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Abstract. Under the assumption that the three-factor and higher-order interactions

are negligible, we consider a partially balanced fractional 2m1þm2 factorial design derived

from a simple partially balanced array such that the general mean, all the m1 þm2 main

e¤ects, and some linear combinations of m1

2

� �
two-factor interactions, of the m2

2

� �
ones

and of the m1m2 ones are estimable, where 2amk for k ¼ 1; 2. This paper presents

optimal designs with respect to the generalized A-optimality criterion when the number

of assemblies is less than the number of non-negligible factorial e¤ects, where 2am1;

m2 a 4.

1. Introduction

As a special case of an asymmetrical balanced array as defined by Nishii

[10], a partially balanced array (PBA) of 2 symbols and m1 þm2 constraints

was presented by Kuwada [3]. A PBA of strength m1 þm2 is said to be

simple, and it is written by SPBAðm1 þm2; fli1; i2gÞ for brevity, where li1; i2 are

the indices of an SPBA. A fractional factorial design derived from an array of

2 symbols and m1 þm2 constraints is called a partially balanced fractional

2m1þm2 factorial (2m1þm2 -PBFF ) design if the variance-covariance matrix of the

estimators of the factorial e¤ects to be of interest is invariant under any

permutation within mk factors for each k ðk ¼ 1; 2Þ. Under certain conditions,

a PBA of 2 symbols and m1 þm2 constraints turns out to be a 2m1þm2 -PBFF

design (see [3]). If the general mean (¼ y00, say), all the m1 main e¤ects

(¼ y10, say), all the m2 ones (¼ y01, say) and all the m1

a1

� �
m2

a2

� �
two-factor

interactions (¼ ya1a2 , say) are estimable for a1a2 A W�, and the factorial e¤ects

of the m1

b1

� �
m2

b2

� �
ones (¼ yb1b2 , say) are confounded with each other for

b1b2 A W�, then a design is said to be of resolutions Rðf00; 10; 01gUW� jWÞ,
where the three-factor and higher-order interactions are assumed to be

negligible, W� ¼ f20; 02g; f20; 11g (or f02; 11g), f20g (or f02g), f11g, f; W� ¼
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f20; 02; 11g �W�, and W ¼ f00; 10; 01; 20; 02; 11g. Optimal 2m1þm2 -PBFF

designs of resolutions Rðf00; 10; 01gUW� jWÞ with respect to the generalized

A-optimality (GA-optimality) criterion (see [6]) have been obtained by Kuwada

et al. [6, 7] and Lu et al. [8], where 2am1;m2 a 4.

In this paper, we consider a 2m1þm2 -PBFF design such that y00, y10 and y01
are estimable and the e¤ects of y20, y02 and y11 are confounded with each

other, where the three-factor and higher-order interactions are assumed to be

negligible. Such a design is said to be of resolution Rðf00; 10; 01g jWÞ. A

resolution Rðf00; 10; 01g jWÞ design considered here is a part of the ordinary

resolution IV designs (e.g. [9]). Furthermore we present GA-optimal 2m1þm2 -

PBFF designs of resolution Rðf00; 10; 01g jWÞ when the number of assemblies

(or treatment combinations) is less than the number of non-negligible factorial

e¤ects, where 2am1;m2 a 4.

2. Preliminaries

We consider a fractional 2m1þm2 factorial design T with m1 þm2 factors

each at 2 levels and N assemblies, where the three-factor and higher-order

interactions are assumed to be negligible, and 2am1;m2. Let Y ¼ ðy 0
00; y

0
10;

y 0
01; y

0
20; y

0
02; y

0
11Þ

0, which is the nðm1;m2Þ � 1 vector of the non-negligible fac-

torial e¤ects, where nðm1;m2Þ ¼ 1þ ðm1 þm2Þ þ m1þm2

2

� �
and A 0 denotes the

transpose of a matrix A. Under the linear model: yðTÞ ¼ ETY þ eT , where

yðTÞ, ET and eT are an N � 1 observation vector, the N � nðm1;m2Þ design

matrix whose elements are either 1 or �1, and an N � 1 error vector with mean

0N and variance-covariance matrix s2IN , respectively, the normal equations for

estimating Y are given by

MT ŶY ¼ E 0
TyðTÞ; ð2:1Þ

where MT ð¼ E 0
TET Þ is the information matrix of order nðm1;m2Þ.

Let T ð¼ ðT ð1Þ;T ð2ÞÞ, sayÞ be a 2m1þm2 -PBFF design derived from an

SPBAðm1 þm2; fli1; i2gÞ, where T ðkÞ are of size N �mk ðk ¼ 1; 2Þ. Then MT

is given by

MT ¼
X
a1a2

X
b1b2

X
a1a2

gja1�b1jþ2a1; ja2�b2jþ2a2
Dða1a2;b1b2Þ

a1a2

¼
X
a1a2

X
b1b2

X
b1b2

ka1a2;b1b2
b1b2

D
aða1a2;b1b2Þ
b1b2

;

where the relationships between gi1; i2 and lj1; j2 , and ka1a2;b1b2
b1b2

and gi1; i2 are,

respectively, given by
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gi1; i2 ¼
X
j1; j2

Y2
k¼1

X
pk

ð�1Þpk ik

pk

� �
mk � ik

jk � ik þ pk

� �( )
lj1; j2 ;

ka1a2;b1b2
b1b2

¼
X
a1a2

z
ða1a2;b1b2Þ
b1b2a1a2

gja1�b1jþ2a1; ja2�b2jþ2a2

ð2:2Þ

(see [3]). Here D
ða1a2;b1b2Þ
a1a2 for a1a2; b1b2 A Sa1a2 ða1a2 ¼ 00; 10; 01; 20 (if m1 b 4Þ,

02 (if m2 b 4), 11) are the nðm1;m2Þ � nðm1;m2Þ ordered association matrices of

the extended triangular multidimensional partially balanced (ETMDPB) as-

sociation scheme, D
aða1a2;b1b2Þ
b1b2

for a1a2; b1b2 A Sb1b2 (b1b2 ¼ 00; 10; 01; 20 (if

m1 b 4), 02 (if m2 b 4), 11) are the matrices of order nðm1;m2Þ given by

some linear combinations of D
ða1a2;b1b2Þ
a1a2 , and z

ða1a2;b1b2Þ
b1b2a1a2

¼ z
ða1;b1Þ
b1a1

z
ða2;b2Þ
b2a2

, where

S00 ¼ f00; 10; 01; 20; 02; 11g, S10 ¼ f10; 20 (if m1 b 3Þ; 11g, S01 ¼ f01; 02 (if

m2 b 3Þ; 11g, S20 ¼ f20g (if m1 b 4), S02 ¼ f02g (if m2 b 4) and S11 ¼ f11g,
and

z
ða;bÞ
ba ð¼ z

ðb;aÞ
ba Þ ¼

Xa
p¼0

ð�1Þa�p a� b

p

� �
a� p

a� a

� �
m� a� b þ p

p

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m� a� b

b� a

� �
b� b

b� a

� �s �
b� aþ p

p

� �
for aa b

(see [3, 12]). Thus from the properties of the ETMDPB association algebra

½Daða1a2;b1b2Þ
b1b2

j a1a2; b1b2 A Sb1b2 (b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4),

11)� ð¼ A, sayÞ, the information matrix MT is isomorphic to kka1a2;b1b2
b1b2

k
ð¼ Kb1b2 , sayÞ of order 6 for b1b2 ¼ 00, of order 3 (if m1 b 3) (or 2 (if m1 ¼ 2))

for b1b2 ¼ 10, of order 3 (if m2 b 3) (or 2 (if m2 ¼ 2)) for b1b2 ¼ 01, of order 1

(if m1 b 4) for b1b2 ¼ 20, of order 1 (if m2 b 4) for b1b2 ¼ 02 and of order 1

for b1b2 ¼ 11 with multiplicities f00, f10, f01, f20, f02 and f11, respectively

(see [3]). Here fb1b2 ¼ fb1fb2 and fb ¼ m
b

� �
� m

b�1

� �
. Note that Kb1b2 are

called the irreducible representations of MT with respect to the ideals

½Daða1a2;b1b2Þ
b1b2

j a1a2; b1b2 A Sb1b2 � ð¼ Ab1b2 , sayÞ for b1b2 ¼ 00; 10; 01; 20 (if

m1 b 4), 02 (if m2 b 4), 11 of the algebra A (see [3]). Let A
aða1a2;b1b2Þ
b1b2

be the

na1a2 � nb1b2 submatrices of D
aða1a2;b1b2Þ
b1b2

corresponding to the a1a2-th row block

and the b1b2-th column block, where na1a2 ¼ m1

a1

� �
m2

a2

� �
. Then the properties of

A
aða1a2;b1b2Þ
b1b2

and D
aða1a2;b1b2Þ
b1b2

are cited in the following:

A
aða1a2; c1c2Þ
b1b2

Aaðc1c2;b1b2Þ
g1g2

¼ db1g1db2g2A
aða1a2;b1b2Þ
b1b2

;X
b1b2

A
aða1a2;a1a2Þ
b1b2

¼ Ina1a2 ; rankfAaða1a2;b1b2Þ
b1b2

g ¼ fb1b2 ; ð2:3Þ
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D
aða1a2; c1c2Þ
b1b2

Daðd1d2;b1b2Þ
g1g2

¼ dc1d1dc2d2db1g1db2g2D
aða1a2;b1b2Þ
b1b2

;X
a1a2

X
b1b2

D
aða1a2;a1a2Þ
b1b2

¼ Inðm1;m2Þ; rankfDaða1a2;b1b2Þ
b1b2

g ¼ fb1b2

(see [3]), where dpq is the Kronecker delta. From (2.2), we have

Kb1b2 ¼ ðDb1b2Fb1b2Lb1b2ÞðDb1b2Fb1b2Lb1b2Þ
0 ð2:4Þ

(see [6]), where

D00 ¼ diag½1;�1=
ffiffiffiffiffiffi
m1

p
;�1=

ffiffiffiffiffiffi
m2

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m1ðm1 � 1Þ

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2ðm2 � 1Þ

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p �;

D10 ¼
diag½2;�2=

ffiffiffiffiffiffi
m2

p � if m1 ¼ 2;

diag½2;�2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1 � 2

p
;�2=

ffiffiffiffiffiffi
m2

p � if m1 b 3;

	

D01 ¼
diag½2;�2=

ffiffiffiffiffiffi
m1

p � if m2 ¼ 2;

diag½2;�2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 2

p
;�2=

ffiffiffiffiffiffi
m1

p � if m2 b 3;

	

D20 ¼
vanishes if m1 ¼ 2; 3;

22 if m1 b 4;

	
D02 ¼

vanishes if m2 ¼ 2; 3;

22 if m2 b 4;

(
D11 ¼ 22;

the column vector of F00 corresponding to la;x ð0a aam1; 0a xam2Þ is

ffiffiffiffiffiffiffiffi
la;x

p
1

m1 � 2a

m2 � 2x

ðm1 � 2aÞ2 �m1

ðm2 � 2xÞ2 �m2

ðm1 � 2aÞðm2 � 2xÞ

0
BBBBBBBB@

1
CCCCCCCCA
, the column one of F10 corresponding to

lb;y ð1a bam1 � 1; 0a yam2Þ is
ffiffiffiffiffiffiffiffi
lb;y

p 1

m1 � 2b

m2 � 2y

0
B@

1
CA (if m1 b 3) (or

ffiffiffiffiffiffiffiffi
l1;y

p 1

m2 � 2y

� �
(if m1 ¼ 2)), the column one of F01 corresponding to

lc; z ð0a cam1; 1a zam2 � 1Þ is
ffiffiffiffiffiffiffi
lc; z

p 1

m2 � 2z

m1 � 2c

0
B@

1
CA (if m2 b 3) (or

ffiffiffiffiffiffiffiffi
lc;1

p 1

m1 � 2c

� �
(if m2 ¼ 2)), and the columns of F20 corresponding to

ld;u ð2a dam1 � 2; 0a uam2Þ, of F02 corresponding to le; v ð0a eam1;

2a vam2 � 2Þ and of F11 corresponding to lf ;w ð1a f am1 � 1;

1awam2 � 1Þ are
ffiffiffiffiffiffiffiffi
ld;u

p
,

ffiffiffiffiffiffiffi
le; v

p
and

ffiffiffiffiffiffiffiffi
lf ;w

p
, respectively, and the diagonal

elements of Lb1b2 (b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4), 11)

corresponding to lg; s ðb1 a gam1 � b1; b2 a sam2 � b2Þ are given byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1�2b1
g�b1

� �
m2�2b2
s�b2

� �r
and the o¤-diagonal elements of them are all zero. Note
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that F00 is of size 6� fðm1 þ 1Þðm2 þ 1Þg, F10 is of size 3� fðm1 � 1Þðm2 þ 1Þg
(if m1 b 3) (or 2� ðm2 þ 1Þ (if m1 ¼ 2)), F01 is of size 3� fðm1 þ 1Þðm2 � 1Þg
(if m2 b 3) (or 2� ðm1 þ 1Þ (if m2 ¼ 2)), F20 (if m1 b 4) is of size 1� ðm1 � 3Þ,
F02 (if m2 b 4) is of size 1� ðm2 � 3Þ and F11 is of size 1� fðm1 � 1Þðm2 � 1Þg,
and Lb1b2 are of order ðm1 þ 1� 2b1Þðm2 þ 1� 2b2Þ.

It follows from the definitions of Db1b2 , Fb1b2 and Lb1b2 that rankfKb1b2g ¼
r-rankfFb1b2g, where r-rankfAg denotes the row rank of a matrix A.

Let T ¼ ðT ð1Þ;T ð2ÞÞ be an SPBAðm1 þm2; fli1; i2gÞ, and further let
~TT ¼ ðT ð1Þ;T ð2ÞÞ; �TT ¼ ðT ð1Þ;T ð2ÞÞ and T ¼ ðT ð1Þ;T ð2ÞÞ, where T ðkÞ denotes the

complement of T ðkÞ. Then ~TT , �TT and T are called the former complementary

array (FCA) of T , the latter complementary array (LCA) of T and the

completely complementary array (CCA) of T , respectively. Note that when T

is an SPBAðm1 þm2; fli1; i2gÞ, ~TT , �TT and T are the SPBAðm1 þm2; flm1�i1; i2gÞ,
the SPBAðm1 þm2; fli1;m2�i2gÞ and the SPBAðm1 þm2; flm1�i1;m2�i2gÞ, respec-

tively. Let M ~TT , M �TT and MT be the information matrices associated with ~TT , �TT

and T , respectively, where T is an SPBAðm1 þm2; fli1; i2gÞ, and further let
~KKb1b2 ,

�KKb1b2 and Kb1b2 be the irreducible representations of M ~TT , M �TT and MT

with respect to the ideals Ab1b2 of the ETMDPB association algebra A,

respectively. Then we have the following (see [6]):

Lemma 2.1. Let T be an SPBAðm1 þm2; fli1; i2gÞ, where 2amk

ðk ¼ 1; 2Þ. Then ~KKb1b2 ¼ ~DDb1b2Kb1b2
~DDb1b2 ,

�KKb1b2 ¼ �DDb1b2Kb1b2
�DDb1b2 and Kb1b2 ¼

Db1b2Kb1b2Db1b2 for b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4), 11, where
~DD00 ¼ diag½þ;�;þ;þ;þ;��, �DD00 ¼ diag½þ;þ;�;þ;þ;��, D00 ¼ diag½þ;�;�;

þ;þ;þ�, ~DD10 ¼ diag½þ;�;þ� (if m1 b 3) (or diag½þ;þ� (if m1 ¼ 2)), �DD10 ¼
diag½þ;þ;�� (if m1 b 3) (or diag½þ;�� (if m1 ¼ 2)), D10 ¼ diag½þ;�;�� (if

m1 b 3) (or diag½þ;�� (if m1 ¼ 2)), ~DD01 ¼ diag½þ;þ;�� (if m2 b 3)) (or

diag½þ;�� (if m2 ¼ 2)), �DD01 ¼ diag½þ;�;þ� (if m2 b 3) (or diag½þ;þ� (if

m2 ¼ 2)), D01 ¼ diag½þ;�;�� (if m2 b 3) (or diag½þ;�� (if m2 ¼ 2)), ~DD20 ¼
�DD20 ¼ D20 ¼ ðþÞ (if m1 b 4) (or vanishes (if m1 ¼ 2; 3)), ~DD02 ¼ �DD02 ¼ D02 ¼
ðþÞ (if m2 b 4)) (or vanishes (if m2 ¼ 2; 3)) and ~DD11 ¼ �DD11 ¼ D11 ¼ ðþÞ. Here

þ and � denote 1 and �1, respectively.

3. Parametric functions

We now consider a 2m1þm2 -PBFF design of resolution R(f00; 10; 01g jWÞ
derived from an SPBAðm1 þm2; fli1; i2g). A necessary and su‰cient condition

for parametric functions CY of Y to be estimable for some matrix C of order

nðm1;m2Þ is that there exists a matrix X of order nðm1;m2Þ such that XMT ¼ C

(e.g. [11]). Since MT belongs to the ETMDPB association algebra A, we

impose some restrictions on C such that it belongs to A, and hence X also

belongs to it (e.g. [6]). Thus we define C and X as follows:
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C ¼ D
að00;00Þ
00 þ fDað10;10Þ

00 þD
að10;10Þ
10 g þ fDað01;01Þ

00 þD
að01;01Þ
01 g

þ fg20;2000 D
að20;20Þ
00 þ g

20;20
10 D

að20;20Þ
10 ðif m1 b 3Þ

þ g
20;20
20 D

að20;20Þ
20 ðif m1 b 4Þg

þ fg20;0200 D
að20;02Þ
00 þ g

02;20
00 D

að02;20Þ
00 g

þ fg20;1100 D
að20;11Þ
00 þ g20;1110 D

að20;11Þ
10 ðif m1 b 3Þ

þ g
11;20
00 D

að11;20Þ
00 þ g

11;20
10 D

að11;20Þ
10 ðif m1 b 3Þg

þ fg02;0200 D
að02;02Þ
00 þ g

02;02
01 D

að02;02Þ
01 ðif m2 b 3Þ

þ g
02;02
02 D

að02;02Þ
02 ðif m2 b 4Þg

þ fg02;1100 D
að02;11Þ
00 þ g02;1101 D

að02;11Þ
01 ðif m2 b 3Þ

þ g11;0200 D
að11;02Þ
00 þ g11;0201 D

að11;02Þ
01 ðif m2 b 3Þg

þ fg11;1100 D
að11;11Þ
00 þ g

11;11
10 D

að11;11Þ
10 þ g

11;11
01 D

að11;11Þ
01

þ g
11;11
11 D

að11;11Þ
11 g; ð3:1Þ

X ¼
X
a1a2

X
b1b2

X
b1b2

wa1a2;b1b2
b1b2

D
aða1a2;b1b2Þ
b1b2

;

where ga1a2;b1b2
g1g2

are some constants. Then C and X are isomorphic to Gb1b2

and Xb1b2 (b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4), 11), respectively,

where

G00 ¼ diag I3;

g
20;20
00 g

20;02
00 g

20;11
00

g02;2000 g02;0200 g02;1100

g11;2000 g11;0200 g11;1100

0
BB@

1
CCA

2
664

3
775;

G10 ¼

diag½1; g11;1110 � if m1 ¼ 2;

diag 1;
g
20;20
10 g

20;11
10

g
11;20
10 g

11;11
10

 !" #
if m1 b 3;

8>>><
>>>:

G01 ¼

diag½1; g11;1101 � if m2 ¼ 2;

diag 1;
g
02;02
01 g

02;11
01

g
11;02
01 g

11;11
01

 !" #
if m2 b 3;

8>>><
>>>:
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G20 ¼
vanishes if m1 ¼ 2; 3;

g
20;20
20 if m1 b 4;

	
G02 ¼

vanishes if m2 ¼ 2; 3;

g
02;02
02 if m2 b 4;

	

G11 ¼ g
11;11
11 ; Xb1b2 ¼ kwa1a2;b1b2

b1b2
k:

Thus XMT ¼ C is isomorphic to Xb1b2Kb1b2 ¼ Gb1b2 . Note that if CY is

estimable, where C is given by (3.1), then a design is of resolution

Rðf00; 10; 01g jWÞ.
If Nb nðm1;m2Þ, then there exists a 2m1þm2 -PBFF design of resolution

RðWjWÞ (e.g. [3]). A resolution R(WjW) design is of resolution V . Thus we

focus on obtaining a 2m1þm2 -PBFF design of resolution Rðf00; 10; 01g jWÞ
derived from an SPBAðm1 þm2; fli1; i2g) with N < nðm1;m2Þ and 2amk

ðk ¼ 1; 2Þ. Since N < nðm1;m2Þ, the information matrix MT is singular, and

hence at least one of Kb1b2 is singular. Therefore at least one of Fb1b2 is not of

full row rank. The system of equations ðm1 � 2aÞ2 �m1 ¼ 0, ðm2 � 2xÞ2 �m2

¼ 0 and ðm1 � 2aÞðm2 � 2xÞ ¼ 0 with parameters a and x has no solution.

Thus there do not exist the indices la;x of an SPBA such that r-rankfF00g ¼ 3

and the last three rows of F00 are zero. Applying Lemma A.1 to the matrix

equations Xb1b2Kb1b2 ¼ Gb1b2 with parameter matrices Xb1b2 , we have the fol-

lowing:

Lemma 3.1. Let T be a 2m1þm2 -PBFF design of resolution

Rðf00; 10; 01g jWÞ derived from an SPBAðm1 þm2; fli1; i2gÞ with N < nðm1;m2Þ
and 2amk for k ¼ 1; 2. Then the first three rows of F00 and each of the first

row of F10 and of F01 must be linearly independent, and furthermore

(A) ( i ) if r-rankfF00g ¼ 4, then (a) the last two rows of F00 are zero,

(b) the fourth and the last rows of F00 are zero,

(c) the fourth and the fifth rows of F00 are zero,

(d) the last row of F00 is zero and the fifth equals u00 ð0 0Þ times the

fourth,

(e) the fifth row of F00 is zero and the last equals v00 ð0 0Þ times the

fourth,

(f ) the fourth row of F00 is zero and the last equals w00 ð0 0Þ times

the fifth, or

(g) the fifth and the last rows of F00 equal u00 ð0 0Þ times the fourth

and v00 ð0 0Þ times the fourth, respectively, and

(ii) if r-rankfF00g ¼ 5, then (a) the last row of F00 is zero,

(b) the fifth row of F00 is zero,

(c) the fourth row of F00 is zero,

(d) the last row of F00 equals w00 ð0 0Þ times the fifth,

(e) the last row of F00 equals v00 ð0 0Þ times the fourth,

(f ) the fifth row of F00 equals u00 ð0 0Þ times the fourth, or
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(g) the last row of F00 equals the sum of v00 ð0 0Þ times the fourth

and w00 ð0 0Þ times the fifth,

(B) ( i ) if r-rankfF10g ¼ 1, then (1) when m1 ¼ 2, the last row of F10 is zero,

and

(2) when m1 b 3, the last two rows of F10 are zero, and

(ii) if m1 b 3 and r-rankfF10g ¼ 2, then (a) the last row of F10 is zero,

(b) the second row of F10 is zero, or

(c) the last row of F10 equals v10 ð0 0Þ times the second, and

(C) ( i ) if r-rankfF01g ¼ 1, then (1) when m2 ¼ 2, the last row of F01 is zero,

and

(2) when m2 b 3, the last two rows of F01 are zero, and

(ii) if m2 b 3 and r-rankfF01g ¼ 2, then (a) the last row of F01 is zero,

(b) the second row of F01 is zero, or

(c) the last row of F01 equals w01 ð0 0Þ times the second.

If Fb1b2 is of full row rank for some b1b2 (and hence Kb1b2 is of full rank),

then in the matrix equation Xb1b2Kb1b2 ¼ Gb1b2 , there always exists Xb1b2 such

that Xb1b2 ¼ K�1
b1b2

, and hence Gb1b2 is the identity matrix. Thus if Fg1g2 is of

full row rank, then without loss of generality, we can put ga1a2;b1b2
g1g2

¼ 1

(g1g2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4), 11) if a1a2 ¼ b1b2 and

ga1a2;b1b2
g1g2

¼ 0 (g1g2 ¼ 00; 10 (if m1 b 3), 01 (if m2 b 3)) if a1a2 0 b1b2.

Therefore (2.3), (2.4), and Lemmas 3.1 and A.1 yield the following:

Theorem 3.2. Let T be a 2m1þm2 -PBFF design of resolution

Rðf00; 10; 01g jWÞ derived from an SPBAðm1 þm2; fli1; i2gÞ with N < nðm1;m2Þ
and 2amk ðk ¼ 1; 2Þ. Then we have the following:

( I ) If the matrix Fb1b2 (b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4), 11) is

of full row rank, then A
aða1a2;a1a2Þ
b1b2

ya1a2 ða1a2 A Sb1b2Þ are estimable,

(II) if the first three rows of F00 are linearly independent, then A
aða1a2;a1a2Þ
00 ya1a2

ða1a2 ¼ 00; 10; 01Þ are estimable, and in addition

(A) ( i ) if r-rankfF00g ¼ 4, and furthermore

(a) if the last two rows of F00 are zero, then

g
b1b2;20
00 A

aðb1b2;20Þ
00 y20 ¼ g

b1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20Þ
ðb1b2 ¼ 20; 02; 11Þ

are estimable,

(b) if the fourth and the last rows of F00 are zero, then

gb1b2;02
00 A

aðb1b2;02Þ
00 y02 ¼ gb1b2;02

00 A
aðb1b2;02Þ
00 ðAað02;02Þ

00 y02Þ

are estimable,

(c) if the fourth and the fifth rows of F00 are zero, then
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gb1b2;11
00 A

aðb1b2;11Þ
00 y11 ¼ gb1b2;11

00 A
aðb1b2;11Þ
00 ðAað11;11Þ

00 y11Þ
are estimable,

(d) if the last row of F00 is zero and the fifth equals u00 ð0 0Þ
times the fourth, then

gb1b2;20
00 A

aðb1b2;20Þ
00 y20 þ gb1b2;02

00 A
aðb1b2;02Þ
00 y02

¼ gb1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20 þ u�
00A

að20;02Þ
00 y02Þ

are estimable, where u�
00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1ðm1 � 1Þ=fm2ðm2 � 1Þg

p
u00,

(e) if the fifth row of F00 is zero and the last equals v00 ð0 0Þ
times the fourth, then

gb1b2;20
00 A

aðb1b2;20Þ
00 y20 þ gb1b2;11

00 A
aðb1b2;11Þ
00 y11

¼ gb1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20 þ v�00A
að20;11Þ
00 y11Þ

are estimable, where v�00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðm1 � 1Þ=m2

p
v00,

(f ) if the fourth row of F00 is zero and the last equals

w00 ð0 0Þ times the fifth, then

g
b1b2;02
00 A

aðb1b2;02Þ
00 y02 þ g

b1b2;11
00 A

aðb1b2;11Þ
00 y11

¼ g
b1b2;02
00 A

aðb1b2;02Þ
00 ðAað02;02Þ

00 y02 þ w�
00A

að02;11Þ
00 y11Þ

are estimable, where w�
00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðm2 � 1Þ=m1

p
w00, and

(g) if the fifth and the last rows of F00 equal u00 ð0 0Þ times

the fourth and v00 ð0 0Þ times the fourth, respectively, then

g
b1b2;20
00 A

aðb1b2;20Þ
00 y20 þ g

b1b2;02
00 A

aðb1b2;02Þ
00 y02 þ g

b1b2;11
00

� A
aðb1b2;11Þ
00 y11

¼ gb1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20 þ u�
00A

að20;02Þ
00 y02

þ v�00A
að20;11Þ
00 y11Þ

are estimable, and

(ii) if r-rankfF00g ¼ 5, and furthermore

(a) if the last row of F00 is zero, then

gb1b2;20
00 A

aðb1b2;20Þ
00 y20 þ gb1b2;02

00 A
aðb1b2;02Þ
00 y02

¼ gb1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20Þ þ gb1b2;02
00 A

aðb1b2;02Þ
00

� ðAað02;02Þ
00 y02Þ

are estimable,

(b) if the fifth row of F00 is zero, then

g
b1b2;20
00 A

aðb1b2;20Þ
00 y20 þ g

b1b2;11
00 A

aðb1b2;11Þ
00 y11

¼ g
b1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20Þ þ g
b1b2;11
00 A

aðb1b2;11Þ
00

� ðAað11;11Þ
00 y11Þ

are estimable,
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(c) if the fourth row of F00 is zero, then

gb1b2;02
00 A

aðb1b2;02Þ
00 y02 þ gb1b2;11

00 A
aðb1b2;11Þ
00 y11

¼ gb1b2;02
00 A

aðb1b2;02Þ
00 ðAað02;02Þ

00 y02Þ þ gb1b2;11
00 A

aðb1b2;11Þ
00

� ðAað11;11Þ
00 y11Þ

are estimable,

(d) if the last row of F00 equals w00 ð0 0Þ times the fifth, then

g
b1b2;20
00 A

aðb1b2;20Þ
00 y20 þ g

b1b2;02
00 A

aðb1b2;02Þ
00 y02 þ g

b1b2;11
00

� A
aðb1b2;11Þ
00 y11

¼ g
b1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20Þ
þ g

b1b2;02
00 A

aðb1b2;02Þ
00 ðAað02;02Þ

00 y02 þ w�
00A

að02;11Þ
00 y11Þ

are estimable,

(e) if the last row of F00 equals v00 ð0 0Þ times the fourth,

then

g
b1b2;20
00 A

aðb1b2;20Þ
00 y20 þ g

b1b2;02
00 A

aðb1b2;02Þ
00 y02 þ g

b1b2;11
00

� A
aðb1b2;11Þ
00 y11

¼ g
b1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20 þ v�00A
að20;11Þ
00 y11Þ

þ g
b1b2;02
00 A

aðb1b2;02Þ
00 ðAað02;02Þ

00 y02Þ

are estimable,

(f ) if the fifth row of F00 equals u00 ð0 0Þ times the fourth,

then

g
b1b2;20
00 A

aðb1b2;20Þ
00 y20 þ g

b1b2;02
00 A

aðb1b2;02Þ
00 y02 þ g

b1b2;11
00

� A
aðb1b2;11Þ
00 y11

¼ gb1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20 þ u�
00A

að20;02Þ
00 y02Þ

þ gb1b2;11
00 A

aðb1b2;11Þ
00 ðAað11;11Þ

00 y11Þ

are estimable, and

(g) if the last row of F00 equals the sum of v00 ð0 0Þ times the

fourth and w00 ð0 0Þ times the fifth, then

gb1b2;20
00 A

aðb1b2;20Þ
00 y20 þ gb1b2;02

00 A
aðb1b2;02Þ
00 y02 þ gb1b2;11

00

� A
aðb1b2;11Þ
00 y11

¼ g
b1b2;20
00 A

aðb1b2;20Þ
00 ðAað20;20Þ

00 y20 þ v�00A
að20;11Þ
00 y11Þ

þ g
b1b2;02
00 A

aðb1b2;02Þ
00 ðAað02;02Þ

00 y02 þ w�
00A

að02;11Þ
00 y11Þ

are estimable,

(B) ( i ) if r-rankfF10g ¼ 1, and furthermore if m1 ¼ 2 and the last row

of F10 is zero, or if m1 b 3 and the last two rows of F10 are

zero, then A
að10;10Þ
10 y10 is estimable, and
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(ii) if m1 b 3, r-rankfF10g ¼ 2 and the first row of F10 is linearly

independent, then A
að10;10Þ
10 y10 is estimable, and furthermore

(a) if the last row of F10 is zero, then

g
c1c2;20
10 A

aðc1c2;20Þ
10 y20 ¼ g

c1c2;20
10 A

aðc1c2;20Þ
10 ðAað20;20Þ

10 y20Þ
ðc1c2 ¼ 20; 11Þ

are estimable,

(b) if the second row of F10 is zero, then

gc1c2;11
10 A

aðc1c2;11Þ
10 y11 ¼ gc1c2;11

10 A
aðc1c2;11Þ
10 ðAað11;11Þ

10 y11Þ

are estimable, and

(c) if the last row of F10 equals v10 ð0 0Þ times the second,

then

g
c1c2;20
10 A

aðc1c2;20Þ
10 y20 þ g

c1c2;11
10 A

aðc1c2;11Þ
10 y11

¼ g
c1c2;20
10 A

aðc1c2;20Þ
10 ðAað20;20Þ

10 y20 þ v�10A
að20;11Þ
10 y11Þ

are estimable, where v�10 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 � 2Þ=m2

p
v10, and

(C) ( i ) if r-rankfF01g ¼ 1, and furthermore if m2 ¼ 2 and the last row

of F01 is zero, or if m2 b 3 and the last two rows of F01 are

zero, then A
að01;01Þ
01 y01 is estimable, and

(ii) if m2 b 3, r-rankfF01g ¼ 2 and the first row of F01 is linearly

independent, then A
að01;01Þ
01 y01 is estimable, and furthermore

(a) if the last row of F01 is zero, then

gd1d2;02
01 A

aðd1d2;02Þ
01 y02 ¼ gd1d2;02

01 A
aðd1d2;02Þ
01 ðAað02;02Þ

01 y02Þ
ðd1d2 ¼ 02; 11Þ

are estimable,

(b) if the second row of F01 is zero, then

gd1d2;11
01 A

aðd1d2;11Þ
01 y11 ¼ gd1d2;11

01 A
aðd1d2;11Þ
01 ðAað11;11Þ

01 y11Þ

are estimable, and

(c) if the last row of F01 equals w01 ð0 0Þ times the second,

then

g
d1d2;02
01 A

aðd1d2;02Þ
01 y02 þ g

d1d2;11
01 A

aðd1d2;11Þ
01 y11

¼ g
d1d2;02
01 A

aðd1d2;02Þ
01 ðAað02;02Þ

01 y02 þ w�
01A

að02;11Þ
01 y11Þ

are estimable, where w�
01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2 � 2Þ=m1

p
w01.

Remark 3.1. It follows from Lemma A.1 that in Theorem 3.2(II), since

ga1a2;b1b2
g1g2

ðg1g2 ¼ 00; 10; 01Þ are arbitrary, without loss of generality, we can put
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(A) ga1a2;a1a2
00 ¼ 1 for (i)(a) and (ii)(a),(b),(d) ða1a2 ¼ 20Þ, (i)(b) and (ii)(a),(c),

(e) ða1a2 ¼ 02Þ, (i)(c) and (ii)(b),(c),(f ) ða1a2 ¼ 11Þ, g
a1a2;b1b2
00 ¼ 0 for

(ii)(a),(d),(e),(g) ðða1a2; b1b2Þ ¼ ð20; 02Þ; ð02; 20ÞÞ, (b),(f ) ðða1a2; b1b2Þ ¼
ð20; 11Þ; ð11; 20ÞÞ, (c) ðða1a2; b1b2Þ ¼ ð02; 11Þ; ð11; 02ÞÞ, g

a1a2;b1b2
00 0 0 for

(i)(a),(d),(e),(g) ða1a2 ¼ 02; 11; b1b2 ¼ 20Þ, (b),(f ) ða1a2 ¼ 20; 11; b1b2 ¼ 02Þ,
(c) ða1a2 ¼ 20; 02; b1b2 ¼ 11Þ, and ðga1a2;b1b2

00 ; ga1a2; c1c2
00 Þ0 ð0; 0Þ for (ii)(c)

ða1a2 ¼ 20; b1b2 ¼ 02; c1c2 ¼ 11Þ, (b),(f ) ða1a2 ¼ 02; b1b2 ¼ 20; c1c2 ¼ 11Þ,
(a),(d),(e),(g) ða1a2 ¼ 11; b1b2 ¼ 20; c1c2 ¼ 02Þ,

(B) g
a1a2;a1a2
10 ¼ 1 for (ii)(a) ða1a2 ¼ 20Þ, (b) ða1a2 ¼ 11Þ, and g

a1a2;b1b2
10 0 0 for

(ii)(a),(c) ðða1a2; b1b2Þ ¼ ð11; 20ÞÞ, (b) ðða1a2; b1b2Þ ¼ ð20; 11ÞÞ, and

(C) g
a1a2;a1a2
01 ¼ 1 for (ii)(a) ða1a2 ¼ 02Þ, (b) ða1a2 ¼ 11Þ, and g

a1a2;b1b2
01 0 0 for

(ii)(a),(c) ðða1a2; b1b2Þ ¼ ð11; 02ÞÞ, (b) ðða1a2; b1b2Þ ¼ ð02; 11ÞÞ.
Furthermore we define g

a1a2;a1a2
00 ð¼ g

a1a2;a1a2
00 ðaÞ, sayÞ for (A)(i)(d),(e),(g) and

(ii)(e),(f ),(g) ða1a2 ¼ 20Þ, (i)(f ) and (ii)(d),(g) ða1a2 ¼ 02Þ, g20;2010 ð¼ g20;2010 ðaÞ,
sayÞ for (B)(ii)(c), and g

02;02
01 ð¼ g

02;02
01 ðaÞ, sayÞ for (C)(ii)(c) as follows:

ga1a2;a1a2
g1g2

ð0Þ ¼ 1 ðg1g2 ¼ 00; 10; 01Þ for all the cases, g
20;20
00 ðaÞ ¼ 1=ð1þ ju�

00jÞ if

a ¼ 1 and 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðu�

00Þ
2

q
if a ¼ 2 for (A)(i)(d) and (ii)(f ), g

20;20
00 ðaÞ ¼

1=ð1þ jv�00jÞ if a ¼ 1 and 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðv�00Þ

2
q

if a ¼ 2 for (A)(i)(e) and (ii)(e),(g),

g
02;02
00 ðaÞ ¼ 1=ð1þ jw�

00jÞ if a ¼ 1 and 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðw�

00Þ
2

q
if a ¼ 2 for (A)(i)(f ) and

(ii)(d),(g), g20;2000 ðaÞ ¼ 1=ð1þ ju�
00j þ jv�00jÞ if a ¼ 1 and 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðu�

00Þ
2 þ ðv�00Þ

2
q

if

a ¼ 2 for (A)(i)(g), g20;2010 ðaÞ ¼ 1=ð1þ jv�10jÞ if a ¼ 1 and 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðv�10Þ

2
q

if a ¼ 2

for (B)(ii)(c), and g
02;02
01 ðaÞ ¼ 1=ð1þ jw�

01jÞ if a ¼ 1 and 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðw�

01Þ
2

q
if a ¼ 2

for (C)(ii)(c).

Using Lemma 3.1, we can obtain the following:

Theorem 3.3. Let T be an SPBAðm1 þm2; fli1; i2gÞ with N < nðm1;m2Þ,
where 2am1 am2 a 4. Then T is a 2m1þm2 -PBFF design of resolution

Rðf00; 10; 01g jWÞ if and only if one of the following holds:

( I ) When m1 ¼ m2 ¼ 2 ðnð2; 2Þ ¼ 11Þ,
( i ) l0;1; l1;0; l1;2; l2;1 b 1 and l0;2 ¼ l1;1 ¼ l2;0 ¼ 0, and furthermore

(1) l0;1 þ l1;0 þ l1;2 þ l2;1 a 5 and l0;0 ¼ l2;2 ¼ 0, or

(2) l0;0 þ l2;2 b 1 and 2ðl0;1 þ l1;0 þ l1;2 þ l2;1Þ þ l0;0 þ l2;2 a

10, or its FCA, or

(ii) l0;0; l0;2; l2;0; l2;2 b 1, l1;1 ¼ 1, l0;0 þ l0;2 þ l2;0 þ l2;2 a 6 and

l0;1 ¼ l1;0 ¼ l1;2 ¼ l2;1 ¼ 0,

( II ) when m1 ¼ 2 and m2 ¼ 3 ðnð2; 3Þ ¼ 16Þ, l0;0 þ l2;3 b 1, l0;1; l1;0; l1;3;

l2;2 b 1, 3ðl0;1 þ l2;2Þ þ 2ðl1;0 þ l1;3Þ þ l0;0 þ l2;3 a 15 and l0;2 ¼ l0;3
¼ l1;1 ¼ l1;2 ¼ l2;0 ¼ l2;1 ¼ 0, or its FCA,
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(III) when m1 ¼ 2 and m2 ¼ 4 ðnð2; 4Þ ¼ 22Þ, l0;0 þ l2;4 b 1, l0;1; l1;0; l1;4;

l2;3 b 1, 4ðl0;1 þ l2;3Þ þ 2ðl1;0 þ l1;4Þ þ l0;0 þ l2;4 a 21 and l0;x ¼ l1;y
¼ l2; z ¼ 0 ð2a xa 4; 1a ya 3; 0a za 2Þ, or its FCA,

(IV) when m1 ¼ m2 ¼ 3 ðnð3; 3Þ ¼ 22Þ, l1;3 ¼ l2;0 ¼ 0, and in addition

( i ) l0;1; l1;0; l2;3; l3;2 b 1 and l0;2 ¼ la;x ¼ l3;1 ¼ 0 ð1a a; xa 2Þ, and
furthermore

(1) at least two out of fl0;0; l0;3; l3;0; l3;3g except for fl0;0; l3;3g
and fl0;3; l3;0g are nonzero and 3ðl0;1 þ l1;0 þ l2;3 þ l3;2Þþ
l0;0 þ l0;3 þ l3;0 þ l3;3 a 21, or its FCA, or

(2) l0;0 þ l3;3 b 1, 3ðl0;1 þ l1;0 þ l2;3 þ l3;2Þ þ l0;0 þ l3;3 a 21

and l0;3 ¼ l3;0 ¼ 0, or its FCA,

( ii ) l0;0 ¼ l0;3 ¼ l1;1 ¼ l2;2 ¼ l3;0 ¼ 1 and l0;1 ¼ l0;2 ¼ l1;0 ¼ l1;2 ¼
l2;1 ¼ l2;3 ¼ l3;x ¼ 0 ð1a xa 3Þ, or its FCA, LCA and CCA, or

(iii) at least two out of fl0;0; l0;3; l3;0; l3;3g except for fl0;0; l3;3g and

fl0;3; l3;0g are nonzero, l0;2; l1;0; l2;3; l3;1 b 1, 3ðl0;2 þ l1;0 þ l2;3 þ
l3;1Þ þ l0;0 þ l0;3 þ l3;0 þ l3;3 a 21 and l0;1 ¼ la;x ¼ l3;2 ¼ 0

ð1a a; xa 2Þ, or its FCA,

( V ) when m1 ¼ 3 and m2 ¼ 4 ðnð3; 4Þ ¼ 29Þ, l1;1 ¼ l1;2 ¼ l2;2 ¼ l2;3 ¼ 0, and

in addition

( i ) l0;1; l1;0; l2;4; l3;3 b 1 and l0;2 ¼ l0;3 ¼ l1;4 ¼ l2;0 ¼ l3;1 ¼ l3;2 ¼
0, and furthermore

(1) at least two out of fl0;0; l0;4; l3;0; l3;4g except for fl0;0; l3;4g
and fl0;4; l3;0g are nonzero 4ðl0;1 þ l3;3Þ þ 3ðl1;0 þ l2;4Þþ
l0;0 þ l0;4 þ l3;0 þ l3;4 a 28 and l1;3 ¼ l2;1 ¼ 0, or its FCA,

(2) l0;0 þ l3;4 b 1, 4ðl0;1 þ l3;3Þ þ 3ðl1;0 þ l2;4Þ þ l0;0 þ l3;4 a 28

and l0;4 ¼ l1;3 ¼ l2;1 ¼ l3;0 ¼ 0, or its FCA, or

(3) l1;3 ¼ 1, l0;0 þ l3;4 a 2 and l0;4 ¼ l2;1 ¼ l3;0 ¼ 0, or its FCA,

LCA and CCA,

( ii ) l0;1 ¼ l1;3 ¼ l1;4 ¼ l2;0 ¼ l3;3 ¼ 1 and l0;x ¼ l1;0 ¼ l2;1 ¼ l2;4 ¼
l3;y ¼ 0 ðx ¼ 0; 2; 3; 4; y ¼ 0; 1; 2; 4Þ, or its FCA, LCA and CCA, or

(iii) l1;0; l2;4 b 1 and l1;3 ¼ l1;4 ¼ l2;0 ¼ l2;1 ¼ 0, and furthermore

(1) at least two out of fl0;0; l0;4; l3;0; l3;4g except for fl0;0; l3;4g
and fl0;4; l3;0g are nonzero and l0;1 ¼ l3;3 ¼ 0, and moreover

(a) l0;2; l3;2 b 1, 6ðl0;2 þ l3;2Þ þ 3ðl1;0 þ l2;4Þ þ l0;0 þ l0;4 þ
l3;0 þ l3;4 a 28 and l0;3 ¼ l3;1 ¼ 0, or its FCA, or

(b) l0;3; l3;1 b 1, 4ðl0;3 þ l3;1Þ þ 3ðl1;0 þ l2;4Þ þ l0;0 þ l0;4 þ
l3;0 þ l3;4 a 28 and l0;2 ¼ l3;2 ¼ 0, or its FCA, or

(2) l0;0 þ l0;4 þ l3;0 þ l3;4 b 1, at least three out of fl0;1; l0;3;
l3;1; l3;3g are nonzero, 4ðl0;1 þ l0;3 þ l3;1 þ l3;3Þ þ 3ðl1;0 þ
l2;4Þ þ l0;0 þ l0;4 þ l3;0 þ l3;4 a 28 and l0;2 ¼ l3;2 ¼ 0, or its

FCA,
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(VI) when m1 ¼ m2 ¼ 4 ðnð4; 4Þ ¼ 37Þ, l1;2 ¼ l1;3 ¼ l2;x ¼ l3;1 ¼ l3;2 ¼ 0

ð1a xa 3Þ, and in addition

( i ) l0;0 þ l4;4 b 1, l0;4; l4;0 b 1, l1;1 ¼ l3;3 ¼ 1, l0;0 þ l0;4 þ l4;0 þ
l4;4 a 4 and la;x ¼ lb;0 ¼ lb;4 ¼ 0 ða ¼ 0; 4; 1a b; xa 3Þ, or its

FCA,

( ii ) l0;0 þ l4;4 b 1, l0;1; l1;0; l3;4; l4;3 b 1, 4ðl0;1 þ l1;0 þ l3;4 þ l4;3Þþ
l0;0 þ l4;4 a 36 and l0;y ¼ l1;1 ¼ l1;4 ¼ l2;0 ¼ l2;4 ¼ l3;0 ¼ l3;3 ¼
l4; z ¼ 0 ð2a ya 4; 0a za 2Þ, or its FCA,

(iii) at least two out of fl0;0; l0;4; l4;0; l4;4g except for fl0;0; l4;4g and

fl0;4; l4;0g are nonzero and l1;1 ¼ l1;4 ¼ l3;0 ¼ l3;3 ¼ 0, and fur-

thermore

(1) l2;0; l2;4 b 1 and l0;3 ¼ l1;0 ¼ l3;4 ¼ l4;1 ¼ 0, and more-

over

(a) l0;2; l4;2 b 1, 6ðl0;2 þ l2;0 þ l2;4 þ l4;2Þ þ l0;0 þ l0;4 þ
l4;0 þ l4;4 a 36 and l0;1 ¼ l4;3 ¼ 0, or

(b) l0;1; l4;3 b 1, 6ðl2;0 þ l2;4Þ þ 4ðl0;1 þ l4;3Þ þ l0;0 þ l0;4 þ
l4;0 þ l4;4 a 36 and l0;2 ¼ l4;2 ¼ 0, or its FCA, or

(2) l1;0; l3;4 b 1 and l2;0 ¼ l2;4 ¼ 0, and moreover

(a) l0;2; l4;2 b 1, 6ðl0;2 þ l4;2Þ þ 4ðl1;0 þ l3;4Þ þ l0;0 þ l0;4 þ
l4;0 þ l4;4 a 36 and l0;1 ¼ l0;3 ¼ l4;1 ¼ l4;3 ¼ 0, or its

FCA,

(b) l0;1; l4;3 b 1, 4ðl0;1 þ l1;0 þ l3;4 þ l4;3Þ þ l0;0 þ l0;4 þ
l4;0 þ l4;4 a 36 and l0;2 ¼ l0;3 ¼ l4;1 ¼ l4;2 ¼ 0, or its

FCA, or

(c) l0;3; l4;1 b 1, 4ðl0;3 þ l1;0 þ l3;4 þ l4;1Þ þ l0;0 þ l0;4 þ
l4;0 þ l4;4 a 36 and l0;1 ¼ l0;2 ¼ l4;2 ¼ l4;3 ¼ 0, or its

FCA, or

(iv) l0;0 þ l0;4 þ l4;0 þ l4;4 b 1 and l1;1 ¼ l3;3 ¼ 0, and furthermore

(1) at least three out of fl0;1; l0;3; l4;1; l4;3g are nonzero and

l0;2 ¼ l4;2 ¼ 0, and moreover

(a) l2;0; l2;4 b 1, 6ðl2;0 þ l2;4Þ þ 4ðl0;1 þ l0;3 þ l4;1 þ l4;3Þþ
l0;0 þ l0;4 þ l4;0 þ l4;4 a 36 and l1;0 ¼ l1;4 ¼ l3;0 ¼ l3;4
¼ 0,

(b) l1;0; l3;4 b 1, 4ðl0;1 þ l0;3 þ l1;0 þ l3;4 þ l4;1 þ l4;3Þþ
l0;0 þ l0;4 þ l4;0 þ l4;4 a 36 and l1;4 ¼ l2;0 ¼ l2;4 ¼ l3;0
¼ 0, or its FCA, or

(c) at least three out of fl1;0; l1;4; l3;0; l3;4g are nonzero,

4ðl0;1 þ l0;3 þ l1;0 þ l1;4 þ l3;0 þ l3;4 þ l4;1 þ l4;3Þ þ l0;0
þ l0;4 þ l4;0 þ l4;4 a 36 and l2;0 ¼ l2;4 ¼ 0, or

(2) at least three out of fl1;0; l1;4; l3;0; l3;4g are nonzero and

l0;3 ¼ l2;0 ¼ l2;4 ¼ l4;1 ¼ 0, and moreover
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(a) l0;2; l4;2 b 1, 6ðl0;2 þ l4;2Þ þ 4ðl1;0 þ l1;4 þ l3;0 þ l3;4Þþ
l0;0 þ l0;4 þ l4;0 þ l4;4 a 36 and l0;1 ¼ l4;3 ¼ 0, or

(b) l0;1; l4;3b1, 4ðl0;1þl1;0þl1;4þl3;0þl3;4þl4;3Þþl0;0
þ l0;4 þ l4;0 þ l4;4 a 36 and l0;2 ¼ l4;2 ¼ 0, or its FCA.

Remark 3.2. In Theorem 3.3,

(A) (a) the matrix F00 is of full row rank for (IV)(i)(1),(iii), (V)(i)(1),(iii) and

(VI)(iii),(iv),

(b) r-rankfF00g ¼ 5, and furthermore

(1) the fifth row of F00 is equal to u00 ð¼ 1Þ times the fourth for

(I)(ii), (IV)(ii) and (VI)(i),

(2) the last row of F00 is equal to the sum of v00 ð0 0Þ times the

fourth and w00 ð0 0Þ times the fifth for (I)(i)(2), (II), (III),

(IV)(i)(2), (V)(i)(2),(3),(ii) and (VI)(ii), where v00 ¼ w00 ¼ 1 for

(I)(i)(2), v00 ¼ 3=2 and w00 ¼ 1=2 for (II), v00 ¼ 2 and

w00 ¼ 1=3 for (III), v00 ¼ w00 ¼ 3=4 for (IV)(i)(2), v00 ¼ 1 and

w00 ¼ 1=2 for (V)(i)(2),(3), v00 ¼ 1 and w00 ¼ �1=6 for (V)(ii),

and v00 ¼ w00 ¼ 2=3 for (VI)(ii),

(c) r-rankfF00g ¼ 4, the last row of F00 is zero, and the fifth row of F00

is equal to u00 ð¼ �1Þ times the fourth for (I)(i)(1),

(B) (a) the matrix F10 is of full row rank for (I)(i), (II), (III), (V)(i)(3),(ii)

and (VI)(iv)(1)(c),(2),

(b) r-rankfF10g ¼ 2, and furthermore

(1) the second row of F10 is zero for (VI)(iii)(1),(iv)(1)(a),

(2) the last row of F10 is equal to v10 ð0 0Þ times the second for

(IV)(i),(ii),(iii), (V)(i)(1),(2),(iii) and (VI)(i),(ii),(iii)(2),(iv)(1)(b),

where v10 ¼ 3 for (IV)(i),(iii), v10 ¼ 1 for (IV)(ii) and (VI)(i),

v10 ¼ 4 for (V)(i)(1),(2),(iii), and v10 ¼ 2 for (VI)(ii),(iii)(2),

(iv)(1)(b),

(c) r-rankfF10g ¼ 1 and the last row of F10 is zero for (I)(ii),

(C) (a) the matrix F01 is of full row rank for (I)(i), (V)(i)(3),(ii),(iii)(2) and

(VI)(iv)(1),

(b) r-rankfF01g ¼ 2, and furthermore

(1) the second row of F01 is zero for (V)(iii)(1)(a) and (VI)(iii)(1)(a),

(2)(a),(iv)(2)(a),

(2) the last row of F01 is equal to w01 ð0 0Þ times the second for

(II), (III), (IV)(i),(ii),(iii), (V)(i)(1),(2),(iii)(1)(b) and (VI)(i),(ii),

(iii)(1)(b),(2)(b),(c),(iv)(2)(b), where w01 ¼ 2 for (II) and (VI)(ii),

(iii)(1)(b),(2)(b),(iv)(2)(b), w01 ¼ 1 for (III), (IV)(ii) and (VI)(i),

w01 ¼ 3 for (IV)(i), w01 ¼ �3 for (IV)(iii), w01 ¼ 3=2 for (V)(i)(1),

(2), w01 ¼ �3=2 for (V)(iii)(1)(b), and w01 ¼ �2 for (VI)(iii)(2)(c),
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(c) r-rankfF01g ¼ 1 and the last row of F01 is zero for (I)(ii),

(D) (a) the matrix F20 is of full row rank for (VI)(iii)(1),(iv)(1)(a),

(b) r-rankfF20g ¼ 0 for (VI)(i),(ii),(iii)(2),(iv)(1)(b),(c),(2),

(c) the matrix F20 vanishes for (I), (II), (III), (IV) and (V),

(E) (a) the matrix F02 is of full row rank for (V)(iii)(1)(a) and (VI)(iii)(1)(a),

(2)(a),(iv)(2)(a),

(b) r-rankfF02g ¼ 0 for (III), (V)(i),(ii),(iii)(1)(b),(2) and (VI)(i),(ii),

(iii)(1)(b),(2)(b),(c),(iv)(1),(2)(b),

(c) the matrix F02 vanishes for (I), (II) and (IV),

(F) (a) the matrix F11 is of full row rank for (I)(ii), (IV)(ii), (V)(i)(3),(ii) and

(VI)(i),

(b) r-rankfF11g ¼ 0 except for (I)(ii), (IV)(ii), (V)(i)(3),(ii) and (VI)(i).

4. GA-optimal designs

In this section, we present GA-optimal 2m1þm2 -PBFF designs of resolution

Rðf00; 10; 01g jWÞ derived from SPBAs(m1 þm2; fli1; i2g) with N < nðm1;m2Þ,
where 2am1 am2 a 4. If CY is estimable (and hence there exists a matrix

X such that XMT ¼ C), then its unbiased estimator is given by CŶY, where ŶY is

a solution of the Eqs. (2.1), and Var½CŶY� ¼ s2XMTX
0. By utilizing the al-

gebraic structure of the ETMDPB association scheme, XMTX
0 is isomorphic to

Xb1b2Kb1b2X
0
b1b2

(b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4), 11).

Let K00ða1a2Þ ða1a2 ¼ 20; 02; 11Þ and K00ðb1b2; c1c2Þ ððb1b2; c1c2Þ ¼
ð20; 02Þ; ð20; 11Þ; ð02; 11ÞÞ be the 4� 4 submatrix of K00 corresponding to the

first three and the ha1a2i-th rows and columns, and the 5� 5 one corre-

sponding to the first three, the hb1b2i-th and the hc1c2i-th rows and columns,

respectively, where the hx1x2i-th denotes ‘‘the fourth’’, ‘‘the fifth’’ and ‘‘the

last’’ according as x1x2 ¼ 20; 02 and 11, respectively, and further let K10ðd1d2Þ
ðd1d2 ¼ 20; 11Þ and K01ðe1e2Þ ðe1e2 ¼ 02; 11Þ be the 2� 2 submatrices of K10

and of K01 corresponding to the first and the ½y1y2�-th rows and columns,

respectively, where the ½y1y2�-th denotes ‘‘the second’’ and ‘‘the last’’ according

as y1y2 ¼ 20 (if m1 b 3) (or 02 (if m2 b 3)) and 11, respectively. Now we

define the matrix s2VT as the variance-covariance matrix of the linearly in-

dependent estimators in CŶY. Then from Theorem 3.2, Lemma A.2 and the

properties of the ETMDPB association algebra A, we get the following:

Lemma 4.1. Let T be a 2m1þm2 -PBFF design of resolution

Rðf00; 10; 01g jWÞ derived from an SPBAðm1 þm2; fli1; i2gÞ with N assemblies,

where N < nðm1;m2Þ and 2amk for k ¼ 1; 2. Then the matrix VT ð¼ VTðaÞ,
sayÞ is isomorphic to Vb1b2ðaÞ (b1b2 ¼ 00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4),

11) for 0a aa 2, where
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Vb1b2ðaÞ ¼ K�1
b1b2

if Fb1b2 is of full row rank;

V00ðaÞ ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

K00ða1a2Þ�1

if r-rankfF00g ¼ 4; and furthermore if exactly two rows of F00 out

of last three except for the ha1a2i-th are zero ða1a2 ¼ 20; 02; 11Þ;

I3 0

0 g20;2000 ðaÞ

� �
K00ð20Þ�1 I3 0

0 g20;2000 ðaÞ

� �

if r-rankfF00g ¼ 4; and furthermore ð1Þ if the last row of F00 is

zero and the fifth equals u00 ð0 0Þ times the fourth;

ð2Þ if the fifth row of F00 is zero and the last equals v00 ð0 0Þ
times the fourth; or

ð3Þ if the fifth and the last rows of F00 equal u00 ð0 0Þ times the

fourth and v00 ð0 0Þ times the fourth; respectively;

I3 0

0 g02;0200 ðaÞ

� �
K00ð02Þ�1 I3 0

0 g02;0200 ðaÞ

� �

if r-rankfF00g ¼ 4; and furthermore if the fourth row of F00 is zero

and the last equals w00 ð0 0Þ times the fifth;

K00ða1a2; b1b2Þ�1

if r-rankfF00g ¼ 5; and furthermore if exactly one row of F00 out

of the last three except for the ha1a2i-th and hb1b2i-th is zero

ðða1a2; b1b2Þ ¼ ð20; 02Þ; ð20; 11Þ; ð02; 11ÞÞ;

I4 0

0 g
02;02
00 ðaÞ

� �
K00ð20; 02Þ�1 I4 0

0 g
02;02
00 ðaÞ

� �

if r-rankfF00g ¼ 5; and furthermore if the last row of F00 equals

w00 ð0 0Þ times the fifth;

I3 0 0

0 g20;2000 ðaÞ 0

0 0 1

0
B@

1
CAK00ð20; 02Þ�1

I3 0 0

0 g20;2000 ðaÞ 0

0 0 1

0
B@

1
CA

if r-rankfF00g ¼ 5; and furthermore if the last row of F00 equals

v00 ð0 0Þ times the fourth;

I3 0 0

0 g20;2000 ðaÞ 0

0 0 1

0
B@

1
CAK00ð20; 11Þ�1

I3 0 0

0 g20;2000 ðaÞ 0

0 0 1

0
B@

1
CA
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V00ðaÞ ¼

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

if r-rankfF00g ¼ 5; and furthermore if the fifth row of F00 equals

u00 ð0 0Þ times the fourth;

I3 0 0

0 g
20;20
00 ðaÞ 0

0 0 g
02;02
00 ðaÞ

0
B@

1
CAK00ð20; 02Þ�1

I3 0 0

0 g
20;20
00 ðaÞ 0

0 0 g
02;02
00 ðaÞ

0
B@

1
CA

if r-rankfF00g ¼ 5; and furthermore if the last row of F00 equals

the sum of v00 ð0 0Þ times the fourth and w00 ð0 0Þ times the

fifth;

V10ðaÞ ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

1=k10;10
10

if r-rankfF10g ¼ 1; and furthermore ð1Þ if m1 ¼ 2 and the last row

of F10 is zero; or

ð2Þ if m1 b 3 and the last two rows of F10 are zero;

K10ðc1c2Þ�1

if m1 b 3 and r-rankfF10g ¼ 2; and furthermore if exactly one row

of F10 out of the last two except for the ½c1c2�-th is zero

ðc1c2 ¼ 20; 11Þ;

1 0

0 g
20;20
10 ðaÞ

� �
K10ð20Þ�1 1 0

0 g
20;20
10 ðaÞ

� �

if m1 b 3 and r-rankfF10g ¼ 2; and furthermore if the last row of

F10 equals v10 ð0 0Þ times the second;

V01ðaÞ ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

1=k01;01
01

if r-rankfF01g ¼ 1; and furthermore ð1Þ if m2 ¼ 2 and the last row

of F01 is zero; or

ð2Þ if m2 b 3 and the last two rows of F01 are zero;

K01ðd1d2Þ�1

if m2 b 3 and r-rankfF01g ¼ 2; and furthermore if exactly one

row of F01 out of the last two except for the ½d1d2�-th is zero

ðd1d2 ¼ 02; 11Þ;

1 0

0 g02;0201 ðaÞ

� �
K01ð02Þ�1 1 0

0 g02;0201 ðaÞ

� �

if m2 b 3 and r-rankfF01g ¼ 2; and furthermore if the last row of

F01 equals w01 ð0 0Þ times the second;
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V20ðaÞ ¼
vanishes if m1 ¼ 2; 3;

0 if m1 b 4 and r-rankfF20g ¼ 0;

	

V02ðaÞ ¼
vanishes if m2 ¼ 2; 3;

0 if m2 b 4 and r-rankfF02g ¼ 0;

	

Table 4.2. GAa-optimal 22þ3-PBFF designs.

N l 0 trfVT ð0Þg trfVT ð1Þg trfVT ð2Þg Theorem

11 1100 1001 0010 1.73611 1.04633 1.25000 (II)

12 1100 1001 0011 1.32738 0.88855 1.00655 (II)

13 2100 1001 0011 1.24911 0.85834 0.95993 (II)

14 2100 1001 0012 1.19298 (II)

1100 2001 0011 0.80558 0.92037 (II)

15 2100 2001 0011 1.14653 0.86986 (II)

1200 1001 0011 0.77088 (II)

Table 4.3. GAa-optimal 22þ4-PBFF designs.

N l 0 trfVT ð0Þg trfVT ð1Þg trfVT ð2Þg Theorem

13 11000 10001 00010 1.93750 1.36833 1.54948 (III)

14 11000 10001 00011 1.47064 1.11239 1.22585 (III)

15 21000 10001 00011 1.36690 1.05551 1.15394 (III)

16 21000 10001 00012 1.29911 1.01755 1.10640 (III)

17 21000 20001 00011 1.26540 0.97053 1.06570 (III)

18 21000 20001 00012 1.20515 0.93702 1.02324 (III)

19 22000 10001 00011 1.16330 0.89233 0.97610 (III)

20 22000 10001 00012 1.10617 0.93830 (III)

21000 20002 00012 0.85611 (III)

21 22000 20001 00011 1.06005 0.80589 0.88632 (III)

Table 4.1. GAa-optimal 22þ2-PBFF designs.

N l 0 trfVT ð0Þg trfVT ð1Þg trfVT ð2Þg Theorem

8 010 101 010 0.87500 0.78125 0.81250 (I)(i)(1)

101 010 101 0.87500 0.78125 0.81250 (I)(ii)

9 201 010 101 0.82031 0.73242 0.76172 (I)(ii)

10 010 201 010 0.76563 0.68359 0.71094 (I)(i)(1)

020 101 010 0.76563 0.68359 0.71094 (I)(i)(1)

201 010 102 0.76563 0.68359 0.71094 (I)(ii)

201 010 201 0.76563 0.68359 0.71094 (I)(ii)

202 010 101 0.76563 0.68359 0.71094 (I)(ii)
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V11ðaÞ ¼ 0 if r-rankfF11g ¼ 0;

and ga1a2;a1a2
g1g2

ðaÞ ðg1g2 ¼ 00; 10; 01Þ for 0a aa 2 are given in Remark 3.1.

By Theorem 3.2(II) and Lemma 4.1, we obtain the following:

Theorem 4.2. Let T be a 2m1þm2 -PBFF design of resolution

Rðf00; 10; 01g jWÞ derived from an SPBAðm1 þm2; fli1; i2gÞ with N assemblies,

where N < nðm1;m2Þ and 2amk ðk ¼ 1; 2Þ. Then we get

trfVTðaÞg ¼ f00 trfV00ðaÞg þ f10 trfV10ðaÞg þ f01 trfV01ðaÞg

þ f20 trfV20ðaÞg ðif m1 b 4Þ þ f02 trfV02ðaÞg ðif m2 b 4Þ

þ f11 trfV11ðaÞg for 0a aa 2:

As a generalization of the A-optimality criterion, Kuwada et al. [5]

introduced the GA-optimality criterion for the selection of a design. For

resolution Rðf00; 10; 01g jWÞ designs, we define the GAa-optimality criteria

Table 4.4. GAa-optimal 23þ3-PBFF designs.

N l 0 trfVT ð0Þg trfVT ð1Þg trfVT ð2Þg Theorem

13 1100 1000 0001 0010 2.14844 1.35345 1.55580 (IV)(i)(2)

14 1100 1000 0001 0011 1.71023 1.09901 1.22808 (IV)(i)(2)

15 2100 1000 0001 0011 1.61285 1.04247 1.15526 (IV)(i)(2)

16 1011 1000 0001 1101 1.50694 (IV)(iii)

2100 1000 0001 0012 1.00472 1.10714 (IV)(i)(2)

17 1012 1000 0001 1101 1.47467 (IV)(iii)

2011 1000 0001 1101 1.47467 (IV)(iii)

1100 2000 0001 0011 0.98323 (IV)(i)(2)

1200 1000 0001 0011 0.98323 (IV)(i)(2)

3100 1000 0001 0012 1.08435 (IV)(i)(2)

18 2100 2000 0001 0011 1.42822 0.92004 1.02235 (IV)(i)(2)

2200 1000 0001 0011 1.42822 0.92004 1.02235 (IV)(i)(2)

19 1011 2000 0001 1101 1.34207 (IV)(iii)

1021 1000 0001 1101 1.34207 (IV)(iii)

2100 2000 0001 0012 0.88885 0.98168 (IV)(i)(2)

2200 1000 0001 0012 0.88885 0.98168 (IV)(i)(2)

20 1022 1000 0001 1101 1.30316 (IV)(iii)

2011 2000 0001 1101 1.30316 (IV)(iii)

1200 2000 0001 0011 0.86662 (IV)(i)(2)

3100 2000 0001 0012 0.95531 (IV)(i)(2)

3200 1000 0001 0012 0.95531 (IV)(i)(2)

21 1001 0100 0010 1000 0.85185 0.66537 0.75231 (IV)(ii)
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ð0a aa 2Þ as follows: If trfVT ðaÞga trfVT � ðaÞg for any T �, where both T

and T � are 2m1þm2 -PBFF designs of resolution Rðf00; 10; 01g jWÞ derived from

an SPBAðm1 þm2; fli1; i2gÞ with N assemblies and an SPBAðm1 þm2; fl�
i1; i2

gÞ
with the same number of assemblies, respectively, and N < nðm1;m2Þ and

2amk ðk ¼ 1; 2Þ, then T is said to be GAa-optimal for 0a aa 2. It follows

from Theorem 3.2(II) and Lemma 4.1 that the GA1- and GA2-optimality

criteria reflect the confounding (or aliasing) relationship among A
aða1a2;20Þ
g1g2 y20,

A
aða1a2;02Þ
g1g2 y02 and A

aða1a2;11Þ
g1g2 y11 ða1a2 ¼ 20; 02; 11Þ for g1g2 ¼ 00; 10; 01. In this

sense, the authors believe that the GAg-optimality criteria for g ¼ 1; 2 are

suitable for comparison of designs.

Using Theorems 3.3 and 4.2, we can obtain GAa-optimal 22þ2-, 22þ3-,

22þ4-, 23þ3-, 23þ4- and 24þ4-PBFF designs of resolution Rðf00; 10; 01g jWÞ for

0a aa 2 derived from SPBAsðm1 þm2; fli1; i2gÞ with N < nðm1;m2Þ, which are

given by Tables 4.1 through 4.6, respectively. In each table, all GAa-optimal

designs except for m1 ¼ 2, m2 ¼ 3 and N ¼ 14; 15, m1 ¼ 2, m2 ¼ 4 and N ¼ 20,

m1 ¼ m2 ¼ 3 and N ¼ 16; 17; 19; 20, m1 ¼ 3, m2 ¼ 4 and N ¼ 18; 19; 20; 24; 27,

and m1 ¼ m2 ¼ 4 and N ¼ 20; 21; 22; 35; 36 are also GAg-optimal for other

two g ð0a g0 aa 2Þ. Here GA1-optimal designs with m1 ¼ 2, m2 ¼ 3 and

N ¼ 14, m1 ¼ m2 ¼ 3 and N ¼ 16; 19, m1 ¼ 3, m2 ¼ 4 and N ¼ 18; 24; 27, and

Table 4.5. GAa-optimal 23þ4-PBFF designs.

N l 0 trfVT ð0Þg trfVT ð1Þg trfVT ð2Þg Theorem

15 11000 10000 00001 00010 2.52333 1.82926 2.01806 (V)(i)(2)

16 11000 10000 00001 00011 1.93229 1.39828 1.52257 (V)(i)(2)

17 21000 10000 00001 00011 1.78883 1.29367 1.40231 (V)(i)(2)

18 10011 10000 00001 11001 1.66301 (V)(iii)(1)(b)

21000 10000 00001 00012 1.22883 1.32792 (V)(i)(2)

19 10012 10000 00001 11001 1.60252 1.29002 (V)(iii)(1)(b)

31000 10000 00001 00012 1.19688 (V)(i)(2)

20 10101 10000 00001 00100 1.47608 (V)(iii)(1)(a)

21000 20000 00001 00011 1.17029 (V)(i)(2)

10012 10000 00001 21001 1.24974 (V)(iii)(1)(b)

21 10101 10000 00001 00101 1.29396 1.07174 1.09396 (V)(iii)(1)(a)

22 10101 10000 00001 10101 1.21277 0.99055 1.01277 (V)(iii)(1)(a)

23 20101 10000 00001 10101 1.17014 0.94791 0.97014 (V)(iii)(1)(a)

24 10101 10000 00002 00101 1.11404 (V)(iii)(1)(a)

20101 10000 00001 10102 0.91905 0.94128 (V)(iii)(1)(a)

25 10101 20000 00001 10101 1.04905 0.88239 0.89905 (V)(iii)(1)(a)

26 20101 20000 00001 10101 0.99858 0.83191 0.84858 (V)(iii)(1)(a)

27 10101 20000 00002 00101 0.96078 (V)(iii)(1)(a)

30101 20000 00001 10101 0.80938 0.82605 (V)(iii)(1)(a)

28 10101 20000 00002 10101 0.89116 0.78005 0.79116 (V)(iii)(1)(a)
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m1 ¼ m2 ¼ 4 and N ¼ 35; 36 are GA2-optimal, and GA0-optimal designs with

m1 ¼ 2, m2 ¼ 3 and N ¼ 15, m1 ¼ 2, m2 ¼ 4 and N ¼ 20, m1 ¼ 3, m2 ¼ 4 and

N ¼ 19, and m1 ¼ m2 ¼ 4 and N ¼ 20; 21; 22 are GA2-optimal. On the other

hand, GAa-optimal designs with m1 ¼ m2 ¼ 3 and N ¼ 17; 20, and m1 ¼ 3,

m2 ¼ 4 and N ¼ 20 are all di¤erent for each a. Note that in each table,

l 0 ¼ ðl0;0; l0;1; . . . ; l0;m2
; l1;0; l1;1; . . . ; l1;m2

; . . . ; lm1;0; lm1;1; . . . ; lm1;m2
Þ and the

Table 4.6. GAa-optimal 24þ4-PBFF designs.

N l 0 trfVT ð0Þg trfVT ð1Þg trfVT ð2Þg Theorem

17 11000 10000 00000 00001 00010 3.03704 2.43921 2.62222 (VI)(ii)

18 11000 10000 00000 00001 00011 2.21970 1.76384 1.88636 (VI)(ii)

19 21000 10000 00000 00001 00011 2.00952 1.59017 1.69714 (VI)(ii)

20 10011 10000 00000 00001 11001 1.82217 1.57217 (VI)(iii)(2)(c)

21000 10000 00000 00001 00012 1.48684 (VI)(ii)

21 10011 10000 00000 00001 11002 1.76435 1.51435 (VI)(iii)(2)(c)

10012 10000 00000 00001 11001 1.76435 1.51435 (VI)(iii)(2)(c)

31000 10000 00000 00001 00012 1.43442 (VI)(ii)

22 10011 10000 00000 00001 21002 1.70652 1.45652 (VI)(iii)(2)(c)

10012 10000 00000 00001 11002 1.70652 1.45652 (VI)(iii)(2)(c)

31000 10000 00000 00001 00013 1.39380 (VI)(ii)

23 10101 10000 00000 00001 00101 1.45909 1.30376 1.33409 (VI)(iii)(2)(a)

11001 00000 10001 00000 00011 1.45909 1.30376 1.33409 (VI)(iii)(1)(b)

24 20101 10000 00000 00001 00101 1.37318 1.21785 1.24818 (VI)(iii)(2)(a)

21000 00000 10001 00000 10011 1.37318 1.21785 1.24818 (VI)(iii)(1)(b)

25 20101 10000 00000 00001 10101 1.30938 1.15405 1.18438 (VI)(iii)(2)(a)

21001 00000 10001 00000 10011 1.30938 1.15405 1.18438 (VI)(iii)(1)(b)

26 10100 00000 10001 00000 10100 1.03646 1.03646 1.03646 (VI)(iii)(1)(a)

10101 00000 10001 00000 00100 1.03646 1.03646 1.03646 (VI)(iii)(1)(a)

27 10101 00000 10001 00000 10100 0.94792 0.94792 0.94792 (VI)(iii)(1)(a)

28 10101 00000 10001 00000 10101 0.85938 0.85938 0.85938 (VI)(iii)(1)(a)

29 20101 00000 10001 00000 10101 0.83894 0.83894 0.83894 (VI)(iii)(1)(a)

30 20101 00000 10001 00000 20101 0.81851 0.81851 0.81851 (VI)(iii)(1)(a)

20102 00000 10001 00000 10101 0.81851 0.81851 0.81851 (VI)(iii)(1)(a)

31 20102 00000 10001 00000 20101 0.80457 0.80457 0.80457 (VI)(iii)(1)(a)

32 20102 00000 10001 00000 20102 0.79063 0.79063 0.79063 (VI)(iii)(1)(a)

33 30102 00000 10001 00000 20102 0.78391 0.78391 0.78391 (VI)(iii)(1)(a)

34 10101 00000 20001 00000 10101 0.76224 0.76224 0.76224 (VI)(iii)(1)(a)

10201 00000 10001 00000 10101 0.76224 0.76224 0.76224 (VI)(iii)(1)(a)

35 20101 00000 20001 00000 10101 0.73933 (VI)(iii)(1)(a)

20201 00000 10001 00000 10101 0.73933 (VI)(iii)(1)(a)

10001 01000 00000 00010 10000 0.68362 0.73648 (VI)(i)

36 20101 00000 20001 00000 20101 0.71616 (VI)(iii)(1)(a)

20202 00000 10001 00000 10101 0.71616 (VI)(iii)(1)(a)

10001 01000 00000 00010 10001 0.65079 0.69349 (VI)(i)
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number (*)(**)(***)(****) of the last column corresponds to Theorem 3.3

(*)(**)(***)(****). Furthermore from Lemma 2.1, in each table, if a design

derived from an SPBA is GAa-optimal for 0a aa 2, then the designs derived

from its FCA, LCA and/or CCA are also GAa-optimal. Interchanging i1 and

i2 of the indices li1; i2 of Tables 4.2, 4.3 and 4.5, we can obtain GAa-optimal

designs of resolution Rðf00; 10; 01g jWÞ for 2am2 < m1 a 4.

Note that GA-optimal 2m1þm2 -PBFF designs with detðKg1g2Þ0 0 (g1g2 ¼
00; 10; 01; 20 (if m1 b 4), 02 (if m2 b 4)) and K11 ¼ 0 for 4am1 þm2 a 6, and

with detðKg1g2Þ0 0 ðg1g2 ¼ 00; 10; 01Þ and furthermore (A) K20 0 0 (if m1 b 4)

or vanishes (if m1 ¼ 2; 3) and K02 ¼ K11 ¼ 0 for 2am1 a 4 and m2 ¼ 4, and

(B) K20 ¼ K02 ¼ K11 ¼ 0 for m1 ¼ m2 ¼ 4 were obtained by Kuwada [2] and

Kuwada and Matsuura [4], respectively, where detðAÞ denotes the determinant

of a matrix A. Moreover GAa-optimal 2m1þm2 -PBFF designs of resolutions

Rðf00; 10; 01; 20; 02g jWÞ and Rðf00; 10; 01; 20; 11g jWÞ with N < nðm1;m2Þ and

2amk a 4, of resolution Rðf00; 10; 01; 20g jWÞ with N < nðm1;m2Þ and

2amk a 4, and of resolution Rðf00; 10; 01; 11g jWÞ with N < nðm1;m2Þ and

2am1 am2 a 4 have been obtained by Kuwada et al. [6, 7] and Lu et al. [8],

respectively.

5. Appendix

Let us consider a matrix equation ZL ¼ H with a parameter matrix Z of

order n, where L ¼ kLijk is the positive semidefinite matrix of order n with

rankfLg ¼ rank
L11 L12

L21 L22

� �	 

¼ n1 þ n2 ðb 1Þ and H ¼ kHijk ði; j ¼ 1; 2; 3Þ

is a matrix of order n with H11 ¼ In1 , H12 ¼ H 0
21 ¼ 0n1�n2 and H13 ¼ H 0

31 ¼
0n1�n3 . Here both Lij and Hij are of size ni � nj, n1 þ n2 þ n3 ¼ n, and 0p�q is

the zero matrix of size p� q. The equation ZL ¼ H has a solution if and

only if rankfL 0g ¼ rankfðL 0;H 0Þg. Thus we have the following (see [1]):

Lemma A.1. A matrix equation ZL ¼ H has a solution, where Z is a

parameter matrix of order n, if and only if

( I ) n3 ¼ 0, where H22 (if n2 b 1) is arbitrary, or

(II) n3 b 1, and in addition

( i ) when n2 ¼ 0, L33 ¼ 0n3�n3 , and furthermore H33 ¼ 0n3�n3 , or

(ii) when n2 b 1, there exists a matrix W of size n3 � n2 such that

ðL31;L32;L33Þ ¼ WðL21;L22;L23Þ, and furthermore H 0
23 ¼ WH 0

22 and

H 0
33 ¼ WH 0

32, where H22 and H32 are arbitrary.

By use of a solution Z of the ZL ¼ H, we obtain the following (see [6]):
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Lemma A.2.

ZLZ 0 ¼

L�1
11 if n2 ¼ n3 ¼ 0;

In1
0

� �
L�1
11 ðIn1 ; 0Þ if n2 ¼ 0 and n3 b 1;

In1 0

0 H22

� �
L11 L12

L21 L22

� ��1 In1 0

0 H 0
22

� �
if n2 b 1 and n3 ¼ 0;

In1 0

0 H22

0 H32

0
@

1
A L11 L12

L21 L22

� ��1 In1 0 0

0 H 0
22 H 0

32

� �
if n2 b 1 and n3 b 1;

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

where H22 and H32 are arbitrary.

Acknowledgement

The authors are grateful to the referee and the Managing Editor for their

valuable comments and suggestions which have improved the early draft of this

paper. The third author’s work was partially supported by Grant-in-Aid for

Scientific Research (C) of the JSPS under Contract Number 14580348.

References

[ 1 ] S. Ghosh and M. Kuwada, Estimable parametric functions for balanced fractional 2m

factorial designs, Statistical Research Group, Technical Report 01-7, Hiroshima University,

2001.

[ 2 ] M. Kuwada, Optimal partially balanced fractional 2m1þm2 factorial designs of resolution

IV, Ann. Inst. Statist. Math., A38 (1986), 343–351.

[ 3 ] M. Kuwada, A-optimal partially balanced fractional 2m1þm2 factorial designs of resolution

V, with 2am1 þm2 a 6, J. Statist. Plann. Inference, 18 (1988), 177–193.

[ 4 ] M. Kuwada and M. Matsuura, Further results on partially balanced fractional 2m1þm2

factorial designs of resolution IV, J. Japan Statist. Soc., 14 (1984), 69–83.

[ 5 ] M. Kuwada, Y. Hyodo and H. Yumiba, GA-optimal balanced fractional 2m factorial

designs of resolution R�ðf0; 1g j 3Þ, Sankhyā, 66 (2004), 343–361.
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