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ABSTRACT. In this paper, some new oscillation criteria are obtained for the first order
nonlinear delay differential equation

X’(Z‘) +p(l‘)f(x(l‘_Tl)7"'7)6(1‘_ Tm)) =0

and the corresponding advanced differential equation. Our results improve the known
results in the literature. And an example is given to demonstrate the advantage of our
results.

1. Introduction

The oscillatory behavior of differential equations with deviating arguments
has been studied by many authors. For some contributions in this area see the
papers [1-11].

Consider the first order delay differential equation

X +pO)f(x(t—7),... x(t—tw)) =0,  t>1 (1)
and the advanced differential equation
X)) = pO)f(x(t+ 7). x(t+1m) =0, 1>10, (2)

where p(z) >0 is a continuous function, 0 <7 <7, < -+ <71,, and the
function f satisfies the following conditions:
(Hi). f is continuous on R™ and such that

yi>0 fori=1,....m= f(y1,...,ym) >0
and

y; <0 fori=1,....m= f(y1,...,ym) <0;
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(Hp). there exist ¢ >0, M >0 and r > 0 such that

o
ful,..., Huj

Jj=1

rm
<M 1% for w e (—
(mx {|uj|})}_11|u,| or € (—,5),
where o; > 0, j=1,...,m are rational numbers with denominator of positive
odd integers, and Z’"l a = 1.

The sepcial forms of equation (1), (2) are the equations

x'(t) + p(t)x(t — 1) = 0, t> 1, (3)
x'(t) = p(t)x(t+ 1) = 0, t>t, (4)
ﬁ x(t—1)]" =0, 1= ty, (5)

j:

and

zs

x(t+1)]% =0, > 1. (6)
:1

~.

Equation (3) is a basic delay differential equation, which plays a crucial role in
many investigations and therefore is always in the center of interest. So far,
there have been many oscillatory results for equation (3), we refer to the
monographies [5-7] and the reference cited therein. One basic oscillation
criteria is [2]
! 1
lim ian ps)ds > —. (7)
= Ji g e
In condition (7), the constant 1/e is the best possible [5].
Yu [8] extended the above results (7) for (3) to the nonlinear differential
equation (5) and (6) and proved the following theorems.

THEOREM A. Assume that

m 1
lign inf » o J p(s) > l (8)
e j=1 ]

Then every solution of (5) oscillates.

THEOREM B. Assume that

m t+7; 1
lim inf oc,J p(s)ds > —. 9)
t— o0 j:1 X t e

Then every solution of (6) oscillates.
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Very recently, Tang and Yu [9] obtained some new oscillation criteria for
(5) and (6), which improve Theorems A and B.

We remark that Theorems A and B are easily extended to the more
general nonlinear equations (1) and (2) respectively. In this paper, we will
establish some new oscillation criteria for (1) and (2) which contain and
improve condition (8) and (9) and other results. More precisely, we obtain the
following theorems.

THEOREM 1. Assume that (H,), (Ha) hold, and that

m t+7;
lir,n inf ocjj p(s)ds > 0. (10)
=L

Suppose also that there exists Ty >ty > 0 such that

JZ p(t) In <eio¢j J:Hj p(s)ds) dt = 0. (11)

Then every solution of (1) oscillates.

THEOREM 2. Assume that (Hy), (Hy) hold, and that

m t
lirtn inf och p(s)ds > 0. (12)
I =1

Suppose that there exists Ty >ty > 0 such that

t

J: p(f) In (ezm]:ocj er, p(s)ds> dt = oo. (13)

Then every solution of (2) oscillates.

2. Some lemmas

LemMmA 1. Assume that (H;), (Hy) hold, and

s}
J p(t)dt = oo. (14)
t

Then every nonoscillatory solution of (1) converges to zero monotonically as
t — 0.

PrROOF. Suppose that x(¢) is a nonoscillatory solution of (1) which we
shall assume to be eventually positive [if x(z) is eventually negative the proof
is similar]. Then there exists a #; > ¢y such that x(t —7,) >0, x'(r) <0 for
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t > t;. Hence the limit lim, . x(¢) = f exists and f>0. If > 0, then there
exists T > t; such that f(x(t —71),...,x(t — 7)) >3 f(B,....5) >0 for 1 > T.
Integrating (1) from 7 to ¢t > T, we have

1 t
X(0) = x(T) < =3 (B )| Pl

T

which, together with (14), implies that

lim x(¢) = —o0.

— o0

This contradicts the fact that x(¢) is eventually positive. The proof of Lemma
1 is complete.

LemMmA 2. Assume that (H;), (Hy) and (14) hold. If (1) has a non-
oscillatory solution, then

[ s < > (15)

eventually.

PrOOF. Suppose that x(f) is a nonoscillatory solution of (1) which we
shall assume to be eventually positive [if x(7) is eventually negative the proof is
similar]. By Lemma 1 and (1), there exists #; > 0 such that

e>x(t—1y) 2 x(t —1p-1) = - 2 x(t—11) = x(1) > 0, for t > 1,

and lim,_,,, x(z) = 0, where ¢ is given by condition (H,). From this and (H,),
there exists #, > #; such that

Sx(t=71),...,x(t— 1)) %ﬁ x(t—17)]%, 1>t (16)
It follows from (1) that
x'(t) + %p([) ﬁ[x(t -1)]% <0, t>1t (17)
j=
Consequently, we have
x'(1) + Ep(l)[X(l)]l_“‘" x(t =)™ <0, 1>0 (18)

Set y(1) = [x(#)]* for t >t + 7,,. Then

1
Y+ §ocmp(t)y(z — 1) <0, t>t. (19)
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From (19), it is easy to show that (15) holds eventually [5, 11]. The proof of
Lemma 2 is complete.

LemMmA 3. Assume that (Hy), (Hy) and (10) hold. If x(t) is a non-
oscillatory solution of (1), then x(t — t,,)/x(t), which is well defined for large t, is
bounded.

ProoF. We shall assume x(¢) to be eventually positive [if x(¢) is even-
tually negative the proof is similar]. Set y(¢) as in the proof of Lemma 2.
Then (19) holds. From (19), it is easy to show (see [5, 11]) that Lemma 3 is
true. The proof of Lemma 3 is complete.

LemmaA 4. Assume that (Hy), (Ha) and (14) hold. If x(t) is a non-
oscillatory solution of (1), then there exist A >0 and T > 0 such that

1 t
|x(7)] < A4 exp <§J p(s)ds), t>T. (20)

T
Proor. We shall assume x(7) to be eventually positive [if x(7) is even-
tually negative the proof is similar]. By Lemma 1 there exists ¢#; > 0 such that

O<x(t)<x(t—11) < -+ <x(t—1)) < & for ¢t > ¢,
where ¢ is given by condition (H;). Similar to the proof of Lemma 2, it is
easy to show that there exists #, > #; such that (17) holds. From (17), we have
|

x'(1) +§p(t)x(z) <0, t=t. (21)

This yields (20), where 4 =x(7) and T =1,. The proof of Lemma 4 is
complete.

3. Proof of theorems

PrROOF OF THEOREM 1. Assume that (1) has a nonoscillatory solution x()
which will be assumed to be eventually positive [if x(¢) is eventually negative
the proof is similar]. By Lemma 1, there exists # > 7, such that

O<x(t)<x(t—11) < -+ <x(t—171m) <o, t=1. (22)

where ¢ is given by condition (H;). From (22) and (H,) we have

Sx(t=10), o x(t =) = [[Ix( = o)) = Mlx(t— )], =10 (23)
=1

Substituing (23) into (1), we obtain

() () ﬁ<x(l - Tj))“’ _ Mp(,)[x([_—f’")]m <0, =1 (24

<0 P T s S
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Set A(f) = —x'(t)/x(¢) for t > ¢;. Then A(¢) = 0 for ¢ > ¢;, and from (24), we

have

m t

1) 2 p) exp (Z % |

=1

l(s)ds)

-7

- Mp(l)% (t—o)]s  t=0+

By Lemmas 2-4, there exists 7T >t +17,,, 4 >0 and M; > 0 such that

l =17,
x(t—1m) <A exp(—zj p(s)ds), t>T, (26)
T
! 2
J p(s)ds < o t>T, (27)
—Tm m
=) ap s (28)
x(1)
From these and (25), we have
m t
A(t) = p(t) exp (Z ocjj i(s)ds)
j=1 =1

st (o3[ o))

m t

> p(1) exp (Z ocjj

R

i(s)ds)
— MM A,p(t) exp (—%J;p(s)ds>, t>T,

where A; = e/ A4". Tt follows that
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One can easily show that ye* > x+1Iney for y > 0. Hence,

At) i % Jt ! p(s)ds
=1

Jj= t

Set

Then (30) can be written as

1 cx,JH—TJ ds > p(t )Zocjj_ }l(s)ds

m

j=

ln<ez Jm’ )—D(z), (>T. (31)

Integrating (31) from 7 to N > T + 21, we get

jZi: % J: (1) J[Hj p(s)dsdt

t

m N t
> Zocj JT (1) Jtifiﬂv(s)dsdt

=1
By (27), we have

Therefore,
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r D(t)dt < %r p(1) exp(—gr p(s)ds)dt

T O T T
AMM A, ([
il J e ™ du
Om 0
AMMi A,
=<

POy,

)

Interchanging the order of integration, we find

JN p(t)J[ As)dsdt > JNTj A(s) Jm" Dp(0)dids.

T T s

Substituting this into (32) we have

ml 0 JN A1) Jtﬂj p(s)dsdt > JNP(I) ln<eZ“/J

N—1; t T

=y

p(s)ds) dt

t

J

N
_J D(1)dr. (35)
From (11), (34) and (35), we have

lim EmjochN A1) Jtﬂjp(s)dsdt = o0. (36)

N—o j=1 N—1; t

On the other hand, by (33) and Lemma 3, we have

m N t+1;
lim Z oj J A?) J p(s)dsdt

N—oo =1 N—1; t

" Do (N
< lim supZ—/J A(t)dt

N—w =1 O N—71;
2 x(N — 7:)} %
= = lim sup | ———%
Olm N*H)Cp{ X(N)

< ilimsu M 7j< o0
- Om Naocp X(N) ’

which contradicts (36). The proof of Theorem 1 is complete.
Theorem 2 could be proved by the method similarly to those of Theorem
1, and so we omit it here.
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4. An example

ExampPLE. Consider the following delay differential equation

i@a +cos N)[exp(x(r — )P (x(t = 37)* = 1] =0, t>0. (37)

3
p(0) =5 (1 +cos 1), fur,w) = exp(ui*ul?) — 1.

Obviously, f(ui,uz) satisﬁes condition (H;) and (H,). We observe that

n=n n=3m u=%n=1a

t+1; t+1;
o J s)ds + o J

t

= e (57 — 6sin 1),

oclj ds—i—och (5n+6sm 7).
t—

It follows that

2 (e S St—6 |1
lim inf och p(s)ds = lirln infz ocjj p(s)ds = <-.

= =
This shows neither (8) nor (9) are true. But

2n 2 t+1;
L p(t) In [EZ o L p(s)ds] dt

J=1

Vv
19| Lo
=)
Al
|
Ll w
[~]s
TN
o
N———
54
4
(]
[\e]
3
\
o
Vv
(]

Hence

JX p(t) In (ezz:ocj JHT/ (s )ds) dt =

In view of Theorem I, every solution of equation (37) is oscilatory.
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