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Asstract. The main purpose of the present paper is to study efficient tests for mean
structure in random effects models. We are mainly concerned with a multivariate one-
way classification model with random effects. A simplified test is naturally con-
structed. The test has uniformly higher power than the Wald-type test and the
likelihood ratio test. The idea can be applied to other related models including a
random coefficient growth curve model.

0. Introduction

A multivariate one-way classification model with random effects is given
by

y,-j=;t+b,~+e,-j, i=1,...,n, j=1,...k, (0.1)

where y;; is a p-component vector of the j-th repeated observation of the i-th
individual, # is a total mean parameter, b; is a random effect of the i-th
individual, e; is a noise, n is the number of individuals, and & is the number of
repeated observations. Assume that b;’s and e;’s are mutually independent, b;
is normally distributed with mean vector 0 and covariance matrix I, and e; is
normally distributed with mean vector 0 and covariance matrix X. The
covariance matrix I” expresses a dispersion of the randomly chosen individ-
uals. We also deal with the case where X2 has an appropriate structure.

Let us give an example. Suppose that there are p types of machines in
a factory. The n workers are randomly chosen. An observation y;, is the
amount of the j-th product made by the i-th individual using the a-th
machine. Letting y; = (}’ijl,...,y,-jp)', we may use the multivariate one-way
classification model with random effects to analyze the data.

In the above model, a considerable work has been done. The maximum
likelihood estimators were obtained by Anderson et al. [3] and Anderson
[5]. Their asymptotic properties were investigated by Remadi and Amemiya
[21]. The tests for rank of random effects were discussed by Amemiya et al.
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[2], Anderson [6], Kuriki [16], and Schott and Saw [25]. For the unbalanced
case, i.e.,, when the numbers of repeated observations are not equal, the
maximum likelihood estimators are not obtained as a closed form. Some
estimation procedures were suggested by Amemiya [1]. The tests for rank of
random effects were extended by Anderson and Amemiya [7]. In balanced
multivariate variance components models, Calvin and Dykstra [9] proposed a
computational algorithm of the estimate which is guaranteed to converge to the
restricted maximum likelihood estimators. That method was applied to some
models by Calvin [8] and Calvin and Dykstra [10].
In the present paper we consider testing the linear hypothesis

H:Cu=0, (0.2)

against the alternative hypothesis K : Cu # 0, where C is a ¢ x p known design
matrix. If we set the (p — 1) x p matrix

1 -1
1 -1
C= ,
1 -1
the null hypothesis is the same as H:y =-.--=pu, where u=
(uygy-- -, ,up)'. On the above example, the equality of qualities of the machines

is tested. Similar testing problems were discussed by Fujisawa [11], Fujisawa
[12], Reinsel [20], Suzukawa [28], Vonesh and Carter [29], and Yokoyama [34]
in random coefficient growth curve models, and by Yokoyama and Fujikoshi
[33] in a parallel profile model with random effects.

We consider the Wald-type test and the likelihood ratio test. Type I
errors of these tests generally depend on nuisance parameters (see Suzukawa
[28]). Therefore we need to evaluate their supremums. If they are obtained,
we can perform the Wald-type test and the likelihood ratio test. When
X = oI, the supremums can be derived by using the same methods as in
Fujisawa [11], [12]. The results are extended to a more general situation,
which is mentioned in Sections 4 and 8.

In the present paper we suggest the simplified tests which are the Wald-
type test and the likelihood ratio test based on the sample means y,’s only,
where y;. = Zjl;l y;j/k. The test statistics are expressed as a closed form and
their Type I errors are simple. It is shown that the simplified tests have
uniformly higher power than the Wald-type test and the likelihood ratio
test. For details, see Sections 4 and 8. In Part I, some preliminary results are
presented. The testing problem is reduced to a simple canonical form in
Section 1. In the subsequent sections, we use the canonical form in place of



Efficient tests in random effects models 489

the original testing problem. In Parts IT and III, the Wald-type test and the
likelihood ratio test are discussed. Each part consists of four sections: Main
results, Examples, Test statistics and their properties, Proofs. In Part IV, the
methods are applied to other related models including a random coefficient
growth curve model.

Part 1. Preliminaries
In this part, the original testing problem (0.2) under the model (0.1) is

reduced to a simple canonical form and some preliminary results are presented.

1. Canonical form

Let y; = (Vy,...,¥y) and e; = (€};,...,€;)'. The model (0.1) is expressed
as
Vi= (L@ bL)(u+b)+ e,
where 1; = (1,...,1)’, ® denotes the Kronecker product, and e;’s are inde-

pendently normally distributed as N, (0, ® ). Let 4o be a kxk
orthogonal matrix whose first column is 1;/vk and let 4 = A4, ® I,. Then,
the orthogonal transformation x; = 4'y; leads to

X1 Vk(u+ b;)
Xi2 0

X = X = . + A'e,-.
Xik 0

Here x;’s are px 1 vectors and in particular x; = Vky;. Decompose
C = PcQ where Pc is a g X q non-singular matrix and Q¢ is a p X ¢ matrix
such that Q-Qc=1,. Let Qyp be a p xp orthogonal matrix whose first
g-column is Qc. Then, the null hypothesis H: Cu =0 corresponds to
H: 01 =0, where V) is the first g-component vector of 8 = VkQju, because

1 1
0=Cu=PcQrpu=PcQr00Qyu=—= Pc(I,000 =— PcoV.
M cQch cQcQoQonu Tk c( q ) Ik c
Let Q=1 ® Qy. The orthogonal transformation z; = Q'x;(= Q'A'y;) yields

to
Zil 0 +8b;
X473 0 .
zi = : = . + ei )
Zik 0
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where z; = Qfxy, zn = VkQLy;, b} = VkQ)b; is normally distributed as
N, (0, %), ¥ =kQyI'Qo, e = Q' A’e, is normally distributed as Ny, (0, Iy ® @),
and @ = Qp2'Qp. It is seen that z;’s are mutually independent, z; is dis-
tributed as N, (8, 4), where 4 = ¥ + @, and z;;(j > 2) is distributed as N, (0, D).
Therefore, the above canonical form is expressed as follows:
z;(i=1,...,n,j=1,...,k) are mutually independent,

zit ~ Ny(0, 4), zij ~ Ny (0, @) forj > 2,

where 4 and @ are positive definite matrices such that A > @. We also deal
with the case that @ has an appropriate structure. The null hypothesis is

H: oW =0,

against the alternative hypothesis K : 8V #£ 0.

Let Zy = (211 2m), Z2 = (212° - - Tm2213 - - - Znk), and Z = (Z,Z,). If the
restriction 4 > @ is neglected, Z;(i.e. y,’s) is useful but Z, is not useful to test
the null hypothesis H : 0" = 0 because Z, has no information about . Due
to its property, the former observations may be characterized as the main
information and the latter observations as the additional information.

We use the following notations: For any vector ¢, ¢} denotes the first
g-component vector of ¢. For any matrix K, we consider a partition
K = (Ky); j—1,, such that K, is the first ¢ x ¢ submatrix of K. We denote by
F;,—4 a random variate according to F-distribution with ¢ and n — g degrees of
freedom.

2. Some properties of likelihood
The likelihood of Z is
1= (2m) "2\ A 2|0 6 rexp [~ 2 tr{ (21 - 0)(24 — 0)'47'}

tr(U4™") ———”(kz‘ D

tr(V ! )] : (2.1)

where
n k

Z1 =—sz U———Z(z;1—z1)(z11—Z1) V= n(k—l Zzzlqu

i=1 =1 j=2

The maximum likelihood estimator of @ is @ =%,. The likelihood
maximized with respect to 8 is given by
n(k

nk=1) tr( Vdi“)] .

h(4,®) = (2r) "™/2| 4|2 || kD 2exp [—g tr(U47") — >

(2.2)
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When @ is unrestricted or & is diagonal with equal variance, the maximum
likelihood estimators of 4 and & were obtained by Anderson et al. [3]. In
general, if @ has a structure, it is difficult to obtain the maximum likelihood
estimators as a closed form. If the restriction 4 > @& is neglected, the
maximum likelihood estimator of 4 is U and the maximum likelihood esti-
mator of @ is based on V (ie. Z;). If @ is known, we can derive the
following lemma.

LemMA 2.1 Suppose that @ is known. Then under the restriction A > @ the
Sfunction h(4,®) is maximized at

4= 0'205Ds 0",

where G =& V2U®™ V2 G=QsDsQy D¢ =diag(g,...,dp), 1 = - =
gp >0 are the ordered eigenvalues of G, Qg is an orthogonal matrix,
mg =max{a: g, > 1}, and D¢ = diag(g1,...,9mg,1,...,1). Further, it holds
that

sup h(d,®) = |G|™"*h* (G)h™ (@), (2.3)
4>
where
p n/2 n P
h*(G) = < H ga) CXP[—§<MG+ Z ga)],
a=mg+1 a=mg+1
B (@) = (21) /% |@| ™ exp [— nk—1) > D te( qu—l)] :
3. Proof

PrOOF OF LEMMA 2.1. Let Q = @ '24®'/2, Then we have Q > I and
h(4, D) = |2 ?exp [ - g tr(G.Q"l)] h** (D).

Since 2 > I, we have a decompose 2 = QoD Qf,, where Qg is an orthogonal
matrix, Do = diag(w,...,wp),w1 = --- 2w, > 1. Here we have

p
logh(4,®) = _; {Z log w, + tr[Dc Q' QaDy’ Q'QQG]} + logh** (D).
a=1

First, we consider the case that g,’s are all different. Since Q;Qq is the
orthogonal matrix, the expression is maximized at Q;Qq = I, that is, Qo = Q¢
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(see von Neumann’s lemma in Anderson et al. [3]). Then, the resultant

expression is
—Ei logw +228 110 h** (D)
2 7w, g ’

a=1

Note that logx+a/x (a>0,x>0) is minimized at x=a. Under the
restriction @; > --- > w, > 1, the above formula is maximized at @, = g, for
a=1,...,mg, and @,=1 for a=mg+1,...,p. Therefore, Q= QcDcQ%
and 4 = #2002 = 20D Q' ®'/%.  Also, by simple calculations, we can
show (2.3). For the case that some of g,’s are equal, the similar arguments
can be performed. []

Part II. Wald-type test

In this part, the Wald-type test based on original information is compared
with the Wald-type test based on the main information only, say the simplified
test.

4. Main results

Consider the Wald-type test statistic denoted by W. Its Type I error, that
is, Pg(W > ¢) generally depends on nuisance parameters. Then we need to
evaluate its supremum, in other words, supy Py(W > ¢). If it is known, the
Wald-type test with significance level « has the reject region {W > ¢,} such
that supy Py(W > ¢,) = o.

When & = g%l (i.e. X = g?I), the supremum of Type I error can be
derived by using the same method as in Fujisawa [12]. Letting Fj, =
[ng/(n — q)|Fy4 n—q, We have

THEOREM 4.1. Suppose that & = o*I. Then
s:{p Py(W >c)=P(F,, ,>c).
The above result can be extended to a more general structure of @,
satisfying the following conditions:
(*W1) the parameter space of @ has the zero-matrix as a boundary,
(*W2) there exist the maximum likelihood estimators 4 and &,

(*W3) @ converges in probability to the zero-matrix as @ tends to the
zero-matrix, more precisely,

ql>imo P(tr[#?] > ¢) =0 for any ¢ > 0.

Such examples are given in Section 5. Theorem 4.1 is extended as follows.
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THEOREM 4.2 Suppose that @ has an appropriate structure provided that
(*W1)~(xW3). Then

sup Py(W >¢) =P(F;,_, > o).
H

Using the canonical form and noting that Z; is the main information,
we construct the simplified test which is the Wald-type test based on Z; (i.e.
¥;’s). If the condition (xW1) is satisfied, the test statistic is expressed as a
closed form (see Section 6.1), given by

w= nZ_(I)'Ul_lli(ll). 4.1)

Its Type I error, that is, Py(w > ¢) does not depend on nuisance param-
eters. The simplified test with significance level « has the reject region
{w > ¢,} such that Py(w > ¢,) = a.

THEOREM 4.3 Suppose that @ has an appropriate structure provided that
(xW1). Then

Py(W > c)=P(F;,_, > o).
The above two test statistics w and W have a relation (see Section 6.3)
w>W. (4.2)

This relation and the above theorems imply the following main theorem which
insists that the simplified test is more efficient than the usual Wald-type test.

THEOREM 4.4 Suppose that @ has an appropriate structure provided that
(*W1)—(xW3). Letting c; be the upper a point of the variate Fy, g we have

Py(w > cl) = a, sup Py (W > c;) = a,
H

and
Px(w > c;) = Px(W > c}).

5. Examples

The various structures will be satisfied with (xW1) ~ (x#3). In this
section, two examples are given.

EXAMPLE 5.1 The case that ® =o?I. The condition (xW1) is sat-
isfied. The maximum likelihood estimators were obtained by Anderson et al.
[3] as follows: Decompose

U= QlDul Qlla
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where Q) is an orthogonal matrix, D, = diag(uii,...,u1,), and wuy > --- >
u1p > 0 (distinct with probability 1) are the ordered eigenvalues of U. Define

Sa={(k = Dtr[V]+uygp1+ - +up}t/(kp — a),

my =max{a : ui; > .},
['),,l = diag(ui1, .- - Ulmys Smys - - - »Smy)-
Then, the maximum likelihood estimators of 4 and &2 are
4=0,D,0,, 6 = S

The condition (¥xW2) is satisfied. It can be proved that 6% <s, = tr[V]/p
as shown later. Since n(k — 1)tr[V]/o? has a chi-squared distribution with
n(k — 1)p degrees of freedom, & = %I converges in probability to the zero-
matrix as @ tends to the zero-matrix (in other words, ¢ tends to zero). The
condition (xW3) is satisfied.

First we prove the above inequality 6 < s, for the case m; = p. Since
¢* =s,, the inequality is true. Next we consider the case m; <p. The
definition of m; follows that u;, <s,. Also,

k— D[V k-1
Ui pot < Spoy = ( (V] + uip < ( )Psp + 5p =5,
kp—p+1 kp—p+1
By induction, it is shown that u; <s, for a=m; +1,...,p. Hence
P2 = (k= Dte[V] + wimy1 + - -+ uip < (k—1)psy, + (p — m1)sp _
™ kp — m - kp —my

Sp.

EXAMPLE 5.2. The case that @ is unrestricted. The condition (¥*W1) is
satisfied. The maximum likelihood estimators were obtained by Anderson et
al. [3] as follows: Decompose

U= 0,D,,05, V=00

where Q, is a non-singular matrix, D,, = diag(u1,...,u), and uy > --- >
uy >0 (distinct with probability 1) are the ordered eigenvalues of
UV-!. Define

my = max{a: uy, > 1},
Duz :diag(u21,...,uzmz,l,...,1),
b“z = dlag(17 HER) 1»”2,m2+1)' "’u2p\)-

Then, the maximum likelihood estimators of 4 and @ are

N . R 1 .
4= QZDMQ,Z’ b=V “E Q2(Ip - Duz)QIZ'
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The condition (*W2) is satisfied. Note that I > l"),,z. Therefore, it is seen
that & < V. Since n(k — 1)V has a Wishart distribution W,(n(k — 1), ®), &
converges in probability to the zero-matrix as & tends to the zero-matrix. The
condition (xW3) is satisfied.

6. Test statistics and their properties

6.1. Wald-type test statistic based on main information

We derive the Wald-type test statistic w based on Z;. Remember that
zii’s are independently distributed as N,(6,4). Let 7 be the parameter vector
of 4 and let & = (6't')’. Then the Fisher information matrix is

& na' 0
6{66’ —-= (likelihood of Zl)] = ( 0 )

The condition (*W1) implies that the parameter space of A is positive defi-
nite. So, the maximum likelihood estimators of @ and 4 are 8§ =7, and
4= U. By using a ¢ x p matrix C, = ([,0), the null hypothesis H : 0 =0
can be written as H : C,0 = O. Therefore, the Wald-type test statistic is given
by

w=(C.O0)[C.(nd™)" 17 (C.0) = n7V Ui 12D, (6.1)

6.2. Wald-type test statistic based on original information

We derive the Wald-type test statistic ' based on Z. Remember the
canonical form. Let t be the vector of the covariance parameters and let

&= (0't). Then the Fisher information matrix is
62
6565

-1
——— (likelihood of Z )] (nA o ) .

(0] *

The maximum likelihood estimator of @ is § =%;. Let 4 be the maximum
likelihood estimator of 4. Then the Wald-type test statistic is

W = (C.0)[C.(nd™) ' C) 7 (C.0) = n7Y 4717D. (6.2)

6.3. Their properties

First we demonstrate some properties of 4. The condition (*W2) admits
that & is given. Remember the function h(4,®) defined by (2.2). The
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maximum likelihood estimator A is characterized by

sup h(4,®) = h(4, D).
4>é

Let T =& 2U® /2 and decompose T = OrDrQ%, where QOr is an
orthogonal matrix, Dy = diag(t,...,%;), and #; > --- > ¢, > 0 are the ordered
eigenvalues of 7. As a result of Lemma 2.1, the maximum likelihood esti-
mator 4 is expressed as

4= '?0rDrord'?,

where Dy = diag(t1,...,tmy,1,...,1) and mr = max{a:t, > 1}. Noting that
D7 > Dy, we know the relation between 4 and U, given by

4 =32QrDrQ,é'? > '12Q0rDr Q@2 = '2Té'V? = U. (6.3)
From (6.1), (6.2), and (6.3), it follows that
w>W. (6.4)

Next we describe a property of my. Remember that T = ¢~ '/2Ud~1/2
and nU has a Wishart distribution as W,(n—1,4), where 4 =¥ + ®@. The
condition (*W3) implies that limyP(z, >1)=1, where & ={¥ >0,
@ — O}. Since the case 7, > 1 is the same as the case mr = p,

li;n P(mr =p)=1. (6.5)
Also, when m7 = p, we see that A=U and w=W. So

lim P(w= W) = 1. (6.6)

7. Proofs

PROOF OF THEOREM 4.2. By the virtue of Theorem 4.3 and the inequality
w > W, it holds that
P(F;,n—q > C) = PH(W > C) > PH(W > C).

If the supremum of the right-hand term attains the upper bound, the theorem is
proved. Using the properties illustrated in the previous section, we have

P(F;, ,>¢) = Sl;]p Py(W >¢)

v

lgp PH(W > C)
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= 1{3‘1 PH(W >c,mr =P)
= 12}1 Py(w > ¢,mr = p)
=lim Pyg(w > ¢
im Py ( )

=P(F;,,> o).

The proof is complete. []

Proor oF THEOREM 4.3. We know that z;’s are independently distributed
as Np(0,4). The Wald-type test statistic is the same as Hotelling’s T2
statistic. Its distribution is well-known (see, e.g., Anderson [4]). [

PRroOOF OF THEOREM 4.4. The result follows from the above theorems and
the inequality w> W. [

Part III. Likelihood ratio test

In this part, the likelihood ratio test based on original information is
compared with the likelihood ratio test based on the main information only,
say the simplified test.

8. Main results

Consider the likelihood ratio test statistic denoted by 4. Its Type I error,
that is, Py(4 < ¢) generally depends on nuisance parameters. Then we need
to evaluate its supremum, in other words, supy Py(4 < ¢). If it is known, the
likelihood ratio test with signeficance level « has the reject region {4 < ¢,} such
that supy Py(4 < ¢y) = a.

When & = ¢%I(i.e. X~ = ¢*I), the supremum of Type I error can be de-
rived by using the same method as in Fujisawa [11]. Letting F*

—n/2 q,n—q =
{1+ F,_,/n}™"", we have

THEOREM 8.1 Suppose that & = a>I. Then

s1}11p Py(4 <c)=P(F;,_, <c).
The above result can be extended to a more general structure of @, satisfying
the following conditions:
(¥L1) the parameter space of @ has the zero-matrix as a boundary,
(*L2) there exist the maximum likelihood estimators A and & based on Z and
there exists the maximum likelihood estimator & based on Z»,
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(xL3) & converges in probability to the zero-matrix as @ tends to the zero-
matrix, more precisely,

ql)imo P(tr[®’] > ¢) =0 forany ¢ > 0.

The conditions (xL1)-(xL3) are slightly different from the conditions
(*W1)—(*W3). Such examples are given in Section 9. Theorem 8.1 is
extended as follows.

THEOREM 8.2 Suppose that @ has an appropriate structure provided that
(xL1)—(*L3). Then

sup Py(4<¢c) = P(F;’*,,_q <c).
H

Using the canonical form and noting that Z; is the main information, we
construct the simplified test which is the likelihood ratio test based on Z; (i.e.
¥.’s). If the condition (xL1) is satisfied, the test statistic is expressed as a
closed form (see Section 10.1), given by

A={1+w/m}™"? (8.1)

where w is presented by (4.1). Its Type I error, that is, Py(4 < ¢) does not
depend on nuisance parameters. The simplified test with significance level o
has the reject region {A < ¢,} such that Py(l < ¢,) =a.

THEOREM 8.3  Suppose that & has an appropriate structure provided that
(xL1). Then

Py(d<c)=P(F;,_, <c).

The above two test statistics A and 4 have a relation (see Section 10.3)

A< A (8.2)

This relation and the above theorems imply the following main theorem which
insists that the simplified test is more efficient than the usual likelihood ratio
test.

THEOREM 8.4 Suppose that ® has an appropriate structure provided that
(xL1)—(+L3). Letting c, be the upper « point of the variate Fug and
et ={1+c/n}™?, we have

Pu(A<c)) =a, sup Py(4 < cf) = a.
H

and
PK()» < C;*) > PK(A < C;*).
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From expression (8.1) of 4, it is seen that A4 is a monotone decreasing
function of w. So, the reject region {1 < ¢*} is the same as the reject region
{w>c}. That is, based on Z;, the likelihood ratio test is the same as the
Wald-type test. Therefore, two simplified tests are identical. Also, it is well
known that the simplified test is uniformly most powerful among some
invariant tests based on Zj.

9. Examples

The various structures will be satisfied with (xL1)-(xL3). In fact, it is
shown that the same two examples as in Section 5 satisfy the conditions.

EXAMPLE 9.1. The case that ® =o?I. The condition (xL1) is sat-
isfied. The maximum likelihood estimators 4 and 62 based on Z are obtained
(see Example 5.1). Also, the maximum likelihood estimator of ¢ based on Z,
is well-known, given by

& = tr[V]/p.

The condition (xL2) is satisfied. Since n(k — 1)tr[V]/a?> has a chi-squared
distribution with n(k — 1)p degrees of freedom, & = I converges in proba-
bility to the zero-matrix as @ tends to the zero-matrix (in other words, o2 tends
to zero). The condition (xL3) is satisfied.

EXAMPLE 9.2. The case that @ is unrestricted. The condition (xL1) is
satisfied. The maximum likelihood estimators 4 and & based on Z are
obtained (see Example 5.2). Also, the maximum likelihood estimator of @
based on Z, is well-known, given by

d=1V.

The condition (xL2) is satisfied. Since n(k — 1)V has a Wishart distribution
W,(n(k — 1), ®),d converges in probability to the zero-matrix as @ tends to
the zero-matrix. The condition (xL3) is satisfied.

10. Test statistics and their properties

10.1. Likelihood ratio test statistic based on main information

We derive the likelihood ratio test statistic A based on Z;. Remember
that z;’s are independently distributed as N,(0,4), the null hypothesis is
H:0" =0, and the alternative hypothesis is K :0") #£0. The condition
(*L1) implies that the parameter space of A is positive definite. So, the



500 Hironori FusisAwA

maximum likelihood estimators of @ and 4 are § =7, and 4 = U. Hence, the
likelihood ratio test statistic is given by

A={l+w/n}™"? (10.1)

10.2. Likelihood ratio test statistic based on original information

We investigate the likelihood ratio test statistic 4 based on Z. Using the
formula (2.1) of the likelihood / and considering its maximization with respect
to 0, the likelihood ratio test statistic is expressed as

_ supy / _SUPs>0 ho
supgox!  SUpysoh ’

where the function h(4,®) is defined by (2.2), Hy; =Z,(11 )2(11 )',

_ n n(k— n _
ho(d,®) = (22) 7/ 4|0 "4 exp [~ 2 tr(Hu 47})

n(k

—gtr(UA_l) ———2;1—)tr(V‘15_1)]- (10.2)

Let U partition as U = (Uy); ;_,, and let

S_< I O)(U11+H11 (0] ) I U1_11U12
S \UnUt I o Uni1/\O I

I
=U+ Hu(I UGUp),
(Uleﬁl) 1( 1 Un)

where Uy = Uy — Uy Uﬁl Uy,. If the restriction 4 > & is neglected, the
function Ay(4, D) is maximized at 4 =S and & = .

It is difficult to express the numerator of 4 as a closed form. However,
we can construct an upper bound and a lower bound of 4. The upper bound
of A is suggested as follows:

_SUPs>aho < _Sup hy _ supg_g ho < SWPs_g ho -7
SUPs>gh T SUPsnph  SUDgnoh T SUD,sp-gh

The numerator of A is given by

¥ -n ¥ n *% (
sup ho(4, ®) = ho(S, ®) = |S] /2|¢|”/2exp[—7p]h (®).
o=

Let R=& 12U 12 1> ... > rp > 0 be the ordered eigenvalues of R, and
mg =max{a:r, > 1}. By the virtue of Lemma 2.1, it is seen that the



Efficient tests in random effects models 501
denominator of A is

sup h(4,®) = sup h(4,d)
A>d= A>

= |R|™"2h*(R)h** (D).
Therefore
< _ IS expl—np/2] h** (&)
|RI™"2h* (R)h** ()

_ {IRII@I}"/ZX exp[—1p/2)
N #(R)

=Ax7,

where v = exp[—np/2]/h*(R). The result can be dedcuced by using the fol-
lowing relations:

|R||®| = |U| = |Uni||Unl, |S| = |Un + Hu||Uz2.l, Hy, =7’.4(11)Z.(11),

and

z 2
{__|R||<p|}"/2= {__—l Ul }n/2: {—1 }"/ ={l+w/m}™* =}
S| |Un + Hu| 1470 Ul—llz(ll)

Note that

tr(S47Y) — tr(U47") — tr(Hn 47}
= tr[Hn (U Urz — 47 412) 4% (U Unz — 47 412)'] 2 0.
Therefore, from the expression (10.2) of the function Ay, we have

hO = éO(A7 ¢)

(k

= 2r) 2| 4|72 | * D 2exp —gtr(SA‘l) —nT_l)tr(th‘l) .

The lower bound of A is suggested as follows:

_ SUpy>oho > SUPs>aly _ SUPs>a b > suPAzdS:tiihO:A
SUpyseh  SUp sk supdzq,:éh I Y B

Let F =& 1280712 f; > ... > f, > 0 be the ordered eigenvalues of F, and
mr =max{a:f, > 1}. Using Lemma 2.1, we can see that the numerator of
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sup hy(4,P) = sup hy(4,®) = |F|™"/*h*(F)h™* (D),
A> D= A>d

and the denominator of A is

sup h(4,®) = sup h(d4,®) = |T|™*h*(T)h™ (D),
4> d=d 4>d

where T = &~ 1/2Ud1/2 (defined in Section 6.3). Therefore

[ ET e (F) ()

|T|™"/*h*(T)h* (&)
1T #(F)
—{m} “W(T)

= A Xy,

where v = h*(F)/h*(T). The result can be deduced by using the following
relations:

|T||@| = |U| = |Un||Un.il|, |F||®|=|S|=|Un+ Hnl||Unil, Hn =Z(11)5(11),

{m}n/Zz { IUlll }n/2:
|F| {Un + Hu|

and

10.3. Their properties

In this subsection we concern with basic properties of v = h*(F)/h*(T) and
v = exp[—np/2]/h*(R). The function A*(L2) is monotone increasing for the
eigenvalues of 2 (see Section 11). Since S> U and F > T, we have v=
h*(F)/h*(T) = 1. Therefore

A<Axy=A<A<A=Aix7. (10.3)
By the similar ways as in Section 6.3, it is shown that
ll;n P(mg=p) =1.
Also, when mpg = p, it is seen that v=1. So,

lim P(F=1) = 1.
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11. Proofs

PROOF OF “the function h*(2) is monotone increasing for the eigenvalues of
Q7. The logarithm of 2/n power of h*(Q2) is given by

p

pl@)= Y {logw, — w,+1} —p,
a=mp+1
where o = (wy,...,@p), @1 > -+ >w, >0 are the ordered eigenvalues
of Q, and mg =max{a:w,>1}. So, it is seen that w,<1 for a=
mg+1,...,p. The function x(x) =logx —x+ 1 is monotone increasing and
non-positive on 0 <x <1. Let @* = (wj,...,0,),0; 2w, for a=1,...,p,

and mgo = max{a: w > 1}( > mg). Then

)4 mg*
p@) —p@)= Y {x(@)) K@)} - Y x(w)=0. O
a=mgs+1 a=mg+1

ProOF OF THEOREM 8.2. By the virtue of Theorem 8.3 and the inequality
(10.3), it holds that
P(F}_g<¢)=Pu(A<c)2Py(4<c)2Pu(AxV<c).

If the supremum of the right-hand term attains the upper bound, the theorem is
proved. Using the properties illustrated in the previous section, we have

P(F,_,<c) = sgp Py(4<c)
> sup(Ax ¥V <c)
H
> li;nPH(ixT’<c)
=Ig}1 PH(A, XV < c,mp =p)
= li;n Py(A < c,mg =p)
= l{;n Py(A<c)
=P(F},_, <c).

This completes the proof. []

Proor oF THEOREM 8.3. This is a direct consequence from expression (8.1)
of A and Theorem 4.3. [
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ProOOF OF THEOREM 8.4. This theorem follows from the above theorems
and the inequality A < 4. [

Part IV. Other related models

The idea established in previous sections can be applied to other related
models. In this part, some results are outlined. The detailed proofs are
omitted since the results are similarly proved.

12. Multivariate nested classification model with random effects

A multivariate nested classification model with random effects is given by

1 2 k—1
yi1i2~~-ik :/‘+bt('1) +b( ) + +b( ) +ei1i2“'ika

i iy g1
tj=1,...,nj, . j=1,...,k,

where y; ;.

_ i, 18 @ p-component observation vector, u is a total mean parameter,
b(_l)

iy 18 @ ramdom effect, and e;;,..;, is a noise. Assume that b,(l’,)zb ’s and
e;i,, 'S are mutually independent, b,(lj,)zy is normally distributed with mean
vector 0 and covariance matrix Xj, and e;;,., is normally distributed with
mean vector 0 and covariance matrix Xx. We also deal with the case that
2ij(j=2) has an appropriate structure. We consider testing the linear

hypothesis
H:Cu=0,

against the alternative hypothesis K : Cu # 0, where C is a g x p known design
matrix.

The testing problem is reduced to a canonical form: z;(i=1,...,N},
j=1,...,k) are mutually independent,

il ~ Np(0, A), Zij ~ N,,(O, 451) for j= 2,

where A= > Dy > --- > P, >0, and let n =n; = N;. We also deal with
the case that @;(j >2) has an appropriate structure. The null hypothesis
becomes

H:0" =0,

against the alternative hypothesis K : 81 # 0.

Write Z1 = (211 2m), Z2 = (212 - IN2213 - - - Znk), and Z = (Z1Z,). If
the restriction 4 = @1 > @, > --- > @ > O is neglected, Z, is useful but Z; is
not useful to test the null hypothesis H : 6) = 0 because Z, has no information
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about . Due to this property, the former observations may be characterized
as the main information and the latter observations as the additional infor-
mation.

We are interested in comparing two Wald-type test statistics. One is
based on Z. The other is based on Z,, say the simplified test. Let W and w
be the corresponding test statistics. If the condition (xW1), stated later, is
satisfied, it is shown that w is expressed as a closed form (W is not always),
given by

w=nz Uiz},
where U is the sample covariance matrix of z;’s. The following theorem
insists that the simplified test is more efficient that the usual Wald-type test.

THEOREM 12.1 Suppose that (xW1) the parameter space of ®, has the zero-
matrix as a boundary, (xW2) there exist the maximum likelihood estimators éj s
based on Z, (+xW3) ®, converges in probability to the zero-matrix as @, tends to

the zero-matrix.  Letting c; be the upper a point of the variate F;,_,, we have

Pu(w > c}) = q, sup Py(W >c}) =a,
H

and
Pg(w > C:) >Pg(W > C;).

Similar results hold for comparing two likelihood ratio test statistics. One
is based on Z. The other is based on Z;, say the simplified test. Let 4 and A
be the corresponding test statistics. If the condition (xL1), stated later, is
satisfied, it is shown that A is expressed as a closed form (A is not always),
given by

A={1+w/n}"?

The following theorem insists that the simplified test is more efficient that the
usual likelihood ratio test.

THEOREM 12.2  Suppose that (xL1) the parameter space of @, has the zero-
matrix as a boundary, (¥L2) there exist the maximum likelihood estimators @j's
based on Z and there exist the maximum likelihood estimators ®;’s based on
Z,, (xL3) &, converges in probability to the zero-matrix as ®, tends to the
zero-matrix. Letting c, be the upper « point of the variate F;, . and c;* =
{1 +c;/n}_"/2, we have

Py(A<c) =a, sup Py(4 < ") = a,
H
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and
Pk(A<c)') =Px(d<c)).

Note that the likelihood of Z is

p
- - _N; N
1= 2m) "4 ] 1@y~ exp [—2‘ tr{(z1 — 0)(z1 — 0)'47'}

Jj=2

Ny L =N
~—7tr(UA )— 4 —2-
Jj=2

(Ve;)

)

where N =Y | N,

1 Y
. .
Vi=w > w
J =1

This expression is similar to (2.1). Therefore, the above theorems can be
proved by the same ways as in Parts II and III. It seems that the various
structures will be satisfied with the above conditions. However, such an
example has not been considered yet.

13. Multivariate one-way classification model with random effects and some
groups

A multivariate one-way classification model with random effects and ¢
groups is given by

Vi = By + byi + egjj, g=1,...,q, i=1,...,n5, j=1,...k,

where y,; is a p-component vector of the j-th repeated observation of the i-th
individual of the g-th group, u, is a total mean parameter of the g-th group, b
is a random effect, ey is a noise, g is the number of groups, n, is the number of
individuals of the g-th group, and k is the number of repeated observa-
tions. Assume that b,’s and e,;’s are mutually independent, by is normally
distributed with mean vector 0 and covariance matrix I', and e,; is normally
distributed with mean vector 0 and covariance matrix 2. We also deal with
the case that X~ has an appropriate structure. We consider testing the general
linear hypothesis

H: COC =0,

against the alternative hypothesis K : C10C; # O, where € = (4, ---p,), Ci
and C, are c¢; x p and g x ¢; known design matrices, respectively.
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The testing problem is reduced to a canonical form: Let Z be the n x r
observation matrix, where n = Eg=1 ng and r = pk. Partition

Zu Zyn Zp
Z=\|2n Zn Zxj|,
Z3 Zy Zi

and let Z(15) = (ZuZ12),Z10123) = (ZuZ12Z13),

7 _(Zn Zn
=\ z Z )

and so on, where Zj; is the c; x ¢; observation matrix, Zz) is the g x p
observation matrix. The rows of Z are independent normally distributed with

covariance matrix
4
Q= o ,
O ILi®P

where 4 and @ are p x p positive definite matrices such that 4 > &, and
En En O
EZ)y=| &y E5»n O],

where Zy; is a ¢ X ¢; matrix of mean parameters, = = Z(13)12) is a ¢ X p
matrix of mean parameters. The null hypothesis becomes

H:Eu:O,

against the alternative hypothesis K : &7 # O.
Let

1 L 00
U= 23122312, V= nk=T) le z77zy,

where Z(123)3 = (Zgl) . --ng_l)), Zgj) is the n x p matrix. The likelihood of Z
is

—n _ —nlle— 1 _ o
I = (2n) 2|42 @] K 1)/23"!’[—Etf{(Z(lz)(lz) - B)(Zayaz — E)47'}

—ftr(UA—l)—"(k—*lltr(Vqr‘) )
2 2
When the restriction 4 > @ is neglected, it is seen that Z(3 3 and U (ie.

Z123)12)) are useful but V' (i.e. Z(j23)3) is not useful to test the null hyothesis
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H:Z); = O because Z(1533 has no information about Z. Therefore, the
former observations may be characterized as the main information and the
latter observations as the additional information.

We are interested in comparing two Wald-type test statistics. One is
based on Z. The other is based on Z(j33)(12), say the simplified test. Let W
and w be the corresponding test statistics. If the condition (xW1), stated later,
is satisfied, it is shown that w is expressed as a closed form (W is not always),
given by

w=ntr(Hy; Ul—ll),

where Hy3 = Z1,Z11/n, Uy is the first ¢; x ¢; matrix of U. That is called
Lawley-Hotelling-type test statistic. The following theorem insists that the
simplified test is more efficient that the usual Wald-type test.

THEOREM 13.1  Suppose that (xW1) the parameter space of @ has the zero-
matrix as a boundary, (xW2) there exist the maximum likelihood estimators A4
and ® based on Z, (*W3) @ converges in probability to the zero-matrix as @
tends to the zero-matrix. Let c, be the upper  point of the variate n tr(S,S;')
where S\ and S, are independently distributed as W, (c2,I) and W, (n—q,I),
respectively. Then we have

Pu(w>c,) =a, sup Py(W > ¢,) = a,
H

and
PK(W > Ca) > PK(W > Ca).

Similar results hold for comparing two likelihood ratio test statistics. One
is based on Z. The other is based on Z(j,3)(12), say the simplified test. Let A
and A be the corresponding test statistics. If the condition (xL1), stated later,
is satisfied, it is shown that A is expressed as a closed form (A4 is not always),
given by

A= (|Unl/|Hu + Un )"

That is called A-type test statistic. The following theorem insists that the
simplified test is more efficient that the usual likelihood ratio test.

THEOREM 13.2  Suppose that (xL1) the parameter space of @ has the zero-
matrix as a boundary, (xL2) there exist the maximum likelihood estimators A and
@ based on Z and there exists the maximum likelihood estimator ® based on
Z123)3, (¥L3) & converges in probability to the zero-matrix as D tends to the
zero-matrix. Let cy be the lower o point of the variate (|Sa)|/|S1 + Sa|)"? where



Efficient tests in random effects models 509

S1 and S, are independently distributed as W, (c2,I) and W, (n—gq,I),
respectively. Then we have

Py(A<cy) =0, sup Py (4 < ¢y) = a,
H

and
PK(/l < Ca) > PK(A < Ca).

The expression of the likelihood is also similar to (2.1). The above
theorems can be proved by the same ways as in Parts II and III. The above
conditions are satisfied for two cases: @ is unrestricted, @ = ¢?1. It may be
noted that in this model w and A are not identical.

14. Random coefficient growth curve model
A random coefficient growth curve model is given by
yi=Xp;+ e, Bi=06ai+m,i=1,...,n,

where y; is a r x 1 observation vector of the i-th individual, X is a r x p design
matrix within individuals, g, is a p x 1 random coefficient vector, e; is a r x 1
noise vector, @ is a p x ¢ matrix of mean parameters, 4 = (a;---a,) isanxq
design matrix between individuals, #; is a p x 1 random effect vector, and n is
the number of individuals. Assume that e;’s and #,’s are mutually indepen-
dent, e; is distributed as N(0,021,), and #; is distributed as N(0,I"). In this
model the variations of the individuals are taken as random effect. We
consider testing the general linear hypothesis

H: oG =0,

against the alternative hypothesis K : Ci@C, # O, where C; and C, are ¢; X p
and g x ¢, known design matrices, respectively.

The testing problem is reduced to a canonical form, which is the almost
same as in Section 13 except that the covariance matrix of each row of Z is

A4 (o)
Q= ) ,
O 7¢I,

and the restriction is 4 > ¢%I. After the similar discussions as in Section 13,
we obtain the following results.

We are interested in comparing two Wald-type test statistics. One is
based on Z. The other is based on Z(133)12), say the simplified test. Let W
and w be the corresponding test statistics. It is shown that w is expressed as a
closed form, given by
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w= Iltl‘(Hu Ul—ll).

The following theorem insists that the simplified test is more efficient that the
usual Wald-type test.

THEOREM 14.1 Let c, be the upper o point of the variate n tr(S;S;"') where
S1 and S, are independently distributed as W, (c2,I) and W, (n—q,I),
respectively. Then we have

Py(w > ¢,) = a, supy Py(W > ¢y) = a,
and
Px(w > ¢y) = Pr(W > c,).

Similar results are obtained for comparing two likelihood ratio test sta-
tistics. One is based on Z. The other is based on Z(j33)(13), say the simplified
test. Let 4 and A be the corresponding test statistics. It is shown that 4 is
expressed as a closed form (4 is not always), given by

A= (|Unl/|H + Unl)"”.

The following theorem insists that the simplified test is more efficient that the
usual likelihood ratio test.

THEOREM 14.2  Let ¢, be the lower o point of the variate (|S,|/|S1 + Sa|)"*
where Sy and Sy are independently distributed as W, (cz,I) and W, (n—q,I),
respectively. Then we have

Py(A<c,) =a, sup Py(4 < ¢,) =a,
H

and

Px (A < cx) = Px(4 < c).
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