m=0

where d,’s are given by (5.11), and x3(3) denotes a noncentral y*-variate with
f degrees of freedom and noncentrality parameter A.

Letting 6 =0 in (5.12), we obtain an asymptotic expansion of the null
distribution of Ty ,,

2

1 ~ _
P(Ty, <x)= P(Xl%(p—s) <x)+ r de(Xl%(p—s)-f-Zj <x)+ O(x 2),
=0

m
where

do=@—35)(p—Dp—(p—5)p—s+2)p*,
di=—(pP—35p—Dp+{@—5)p—s+2)p*
dy=—@—5)@p—s+2p*

Next we consider the distribution of T;, under (5.1). Then the
characteristic function of T;,, ¥.,(t) is given by

Y.t = J. fﬂ [exp {itqo;(Y;)} - D, ,-s(Y))]

xb+%Zﬁmdnﬂ+hﬂm}+0m”quﬁ

where

1
q1;(Y*) = — ™ ~(tr Y* Py, Y*)?

.Ip.l

+ tr VP, Y {tr Y*Y* + (s — 1)(n — 1)}.

2n;p;

Considering the transformation (5.8), we obtain

L —kp=s) 2it
Y..(t)=(1—-2it) 2 exp (1 o5 A) (5.13)

1 1 1
x {1+ Y E, | ~ditq,,( 2,47 + B.5;1;
{ > “[K{q“<’ T )
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L2t ,
+ b1 Z]A.J2 + 1—2_1‘355]'1"] + O(K ) .
—2i

After calculating the expectation in (5.13), we obtain

k=3 2it
¥, =(1—2it)" 2 exp< ,1>
1— 2it

X [1 + 1 i h(1 —2it)™™ + 0(x‘2)], (5.14)
4K m=0

where
ho = 6@ 4+ 2(p — 1)AY —2(p — )A* + (p — s)(p + 5 — 4)p*,
hy= =812 20— 1AM +2Q2p—s — 1)i* —(p — s)(p + s — 4)p*, (5.15)
hy, =41 —2(p — 1)A*, hy = —21®,

Inverting this characteristic function, we have the following theorem.

THEOREM 5.4 Under a sequence of the alternatives (5.1) the distribution
Sfunction of T, can be asymptotically expanded as

13 _
P(TLZ < x) = P(X’%(p—s)('l) < x) + 4— 2 hmP(Xl%(p—s)+2m('l) < X) + O(K 2)’

m=0
(5.16)
where h,’s are given by (5.15).

Letting 6 =0 in (5.16), we obtain an asymptotic expansion of the null
distribution of T;,,

P(TLZ S X) = P(X%(p—s) < X)

+ @—s)p+s—4) {P(Xf(p—s) <x)— P(xl%(p—s)—Z <x)}

4p*k
+ O(k™?).

This implies that the Bartlett adjustment factor is given by

+ +s—4),
2p*kx(p s=4)

and

1 -
P({l + 2+ P+s— 4)} T, < x) = P(tip-5 < %) + O(k™2).
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Let fw, and B,, be the powers of Ty, and T, with a level of significance
o. From (5.12) and (5.16) it is possible to obtain asymptotic expansions for
Bw, and B,, as the same way as before. Then we obtain the following
theorem.

THEOREM 5.5 Under a sequence of the alternatives (5.1) the powers By,
and B, of Ty, and T, with a level of significance o are coincident up to the
order k= '. Further, By, (or B.,) is given by

)BWZ = P(Xl%(p—s)(l) = xa)
1
- ;[{3'1(2) + (p - 1)1(1) - (p - s)’l*}gk(p—s)+2(xa; l)

- {1(2) - (P -5+ 2))'*}gk(p—s)+4(xa; j')
+ i(z)gk(p—s)+6(xu; )')] + O(K_z)’

where x, is the upper a point of x%,-s and g;(x,; A) is the probability density
Sunction of x3(2).

Theorem 5.5 shows that the differences between the powers of Ty, and
T,, are very small when x is large and n is fixed.

5.3. Explanatory notes
The LR statistic T;, for testing hypothesis H, against K, is given as
follows :

T, = ZK(ijnj [ ’—‘,” - ||ij"jbj’_‘j||)-
J

Although we have not obtained its asymptotic expansion yet, it will be derived
by using Theorem 5.1. Since H, corresponds to H, when s =1, we need
only the distributions of y; and u;. The detail is also left as a future
study. Finally we note that the results in section 5 are multi-sample versions
of Fujikoshi and Watamori [1992] which can be obtained in a parallel
discussion.

6. Concluding remarks

In previous sections we derive asymptotic properties of some estimators
and test statistics in large sample or highly concentrated case. Most of the
results are obtained in the forms of asymptotic expansions. However, it is
noted that in these discussions, the moment relationship (2.1) does not so
influence the results, and the speciality that the sample space is a sphere does
not appear explicitly.
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As we mentioned before in first section, we regard a random vector x
on ¥P~! as a random vector in % with unit norm |x| =1. By this
embedding approach, we can apply many statistical theories in Euclidean space
to statistical distributions on a sphere. However, the dimension of x is not
p but p—1, and this influences the structure of distriutions on &7~ 1!,
Moreover, in #P, we do not have to distinguish a mean (or an expectation)
from a barycenter. This means that we can use a mean as a representative
point for a data set. On the other hand, when x,,---,x, have norm 1,
||ij/n|| <1 unless all x;’s are the same point, i.e., the sample mean is no
longer a representative point on a sphere. Then we should think of what the
notion of ‘mean’ is.

Anyway, we may not be able to take account of nature of the space
entirely by the embedding approach. Therefore we need to consider another
approach and introduce a new notion of ‘mean point.” Watamori and
Kakimizu [1994] have attempted to discuss these topics, though they consider
only about a circle. Some other measures of location have also been proposed
(see, e.g., Lenth [1981] for robust one).

In practical situation, we often need quasi-random vectors on &7~ !, and
for computer generations of uniform or Langevin random vectors, there are
some papers (see e.g., Ulrich [1984] and Wood [1987]). By recent
development of computers, some methods such as bootstrap have attracted
many statisticians in various area. Fisher and Hall [1989] have applied
bootstrap method for directional data and obtained confidence regions for
mean direction.

A correlation coefficient is another example that we need new notions for
directional data (or we need to extend notions in a Euclidean space to a
sphere). Since &7 x &% ~ FP*1 in general, we can not treat x, € 7, x,€ ¥4
in the same way as (xi, x;) € #?*4, Fisher and Lee [1983] have defined a
correlation coefficient for circular data. Stephens [1979] considered it by
embedding approach.

Some other statistical methods have been considered for directional
data. These are nonparametric methods (see, e.g., Rao [1984]), time series
(see, e.g., Breckling [1989]) and so on. Bagch and Kadane [1991] have
applied Laplace approximations on the stance of Bayesian analysis. On the
other hand, Mardia [1989] has shown that directional techniques are applicable
to shape analysis. As we have seen above, it seems that there are many
problems to be solved in this area.
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