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AsstrACT. In this paper we determine the homotopy groups as the title indicates. This
is a grip to understand the homotopy groups of 7,(L,S°), as well as the category of
Ly-local CW-spectra at the prime 2. For example, the result indicates that an analogue
of the Hopkins-Gross theorem on duality would require the condition 2- 1y =0 if it
holds at the prime 2.

1. Introduction

For each prime number p, let K(n), denote the n-th Morava K-theory with
coefficient ring K(n), = Fplvs,v,'] for n >0 and K(0), = Q. Here v, has
dimension 2p" — 2 and corresponds to the generators v, of the coefficient ring
BP, = Z)[v1,v,,...] of the Brown-Peterson spectrum BP at the prime p. A
p-local finite spectrum F has type n if K(i),(F)=0 for i<n and
K(n),(F) #0. Let L, denote the Bousfield localization functor with respect to
the spectrum K(0)vK(1)v --- vK(n) (or equivalently to v;'BP) from the
category of p-local CW-spectra to itself. In this paper we compute the
homotopy groups of the L,-localization of a type 1 finite spectrum W with
BP. (W) = BP,/(2) ® A(t,,t2,t,) as a BP,(BP)-comodule at the prime 2.
Notice that S° is a type 0. Since W is a type 1 finite spectrum, it is closer to
S% than a type 2 spectrum or an infinite spectrum. By virtue of Hopkins
and Ravenel’s chromatic convergence theorem, we can say that the homotopy
groups 7, (L,S°) will play a central role to understand the category of L,-local
spectra.

Besides, the Hopkins-Gross theorem says that the L,-localization of the
Spanier-Whitehead dual of a type » finite spectrum F is equivalent to the
Brown-Comenetz dual up to some kind of suspension in the category of K(n),-
local spectra if p- 1 = 0, and if the prime is large so that the Adams-Novikov
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spectral sequence for L,F collapses. Note that L,F = Lk, F for a type n
finite spectrum F. By the computations [9], [14] at the prime 3, the analogue
of Hopkins-Gross theorem seems to hold even at a small prime number. Our
theorem here shows that the analogue of Hopkins-Gross theorem should also
require the condition 2-1y =0 at the prime 2 if it holds. Note that for a
large prime, Devinatz and Hopkins [3] shows the necessity of the condition.
Throughout this paper, the prime is fixed to be 2 and every spectrum is
2-localized. In order to state our results, we prepare some notation:

k(n), = Fy[va),
K(n)* = vn_lk(n)* = FZ[UIH U;l]v
Cl)<xay = {37, Aua/v¥ | d € K(1), ® K(2), with vfxa/of = 0},
C(00)<{ya> = lim C(k)<{ya);
k

W (2k) = the cofiber of v* : ¥ W — W,

W (c0) = holim W/(2k).
k

Here W is the cofiber of Hopkins-Mahowald’s self map y: 25V — V [4],
where V' = M> A M, A M, for the cofiber M, of the elements £ =2,7 ¢ n1(S°)
and ven;(S°, and v:X*W —» W is the essential map given by ve
[My A My, M, A M,), inducing BP,(v) = v? (see Lemma 2.3).

THEOREM 1.1. The Adams-Novikov E,,-term for computing m.(LyW (o)) is
a k(1),-module

(C(00)<1,ha1, h3o, harhso) @ C(3)<h31, haoh31)) ® A(p).

This theorem implies the following:

COROLLARY 1.2. The Adams-Novikov E,-term for computing n.(Ly W (2k))
Jor some k > 1 is a k(1),-module isomorphic to

C2 ® A(h217 h30; h31,p),
if k=1, and
(Cax<1, ha1, h3o, harhse ) @ C3lhs, haohs)) ® A(p),

if k> 1. Here Cy{x,)y denotes a k(1),-module isomorphic to the direct sum of
K(1),[t1)/(vF) generated by x,’s, which is also isomorphic to C(k)<{xy).
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Since 2 1yq) # 0 (see Corollary 7.2), the condition 2 - 1y = 0 is necessary
for the analogue of the Hopkins-Gross theorem at the prime 2. In fact,
Corollary 1.2 shows that the homotopy groups of the finite spectrum W (k)
(k > 1) does not satisfy the duality, which is expected to hold if the analogue of
Hopkins-Gross theorem without the condition is valid in this case. As is seen
in Corollary 1.2 above, W (2) satisfies the duality in the E)-term (or E,-term)
and 2-1lpy #0. So this indicates that there would be some non-trivial
extension in the spectral sequence, by which the duality fails to hold in the
homotopy groups of W(2).

As we have noticed above, W is a type one finite spectrum. The fol-
lowing would be a mile stone to understand the homotopy groups x,(L,S°):

CoROLLARY 1.3. The Adams-Novikov E,-term for computing n.(L,W) is
a k(1),-module isomorphic to

k(1), ® K(1),b® C'(c0)<1) @ K(1),h20 ® A(b) ® C(c0)p
@ (C(00)<ha1, 30, ha1hzo) @ C(3)<h31,h3oh31)) @ A(p).
Here C'(c0)<1) = {vh/v] |i,je Z,i#0,j >0} and be ny(LW).

2. Finite spectra

We denote BP the Brown-Peterson spectrum and E(2) the Johnson-Wilson
spectrum. The coefficient rings are B = BP, = Z;[v1,v2,...] and E =
E(2), = Zp)lv1,v2,v3']. We also have P = BP,(BP)=BP,[t,1n,...] and
L=E(2),®3P®pE(2),, and (B,P) and (E,L) are the Hopf algebroids.
Then the E,-terms of the Adams-Novikov spectral sequences for computing the
homotopy groups 7,(X) and z.(L,X) are given by Extp(B,BP.(X)) and
Ext; (E,E(2),(X)), respectively. Here we denote L;: ¥ — & the Bousfield
localization functor with respect to E(2), in which & denotes the homotopy
category of 2-local CW-spectra. The Ext groups Extyj(F,M) for a Hopf
algebroid (F,G) and a G-comodule M are obtained as a cohomology of a
cobar complex (25M,d;: QM — Q5'M),. Here

QM =M Q@rGQ®F --- G (s factors of G),
and
d(m®g) =y(m®g+Y_ m@4g) - (-1)m®g®1,
i=1

for the comodule structure Y : M — M ®5 G and 4;: G® — G®6+) defined

by 4i(1 ® - ®gs) =91 @ - ®A4(gi) ® --- gy, where 4: G— G®F G is
the diagonal of G.
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Let M, for an element a € m;(S°) denote a cofiber of the map a : S¥ — S°
representing the homotopy class «. Consider a spectrum X = M, A M, and
the inclusion i: 8% — X to the bottom cell.

Lemma 2.1. [4] There exits an essential map y: %> X — X such that
yien.(X) is detected by the class hxpy=[t,+---] of the E,-term
ExtL(B, BP.(X)).

Proor. The cofiber sequences
1.1, g0 " L)
S'— 8" — M, — 5% and
§3 -5 80 M, = 5t
induce the exact sequences

g 3(My) > (M) Iy oy (X) 2 7is_a(My) — ---, and

ot (8%) 25wy (S°) T (M) T ma(S%) — -
We further know the homotopy groups of spheres:
(2.2) w(S) = Z, m(S°) =Z/2m), m(S°)=Z/24n™),
n3(S°) = Z/8¢v> my(S®) =0 =75(S?), m6(S°) = Z/2(*)

with a relation 4v=g74°. By these, we obtain 75(X)= Z/2<i,¥> and
n6(X) ~ Z, where Ve ns(M,) and n,y =v. We further see that v*(i,¥) =
v = i,yv = 0. Chasing the commutative diagram

(X, X]s —— [M,, X]s —— [M,, X],

o i*
iy J i

ns(X) ., ng(X)

*

n

L
7t5(X)

we have an element y € [X, X]s such that 75(y) = i

Note that ve n3(S?) is detected by Ay = [ —uviti] e Ext};“(B, B) and
hy = [t + a(f — vi1t1)] € Ext'$(B, BP,(M,)) is sent to h;; by m,. Here
BP,(M,) = B® A(a) with y(a) =a+ 1t and |a] =2. Since n,v=v, filt v < 1,
and so v is detected by hyo. q.e.d.
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LEMMA 2.3. There exists a map v:Z*M, A My, — My A M, such that
BP,(v) = v2.

Proor. Consider the exact sequence

na(My) o (M A My) =5 73(My) o m3(M;)

associated to the cofiber sequence S° —» S® —» M, %> S!. Then we obtain
n4(M,) = Z/24ij» by a computation with (2.2), where n7j = n>. Note that the
element # is detected by v? of the E-term of the Adams-Novikov spectral
sequence for computing 7.(M> A M,). In fact, the differential d3 induces
the connecting homomorphism on Ej-terms, which sends v? to A%, since
d3(v?) = h}, in the Ep-term for n.(M,). Since 27 = 0 and 57 = 0, # is extended
to ve [My A My, M, A M;), as desired. q.e.d.

COROLLARY 2.4. There exists a spectrum Y, such that BP.(Y,) =
BP,/(2,v?) ® A(a) with |a| = 2.

Consider the spectrum W = M, A D(A;), where D(A;) denotes the cofiber
of y (¢f [4]). That is, W fits into the cofiber sequence
(2.5) SMAX LMy A X — W

Then by Lemma 2.3, we obtain the self map v:Z*W — W such that
BP,(v) =v}. We write v7' W = holim W and define a spectrum W (c0) by the
cofiber sequence v

(2.6) W u['W — W(w0).

Note that W{(owo) is given another way: Define a spectrum W (2k) by the
cofiber sequence

w2 ow W (2k),
and the map w(k) : Z* W(2k) — W(2k +2) by the commutative diagram

2.7) ey Y sy sw(2k)

l,, jwm

sy M L w2k +2).

Now W(w0) is given by

W (00) = holim W (2k).
w(k)

These show the following



118 Katsumi SHIMOMURA

PrOPOSITION 2.8. The E(2),-homology of these spectra are as follows:

E(2).(X) = E(Q2), ® 4(a,b),

EQ2).(W) = E(2)./(2) ® 4(a, b, ¢),
E(2),(v;' W) = v;'E(2),/(2) ® A(a,b,¢),
E(2),(W(2k)) = E(2),/(2,17") ® A(a, b, ),
E(2),(W(0)) = E(2),/(2,57) ® 4(a, b,¢).

Here |a| =2, |b| = 4 and |c| = 6 with coaction Y(a) =a+t, Yy(b) =b+ £ and
Y(c) = c+ta +af} +viat.

3. H'K(2),

In this section we will compute H*K(2), = Ext}(E,K(2), ® 4(a,b,c)).
Here H*M = Ext; (E,M ® A(a,b,c)) for an L-comodule M, and K(2), is the
L-comodule K(2), = E(2),/(2,v1) = F[vz,v51].

To compute these modules, we introduce Hopf algebroids (B,P;) =
(B, Blt2, t3,...]) whose structure inherits from (B, P), and

(4,2) = (4,4 ®p Py ®3 A) = (Fifo1, 02,07, A1z, 13,1/ (ng () : i > 2)).
Since we see that
M ® A(a,b) = M[xA,
the change of rings theorem (cf. [12, Th. A1.3.12]) shows
(3.1) H'M = Ext3.(4, M ® A(c)).
Take M = K(2),. Then we have a short exact sequence
(3.2) 0 —K(2), —K(2), ® 4(c) — K(2), —0

of X-comodules.

THEOREM 3.3. H*K(2), = K(2), ® A(h2,h30, h31,p), where the generators
are represented by the cocycles of the cobar complex as follows: hy = (3],
hy=[5] (i=0,1) and p = [v;°14 + v;1°83).

Proor. Note first that Ext}(4,K(2),) = Ext}(K(2),,K(2),) for X' =
Z/(v1). Since K(2), consists of primitive elements,

Exty(4,K(2),) = K(2), ® Exty ) (Fa, Fa),
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whose right hand factor is determined in [6, p. 239] to be F>lhy]®
A(ha1, h3o, h31,p).  Apply the functor Ext}.(4,—) to the short exact sequence
(3.2), and we have the long exact one

. —Exts1(4,K(2),) - Exti(4,K(2),) — HK(2), — -+,

where J(x) = hyx since the comodule structure on ¢ shows [dy(c)] = hy by
definition of dy of the cobar complex. This shows the theorem. q.e.d.

4. Bockstein spectral sequence
Consider the Z-comodule M| = E(2),/(2,v?) =lim E(2),/(2,v¥). Then
the colimit of short exact sequences k
vk
0—K(2), — EQ),/(2,0}*"") — E(2),/(2,0{) —0

for k > 0 gives rise to another short exact one
0—K(?2), > M 2 M —o,

where ¢(x) = x/v;. Noticing that H*— is a homology functor, we have the
long exact sequence

0— H°K(2), 25 H'M! 2 HOM!
S H'KQ), 2 M S BM —
Then by [8, Remark 3.11], we can show

LemMa 4.1. If a submodule B* =3}, C(00){xs) ® > 5 C(ng)<yp> of
H*M] satisfies the following two conditions, then H°M} = B°.

1. Imeg, c B,

2. The set {6(vhyp/v} )} is linearly independent over F;.

. . )
In fact, we obtain the exact sequence — H*K(2), BiNy; SNy LN

H*1K(2), — if B® satisfies the conditions of Lemma 4.1. Then just use
[8, Remark 3.11] to certify the lemma.

LEMMA 4.2. In the cobar complex Q%A ® A(c),
d1(t30) =0.
di(t3) = ufvft% ® t%

Heretyy = t3 + vichandts; = & + v1v3ts + v305 s + 03 (051922 + 0320282 + v52¢B3).
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Proor. By Hazewinkel’s and Quillen’s formulae, we obtain

ts)—Zt, B~ ®L(H®I+1QnL)+L®h)

i=0

+ 1)%([1 ® tl)A(tz) — U%(tl ® tl)d(t%) - 202([1 ® tl)A(ff)

in PgP. Now sending #; to 0 and the formula y(c) = ¢ + £, show the first
equation.
For the second, we compute:

@(5) =501,
di(n13t3) = v} ® 1y,
di(v3') =l b @6+ VRE @B+ vivy s ® 13 mod(v}),
di(v};'5) =00, (B R B+ 5@ 1° + 35 ® 1) mod(v}),
=00, BB+ 00,28 ®@ L+ 0iv;' s ® 1 mod(v}),
di(v};’n8) = v} * (L@ B+ £ ® 1) mod(v]),
d(vivy%c) = viv;’, @ £ mod(v}).

Now using the relations v; =0 = #gx(v;) in X for i > 2, we see the second
equation. q.e.d.

LeMma 4.3. We have a cochain Ry € QLA such that di(Ry) = 0 mod(vf)
and Ry = v3°13 + v;'°23 mod(vy).

ProoF. Note that #§ = )%t mod(v;) in X by the relation ng(vs) = 0, and
di(R) =0 mod(v) for R =v;514 + v;1%2 since p = [R]. Now put R = R%,
and we see the lemma. q.ed.

For the next theorem, we introduce the k(1),-modules F(s),:
F(s),=0 (s<0,2<y5),
F(0), = C(0)<1),
F(1), = C(0)<h21, h30> @ C(3)<h31),
F(2), = C(0)<hathzo) @ C(3)<hzohs1).

By definition, there exists an integer k >0 for each element xe€ F(s), c
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E5(W(00)) such that v¥x =0. Then Lemma 4.3 shows that xRy € Ej(W (o0)),
and then we denote it by xp.

THEOREM 4.4. The E)-term E;*(LyW(o0)) of the Adams-Novikov spectral
sequence computing w.(W (o)) is isomorphic to a direct sum of k(1),-modules
F(s), and F(s—1),p.

Proor. We proceed to prove the theorem by checking the conditions 1
and 2 of Lemma 4.1 for each s. Put B® = C(0), and we see easily that the
conditions 1 and 2 are satisfied.

For s =1, we just check the condition 2, that is, if the set {5(h31/v3)} is
independent. By Lemma 4.2, we compute &(v5hs1/v3) = v5 3hy1h3;, which is
obviously non-zero.

This shows that Im g, = {x/v|xe H?K(2),,x ¢ K(2),{ha1h3>}. Thus
B?=F(2), ® F(1),p contains Im ¢,. Lemma 4.2 also shows

6(1);}130’!31/1)?) = v§‘3h21h30h31 and
o(v3h31p/v7) = 05 haihyip.

Thus the condition 2 for B? is satisfied and so H?M| = B?. Besides, the
formulae above show that the image of ¢, in H>M] is the K(2),-module over
{h21h30p/vl,h30h31p/01}. Furthermore, we see that

5(v§h3oh31p/v?) = h21h30h31p'

Therefore we obtain H>M|] and Img, =0c H*M}. For n>4, since
Im ¢, =0, we set B" =0 and get H"M] =0 by Lemma 4.1. q.e.d.

5. The Adams-Novikov differentials

In this section, we compute differentials of the Adams-Novikov spectral
sequence. By Theorem 4.4, we see that E5(W(c0)) =0 if s > 3, and so the all
Adams-Novikov differentials d, are zero except for dj:EJ(W()) —
E3(W(00)). In order to study the exceptional case, recall [6], [5] the spectra D
and Z (which is denoted by X in [5]). Let X<1) be the Mahowald ring
spectrum with BP.(X (1)) = B/(2)[t1].- Then v; € n(X{1)) is extended to the
self map v : & 2X(1> — X{1>, whose cofiber is D. C is defined by the cofiber
sequence X<1)> — v7'X{1)> — C and Z is the cofiber of y: 23 C — C defined
by hy € ns(X(1)). Note that C = holim C(n) and Z = holim Z,, where
C(n) and Z, is defined by the following commutative diagram of cofiber
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sequences:

(5.1) YAy —— X1y —— IC,
’ l ’ l
Bxay —~— x4y —— G,
2cn)y —— Cln) ——b 2Z,

Then

(5.2) Z = holim Z,

and since D = C(1),

(5.3) Z, is a cofiber of y: X° D — D, where y is obtained from the element
hz() € 71.‘5(X<1>).

PROPOSITION 5.4. The E,-term of the Adams-Novikov spectral sequence
computing m,(LyZ5) is the tensor product of A(h3,hs1,p) and a direct sum of
k(1),-modules K(2),[v3],v1K(2),[v3],h21K(2),[v3] and vivshnK(2),[v3].

Proor. By (5.3), we have an exact sequence

ESN(L,D) 22 E3(L,D) — E3(L2Z1) — E5(L2D)

and E;(L,D) = K(2),[v3, hoo] ® A(ha1,h30,h31,p) by [6, Th. 2.1]. Therefore,
we obtain

(5.5) Ey(L2Zy) = K(2),[v3] ® A(ha, ho, hat, p).

In fact, we can deduce that d3(vj) =0 from [6, Th. 7.1], and so we see the
special sequence collapses. By the definition (5.1) of Z,, we have the cofiber
sequence X2Z; — Z,— Z;. This gives rise to the long exact sequence

— B LaZ)) 5 Ej(LaZh) -5 E3(Z2) — B(LaZ1) >
of Ep-terms. Since d(v3) = hy; as is seen in [5], the proposition follows from
(5.5). q.e.d.

PROPOSITION 5.6. In the Adams-Novikov spectral sequence computing
7y (Ly W (0)), d3(v3/v]) = 0.
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ProoF. By Theorem 4.4, we see that

(5.7) da(v3/v]) = Awiharhsop ¥,

for ¢ € {1,2} and for some A € F, in the E; = E,-term of the Adams-Novikov
spectral sequence for m,(LyW(c0)). Here 6t=6s—2j—22+2¢ In fact,
d3(v3 /v{) should be infinitely v;-divisible because of the naturality of differ-
entials and existence of the map v: Z* W(o0) — W(oo). Consider now the
cofiber sequence

T W(2) — 2 W(w0) - W(w) — ZSW(2)—
obtained from the homotopy colimit of cofiber sequences X% W(2) —
W (2k +2) — W(Zk)—u‘:“""’rl W(2), where wk=w(k)---w(2) for w(k) in
(2.7). Since ds(v3/v! %) = v,d3(v5/v)) = 0 in the Ep-term by (5.7), v} /v % is a

permanent cycle of the spectral sequence for 7.(L,W(0)). Therefore the
equation (5.7) also produces the relation

(5.8) iu(v3/0] %) = Av}Cvhhaihsop
in homotopy groups 7m.(W(2)). Consider the commutative diagram
W(00) ——s W(2)

Pl

zZ—s z — 2z,
Now send (5.8) by 1, we have
i, (05 /v97%) = a2 %0 by haop.

Since v§/v] vl is a permanent cycle in the spectral sequence for 7.(L;Z) by the
maln theorem of [5], i.(v§/v{"%) = i,(v3(v3/v{)) =0. On the other hand,
l*vl viha1hop is not zero if & = 2 by Proposition 5.4. Therefore we see that
A =0 in this case.

Now suppose that ¢ = 1. Put V=M AM;AM,=M, AX. Then we
have a cofiber sequence X° V 7 V — W by the definition (2.5) of W. The
inclusion map ¥V — W also yields the map V>, — W(2n) for each n, where V,
is a cofiber of v} : IV - V in which the map v; is given in [2). We also
have a map v : V,, — V,y; fitting into the commutative diagram

Vo —— W(2n)

” l lw(n)

Vongo — W(2n+2).
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Taking its homotopy colimit gives us a map x : ¥'(c0) — W(). The relation
(5.7) is pulled first back to d3(v3/v/™?) = Avbhahsop/v? in E3(LyW(c0)) by v,
and then back it to the one in the spectral sequence for m.(L,V (o)) by k..
Thus,
(5.9) d3(U’;/U{+2) = lv;hzlhmp/v% + hyox
for some x € E2(L,V(0)). This is sent to

d3(v‘§/v{+1) = llvtzhzlhg,op/v% + v1hyx,

by the map v; : 2?2V (0) — V(). Send this to E3(LyW (o)) again, and we
obtain ds(v5/vi™") = Avihyihsop/v?. This is the case where £ =2, and so we
obtain A =0 as we have studied above. q.e.d.

This proposition and Theorem 4.4 imply that d, =0 for all r in the
Adama-Novikov spectral sequence for computing 7.(W(c0)), and hence we
obtain

THEOREM 5.10. The Adams-Novikov spectral sequence for computing
n.(W(©)) collapses from E-term. That is, E} = E;.

By this and Theorem 4.4, we see Theorem 1.1 in the introduction.

6. Homotopy groups

Recall [2] the self map v; : Z2Y — Y for Y = My A M,. Then Ravenel’s
computation [10] shows the following

LemMa 6.1. m(v7'Y) = K(1), ® A(p,), where p, is represented by the
cocycle v;3(ty — 8) + v7%vat1 of the cobar complex.

Proor. Since BP.(Y) = BP./(2) ® A(a) with coaction Y(a) = a+ t;, the
E,-term of the Adams-Novikov spectral sequence computing 7, (v7'Y) is given
by

307" Y) = Extyy) xay(K(1),, K(1), ® 4(a))

by the change of rings theorem [7]. We then have a long exact sequence

4 5 5
- — Extyq) ) (K(1),, K(1),) — Bxtyq) k) (K(1),,K(1), ® 4(a))

s
— Extyy xy(K(1),, K(1),) — -+,

in which Exty xq)(K(1),,K(1),) = K(1),[h10] ® 4(p;) shown in [10].
Furthermore, the structure on a yields §(x) = xhyo. Thus we see that E5(v7'Y)
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= Exty o) (K()., K(1), ® 4(@) = K(1), ® A(py). Since E(v7'¥) =0 if
s>1, d,=0 in the Adams-Novikov spectral sequence, and we see that
E5 (v7'Y) = E5(v7'Y). The sparseness of the spectral sequence implies the
triviality of the problem of extension and we obtain the homotopy groups.
q.e.d.
LemMA 6.2. m(v7'My A X) = K(1), ® A(p;,b), where |b|=4 and the
Adams-Novikov filtration of b is 0.

ProoF. Note that M, A X = Y A M,. The generator v € n3(S°) induces
the map v:Z2Z%v;'Y — o7'Y. Then, v,: BP.(v;'Y) — BP,(v7'Y) is trivial
and so we have a long exact sequence

S EBT07'Y) < By Y) — E(07'Y A M) — -
of E»-terms. We compute BP.(Y A M,) = BP,/(2) ® A(a,b) with |b| =4 and
Y(b) = b+ £, and so we compute
8(x) = [i7'd(bx)] = [ff ® x]

= [v1) ® x] = [d(v1ax)]

=0,
in which we use the relations #7gz(v;) =0=1wv, in K(1),K(1) and #7g(v;) =
vy + 0122 — v?t;. Thus we have the desired homotopy groups. The filtration
of b is read off from the short exact sequence turned from the above long exact
sequence. q.e.d.

LemMa 6.3. =m.(v7!W) = K(1), ® A(b,hy), where |hyp|=5 and the
Adams-Novikov filtration of hy is 1.

Proor. We see that the‘smap 1Ay:3°My A X - M, A X induces an
isomorphism EJ(v7'M> A X) = E}(v;'M> A X) by Lemma 2.1, since p; = hy
and d(x) = xhy. Now consider the exact sequence associated to the cofiber
sequence (2.5) that defines W, and we obtain the lemma in the same manner as
the above one. q.e.d.

These lemmas imply the following

COROLLARY 6.4. The E,-term E3(vi'W) of the Adams-Novikov spectral
sequence for m,(v{' W) is isomorphic to K(1), ® A(b) if s=0,1, and 0 if s > 1.

7. Self homotopy sets

By (2.3), we obtain BP,(W(2k)) = BP,/(2,v%*) ® A(a,b,c). The E,-
terms for computing 7.(L, W (2k)) are read off from Theorem 4.4, which are
stated in Corollary 1.2. Furthermore, we see that
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ProrosITION 7.1.  [W(2k), W (2k)|_gy_7 = Z /4 for k > 0.

Proor. Note first that [M,, W(2k)], =0 if s < —1. A filtration given by
the skeleton of W(2k) yields a spectral sequence

\V (Mo, WK,y = [W(2K), WK,
J€Jk

Here J, = {0,2,4,6,4k + 1,4k + 3,4k + 5,4k + 7}. Therefore, we have
(M2, W(2k)]y = [W(2k), W (2k)] _g—7-

Besides, [M>, W(2k)), = [M2, M2], = Z/4 and we have the proposition.
qg.e.d.

COROLLARY 7.2. 2- 1y #0 for k> 0.

Proor. Take a generator x e [W(2k), W(2k)|_4_,. Then x induces a
map x, : [W(2k), W(2k)], — [W(2k), W(2k)]_4_ such that x.(2-1lp@x) =
2x # 0 by Proposition 7.1. q.e.d.

8. Homeotopy groups =.(L2W)

Applying the homotopy theory E(2),(—) to the cofiber sequence (2.6)
generates the short exact sequence 0 — E(2),(W)— v['EQ2),(W)—
E(2),(W(x0)) — 0, and hence the long exact sequence

E}(L:W) — E(o]' W) — E3(LaW(0)) > E5*N(L,W)

of E,-terms. The Ej-terms Ej(vi'W) and Ej(L,W (o)) are determined in
Corollary 6.4 and Theorem 4.4. Therefore, the long exact sequence splits into
the exact sequences

0 — E3(L, W) — K(1), ® 4(b) — C(c0)<1>
— EN(L,W) - K(1), ® A(b) — 0, and
0 — E5(L,W(0)) — ESTH(Ly,W) — 0 (s> 0).

These show Corollary 1.3 in the introduction.
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