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ABSTRACT. Let RPn be the ^-dimensional real projective space and let Ln(q) be the

(In + 1)-dimensional standard lens space modi?. The purpose of this paper is to prove

that a complex A>dimensional vector bundle ζ over RP" is stably equivalent to a sum of

k complex line bundles if ζ is stably extendible to RPm for every m > n, to prove that a

real A>dimensional vector bundle ζ over L"(3) is stably equivalent to a sum of [k/2] real

2-plane bundles if ζ is stably extendible to Lm(3) for every m > n and to study non

stable extendibility of complex vector bundles over L"(4).

1. Introduction

Let F denote the real field R, the complex field C or the quaternion field

H. Let X be a CW-complex and A be a subcomplex. A ^-dimensional F-
vector bundle ζ over A is called extendible (respectively stably extendible) to X,
if there exists a fc-dimensional F-vector bundle α over X whose restriction to A
is equivalent (respectively stably equivalent) to ζ as F-vector bundles, that is, if

the restriction <x.\A of α to A is isomorphic to ζ (respectively (a\A) ® εn is
isomorphic to ζ@εn for some trivial F-vector bundle εn over A), where 0
denotes the Whitney sum (cf. Schwarzenberger [14] and Imaoka-Kuwana [4]).

In the following we say simply a vector bundle instead of an ^-vector

bundle.
Concerning stably extendible F-vector bundles for F = C and R, the

following results are known.

THEOREM (Schwarzenberger (cf. [3], [14], [2], [13])). Let F = C or R. If a
k-dimensional F-vector bundle ζ over FPn is stably extendible to FPm for each
m > n, then ζ is stably equivalent to a sum of k F-lίne bundles.

In the original results of Schwarzenberger, the F-vector bundles are
assumed to be extendible, but the results are also valid for the stably extendible
F-vector bundles.
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Recently, concerning stably extendible //-vector bundles over the qua-
ternion projective space HP", M. Imaoka and K. Kuwana have proved in [4]
that if a /:-dimensional //-vector bundle ζ over HPn is stably extendible to
fjprn for eacn m > n an(j its tOp non-zero Pontrjagin class is not zero mod 2,

then ζ is stably equivalent to a sum of k //-line bundles provided k ^ n.
We prove

THEOREM A. If a k-dimensional C-υector bundle ζ over RPn is stably
extendible to RPm for every m> n, then ζ is stably equivalent to a sum of k C-
lίne bundles.

THEOREM B (cf. Maki [11]). If a k-dimensional vector bundle ζ over Ln(3)
is stably extendible to Lm(3) for every m > n, then ζ is stably equivalent to a sum
of [k/2] 2-plane bundles.

As for the extendibility of the tangent bundles, R. L. E. Schwarzenberger
has shown in [3, p. 166] that the complex tangent bundle of the ^-dimensional
complex projective space CPn is extendible to CPn+l if and only if n = 1 (cf. [9,
Remark 5.3]), and we have obtained in [8, Theorems 6.6 and 1.2] that the
tangent bundle of the ^-dimensional real projective space RPn is extendible to
Rpn+\ if an(j oniy if n — 1^3 or 7 ancj that for any integer q > 1 the tangent

bundle of the (In + 1)-dimensional standard lens space modg, Ln(q), is
extendible to Ln+l(q) if and only if n = 0,1 or 3. We shall show that the
stable extendibility for the tangent bundle of RPn is equivalent to the
extendibility for it, and also give results about some non stable extendibility of
the tangent bundle of Ln(q).

This note is arranged as follows. We prove Theorem A in §2 and
Theorem B in §3. In §4 we study stable extendibility of the tangent bundles of
RPn and Ln(p). In §5 and §6 we study non stable extendibility of complex
vector bundles over Ln(4).

Related results concerning extendible F-vector bundles for F = R or C
over the lens spaces and the projective spaces are found in [6], [9] and [12].

2. Proof of Theorem A

Let ξn be the canonical line bundle over RPn and let c denote the
complexification.

The following theorem is the "stably extendible version" of Theorem 4.2
for d = 1 in [9].

THEOREM 2.1. Let ζ be a k-dimensional C-vector bundle over RPn.
Assume that there is a positive integer / such that
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(i) ζ is stably equivalent to (k + £)cξn, and
(ii) £ + /<2t"/ 2 l

Then [n/2] < k + f and ζ is not stably extendible to RPm for each m with

We omit the proof since it is parallel to the "extendible case".
Theorem A is a consequence of the following

THEOREM 2.2. Let ζ be a k-dίmensional C-vector bundle over RPn which is
stably extendible to RPm for m = 2'n/2'+1. Then ζ is stably equivalent to a sum
of k C-line bundles.

PROOF. According to J. F. Adams [1], there is an integer / such that

ζ - k = (k + t)(cζn -1)6 K(RP») * Z2[w/2].

Since cξn - 1 is of order 2^, we may take f such that 0 ̂  k + ( ^ 2^ - 1.
For m = 2["/2]+1, n < m and k + 1 < [m/2]. Hence ζ is not stably extendible to
RPm by Theorem 2.1 if / > 0. This contradicts our assumption. Hence / ̂
0, as desired. q.e.d.

REMARK. If n φ 3, we may replace the assumption m = 2^/2^+1 in
Theorem 2.2 by m = 2^+1 - 1.

3. Proof of Theorem B

The following theorem is the "stably extendible version" of Theorem 1.1 in

[8].

THEOREM 3.1. Let p be an odd prime and ζ be a k-dίmensional vector
bundle over Ln(p). Assume that there is a positive integer £ such that

(i) ζ is stably equivalent to a sum of [k/2] + £ non-trivial 2-plane bundles,
and

(ii) [k/2] + t<pW(P-^.
Then n < 2[k/2] + 2£ and ζ is not stably extendible to Lm(p] for each m with

We omit the proof since it is parallel to the "extendible case".
Theorem B is a consequence of the following

THEOREM 3.2. Let n and s be integers with 0 ̂  n ̂  2s and s = Imod2,
and let ζ be a k-dίmensional vector bundle over Ln(3) which is stably extendible
to Lm(3) for m = 2(3S — 1). Then ζ is stably equivalent to a sum of [k/2] 2-
plane bundles.
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PROOF. Set N = 2s. Then clearly n ̂  N < m. Let β be a stable ex-
tension of ζ to Lm(3}. Then the restriction α of /? to LN(3) is a stable
extension of £ to LN(3). According to [5] (cf. [10]), there is an integer f such
that

α - k = ([k/2] + f)r(ηN - 1) e KO(LN (3)) * Z3>,

where //^ is the canonical complex line bundle over LN(3) and r is the forgetful
map. Since r(ηN — 1) is of order 3s, we may take f such that 0 ̂  [fc/2] + / ̂
35 - 1. Then n < m and 2[fc/2] + 2/ ^ m. Hence α is not stably extendible to
Lm(3) by Theorem 3.1 if / > 0. This is a contradiction, because β is a stable
extension of α. So we have / ^ 0. Hence α is stably equivalent to a sum of
[k/2] 2-plane bundles. Thus ζ is also stably equivalent to a sum of [k/2] 2-
plane bundles. q.e.d.

4. Stable extendibility of the tangent bundles of RPn and Ln(p)

The following theorem is the "stably extendible version" of Theorem 6.2 in

[8].

THEOREM 4.1. Let ζ be a k-dimensίonal vector bundle over RPn. Assume
that there is a positive integer t such that

(i) ζ is stably equivalent to (k + S)ξn, and
(ii) k + t<2^n\ where φ(ri) is the number of integers s such that

0 <s^n and 5 = 0,1,2 or 4mod8.
Then n < k + f and ζ is not stably extendible to RPk+f.

We omit the proof since it is parallel to the "extendible case".
The following result corresponds to Theorem 6.6 in [8].

THEOREM 4.2. The tangent bundle τ(RPn] of RPn is stably extendible to
RPn+l if and only if n = 1,3 or 7.

PROOF. If /i = 1,3 or 7, τ(RPn) is trivial. Hence τ(RPn] is extendible
(and so stably extendible) to RPm for each m > n.

Putting ζ = τ(RP") and t = 1 in Theorem 4.1, we obtain the "only if"
part. q.e.d.

Combining Theorem 6.6 in [8] with Theorem 4.2 above, we see that the
stable extendibility is equivalent to the extendibility for the tangent bundles of
the real projective spaces.

On the stable extendibility of the tangent bundles of lens spaces, we have

THEOREM 4.3. Let p be an odd prime. If n ^ 2p — 2, the tangent bundle
τ(Ln(p}} of Ln(p] is not stably extendible to L2n+2(p}.
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PROOF. Putting ζ = τ(L"(p)} and ί = 1 in Theorem 3.1, we obtain the
desired result. q.e.d.

5. Some lemmas

Let ηn be the canonical complex line bundle over Ln(4).
By using the structure of K(Ln(4)) (cf. [7]), we have the following

3 3

LEMMA 5.1. I f Σ b f l n an^ Σb'tfn over ^"(4) are stably equivalent, then

bi = fr;mod2KΛ-1)/2l for 1 g / g 3?

PROOF. Put dt = bt - b\ and σn=ηn-\ε K(L"(4)). Then we have

dισn + d2(σl + 2σn) + d3(σ3

n + 3σ2

n + 3σn) = 0.

If « is even, then σn, σ% + 2σn and σ* +2σ% + 2n/2+lσn are generators of

K(Ln(4}) ^ Z2,+ι -f

(cf. [7, Theorem A]). Then we have d3 = Omod2K/ |-1)/2], d2 + d3= Omod2"/2

and dι - (2"/2+1 - I)d3 = Omod2w + 1. Hence, d{ = Omod2^-1)/2l for 1 ̂  i g
3.

If n is odd, then σn, σ2 + 2σn + 2^/2]+1σrt and σ\ + 2σ2 are generators of
K(Ln(4))ί and so we have the required congruence similarly. q.e.d.

LEMMA 5.2. Let a, r, j and k be non-negative integers with r < a and

j < 2a~r. Then (" . j = ί W J mod2r+1 for any integer n.

PROOF. Considering the identity (x+ \]n+k2a = (x+ l)n(x+ \}k2\ we

Λ + fc2 f l\ > / n \ίk2a"

= 0mod2r+1,

because ί . J = 0 m o d 2 r + 1 for 1 ̂  i ^ j < 2a~r. q.e.d.

6. Non stable extendibility of complex vector bundles over Ln(4)

Let a,b and m be non-negative integers. Define an integer A(a,b\ni) as
follows:
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We have the following

THEOREM 6.1. Assume that a k-dίmensional C-vector bundle ζ over Ln(4) is

stably equivalent to Σbirfn for some non-negative integers bι where k^.\. If

there exists an integer m satisfying

(i) k<m<2Kn-W\ and
(ii) A(b\,bϊ,m) + 2b2A(b\,bϊ,m- 1) ^Omod4,

then n < m and ζ is not stably extendίble to Lm(4).

PROOF. Under the assumption of the theorem, by the fundamental
properties of the ΛΓ-theory Chern class, that is, y-operation, in K(Ln(4)), we see
that

ί=l

for some coeίBcients B^(j). Thus we have

(1) ym(ζ-k)

in K(Ln(4)). We note that

3 /^ \

*(7)= Σ Π 'K'> and

7i +72 +73 =7»7'ι J2,73 ̂ 0 5= 1 \ Js )

BQ(m) = A(b\,b^nί) -\-2b2A(b\,b^m - I)mod4.

Since k < m by (i), we have γm(ζ-k) = 0 in K(Ln(4)). Now, suppose
that m^n. Multiplying each side of (1) by σ"~m and taking account of the

fact that σn

n

+l = 0, we obtain £0(^K = /"(f ~ k}σn~m = ° Therefore, we
see that Bv(m) = Omod4, since the order of σ% is 4. Then we have that (ii)
does not hold. This contradiction shows that n < m.

Next, under the assumption of the theorem we suppose that ζ is stably
extendible to Lm(4). Let α be a stable extension of ζ to Lm(4). Then we
have
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in K(Lm(4}} for some integer Sj ^ 0. Since α is a ^-dimensional C-vector
bundle over Lm(4) and k < m by (i), we obtain ym(α — k) = 0. On the other
hand,

in £(Lm(4)) for some coefficients Q(m) (/ ^ 0). We note that

7 1 +72 +73 =™ ,71 ,72 ,73 ̂  0 / = 1 \ 7 / /

Ξ ^4(^1,^3;^) +2^2^4(^ι,^3;^ — I)mod4.

Since σ™+1 = 0, we have C0(ra)σ™ = 0 by (2). Since the order of σ% is 4, we
obtain A(s\,s $',m} + 2^^4 (^i , ̂ 3 w - 1) = CQ(W) = Omod4.

Now, C is stably equivalent to Σsιηl

n and also to Y,btfl

n by the
ι= 1 /= 1

assumption. By Lemma 5.1, we have Sj = έzmod2^n~1^2] for 1 ̂  / ^ 3. So

^4(^ι, s^m) + 2^2^4(^i,5l3; w — 1) = A(b\,bτ>;m) + 2b2A(b\,bι;m — I)mod4 by
Lemma 5.2 for r = l , and consequently A(b\,b^m) + 2bιA(b\,b^m — 1) =
Omod4. This contradicts (ii). q.e.d.

COROLLARY 6.2. Ifn>l2, the complexίfication cτ(Ln(4}) of the tangent
bundle τ(L"(4)) of Ln(4) is not stably extendible to L2n+2(4}.

PROOF. Since τ(Lπ(4)) 0β = (Λ + l)π7Λ and η~λ = η*9 cτ(Ln(4}) is stably
equivalent to (n + l)cπ/Λ = (« + 1)(^M 0 ^). Hence we have the desired result
from Theorem 6.1 by putting ζ = cτ(Ln(4)), k = 2n + 1, b\ = £3 = n + 1, bi —
0 and m — 2n + 2. q.e.d.
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