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Abstract. Using the reducible algebraic polynomial x5 � x4 � 1 ¼ ðx2 � xþ 1Þ �
ðx3 � x� 1Þ, we study two types of tiling substitutions t� and s�: t� generates a tiling

of a plane based on five prototiles of polygons, and s� generates a tiling of a Riemann

surface, which consists of two copies of the plane, based on ten prototiles of paral-

lelograms. Finally we claim that t�-tiling of P equals a re-tiling of s�-tiling of R

through the canonical projection of the Riemann surface to the plane.

0. Introduction

Starting from the following substitution s:

s :

1 7! 12

2 7! 3

3 7! 4

4 7! 5

5 7! 1

8>>>>><
>>>>>:

; ð0:1Þ

we studied the tiling substitution t� called the dual tiling substitution of s in the

paper [5], [6], and found a quasi-periodic tiling of a plane P with five polygonal

prototiles in Figure 1, whose tiles are called t�-tiles (see Figure 2 and Figure

18).

In this paper, we introduce a new tiling substitution s�, called the wedge

tiling substitution, that is, so-called the extension of the dual substitution of s

in [11].
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Fig. 1. Five polygonal prototiles of the tiling generated by t�.



In the section 2, we claim that the wedge tiling substitution s� produces

not only quasi-periodic tilings of the plane P but also a tiling of a Riemann

surface R of degree 2, with ten prototiles of parallelograms in Figure 5 (see

Figure 3 and Figure 6). The Riemann surface R is generated by two copies

of P, which is biholomorphic to the Riemann surface of
ffiffiffi
z

p
in the complex

plane. The tiles of such a new tiling are called s�-tiles.

In the section 3, we review the dual tiling substitution t�. The rela-

tionship of two tilings generated by s� and t� is discussed in the section 4.

We claim that the tiling substitution t� also generates a tiling of the Riemann

surface R, that two tilings of R through s� and t� are the refinements of some

common tiling of R and that the tiling of R through t� equals that of P

through t� by the canonical projection of R to P.

There are many articles on how to construct quasi-periodic tilings by

polygons and prototiles with the fractal boundary from substitutions or

Fig. 2. The tiling generated by t� of P.

Fig. 3. The tiling generated by s� of R.
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numeration systems and their applications (see [4], [6], [10], [12], [3], [8],

etc.).

The reason why we study in detail the special substitution s like (0.1)

appeared in Pisot b-expansions (see [1], [2], [5]) is that the characteristic

polynomial of the incidence matrix of s is reducible over Q:

x5 � x4 � 1 ¼ ðx2 � xþ 1Þðx3 � x� 1Þ ð0:2Þ

and that the maximal solution of the polynomial is a Pisot unit of degree 3.

On such a class, it is unclear and still open how we can produce the polygonal

tiling associated with the substitution s. And this question is interesting from

the viewpoint of tiling theory, fractal analysis and numeration system. Finally

we remark that all the assertions in this paper can be extended to the class of

x5 �Kx4 � ðKþ 1Þx� 1 ¼ 0; Kb 0; K A Z

(see [5]).

1. Wedge tiling substitution s�

For the substitution s in (0.1), its incidence matrix Ls is

Ls ¼

1 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

2
6666664

3
7777775

and its characteristic polynomial is given by (0.2). Ls is primitive and unim-

odular (see [7] for definition and notation). Eigenvalues li, ði ¼ 1; 2; . . . ; 5Þ of

Ls are promised as follows:
� l3 is the maximal solution of x3 � x� 1 ¼ 0, which is the Perron-

Frobenius eigenvalue of Ls and satisfies l3 > 1;
� l1 and l2 are the conjugates of l3, which satisfy l1 ¼ l2 and

0 < jl1j ¼ jl2j < 1;
� l4 and l5 are the solutions of x2 � xþ 1 ¼ 0, which satisfy l4 ¼ l5 and

jl4j ¼ jl5j ¼ 1.

Thus l3 is a Pisot number, and s is unimodular primitive substitution of Pisot

type, but not irreducible (see [7]).

For the (complex) eigenvectors ui corresponding to li ði ¼ 1; 2; . . . ; 5Þ, real
vectors v1; v2; . . . ; v5 are given by

v1 :¼
u2 þ u1

2
; v2 :¼

u2 � u1
2i

; v3 :¼ u3; v4 :¼
u5 þ u4

2
; v5 :¼

u5 � u4
2i

:
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Then, we can take v3 > 0, have det V > 0 for the 5� 5 matrix V :¼ ½v1; v2;
v3; v4; v5� by renumbering if necessary, and have the following relation:

LsV ¼ V

Re l1 �Im l1 0 0 0

Im l1 Re l1 0 0 0

0 0 l3 0 0

0 0 0 Re l4 �Im l4

0 0 0 Im l4 Re l4

2
666664

3
777775
:

Let P :¼ SpanRðv1; v2Þ be the oriented subspace spanned by (ordered)

vectors v1, v2, which is the Ls-invariant contractive plane. Then we have the

following direct decomposition:

R5 ¼ Pl SpanRðv3Þl SpanRðv4; v5Þ;

and can define the projection map p : R5 ! P with respect to this direct

decomposition.

Using the projection p, we can find that the canonical basis fei j i ¼
1; 2; . . . ; 5g of R5 satisfies the following equations on P (Figure 4):

pe3 þ pe4 ¼ pe1;

pe4 þ pe5 ¼ pe1 þ pe2;

pe5 ¼ pe2 þ pe3

(see [5] for detail).

Let us consider the oriented parallelograms on P generated by pei and

pej ði0 j; i; j ¼ 1; 2; . . . ; 5Þ, and denote them by i5 j, that is,

i5 j :¼ fspei þ tpej j 0a s; ta 1g:

Then we may select an orientation of P such that all the parallelograms of the

following set:

Fig. 4. pei, i ¼ 1; 2; . . . ; 5.
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Ls � :¼ f251; 153; 451; 155; 352; 254; 552; 453; 355; 554g

induce the positive orientation of P (see Figure 4 and Figure 5).

For x A Z5, ðx; i5 jÞ denotes the oriented parallelogram generated by pei
and pej located at px, that is,

ðx; i5 jÞ :¼ fpxþ spei þ tpej j 0a s; ta 1g:

Let Fs � be a Z-free module generated by fðx; i5 jÞ j x A Z5; i5 j A Ls �g.

Definition 1. A homomorphism s� : Fs � ! Fs � is defined by

s� :

ðx; 251Þ 7! ðL�1
s x; 155Þ

ðx; 153Þ 7! ðL�1
s x; 552Þ

ðx; 451Þ 7! ðL�1
s x; 355Þ

ðx; 155Þ 7! ðL�1
s x; 554Þ

ðx; 352Þ 7! ðL�1
s x; 251Þ þ ðL�1

s xþ e1 � e5; 552Þ
ðx; 254Þ 7! ðL�1

s x; 153Þ þ ðL�1
s xþ e1 � e5; 355Þ

ðx; 552Þ 7! ðL�1
s x; 451Þ þ ðL�1

s xþ e1 � e5; 554Þ
ðx; 453Þ 7! ðL�1

s x; 352Þ
ðx; 355Þ 7! ðL�1

s x; 254Þ
ðx; 554Þ 7! ðL�1

s x; 453Þ

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

; ð1:3Þ

for generators of Fs � and is extended on Fs � homomorphically (see Figure 6).

s� is called a wedge tiling substitution on Fs � .

Definition 2. If an element g of Fs � is represented, by using the

generators lj of Fs � as follows

g ¼ l1 þ � � � þ lk ðInt li V Int lj ¼ f if i0 jÞ;

g is called a patch of Fs � on P. We define jgj as the union of lj ’s, that is,

jgj :¼ 6k

j¼1
lj . We set TðgÞ :¼ fl1; . . . ; lkg, which is the geometric repre-

sentation of the patch g. A patch g is called connected if jgj is connected and

the intersection of li and lj ði0 jÞ is empty or some common edge. Let g1,

g2 be two patches. We write g1 � g2, if Tðg1ÞHTðg2Þ, in addition we write

Fig. 5. Ten prototiles of parallelograms of the tiling generated by s�.
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g1 0 g2 if g1 � g2 and g1 0 g2. Similar notation will be used for any tiling

substitutions.

We distinguish the set jgj from the patch g (or TðgÞ). Roughly speaking,

the patch g (or TðgÞ) is the partition of the set jgj (see Figure 7).

For the discussion of the tiling by s�, we introduce a segment substitution

s�
1 of the tiling substitution s�. For x A Z5 and i A f1; 2; 3; 4; 5g, ðx; iÞ is the

oriented segment generated by pei located at px, that is,

Fig. 6. ð0; i5 jÞ and s�ð0; i5 jÞ for i5 j A Ls � .

186 Fumihiko Enomoto et al.



ðx; iÞ :¼ fpxþ tpei j 0a ta 1g:

Let Fs�
1
be a Z-free module generated by fðx; iÞ j x A Z5; i ¼ 1; 2; 3; 4; 5g.

It is to be noted that the geometrical meaning of �ðx; iÞ is the reverse oriented

segment of ðx; iÞ.

Definition 3. If an element d of Fs �
1

is represented, by using the

generators mj of Fs �
1
with Int mi V Int mj ¼ f ði0 jÞ as follows:

d ¼ m1 þ � � � þ mk; mj V mjþ1 ¼ fone pointg for j A f1; 2; . . . ; k � 1g;

d is called a broken segment of Fs �
1
on P. We set jdj :¼ 6k

j¼1
mj and TðdÞ :¼

fm1; . . . ; mkg.

Definition 4. Let us define a homomorphism s�
1 on Fs �

1
, which is called

the segment substitution, from segments ðx; iÞ to broken segments s�
1 ðx; iÞ,

by

s�
1 :

ðx; 1Þ 7! ðL�1
s x; 5Þ

ðx; 2Þ 7! ðL�1
s x; 1Þ � ðL�1

s xþ e1 � e5; 5Þ
ðx; 3Þ 7! ðL�1

s x; 2Þ
ðx; 4Þ 7! ðL�1

s x; 3Þ
ðx; 5Þ 7! ðL�1

s x; 4Þ

8>>>>>><
>>>>>>:

for the generators of Fs �
1
and is extended on Fs �

1
homomorphically (see Figure

8).

Definition 5. A homomorphism q : Fs� ! Fs �
1
is the boundary map given

by

qðx; i5 jÞ ¼ ðx; iÞ þ ðxþ ei; jÞ � ðxþ ej; iÞ � ðx; jÞ:

for the generators ðx; i5 jÞ of Fs�.

Then we have the following lemma.

Fig. 7. The comparison between jgj and the patch g (or TðgÞ).
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Lemma 1. The following commutative relation holds:

Fs� ���!s �
Fs�

q

???y
???yq

Fs�
1

���!s �
1

Fs �
1

2. The tilings generated by s�

Let us define a connected patch U A Fs� by

U :¼ ð0; 155Þ þ ð0; 552Þ þ ð0; 251Þ þ ðe1 � e4; 355Þ

þ ðe1 � e4; 554Þ þ ðe1 � e4; 453Þ þ ðe5 � e4; 153Þ

þ ðe5 � e4; 352Þ þ ðe5 � e4; 254Þ þ ðe5 � e4; 451Þ:

Then we obtain the following relations s�5nðUÞ0 s�5ðnþ1ÞðUÞ ðn A NÞ (see

Figure 9), which induce the following theorem.

Theorem 1. s�5nðUÞ ðn A NÞ generate a quasi-periodic tiling of P, that

is,

6
n AN

Tðs�5nðUÞÞ is a tiling of P:

The idea of the proof can be found in [9] and [5].

Fig. 8. ð0; iÞ and s�
1 ð0; iÞ for i A f1; 2; . . . ; 5g.
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Remark 1. We can get several types of tilings generated by the wedge

tiling substitution s�. For example, let us define a connected patch V A Fs � by

V :¼ ð0; 153Þ þ ð0; 355Þ þ ð0; 552Þ þ ð0; 254Þ þ ð0; 451Þ:

Then we have another quasi-periodic tiling of P, that is,

6
n AN

Tðs�5nðVÞÞ is a tiling of P

(see Figure 10).

We introduce L 0
s � :¼ f251; 155; 554; 453; 352g to consider a tiling of a

Riemann surface. Let us define connected patches W
ðnÞ
i5j on P for i5 j A L 0

s �

and n A N by

W
ðnÞ
i5j :¼ s�5nð0; i5 jÞ;

Fig. 9. s�nðUÞ, n ¼ 0; 5; 10; 15.
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Fig. 10. V and s�15ðVÞ.

Fig. 11. Parts of the tiling of the Riemann surface R.
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and domains D
ðnÞ
i5j in P by D

ðnÞ
i5j :¼ jWðnÞ

i5j j, then we know that

W
ðnÞ
i5j 0W

ðnþ1Þ
i5j ðn A NÞ

and that from Lemma 1, the boundary of D
ðnÞ
i5j can be obtained by

qðDðnÞ
i5jÞ ¼ jqðWðnÞ

i5j Þj ¼ js�5n
1 ðqð0; i5 jÞÞj

(see Figure 11).

Let us define domains Di5j HP for i5 j A L 0
s � by

Di5j :¼ lim
n!y

D
ðnÞ
i5j;

and broken lines Lj ð j ¼ 1; 2; . . . ; 5Þ by

Lj :¼ lim
n!y

js�5n
1 ð0; jÞj:

Then the boundary of the domain Di5j can be given by broken lines Li and Lj,

and five broken lines Lk ðk ¼ 1; 2; . . . ; 5Þ divide the plane P into five connected

domains (see Figure 12). Therefore 6
i5j AL 0

s �
Di5j is the double covering of

the plane P.

Now let us introduce a Riemann surface as follows: for two copies P1 and

P2 of the Ls-invariant plane P, by cutting the broken line L5 of P1 and P2,

we can construct a Riemann surface R :¼ P1a
L5

P2. We denote the canonical

projection by $ : R ! P.

Let us introduce a connected patch Ws � of R by

Ws � :¼ ð0; 251Þ þ ð0; 155Þ þ ð0; 554Þ þ ð0; 453Þ þ ð0; 352Þ

(see Figure 13).

We can also consider s� as the tiling substitution which tiles the Riemann

surface R, and D
ðnÞ
i5j and Di5j as the domains of R. We see that the bound-

ary of the domain 6
i5j AL 0

s �
D

ðnÞ
i5j is given by the closed curve jqs�5nðWs � Þj ¼

js�5n
1 ðqWs � Þj and the distance from the origin to the boundary of the domain

Fig. 12. Five broken lines Lj ði ¼ 1; 2; . . . ; 5Þ.
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Fig. 13. The structure of the patch Ws � of R.

Fig. 14. The left-hand side of figures is the boundary of Ws � of R and the right hand side of

figures is the slight modification of the left-hand side to clarify that the winding number of the

boundary curve around the origin is two.

Fig. 15. The left-hand side of figures is the boundary of s�15ðWs � Þ of R and the right hand side

of figures is the slight modification of the left-hand side to clarify that the winding number of the

boundary curve around the origin is two.
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6
i5j AL 0

s �
D

ðnÞ
i5j tends to y as n ! y (see Figure 15). Hence, the union

6
i5j AL 0

s �
Di5j is the Riemann surface R.

Therefore, we obtain the following theorem.

Theorem 2. The wedge tiling substitution s� generates a tiling of the

Riemann surface R, that is,

6
n AN

Tðs�5nðWs � ÞÞ is a tiling of R

(see Figure 11).

Remark 2. We denote the tiling of R obtained in Theorem 2 by

TðR;Ls � ; s�;Ws � Þ, which is called s�-tiling of R. From the fact that

s�nðWs � Þ0 s�ðnþ1ÞðWs � Þ for any n A N, we get

TðR;Ls � ; s�;Ws � Þ ¼ 6
n AN

Tðs�nðWs � ÞÞ

3. The tiling substitution t� in the sense of duality of the substitution s

To study the relation of tilings generated by s� and t�, we go back to the

definition of t�, so-called the dual tiling substitution of s in [5].

We define ð0; i�Þ ði ¼ 1; 2; . . . ; 5Þ as the polygons in Figure 16, and set

Lt � :¼ fð0; i�Þ j i ¼ 1; 2; . . . ; 5g:

Let Ft � be a Z-free module generated by fðx; i�Þ j x A Z5; i A f1; 2; . . . ; 5gg,
where ðx; i�Þ is the oriented polygon obtained from ð0; i�Þ located at px.

Definition 6. Let us define the dual tiling substitution t� on Ft � by

t� :

ðx; 1�Þ 7! ðL�1
s xþ e1 � e5; 1

�Þ þ ðL�1
s x; 5�Þ

ðx; 2�Þ 7! ðL�1
s x; 1�Þ

ðx; 3�Þ 7! ðL�1
s x; 2�Þ

ðx; 4�Þ 7! ðL�1
s x; 3�Þ

ðx; 5�Þ 7! ðL�1
s x; 4�Þ

8>>>>>><
>>>>>>:

;

Fig. 16. ð0; i �Þ, i ¼ 1; 2; . . . ; 5.
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for any generators of Ft � , and t� is extended homomorphically on Ft � (see

Figure 18).

We define a connected patch Wt � by

Wt � ¼
X5

i¼1

ð0; i�Þ

(see Figure 17). Then we have the following theorem in [5].

Theorem 3. The following statements hold:

(1) The dual tiling substitution t� generates a tiling of P, that is,

6
n AN

Tðt�nðWt � ÞÞ is a tiling of P

Fig. 17. Wt � .

Fig. 18. ð0; i �Þ and t�ð0; i �Þ, i ¼ 1; 2; . . . ; 5.
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(see Figure 19). We denote such a tiling by

TðP;Lt � ; t
�;Wt � Þ :¼ 6

n AN

Tðt�nðWt � ÞÞ;

which is called t�-tiling of P;

(2) Using Un ¼ jt�nðWt � Þj, let us define X and Xi as the renormali-

zation

X :¼ lim
n!y

Ln
sUn

Xi :¼ lim
n!y

Ln
s 6
ðx; j �Þ A t �nð0; i �Þ

ðx; j �Þ

(see Figure 20). Then the sets X and Xi, i ¼ 1; 2; . . . ; 5 satisfy the

following set equations:

Fig. 19. t�nðWt � Þ, n ¼ 0; 1; . . . ; 5; 15.
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X ¼ 6
5

i¼1

XiðHPÞ ðnon-overlappingÞ

L�1
s X1 ¼ X5 U ðe1 � e5 þ X1Þ

L�1
s X2 ¼ X1

L�1
s X3 ¼ X2

L�1
s X4 ¼ X3

L�1
s X5 ¼ X4

where xþ Y ¼ fpðxÞ þ y j y A Yg.

4. The relationship between two tilings TðR;Ls � ; s�;Ws � Þ and

TðP;Lt � ; t
�;Wt � Þ

We have two tiling substitutions s� and t� such that s� generates the tiling

of the Riemann surface R, that is, TðR;Ls � ; s�;Ws � Þ, on the other hand, t�

generates the tiling TðP;Lt � ; t
�;Wt � Þ of P. In this section, we study the re-

lationship between two tilings TðR;Ls � ; s�;Ws � Þ and TðP;Lt � ; t
�;Wt � Þ.

Fig. 20. X ¼ 6
5

i¼1

Xi and Xi, i ¼ 1; 2; . . . ; 5.
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Definition 7. Let us introduce a homomorphism F : Fs � ! Ft � , which is

called pre-blockcoding map, as follows: F is defined as

F :

ðx; 251Þ 7! ðx; 3�Þ þ ðx; 5�Þ � ðxþ e4; 4
�Þ

ðx; 155Þ 7! ðx; 2�Þ þ ðx; 4�Þ � ðxþ e3; 3
�Þ

ðx; 554Þ 7! ðx; 1�Þ þ ðx; 3�Þ � ðxþ e2; 2
�Þ

ðx; 453Þ 7! ðx; 5�Þ þ ðx; 2�Þ
ðx; 352Þ 7! ðx; 1�Þ þ ðx; 4�Þ
ðx; 552Þ 7! ðx; 1�Þ þ ðxþ e2; 4

�Þ
ðx; 451Þ 7! ðx; 5�Þ þ ðxþ e4; 2

�Þ
ðx; 355Þ 7! ðx; 4�Þ þ ðxþ e3; 1

�Þ
ðx; 254Þ 7! ðx; 3�Þ þ ðxþ e4; 1

�Þ þ ðxþ e2; 5
�Þ

ðx; 153Þ 7! ðx; 2�Þ þ ðxþ e3; 5
�Þ

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

;

for any generators of Fs � , and is extended on Fs � homomorphically.

The map F geometrically gives us a rewriting rule from the parallelograms

of Fs � to the polygons of Ft � (see Figure 21). Note that a negative polygon

�ðx; i�Þ geometrically means the negative oriented polygon and it is colored

gray in this paper.

Then we have the following proposition.

Proposition 1. The following commutative relation holds:

F � s� ¼ t� �F on Fs �

(see Figure 22 and Figure 23).

Proof. For ð0; 251Þ, we see that

Fðs�ð0; 251ÞÞ ¼ Fð0; 155Þ ¼ ð0; 2�Þ þ ð0; 4�Þ � ðe3; 3�Þ:

On the other hand, we see that

t�ðFð0; 251ÞÞ ¼ t�ðð0; 3�Þ þ ð0; 5�Þ � ðe4; 4�ÞÞ

¼ ð0; 2�Þ þ ð0; 4�Þ � ðL�1
s e4; 3

�Þ

¼ ð0; 2�Þ þ ð0; 4�Þ � ðe3; 3�Þ:

Therefore, we have Fðs�ð0; 251ÞÞ ¼ t�ðFð0; 251ÞÞ. Other cases are discussed

analogously. r

Corollary 1. Each n A N, we have the following commutative relation:

F � s�n ¼ t�n �F on Fs �
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We shall pay attention to the tiles ðx; 251Þ, ðx; 155Þ, ðx; 554Þ, which F

maps to the ‘‘patches’’ including negative tiles.

Lemma 2. The following holds for any ð0; i5 jÞ A Ls � :

(1) If ðx; 251Þ0 s�nð0; i5 jÞ for some nb 5, then

ðx; 251Þ þ ðxþ e1 � e5; 552Þ0 s�nð0; i5 jÞ:

(2) If ðx; 155Þ0 s�nð0; i5 jÞ for some nb 5, then

ðx; 155Þ þ ðxþ e3; 554Þ þ ðxþ e5 � e4; 451Þ0 s�nð0; i5 jÞ:

Fig. 21. The rewriting rule F for ð0; i5 jÞ A Ls � .
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(3) If ðx; 554Þ0 s�nð0; i5 jÞ for some nb 5, then

ðx; 554Þ þ ðxþ e2; 453Þ þ ðxþ e4 � e3; 355Þ0 s�nð0; i5 jÞ

or ðx; 554Þ þ ðxþ e5 � e1; 451Þ0 s�nð0; i5 jÞ:

Proof. For (1). If ðx; 251Þ0 s�nð0; i5 jÞ, then by the definition s�,

there exists uniquely ðz; 352Þ0 s�n�1ð0; i5 jÞ such that s�ðz; 352Þ 	 ðx; 251Þ.
On the other hand, we know that

Fig. 22. s�ð0; i5 jÞ and Fðs�ð0; i5 jÞÞ, i5 j A Ls � in Proposition 1.
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s�ðz; 352Þ ¼ ðx; 251Þ þ ðxþ e1 � e5; 552Þ

and

s�ðz; 352Þ0 s�nð0; i5 jÞ:

For (2). If ðx; 155Þ0 s�nð0; i5 jÞ, then there exists ðw; 352Þ0
s�n�2ð0; i5 jÞ uniquely such that s�2ðw; 352Þ 	 ðx; 155Þ. On the other hand,

Fig. 23. Fð0; i5 jÞ and t�ðFð0; i5 jÞÞ, i5 j A Ls � in Proposition 1.
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s�2ðw; 352Þ ¼ ðx; 155Þ þ ðxþ e3; 554Þ þ ðxþ e5 � e4; 451Þ0 s�nð0; i5 jÞ:

Therefore, we obtain (2).

For (3). If ðx; 554Þ0 s�nð0; i5 jÞ, then there exists

( i ) ðw; 352Þ0 s�n�3ð0; i5 jÞ such that

s�3ðw; 352Þ ¼ ðx; 554Þ þ ðxþ e2; 453Þ þ ðxþ e4 � e3; 355Þ

or

(ii) ðz; 552Þ0 s�n�1ð0; i5 jÞ such that

s�ðz; 552Þ ¼ ðx; 554Þ þ ðxþ e5 � e1; 451Þ:

Therefore, we obtain (3). r

Remark 3. Lemma 2 says that if ðx; 251Þ, ðx; 155Þ or ðx; 554Þ can

be found in s�nð0; i5 jÞ, nb 5, then the connected patches including ðx; 251Þ,
ðx; 155Þ or ðx; 554Þ given by the parallel translations of Figure 24 are found in

s�nð0; i5 jÞ (see Figure 25). Such connected patches at x ¼ 0 will be named by

V1, V2, V3, V11 respectively.

Fig. 24. The connected patches including ð0; 251Þ, ð0; 155Þ, and ð0; 554Þ respectively.

Fig. 25. The distribution of the connected patches including ðx; 251Þ, ðy; 155Þ, and ðz; 554Þ in

s�20ð0; 251Þ.
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Let us define connected patches of parallelograms as follows:

V1 :¼ ð0; 251Þ þ ðe1 � e5; 552Þ ¼ s�5ð0; 251Þ;

V2 :¼ ð0; 155Þ þ ðe3; 554Þ þ ðe5 � e4; 451Þ ¼ s�5ð0; 155Þ;

V3 :¼ ð0; 554Þ þ ðe2; 453Þ þ ðe4 � e3; 355Þ ¼ s�5ð0; 554Þ;

V4 :¼ ð0; 453Þ;

V5 :¼ ð0; 352Þ;

V6 :¼ ð0; 451Þ;

V7 :¼ ð0; 355Þ;

V8 :¼ ð0; 254Þ;

V9 :¼ ð0; 153Þ;

V10 :¼ ð0; 552Þ;

V11 :¼ ð0; 554Þ þ ðe5 � e1; 451Þ;

(see Figure 26).

Fig. 26. The family of patches Vj .
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Lemma 3. For each patch Vj ð j ¼ 1; 2; . . . 11Þ, the patch s�ðVjÞ can be

decomposed by the parallel translations of fVj j j ¼ 1; 2; . . . 11g as follows:

s� :

V1 7! V2

V2 7! V3

V3 7! V4 þ ðe4 � e2 þV5Þ þ ðe3 � e2 þV8Þ
V4 7! V5

V5 7! V1

V6 7! V7

V7 7! V8

V8 7! V9 þ ðe1 � e5 þV7Þ
V9 7! V10

V10 7! e1 � e5 þV11

V11 7! V4 þ ðe4 � e5 þV7Þ

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

where xþVj :¼ fpxþ y j y A Vjg for any x A Z5.

Proof. See Figure 27.

By Lemma 2 and Lemma 3, we have the following proposition.

Proposition 2. For each patch Vj ð j ¼ 1; 2; . . . 11Þ, the connected patch

s�ð5þnÞðVjÞ ðn A NU f0gÞ can be decomposed by the parallel translations of

fVj j j ¼ 1; 2; . . . 11g.

Definition 8. Let Tj :¼ TjðM;LjÞ ð j ¼ 1; 2Þ be two tilings of a Riemann

surface M with protosets Lj . If any tile a A T1 can be decomposed by tiles of

T2, that is, there exist finite tiles b1; . . . ; bk A T2 such that

a ¼ jb1 þ � � � þ bkj; Int bi V Int bj ¼ f ði0 jÞ;

then T2 is called a refinement of T1, which is denoted by T1 �
rf

T2. If T1 0T2

and T1 �
rf

T2, then we write T1 0
rf
T2. A refinement of patches is also defined

analogously.

Now we shall construct two new tilings of the Riemann surface R.

Setting gj :¼ jVj j ð j ¼ 1; 2; . . . ; 11Þ and G :¼ fg1; g2; . . . ; g11g, we denote by

FðGÞ a Z-free module generated by fxþ gj j x A Z5; j ¼ 1; 2; . . . ; 11g, where

xþ gj :¼ fpxþ y j y A gjg. A homomorphism h : FðGÞ ! FðGÞ can be de-

fined by
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Fig. 27. The geometrical representation of s�ðVj Þ ð j ¼ 1; 2; . . . ; 11Þ.

204 Fumihiko Enomoto et al.



h :

g1 7! g2
g2 7! g3
g3 7! g4 þ ðe4 � e2 þ g5Þ þ ðe3 � e2 þ g8Þ
g4 7! g5
g5 7! g1
g6 7! g7
g7 7! g8
g8 7! g9 þ ðe1 � e5 þ g7Þ
g9 7! g10
g10 7! e1 � e5 þ g11
g11 7! g4 þ ðe4 � e5 þ g7Þ

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

;

hðxþ gjÞ :¼ L�1
s ðxÞ þ hðgjÞ ðx A Z5; j ¼ 1; 2; . . . ; 11Þ, and extended on FðGÞ

homomorphically.

A homomorphism Y : FðGÞ ! Fs � is defined by

Yðxþ gjÞ :¼ xþVj

for any generators of FðGÞ. Then we have the following proposition by the

definitions of h, Y and Proposition 2.

Proposition 3. The following commutative relation holds for any n A N:

Y � hn ¼ s�n �Y on FðGÞ:

By Proposition 3, we have for each j A f1; 2; . . . ; 5g

h5þnðgjÞ0
rf
s�ð5þnÞðYðgjÞÞ ðn A NU f0gÞ:

Taking as a connected patch on Riemann surface R

Wh :¼ g1 þ g2 þ g3 þ g4 þ g5;

we get

hnðWhÞ0 hnþ1ðWhÞ ðn A NU f0gÞ:

Therefore we obtain the following theorem:

Theorem 4. The tiling substitution h generates a tiling TðR;G ; h;WhÞ of

R, and TðR;Ls � ; s�;Ws � Þ is a refinement of TðR;G ; h;WhÞ, that is,

(1) TðR;G ; h;WhÞ :¼ lim
n!y

TðhnðWhÞÞis a tiling of R,

(2) TðR;G ; h;WhÞ0
rf
TðR;Ls � ; s�;Ws � Þ.

Next we shall construct another new tiling of Riemann surface R.
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Definition 9. A homomorphism C : FðGÞ ! Ft � is defined by

Cðxþ gjÞ :¼ FðxþVjÞ
for any generators xþ gj of FðGÞ. C is called a blockcoding map.

For example, for g1 ¼ jð0; 251Þ þ ðe1 � e5; 552Þj, Cðg1Þ is given by ð0; 3�Þ þ
ð0; 5�Þ þ ðe1 � e5; 1

�Þ after the cancellation of �ðe4; 4�Þ þ ðe1 þ e2 � e5; 4
�Þ (see

Figure 28).

Fig. 28. gj and CðgjÞ.
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Remark 4. Figure 28 says also that the negative tiles in Fðx; 251Þ,
Fðx; 155Þ and Fðx; 554Þ disappeared in CðgiÞ ði ¼ 1; 2; . . . ; 11Þ. Each CðgiÞ
consists of only positive t�-tiles.

Proposition 4. The following commutative relation holds for any n A N:

C � hn ¼ t�n �C on FðGÞ

Proof. For g1 ¼ jð0; 251Þ þ ðe1 � e5; 552Þj, we have

t�ðCðg1ÞÞ ¼ t�ðFðð0; 251Þ þ ðe1 � e5; 552ÞÞÞ

¼ t�ðð0; 3�Þ þ ð0; 5�Þ þ ðe1 � e5; 1
�ÞÞ

¼ ð0; 2�Þ þ ð0; 4�Þ þ ðe1 � e4; 1
�Þ þ ð�e4 þ e5; 5

�Þ:

On the other hand, we know

Cðh�ðg1ÞÞ ¼ Cðð0; 155Þ þ ð�e4 þ e5; 451Þ þ ðe1 � e4; 554ÞÞ

¼ ð0; 2�Þ þ ð0; 4�Þ þ ðe1 � e4; 1
�Þ þ ð�e4 þ e5; 5

�Þ

We see that gi ði ¼ 2; 3; . . . ; 11Þ hold analogously. r

We can also consider t� as the tiling substitution on the Riemann surface

R. By Proposition 4, we get each j A f1; 2; . . . ; 5g

h5þnðgjÞ0
rf
t�ð5þnÞðCðgjÞÞ ðn A NU f0gÞ:

Let us take the following connected patch on R:

~WWt � :¼
X5

j¼1

CðgjÞ:

Then we have

t�nð ~WWt � Þ0
rf
t�ðnþ1Þð ~WWt � Þ ðn A NU f0gÞ:

Therefore we get the following theorem.

Theorem 5. The dual tiling substitution t� generates the tiling TðR;Lt � ;

t�; ~WWt � Þ of R, and TðR;Lt � ; t
�; ~WWt � Þ is a refinement of TðR;G ; h;LðGÞÞ, that is,

(1) TðR;Lt � ; t
�; ~WWt � Þ :¼ lim

n!y
Tðt�nð ~WWt � ÞÞ is a tiling of R,

(2) TðR;G ; h;LðGÞÞ0
rf
TðR;Lt � ; t

�; ~WWt � Þ.

Moreover we have the following theorem.
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Fig. 29. s�5ð0; i5 jÞ, Fðs�5ð0; i5 jÞÞ ði5 j A L 0
s � ), and s�5ðWs � Þ, Fðs�5ðWs � ÞÞ.
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Theorem 6. Let $ : R ! P be the canonical projection. Then we have

$ðTðR;Lt � ; t
�; ~WWt � ÞÞ ¼ TðP;Lt � ; t

�;Wt � Þ;

that is, for any tile ðx; j �Þ of TðP;Lt � ; t
�;Wt � Þ, there exist only two tiles

ðx; j �Þ1, ðx; j �Þ2 of TðR;Lt � ; t
�; ~WWt � Þ such that

$ðx; j �Þ1 ¼ $ðx; j �Þ2 ¼ ðx; j �Þ

(see Figure 29).

Proof. The t�-tilings of R and P are generated by the same tiling rule

t�. Thus by Proposition 4 we get the conclusion. r
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