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Abstract. This paper is concerned with the distributions of some test statistics for a

multivariate linear hypothesis under nonnormality. The test statistics considered in-

clude the likelihood ratio statistic, the Lawley-Hotelling trace criterion and the Bartlett-

Nanda-Pillai trace criterion, under normality. We derive asymptotic expansions of the

null distributions of these test statistics up to the order n�1, where n is the sample size,

under nonnormality. It is shown that our general results can be e¤ectively obtained by

deriving an asymptotic expansion of the distribution of a multivariate t-statistic. As

special cases of our general results our asymptotic expansions are given for Hotelling’s

T 2 statistic, one-way MANOVA test statistics, etc. Numerical accuracies of asymp-

totic expansion approximations are examined. The validity of the expansions is also

discussed. Moreover, we will find conditions such that the Bartlett correction in the

normal case implies an improved w2-approximation, even under nonnormality.

1. Introduction

We consider a multivariate linear model

Y ¼ XX þ E;

where Y ¼ ðy1; . . . ; ynÞ
0 is an n� p observation matrix of p response variables,

X ¼ ðx1; . . . ; xnÞ0 is an n� k design matrix of k explanatory variables with full
rank k ð< nÞ, X is a k � p unknown parameter matrix and E ¼ ðe1; . . . ; enÞ0 is
an n� p error matrix. It is assumed that each vector ej is independently and

identically distributed with EðejÞ ¼ 0 and CovðejÞ ¼ S.

For testing a linear hypothesis

H0 : HX ¼ 0;

where H is a known h� k matrix with rank h ða kÞ, let Sh and Se be the
variation matrices due to the hypothesis and the error, respectively, i.e.,

Sh ¼ X̂X 0H 0fHðX 0XÞ�1H 0g�1HX̂X; Se ¼ Y 0fIn � XðX 0XÞ�1X 0gY ;
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where X̂X ¼ ðX 0XÞ�1X 0Y . Then the following three criteria have been used, in

particular, under normality.

(i) the likelihood ratio statistic:

TLR ¼ �ðn� k þ d1Þ logðjSej=jSe þ ShjÞ;

(ii) the Lawley-Hotelling trace criterion:

THL ¼ ðn� k þ d2Þ trðShS�1
e Þ;

(iii) the Bartlett-Nanda-Pillai trace criterion:

TBNP ¼ ðn� k þ d3Þ trfShðSh þ SeÞ�1g;

where the constants dj’s are the Bartlett corrections in the normal case, and

they are given as follows:

d1 ¼ � p� hþ 1
2

; d2 ¼ �ð pþ 1Þ; d3 ¼ h:

Under normality, the distributions of these statistics have been extensively

studied, see e.g., Anderson [1] and Siotani, Hayakawa and Fujikoshi [23].

Under nonnormality it is shown that the null distributions of these statistics

converge to w2ph as the sample size n tends to infinity under an appropriate

regularity condition on the design matrix (see Huber [15]). Our aim is to obtain

asymptotic expansions of the null distributions of these statistics up to the order

n�1 under a general condition.

As for the results of the usual asymptotic expansions under nonnormality,

Kano [17] and Fujikoshi [10] independently derived an asymptotic expansion

for the distribution of Hotelling’s T 2 statistic. Fujikoshi, Ohmae and Yana-

gihara [13] obtained an asymptotic expansion of the null distributions for one-

way ANOVA test statistics. Recently, Fujikoshi [12] derived such expansions in

the cases of one-way MANOVA test statistics. For a univariate linear model,

Qumsiyeh [22] derived an asymptotic expansion for the least squares estimate of

regression coe‰cients. Using this result, Yanagihara [24] derived an asymp-

totic expansion of the null distribution of the likelihood ratio statistic for testing

a linear hypothesis about regression coe‰cients. Our work is a generalization

of these results.

One of the approaches for solving our problem will be to use an asymptotic

expansion of the joint distribution of

Z ¼ ðX 0XÞ1=2ðX̂X � XÞ and
ffiffiffi
n

p 1

n
Se � S

� �
:

This approach was used by Fujikoshi, Ohmae and Yanagihara [13] for one-way

ANOVA test statistic, by Fujikoshi [12] for one-way MANOVA test statistics,
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and by Yanagihara [24] for a univariate linear model. However, for a multi-

variate linear hypothesis this approach leads to a prohibited calculation. In

order to solve our problem e¤ectively, we consider the distribution of a key

statistic

U ¼ Zðn�1SeÞ�1=2:

The statistic U may be a multivariate t-statistic.

Note that the three statistics can be expressed in terms of U as

TG ¼ trðU 0WUÞþ 1
n
½ðr1 � kÞ trðU 0WUÞþ r2 trfðU 0WUÞ2g
 þOpðn�3=2Þ; ð1:1Þ

where

W ¼ ðX 0XÞ�1=2H 0fHðX 0XÞ�1H 0g�1HðX 0X Þ�1=2: ð1:2Þ

Here, the constants r1 and r2 are defined as follows;

ðiÞ TLR : r1 ¼ d1; r2 ¼ �1=2;

ðiiÞ THL : r1 ¼ d2; r2 ¼ 0;

ðiiiÞ TBNP : r1 ¼ d3; r2 ¼ �1:

ð1:3Þ

Needless to say, we have W2 ¼ W and rankðWÞ ¼ h. Using an expansion of

the distribution function of U, we will obtain an asymptotic expansion of the

null distribution of TG as

PðTGa xÞ ¼ GphðxÞ þ
1

n

X3
j¼0

bjGphþ2jðxÞ þ oðn�1Þ; ð1:4Þ

where Gf is the distribution function of a central chi-squared distribution with

f degrees of freedom. In other words, our main purposes are to get a formula

for bj’s in asymptotic expansion (1.4) and conditions for valid expansion up to

the order n�1.

On the other hand, by using (1.4), the expectation of TG can be expanded

as

EðTGÞ ¼ ph 1þ c1
n

� �
þ oðn�1Þ:

Note that under normality, c1 ¼ 0 from the definitions of d1, d2 and d3.

Furthermore, although the error vectors are distributed as a certain nonnormal

distribution, we shall obtain some conditions of X and H such that c1 ¼ 0.
This means that even under nonnormality, the Bartlett correction in the normal

case has given an improvement for the mean in a w2-approximation. These

conditions are made more clear by using the coe‰cients bj’s in the asymptotic
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expansion (1.4). Based on such conditions, it is possible to see whether a test

statistic is robust for nonnormality or not.

The present paper is organized in the following way. In § 2, we state a

main result on an asymptotic expansion of the null distribution of TG. Some

applications for our result are given in § 3. In § 4, numerical accuracies are

studied for Hotelling’s T 2 statistic. In § 5, by using coe‰cients of an asymp-

totic expansion, we will obtain conditions such that the Bartlett correction in the

normal case implies an improved w2-approximation, even under nonnormality.

This gives an advantage for obtaining an asymptotic expansion. Note that

such a result cannot be expected for Bootstrap method. Our derivation and its

validity are discussed in Appendix. In Appendix 1, we prepare some basic

results for the validity of asymptotic expansions for the distribution functions

of U and TG up to the order n
�1. We derive an asymptotic expansion of the

distribution of U in Appendix 2. Based on the expansion of the distribution of

U, we obtain an expansion of the null distribution of TG, by expanding the

characteristic function of TG. An outline of the computation is given in Ap-

pendix 3.

2. Asymptotic expansion of distribution function of TG

In this section, we state a main result on an asymptotic expansion of the

null distribution of TG in (1.1) up to the order n
�1. Without loss of generality,

we may replace E by ES�1=2, and then E½vecðEÞ
 ¼ 0 and Cov½vecðEÞ
 ¼ Inp,

where vecðAÞ ¼ ða 0
1; . . . ; a

0
mÞ

0 for any n�m matrix A ¼ ða1; . . . ; amÞ, since TG is
invariant under the transformation from Y to YS�1=2. Let e ¼ e1, and let mi1...im
be a moment of e defined by

mi1...im ¼ E½ei1 . . . eim 
;

where ej denotes the jth element of e. Similarly the corresponding cumulant of

e is denoted by ki1...im , e.g.,

kabc ¼ mabc; kabcd ¼ mabcd � dabdcd � dacdbd � dad dbc;

where dab is the Kronecker delta, i.e., daa ¼ 1 and dab ¼ 0 for a0 b.

Let ln be the smallest eigenvalue of X
0X and Mn¼maxfkxjk : j¼ 1; . . . ; ng,

where k � k denotes the Euclidean norm. Furthermore, t is a p-dimensional vec-

tor and T2 ¼ ½tð2Þab ð1þ dabÞ=2
 is a p� p symmetric matrix whose norm is defined

by kT2k ¼
�Pp

a¼1
Pp

b¼1ft
ð2Þ
ab ð1þ dabÞg2=4

	1=2
. Suppose that X and the distribu-

tion of e satisfy the following assumptions A1, A2, A3, B1 and B2.

A1. lim sup
n!y

1

n

Pn
j¼1

kxjk4 < y,
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A2. lim inf
n!y

ln

n
> 0,

A3. For some constant d > 0, Mn ¼ Oðn1=2�dÞ,
B1. Eðkek8Þ < y,
B2. Cramér’s condition for the joint distribution of e and ee 0 hold, that

is, for any b > 0,

sup
ktkþkT2k>b

jE½expfit 0e þ i trðe 0T2eÞg
j < 1:

Then the distribution function of TG can be expanded as in Theorem 2.1.

Theorem 2.1. Under the assumptions A1, A2, A3, B1 and B2, the null

distribution of TG can be expanded as (1.4), where the coe‰cients bj are given by

b0 ¼ a1k
ð1Þ
4 � fa2 þ ðh� 2Þðhþ 1Þa5gkð1Þ3

� fa3 � 3ha4 � ðh� 2Þa5gkð2Þ3 þ 1
4
phfðh� p� 1Þ � 2r1g;

b1 ¼ �2a1kð1Þ4 þ f3a2 � 6a4 þ ð3h2 þ h� 6Þa5gkð1Þ3

þ f3a3 � 3ð3hþ 2Þa4 þ ðhþ 6Þa5gkð2Þ3

� 1
2
phfh� r1 þ r2ðhþ pþ 1Þg; ð2:1Þ

b2 ¼ a1k
ð1Þ
4 � f3a2 � 12a4 þ ðhþ 2Þð3h� 1Þa5gkð1Þ3

� f3a3 � 3ð3hþ 4Þa4 þ 5ðhþ 2Þa5gkð2Þ3 þ 1
4
phðhþ pþ 1Þð1þ 2r2Þ;

b3 ¼ fa2 � 6a4 þ ðhþ 1Þðhþ 2Þa5gkð1Þ3

þ fa3 � 3ðhþ 2Þa4 þ 3ðhþ 2Þa5gkð2Þ3 :

Note that B2 is equivalent to the usual Cramér’s condition:

lim sup
ktkþkT2k!y

jE½expfit 0e þ i trðe 0T2eÞg
j < 1

(see Bhattacharya and Ranga Rao [5], page 207).

Set

C ¼ X ðX 0X Þ�1H 0fHðX 0XÞ�1H 0g�1HðX 0XÞ�1X 0;

and let cab denote its ða; bÞth element. Furthermore, DC ¼ diagðc11; . . . ;cnnÞ
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and C ð3Þ is an n� n matrix whose ða; bÞth element is denoted by c3ab. Then

the coe‰cients aj’s in (2.1) are defined by

a1 ¼
1

8
fn trðD2CÞ � hðhþ 2Þg; a2 ¼

n

12
10nC ð3Þ1n;

a3 ¼
n

8
10nDCCDC1n; a4 ¼

1

12
10nDCC1n; a5 ¼

1

8n
10nC1n;

where 1n is an n-dimensional vector all of whose elements are 1. Moreover,

k
ð1Þ
3 , k

ð2Þ
3 and k

ð1Þ
4 in (2.1) are the multivariate skewnesses and kurtosis (see

Mardia [19] and Isogai [16]) which are defined by

k
ð1Þ
3 ¼

Xp
abc

k2abc; k
ð2Þ
3 ¼

Xp
abc

kaabkbcc; k
ð1Þ
4 ¼

Xp
ab

kaabb:

Note that the final result depends on the cumulants up to the fourth order.

From the result (Hall [14]) on the univariate t-statistic, it is expected that the

assumption B1 may be weakened as

B10. Eðkek4Þ < y.

Before concluding this section, we state an alternative expression of (1.4).

Corollary 2.2. Under the same assumptions as in Theorem 2.1, the asymp-

totic expansion (1.4) can be written as

PðTGa xÞ ¼ GphðxÞ �
2x

nph
gphðxÞ



b1 þ b2 þ b3

þ ðb2 þ b3Þx
phþ 2 þ b3x

2

ðphþ 2Þð phþ 4Þ

�
þ oðn�1Þ; ð2:2Þ

where gf ðxÞ is the density function of a central chi-squared distribution with f

degrees of freedom and the coe‰cients bj are given by (2.1).

3. Some applications

In this section, we obtain asymptotic expansions of the null distribution for

several test statistics by applying Theorem 2.1.

3.1. The multivariate normal case

When each error vector ej is independently and identically distributed

as Npð0;SÞ, the multivariate skewnesses and kurtosis are zero, respectively.
Therefore, the coe‰cients bj ’s are given by
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b0 ¼
1

4
phðh� p� 1� 2r1Þ; b1 ¼ � 1

2
phfh� r1 þ r2ðhþ pþ 1Þg;

b2 ¼
1

4
phðhþ pþ 1Þð1þ 2r2Þ; b3 ¼ 0:

These results correspond to the well known formulas (see, e.g., Anderson

[1] and Siotani, Hayakawa and Fujikoshi [23]).

3.2. The univariate case

When p ¼ 1, TG corresponds to a perturbation expansion of three test sta-
tistics for linear hypothesis in nonnormal univariate linear model. Note that the

three tests are essentially the same. In this case, k
ð1Þ
3 ¼ k

ð2Þ
3 ¼ k23 and k

ð1Þ
4 ¼ k4.

Therefore the coe‰cients bj’s are given by

b0 ¼ �k23fs2 � hs3 þ hðh� 2Þs4g þ k4s1 þ
1

4
hfðh� 2Þ � 2r1g;

b1 ¼ k23f3s2 � ð3hþ 4Þs3 þ hð3hþ 2Þs4g

� 2k4s1 �
1

2
hfh� r1 þ r2ðhþ 2Þg;

b2 ¼ �k23f3s2 � ð3hþ 8Þs3 þ ðhþ 2Þð3hþ 4Þs4g

þ k4s1 þ
1

4
hðhþ 2Þð1þ 2r2Þ;

b3 ¼ k23fs2 � ðhþ 4Þs3 þ ðhþ 2Þðhþ 4Þs4g;

where

s1 ¼ a1; s2 ¼ a2 þ a3; s3 ¼ 3a4; s4 ¼ a5:

The coe‰cients bj’s and sj ’s in the case r1 ¼ r2 ¼ 0 are the same ones as in
Yanagihara [24].

3.3. Hotelling’s T 2 statistic

If we specify the design matrix as X ¼ 1n and the constraint matrix as H ¼ 1
and r1 ¼ 0, then the Lawley-Hotelling trace criterion becomes to Hotelling’s T 2
statistic. Since W ¼ 1, we have

a1 ¼ � 1
4
; a2 ¼

1

12
; a3 ¼

1

8
; a4 ¼

1

12
; a5 ¼

1

8
:
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Using these coe‰cients, we obtain bj ’s as

b0 ¼ � 1
4
k
ð1Þ
4 þ 1

6
k
ð1Þ
3 � 1

4
p2; b1 ¼

1

2
k
ð1Þ
4 � 1

2
k
ð1Þ
3 � 1

2
p;

b2 ¼ � 1
4
k
ð1Þ
4 � 1

2
k
ð2Þ
3 þ 1

4
pðpþ 2Þ; b3 ¼

1

3
k
ð1Þ
3 þ 1

2
k
ð2Þ
3 :

These coe‰cients bj ’s correspond to those in Kano [17] and Fujikoshi [10].

3.4. One-way MANOVA test statistics for equality of means

Set

X ¼

1n1 0 � � � 0

0 1n2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 1nk

0
BBB@

1
CCCA ðn� k matrixÞ; ð3:1Þ

H ¼
1 � � � 0 �1
..
. . .

. ..
. ..

.

0 � � � 1 �1

0
B@

1
CA ððk � 1Þ � k matrixÞ; ð3:2Þ

and W ¼ Ik � rr 0, where

r ¼ ðr1; . . . ; rkÞ
0 ¼

ffiffiffiffiffi
n1

n

r
; . . . ;

ffiffiffiffiffi
nk

n

r� �0

:

Then TG becomes a perturbation expansion of one-way MANOVA test statistics

for testing an equality of mean vectors of k populations with each sample size ni
ð1a ia kÞ. It is easily seen that rankðWÞ ¼ h ¼ k � 1. Set

D 0 ¼ XðX 0XÞ�1=2 ¼

0
BBBBB@
n
�1=2
1 1n1 0 � � � 0

0 n
�1=2
2 1n2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � n
�1=2
k 1nk

1
CCCCCA;

then

C ¼ D 0WD ¼
o11n

�1
1 1n11

0
n1

� � � o1kn
�1=2
1 n

�1=2
k 1n11

0
nk

..

. . .
. ..

.

ok1n
�1=2
k n

�1=2
1 1nk1

0
n1

� � � okkn
�1
k 1nk1

0
nk

0
BB@

1
CCA; ð3:3Þ
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where oab is the ða; bÞth element of W in (1.2). Furthermore, using oab ¼
dab � ra rb, we have

a1 ¼
1

8

Xk
a¼1

r�2a � k2 � 2k þ 2
 !

;

a2 ¼
1

12

Xk
a¼1

r�2a � 3k þ 2
 !

;

a3 ¼
1

8

Xk
a¼1

r�2a � k2
 !

; a4 ¼ a5 ¼ a6 ¼ 0:

Next, we consider the assumptions A1, A2 and A3. It is easily shown

that all kxjk ¼ 1, n�1
Pn

j¼1 kxjk
4 ¼ 1 and n=nja n=ln. Therefore A1, A2 and

A3 are replaced by

n=nj ¼ Oð1Þ ð j ¼ 1; 2; . . . ; kÞ: ð3:4Þ
So we have

b0 ¼ a1k
ð1Þ
4 � ða2kð1Þ3 þ a3kð2Þ3 Þ þ 1

4
pðk � 1Þðk � p� 2� 2r1Þ;

b1 ¼ �2a1kð1Þ4 þ 3ða2kð1Þ3 þ a3kð2Þ3 Þ � 1
2
pðk � 1Þfk � 1� r1 þ r2ðk þ pÞg;

b2 ¼ a1k
ð1Þ
4 � 3ða2kð1Þ3 þ a3kð2Þ3 Þ þ 1

4
pðk � 1Þðk þ pÞð1þ 2r2Þ;

b3 ¼ a2k
ð1Þ
3 þ a3kð2Þ3 :

The coe‰cients bj coincide with those in Fujikoshi [12].

3.5. One-way MANOVA test statistics for linear hypothesis in k populations

Next, we consider test statistics for linear hypothesis in k populations, that

is, the design matrix X is the same as (3.1). Then, C can be written as (3.3).

So we can rewrite the coe‰cients aj in Theorem 2.1 in simpler forms as

a1 ¼
1

8

Xk
a¼1

r�2a o2aa � hðhþ 2Þ
( )

; a2 ¼
1

12

Xk
ab

r�1a r�1b o3ab;

a3 ¼
1

8

Xk
ab

r�1a r�1b oaaoabobb; a4 ¼
1

12

Xk
ab

r�1a rboaaoab; a5 ¼
1

8

Xk
ab

ra rboab;

where
Pp

a1...aj
means

Pp
a1¼1 . . .

Pp
aj¼1. Furthermore, by the same reason as in

§ 3.4, A1, A2 and A3 are replaced by (3.4).
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3.6. Two-way MANOVA test statistics with interaction

Finally, we consider the model in which we observe independently yijl with

yijl ¼ hij þ eijl ; ði ¼ 1; 2; . . . ; r; j ¼ 1; 2; . . . ; s; l ¼ 1; 2 . . . ; nijÞ:

Here the cell mean is decomposed in the following way.

hij ¼ mþ ai þ bj þ gij :

Set n ¼
Pr

i¼1
Ps

j¼1 nij, ni� ¼
Ps

j¼1 nij and n�j ¼
Pr

i¼1 nij. Suppose that nij satisfies

the proportional sampling in which

nij ¼
ni�n�j
n

:

To define m, ai, bj and gij uniquely, we need to have some constraints

Xr
i¼1
ni�ai ¼ 0;

Xs
j¼1

n�jbj ¼ 0;
Xr
i¼1
ni�gij ¼ 0;

Xs
j¼1

n�jgij ¼ 0:

Our hypothesis H0 is

H0 : gij ¼ 0 ði ¼ 1; 2; . . . ; r; j ¼ 1; 2; . . . ; sÞ:
Set

X ¼

0
BBBB@

1n11 0 � � � 0

0 1n12 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 1nrs

1
CCCCA; ðn� rs matrixÞ;

X ¼ ðh11; h12; . . . ; hrsÞ
0; ðrs� p matrixÞ;

r ¼ ðr1; r2; . . . ; rrsÞ
0 ¼

ffiffiffiffiffiffi
n11

n

r
;

ffiffiffiffiffiffi
n12

n

r
; . . . ;

ffiffiffiffiffiffi
nrs

n

r� �0
; ðrs� 1 vectorÞ;

GA ¼

0
BBB@
G

ðAÞ
11 � � � G

ðAÞ
1r

..

. . .
. ..

.

G
ðAÞ
r1 � � � G

ðAÞ
rr

1
CCCA; ðrs� rs matrixÞ;

GB ¼

0
BBB@
G

ðBÞ
11 � � � G

ðBÞ
1r

..

. . .
. ..

.

G
ðBÞ
r1 � � � G

ðBÞ
rr

1
CCCA; ðrs� rs matrixÞ;

GC ¼ Irs � GA � GB þ rr 0;
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where

G
ðAÞ
ii 0 ¼ dii 0ffiffiffiffiffi

ni�
p ffiffiffiffiffiffi

ni 0 �
p

ffiffiffiffiffiffi
ni1

p ffiffiffiffiffiffiffi
ni 01

p � � � ffiffiffiffiffiffi
ni1

p ffiffiffiffiffiffiffi
ni 0s

p

..

. . .
. ..

.

ffiffiffiffiffi
nis

p ffiffiffiffiffiffiffi
ni 01

p � � � ffiffiffiffiffi
nis

p ffiffiffiffiffiffiffi
ni 0s

p

0
BB@

1
CCA;

G
ðBÞ
ii 0 ¼ diag

ffiffiffiffiffiffi
ni1

p ffiffiffiffiffiffiffi
ni 01

p

n�1
; . . . ;

ffiffiffiffiffi
nis

p ffiffiffiffiffiffiffi
ni 0s

p

n�s

� �
:

Note that G2C ¼ GC in the case of proportional sampling. Then, by using

ðX 0XÞ�1=2GCðX 0XÞ1=2, an unknown parameter matrix X can be transformed

into ðg11; g12; . . . ; grsÞ
0. So, our hypothesis H0 can be rewritten as

H0 : ðX 0X Þ1=2GCðX 0X Þ1=2X ¼ 0:

Since GC is a projection matrix, there exists an ðr� 1Þðs� 1Þ � rs matrix L such
that

L0L ¼ GC ; LL0 ¼ Iðr�1Þðs�1Þ:

Then an ðr� 1Þðs� 1Þ � rs restricted matrix H for hypothesis H0 can be defined

by

H ¼ LðX 0X Þ�1=2:

Therefore, our theorem can be applied for

W ¼ GC ¼ Irs � GA � GB þ rr 0:

Moreover, in order to simplify the coe‰cients aj’s, we define the indicator

matrix C by

C ¼

c11 c12 � � � c1s

c21 c22 � � � c2s

..

. ..
. . .

. ..
.

cr1 cr2 � � � crs

0
BBB@

1
CCCA ¼

1 2 � � � s

sþ 1 sþ 2 � � � 2s

..

. ..
. . .

. ..
.

ðr� 1Þsþ 1 ðr� 1Þsþ 2 � � � rs

0
BBB@

1
CCCA:

Then the ða; bÞth element of W can be rewritten as

oab ¼ ocijci 0 j 0 ¼ dii 0djj 0 � dii 0

ffiffiffiffiffi
nij

p ffiffiffiffiffiffiffiffi
ni 0j 0

pffiffiffiffiffi
ni�

p ffiffiffiffiffiffi
ni 0 �

p � djj 0

ffiffiffiffiffi
nij

p ffiffiffiffiffiffiffiffi
ni 0j 0

pffiffiffiffiffi
n�j

p ffiffiffiffiffiffi
n�j 0

p þ
ffiffiffiffiffi
nij

p ffiffiffiffiffiffiffiffi
ni 0j 0

p

n
:

As C ¼ D 0WD, where

D 0 ¼ XðX 0XÞ�1=2 ¼

n
�1=2
11 1n11 0 � � � 0

0 n
�1=2
12 1n12 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � n
�1=2
rs 1nrs

0
BBBBB@

1
CCCCCA;
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we have

a1 ¼
1

8

Xrs
a¼1

r�2a o2aa � ðs� 1Þðr� 1Þfðs� 1Þðr� 1Þ þ 2g
" #

¼ 1
8

Xr
i¼1

Xs
j¼1

n

nij
ðocijcij Þ

2 � ðs� 1Þðr� 1Þfðs� 1Þðr� 1Þ þ 2g
" #

¼ 1
8

(Xr
i¼1

Xs
j¼1

n

nij
þ ð1� 2sÞ

Xr
i¼1

n

ni�
þ ð1� 2rÞ

Xs
j¼1

n

n�j

� ð1� 2rsÞ � ðr� 1Þ2ðs� 1Þ2
)
;

a2 ¼
1

12

Xrs
ab

r�1a r�1b o3ab ¼
1

12

Xr
ii 0

Xs
jj 0

nffiffiffiffiffi
nij

p ffiffiffiffiffiffiffiffi
ni 0j 0

p ðocijci 0 j 0 Þ
3

¼ 1

12

(Xr
i¼1

Xs
j¼1

n

nij
� ð3s� 2Þ

Xr
i¼1

n

ni�
� ð3r� 2Þ

Xs
j¼1

n

n�j

þ 9rs� 6r� 6sþ 4
)
;

a3 ¼
1

8

Xrs
ab

r�1a r�1b oaaoabobb ¼
1

8

Xr
ii 0

Xs
jj 0

nffiffiffiffiffi
nij

p ffiffiffiffiffiffiffiffi
ni 0j 0

p ocijcijocijci 0 j 0oci 0 j 0 ci 0 j 0

¼ 1
8

Xr
i¼1

Xs
j¼1

n

nij
� s2

Xr
i¼1

n

ni�
� r2

Xs
j¼1

n

n�j
þ r2s2

( )
;

and a4 ¼ a5 ¼ a6 ¼ 0. Therefore, the coe‰cients bj’s become

b0 ¼ a1k
ð1Þ
4 � ða2kð1Þ3 þ a3kð2Þ3 Þ þ 1

4
pðr� 1Þðs� 1Þfðr� 1Þðs� 1Þ � p� 1� 2r1g;

b1 ¼ �2a1kð1Þ4 þ 3ða2kð1Þ3 þ a3kð2Þ3 Þ

� 1
2
pðr� 1Þðs� 1Þ½ðr� 1Þðs� 1Þ � r1 þ r2fðr� 1Þðs� 1Þ þ pþ 1g
;

b2 ¼ a1k
ð1Þ
4 � 3ða2kð1Þ3 þ a3kð2Þ3 Þ

þ 1
4
pðr� 1Þðs� 1Þfðr� 1Þðs� 1Þ þ pþ 1gð1þ 2r2Þ;

b3 ¼ a2k
ð1Þ
3 þ a3kð2Þ3 :
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Furthermore, as in § 3.4 and 3.5, A1, A2 and A3 are replaced by

n=nij ¼ Oð1Þ ði ¼ 1; 2; . . . ; r; j ¼ 1; 2; . . . ; sÞ:

For a general case, i.e., non-proportional sampling, Fujikoshi [9] studied

test statistics in the two-way AMOVA model. It may be necessary to devise

an application of our formula to this general case.

4. Numerical accuracies

In this section, numerical accuracies are studied for the actual test sizes of

some multivariate tests under four distributions considered by Everitt [8].

First, Hotelling’s T 2 statistic, which is denoted by TG, is taken up. Some

e¤ects of TG to nonnormality have been pointed out by Chase and Bulgren [7]

and Everitt [8], based on Monte Carlo experiment. Our purpose is to see how

close the actual test size is to the nominal one by using the asymptotic expan-

sion approximations.

Generally, the Cornish-Fisher expansion is used as an approximation to the

true percentage point. Let tðuÞ and u denote the true percentage point and the
percentage point of limiting distribution of TG respectively, that is

PðTGa tðuÞÞ ¼ Pðw2pha uÞ;

where w2ph is a variate of a central chi-squared distribution with degrees of free-

dom ph. Then from (2.2), tðuÞ can be expanded as

tðuÞ ¼ uþ 2u

nph

(
b1 þ b2 þ b3 þ

ðb2 þ b3Þu
phþ 2 þ b3u

2

ðphþ 2Þð phþ 4Þ

)
þ oðn�1Þ

¼ tEðuÞ þ oðn�1Þ: ð4:1Þ

In actual use, we use t̂tEðuÞ, which is defined from tEðuÞ by replacing the unknown
parameters k

ð1Þ
3 , k

ð2Þ
3 and k

ð2Þ
4 by their estimators, respectively. Set

~yyj ¼ ŜS�1=2ðyj � yÞ;

where

y ¼ 1
n

Xn
j¼1

yj; ŜS ¼ 1

n� 1
Xn
j¼1

ðyj � yÞðyj � yÞ0;

then the unknown parameters k
ð1Þ
3 , k

ð2Þ
3 and k

ð1Þ
4 can be estimated as

k̂k
ð1Þ
3 ¼ n

ðn� 1Þðn� 2Þ

� �2Xn
ij

ð~yy 0
i ~yyjÞ

3;
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k̂k
ð2Þ
3 ¼ n

ðn� 1Þðn� 2Þ

� �2Xn
ij

ð~yy 0
i ~yyiÞð ~yy 0

i ~yyjÞð ~yy 0
j ~yyjÞ;

k̂k
ð1Þ
4 ¼ nðnþ 1Þ

ðn� 1Þðn� 2Þðn� 3Þ
Xn
j¼1

ð~yy 0
j ~yyjÞ

2 � pðpþ 2Þ:

For estimations of the multivariate skewnesses and kurtosis, see, e.g., Kaplan

[18], Mardia [19] and Isogai [16].

On the other hand, in the case of Hotelling’s T 2 statistic, we can use a

modified Cornish-Fisher expansion, which gives an exact percentage point in

the normal error case. Such a modification is obtained by using the result that

ðn� pÞTG=pðn� 1Þ is distributed as F-distribution with degrees of freedom p

and n� p under normality. Then, we can modify tEðuÞ as

tðuÞ ¼ pðn� 1Þ
n� p uF � 2u

np
b 00 �

ðb 02 þ b 03Þu
pþ 2 � b 03u

2

ðpþ 2Þð pþ 4Þ


 �
þ oðn�1Þ

¼ tEðuÞ þ oðn�1Þ;

where uF is the percentage point of F-distribution with degrees of freedom p

and n� p and

b 00 ¼ � 1
4
k
ð1Þ
4 þ 1

6
k
ð1Þ
3 ; b 01 ¼

1

2
k
ð1Þ
4 � 1

2
k
ð1Þ
3 ;

b 02 ¼ � 1
4
k
ð1Þ
4 � 1

2
k
ð2Þ
3 ; b 03 ¼

1

3
k
ð1Þ
3 þ 1

2
k
ð2Þ
3 :

If e is distributed as a normal distribution, then its expansion gives an exact

percentage point.

The error distributions considered are the same ones as in Everitt [8], i.e.,

1. Multivariate Normal Distribution,

2. Uniform Distribution: Each of the p variables is generated indepen-

dently from a uniform (0,1) distribution,

3. Exponential Distribution: Each of the p variables is generated inde-

pendently from an exponential distribution with a mean of unity,

4. Lognormal Distribution: Each of the p variables is generated inde-

pendently from a lognormal distribution such that log x@Nð0; 1Þ.
Table 4.1 gives the actual test sizes for the nominal 10%, 5% and 1% test

in several cases of p and n. For each cell in Table 4.1, the top figure expresses

the actual test sizes based on the percentage point of F-distribution, the middle

and bottom figures show the actual sizes by using tEðuÞ and t̂tEðuÞ, respectively.
From Table 4.1, it seems that tEðuÞ gives a considerable improvement for the
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actual test size. However, there is a tendency that the approximation tends to

be bad as p tends to be large. Moreover, though the estimation problem for

k
ð1Þ
3 , k

ð2Þ
3 and k

ð1Þ
4 is left over, as these cumulants tend to be large, it becomes

di‰cult to obtain good estimators even when the sample size is not so small as

that.

Next, we compare the asymptotic expansion method with other ones.

Bootstrap is one of the powerful methods when error’s distribution is general.

To construct the bootstrap approximations, let w� ¼ fy�
1 ; . . . ; y

�
ng denote a re-

sample drawn randomly, with replacement, from w ¼ fy1; . . . ; yng. Then the

Table 4.1: Actual test sizes of Hotelling’s T 2 test.

Normal

Nominal Sizes

Uniform

Nominal Sizes

Exponential

Nominal Sizes

Log-Normal

Nominal Sizes

n p 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

5 2 10.0 5.1 0.8 11.8 6.4 1.8 20.9 14.5 4.9 30.2 21.5 7.8

10.0 5.1 0.8 11.7 6.2 1.8 16.3 10.0 3.3 8.7 4.7 1.1

8.8 4.1 0.7 10.2 5.6 1.6 18.7 12.4 4.2 27.3 19.1 6.8

10 2 10.1 5.0 0.9 10.1 6.0 1.8 17.9 12.4 5.4 28.1 21.9 11.8

10.1 5.0 0.9 10.0 5.8 1.6 12.0 6.6 1.6 5.4 2.1 0.3

8.6 4.0 0.6 8.9 4.8 1.2 15.1 9.3 3.5 23.8 16.4 7.0

4 10.2 5.3 1.3 11.1 5.8 1.6 22.1 14.8 5.9 37.2 27.5 13.6

10.2 5.3 1.3 10.9 5.7 1.6 15.2 9.1 2.3 7.7 3.2 0.5

7.6 3.7 0.8 8.7 4.2 1.2 17.3 10.9 3.4 29.9 20.9 8.5

6 9.9 5.1 1.0 10.8 5.4 1.1 21.8 12.9 3.7 39.3 27.0 10.2

9.9 5.1 1.0 10.7 5.3 1.1 17.6 10.2 2.7 14.7 8.5 2.3

8.0 4.0 0.8 8.4 4.2 0.9 18.1 10.5 2.8 34.0 22.9 8.1

15 2 10.1 5.3 0.8 10.8 5.5 1.1 17.1 11.7 5.5 26.4 20.7 11.9

10.1 5.3 0.8 10.7 5.4 1.1 11.8 6.7 1.1 5.4 2.0 0.2

9.5 4.7 0.4 9.5 4.5 0.9 13.8 8.9 2.8 22.4 14.8 6.3

4 9.1 4.5 0.7 11.6 6.2 1.4 20.8 14.8 5.5 36.3 27.8 14.3

9.1 4.5 0.7 11.3 5.9 1.3 13.7 6.9 1.5 5.3 2.0 0.1

6.9 2.6 0.3 9.4 4.0 0.6 15.9 9.0 2.3 27.2 17.9 7.3

6 11.1 5.5 1.1 9.0 4.2 0.9 20.2 13.3 4.9 41.3 31.6 16.3

11.1 5.5 1.1 8.9 4.2 0.9 13.5 7.4 2.5 7.0 3.5 0.5

7.6 3.5 0.4 6.5 2.9 0.4 14.2 7.9 2.8 31.3 22.0 8.1

8 10.1 5.1 1.1 10.3 5.5 1.1 21.7 13.0 3.8 42.4 32.0 14.1

10.1 5.1 1.1 10.2 5.5 1.1 16.0 8.6 2.4 10.4 5.4 1.1

6.4 3.0 0.8 7.7 3.4 0.5 15.6 8.5 2.3 34.7 23.2 8.1

(cont’d on p. 32)

Multivariate linear hypothesis 31



bootstrap version of Hotelling’s T 2 test statistic is defined by

T �
G ¼ nðy� � yÞ0S ��1ðy� � yÞ;

where

y� ¼ 1
n

Xn
j¼1

y�
j ; S � ¼ 1

n� 1
Xn
j¼1

ðy�
j � y�Þðy�

j � y�Þ0:

The percentage point of bootstrap version tB can be calculated as

PðT �
G b tB j wÞ ¼ a:

Furthermore, Mardia [20] proposed a robust method on Hotelling’s T 2 test

statistic. Let

d ¼ 1þ 1
n

b2;p � pðpþ 2Þ
p


 �
; b2;p ¼

1

n

Xn
j¼1

ð ~yy 0
j ~yyjÞ

2;

then we use uM , a percentage point of F distribution with dp and dðn� pÞ
degrees of freedom, as an approximation of one. For the percentage points of

F distribution with non-integer values of degrees of freedom, see, Mardia and

Zemroch [21].

Table 4.1: (Continued)

Normal

Nominal Sizes

Uniform

Nominal Sizes

Exponential

Nominal Sizes

Log-Normal

Nominal Sizes

n p 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

20 2 11.0 5.7 0.9 10.4 5.6 1.1 15.0 10.0 4.2 26.6 20.1 11.4

11.0 5.7 0.9 10.4 5.3 1.0 10.8 5.7 1.0 4.8 2.0 0.1

10.2 5.0 0.8 9.8 4.9 0.8 12.4 6.8 2.0 21.1 13.7 4.8

4 9.0 4.2 0.7 9.6 5.0 1.1 19.1 12.0 4.7 33.0 25.4 14.1

9.0 4.2 0.7 9.4 4.8 1.0 11.2 5.8 1.0 4.3 1.5 0.1

7.3 3.1 0.3 8.5 3.9 0.6 12.9 7.7 1.8 23.4 15.2 5.8

6 10.1 5.4 1.5 10.9 5.5 1.2 20.8 13.7 5.5 38.1 29.0 15.9

10.1 5.4 1.5 10.7 5.3 1.2 12.8 7.0 2.0 5.0 2.1 0.5

7.6 3.5 0.4 8.2 3.5 0.5 14.1 7.6 2.5 26.6 17.5 6.5

8 10.5 5.3 0.9 11.6 5.3 1.0 24.1 14.3 5.4 40.6 29.6 14.4

10.5 5.3 0.9 11.4 5.3 0.9 14.7 8.5 1.9 5.3 2.8 0.3

6.6 2.6 0.2 7.4 3.1 0.3 15.2 8.7 2.1 27.2 17.8 6.2

10 10.4 4.8 1.1 8.2 4.7 0.5 22.9 14.4 4.8 42.4 31.7 15.2

10.4 4.8 1.1 8.1 4.6 0.5 16.2 9.7 2.5 7.8 3.5 0.4

6.0 2.9 0.5 5.7 2.6 0.2 15.5 9.0 2.4 31.3 21.1 7.1
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Table 4.2 shows the actual sizes for the nominal 10%, 5% and 1% tests in

the case of n ¼ 10 and p ¼ 2, 3 and 4. Each test size aj is defined by

a1 ¼ PðTGb pðn� 1ÞuF=ðn� pÞÞ; a2 ¼ PðTGb tEðuÞÞ;

a3 ¼ PðTGb t̂tEðuÞÞ; a4 ¼ PðTGb tBÞ;

a5 ¼ PðTGb pðn� 1ÞuM=ðn� pÞÞ:

Four error distributions considered are the same ones as in the previous sim-

ulation. From Table 4.2, we can see that the bootstrap method gives conser-

vative approximations but the approximations are not so good. Especially,

for p ¼ 3 and 4, the bootstrap approximation is very bad since the determinant
of S � is near 0 occasionally when p is large in comparison with n. On the

other hand, the asymptotic expansion with estimators improves the first order

approximations for actual test sizes constantly. However, these improvements

are not enough, in comparison with the case of normality. Mardia’s method is

robust in the non-skewness data only.

5. Bartlett corrections

In this section, first we consider the situation where the Bartlett corrections

do work even under nonnormality. More precisely, we shall find conditions

Table 4.2: Actual test sizes of Hotelling’s T 2 test; several methods.

Normal

Nominal Sizes

Uniform

Nominal Sizes

Exponential

Nominal Sizes

Log-Normal

Nominal Sizes

n p 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

10 2 a1 9.81 4.96 0.89 10.63 5.53 1.48 18.62 12.75 6.30 14.02 5.67 0.90

a2 9.81 4.96 0.89 10.55 5.38 1.33 12.34 7.35 1.95 0.20 0.05 0.00

a3 8.35 3.84 0.63 9.16 4.57 0.99 15.35 10.02 4.01 8.39 3.27 0.37

a4 6.35 2.23 0.27 6.56 2.52 0.25 10.35 5.80 1.13 3.89 1.11 0.09

a5 11.08 6.03 1.42 11.47 6.51 1.96 20.37 14.88 7.74 18.25 8.58 1.76

3 a1 9.82 4.92 1.00 10.69 5.52 1.25 21.16 14.64 6.33 13.98 6.10 1.21

a2 9.82 4.92 1.00 10.55 5.42 1.21 14.09 8.41 2.20 0.25 0.08 0.00

a3 7.62 3.55 0.59 8.78 4.22 0.78 16.98 10.91 3.93 8.30 3.11 0.41

a4 3.36 0.83 0.02 3.55 0.91 0.03 7.10 2.68 0.12 1.43 0.37 0.00

a5 11.65 6.38 1.68 12.29 6.96 2.00 23.93 17.46 9.13 19.41 9.89 2.37

4 a1 10.02 4.92 1.04 10.82 5.56 1.25 22.44 15.23 5.84 14.13 6.84 1.40

a2 10.02 4.92 1.04 10.69 5.48 1.19 15.55 9.15 2.52 0.52 0.21 0.01

a3 7.21 3.38 0.56 8.35 3.80 0.76 17.78 10.95 3.48 8.70 3.72 0.65

a4 0.71 0.08 0.00 0.76 0.07 0.00 2.15 0.27 0.00 0.36 0.03 0.00

a5 12.74 7.11 1.84 12.99 7.85 2.16 26.05 18.97 9.31 19.91 10.96 3.10
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such that the Bartlett correction in the normal case implies an improved w2-

approximation, even under nonnormality. Note that TG has been adjusted by

the Bartlett correction in the normal case, namely, under normality, EðTGÞ ¼
phþ oðn�1Þ.

By using the formula in Theorem 2.1, the expectation of TG can be calcu-

lated as

EðTGÞ ¼ phþ 1
n

X3
j¼0

bjðphþ 2jÞ þ oðn�1Þ

¼ ph 1þ c1
n

� �
þ oðn�1Þ:

Noting that
P3

j¼0 bj ¼ 0, we obtain

c1 ¼
2

ph

X3
j¼1

jbj:

From (2.1),

b1 þ 2b2 þ 3b3 ¼ 4a5ðkð1Þ3 þ k
ð2Þ
3 Þ: ð5:1Þ

Therefore

c1 ¼
8

ph
a5ðkð1Þ3 þ k

ð2Þ
3 Þ:

If a5 ¼ 0, then EðTGÞ ¼ phþ oðn�1Þ. This means that if a5 ¼ 0, then TG has
an improved w2 approximation by the Bartlett correction in the normal case.

On the other hand,

a5 ¼
1

8n
10nXðX 0XÞ�1=2WðX 0X Þ�1=2X 01n:

So, a5 ¼ 0 is equivalent to

WðX 0X Þ�1=2X 01n ¼ 0: ð5:2Þ

If H is given by a concrete form, then the condition (5.2) may be changed into

a simpler form as

HðX 0XÞ�1X 01n ¼ 0: ð5:3Þ

Moreover,

a4 ¼
1

12
10nDCX ðX 0X Þ�1=2WðX 0XÞ�1=2X 01n:

Therefore, under condition (5.2), the coe‰cient a4 becomes 0. This result can

be summarized as the following Theorem 5.1.
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Theorem 5.1. Suppose that X and H satisfy the condition (5.2) (or more

concretely (5.3)), then the test statistics adjusted by the Bartlett correction in the

normal case have an improved w2-approximation, i.e., even under nonnormality,

EðTGÞ ¼ phþ oðn�1Þ.

Related to Theorem 5.1, we examine the condition (5.2) in the one-way

MANOVA model. In this model, the design matrix X is defined by (3.1).

Then the condition (5.2) can be rewritten as H1k ¼ 0, which means that the rows

of H are contrast vectors. Therefore, the test statistics for equality of means in

the one-way MANOVA model can be improved by the Bartlett correction in the

normal case.

Next, we consider the second moment of TG, which can be calculated as

EðT 2GÞ ¼ phðphþ 2Þ þ 1
n

X3
j¼0

bjð phþ 2jÞð phþ 2þ 2jÞ þ oðn�1Þ

¼ phðphþ 2Þ 1þ c2
n

� �
þ oðn�1Þ:

Note that
P3

j¼0 bj ¼ 0, and we obtain

c2 ¼
4

phðphþ 2Þ
X3
j¼1

jðphþ j þ 1Þbj

¼ 4

phðphþ 2Þ fð phþ 2Þðb1 þ 2b2 þ 3b3Þ þ 2ðb2 þ 3b3Þg:

From (2.1),

b2 þ 3b3 ¼ a1k
ð1Þ
4 � f6a4 � 4ðhþ 2Þa5gðkð1Þ3 þ k

ð2Þ
3 Þ

þ 1
4
phðhþ pþ 1Þð1þ 2r2Þ: ð5:4Þ

Substituting (5.1) and (5.4) into c2 yields

c2 ¼
8

phðphþ 2Þ

�
a1k

ð1Þ
4 � f6a4 � 2ðphþ 2hþ 6Þa5gðkð1Þ3 þ k

ð2Þ
3 Þ

þ 1
4
phðhþ pþ 1Þð1þ 2r2Þ

�
:

If the condition (5.2) is satisfied, then the coe‰cients a4 and a5 become 0.

Then c2 has a simpler form as

c2 ¼
8

phð phþ 2Þ a1k
ð1Þ
4 þ 1

4
phðhþ pþ 1Þð1þ 2r2Þ


 �
:
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Furthermore, if

a1 ¼ 0; ð5:5Þ

then c2 does not depend on unknown parameters, i.e., c2 ¼ 2ðhþ pþ 1Þ �
ð1þ 2r2Þ=ð phþ 2Þ. So, the n�1 term of variance of TG is independent of un-

known parameters k
ð1Þ
3 , k

ð2Þ
3 and k

ð1Þ
4 , in fact

VarðTGÞ ¼ 2ph 1þ 1
n
ðpþ hþ 1Þð1þ 2r2Þ


 �
þ oðn�1Þ:

Under these conditions, a modified Bartlett transformation (see, Fujikoshi [11])

can be defined by

~TTG ¼ ðphþ 2Þ n

ðpþ hþ 1Þð1þ 2r2Þ
þ 1
2


 �
log 1þ ðpþ hþ 1Þð1þ 2r2Þ

nðphþ 2Þ TG


 �
:

Furthermore, the mean and variance of ~TTG become

Eð ~TTGÞ ¼ phþ oðn�1Þ; Varð ~TT 2GÞ ¼ 2phþ oðn�1Þ:

These results can be summarized as Theorem 5.2.

Theorem 5.2. Suppose that X and H satisfy the condition (5.2) (or more

concretely (5.3)) and (5.5), then the Lawley-Hotelling and Bartlett-Nanda-Pillai

trace criteria can be improved in the variances as well as the means by the mod-

ified Bartlett transformation in the normal case, which are defined by

~TTHL ¼ ðphþ 2Þ n

ðpþ hþ 1Þ þ
1

2


 �
log 1þ ð pþ hþ 1Þ

nðphþ 2Þ THL

 �

;

~TTBNP ¼ �ð phþ 2Þ n

ðpþ hþ 1Þ �
1

2


 �
log 1� ðpþ hþ 1Þ

nðphþ 2Þ TBNP;

 �

;

i.e., even under nonnormality,

Eð ~TTHLÞ ¼ phþ oðn�1Þ; Varð ~TTHLÞ ¼ 2phþ oðn�1Þ;

Eð ~TTBNPÞ ¼ phþ oðn�1Þ; Varð ~TTBNPÞ ¼ 2phþ oðn�1Þ:

For TLR, it may be noted that under conditions (5.2) and (5.5), VarðTLRÞ ¼
2phþ oðn�1Þ, so it shall not be necessary to consider the transformation such as
THL and TBNP.

Furthermore, we consider the two-way MANOVA test statistics as in § 3.6.

In this case, it can be checked that condition (5.2) holds through a simple

calculation. More specifically, we consider the case r ¼ s ¼ 3 and ni1 ¼ ni2 ¼
ni3 ði ¼ 1; 2; 3Þ. In this case, if n1j : n2j : n3j ¼ 1 : 2 : 3 ð j ¼ 1; 2; 3Þ, then the
condition (5.5) holds. Therefore, when r ¼ s ¼ 3 and n1j : n2j : n3j ¼ 1 : 2 : 3,

Hirofumi Wakaki et al.36



the Lawley-Hotelling and Bartlett-Nanda-Pillai trace criteria in the two-way

MANOVA model can be improved by the modified Bartlett transformation in

the normal case.

Table 5.1 shows the actual test size of the three test statistics in two-

way MANOVA model with iteration in the case r ¼ s ¼ 3 and ni1 ¼ ni2 ¼ ni3
ði ¼ 1; 2; 3Þ. For each test statistic, let TO denote the test statistics without

the Bartlett correction, TG the statistics with the Bartlett correction and ~TTG
the transformed test statistics based on a modified Bartlett transformation.

Table 5.1: Actual test sizes of test statistics in two-way MANOVA model with interaction;

Bartlett corrections.

Normal

Nominal Sizes

Uniform

Nominal Sizes

Exponential

Nominal Sizes

Log-Normal

Nominal Sizes

a1 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

TLR �1.00 TO 10.0 5.0 0.9 9.6 4.9 1.1 9.2 4.7 0.9 7.9 3.7 0.5

TG 10.3 5.2 1.0 9.9 5.1 1.1 9.5 4.9 1.0 8.1 3.8 0.6

0.00 TO 9.6 4.9 0.9 10.2 4.9 1.0 10.0 5.1 0.9 9.6 4.9 1.2

TG 9.8 5.0 0.9 10.4 5.1 1.1 10.2 5.2 0.9 9.8 5.0 1.3

1.25 TO 9.6 4.7 0.9 9.6 4.9 0.9 10.7 5.6 1.4 12.0 6.6 1.9

TG 9.9 5.0 0.9 9.8 5.1 0.9 11.0 5.8 1.5 12.2 6.8 2.0

THL �1.00 TO 12.5 7.0 1.7 11.9 6.6 1.8 11.4 6.5 1.8 10.1 4.9 1.0

TG 10.8 5.7 1.3 10.5 5.7 1.6 10.1 5.4 1.4 8.6 4.2 0.8
~TTG 10.4 5.3 1.0 10.0 5.1 1.1 9.5 4.9 1.0 8.2 3.8 0.6

0.00 TO 12.0 6.6 1.6 12.6 6.7 1.8 12.2 6.9 1.7 12.0 6.6 1.9

TG 10.5 5.6 1.3 11.1 5.7 1.5 10.6 5.8 1.3 10.4 5.6 1.6
~TTG 10.1 5.1 1.0 10.4 5.2 1.1 10.3 5.3 1.0 9.8 5.1 1.3

1.25 TO 12.4 6.5 1.6 12.0 6.7 1.6 13.1 7.5 2.4 14.4 8.6 2.9

TG 10.6 5.6 1.3 10.4 5.8 1.2 11.6 6.5 2.0 12.8 7.6 2.4
~TTG 10.0 5.0 1.0 10.0 5.2 1.0 11.1 5.8 1.5 12.4 6.9 2.1

TBNP �1.00 TO 11.3 5.6 1.0 7.3 3.4 0.5 7.2 3.1 0.5 5.8 2.3 0.2

TG 9.5 4.6 0.7 9.2 4.5 0.8 8.9 4.2 0.6 8.6 4.2 0.8
~TTG 10.2 5.2 1.0 9.9 5.1 1.1 9.4 4.8 1.0 8.1 3.8 0.6

0.00 TO 10.9 5.4 0.9 7.7 3.4 0.6 7.6 3.5 0.4 7.3 3.4 0.8

TG 9.2 4.5 0.7 9.8 4.5 0.8 9.6 4.7 0.7 10.4 5.6 1.6
~TTG 9.8 5.0 0.9 10.4 5.0 1.0 10.1 5.2 0.9 9.8 5.0 1.3

1.25 TO 11.1 5.3 0.9 7.6 3.2 0.5 8.3 4.1 0.7 9.4 4.7 1.2

TG 9.3 4.1 0.6 9.3 4.5 0.7 10.4 5.2 1.1 12.8 7.6 2.4
~TTG 9.9 4.9 0.9 9.9 5.1 0.9 11.0 5.8 1.4 12.2 6.7 1.9
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Needless to say, each correction is obtained under normality and we do not

deal with ~TTG for the likelihood ratio statistic. In Table 5.1, values of a1 are

given by

a1 ¼ �1:00; ðn1j ¼ 10; n2j ¼ 10; n3j ¼ 10Þ;

a1 ¼ 0:00; ðn1j ¼ 5; n2j ¼ 10; n3j ¼ 15Þ;

a1 ¼ 1:25; ðn1j ¼ 5; n2j ¼ 5; n3j ¼ 20Þ:

Four error distributions considered are the same ones as in the previous

section. From Table 5.1, we note that the Bartlett correction in the normal

case can improve the approximation well enough, even if an error vector is not

distributed as a normal distribution. Moreover, when a1 ¼ 0, the di¤erence be-
tween the actual test size and the nominal ones is the smallest in all the cases,

since the n�1 terms of mean and variance of TG are independent of k
ð1Þ
3 , k

ð2Þ
3

and k
ð1Þ
4 . In this case, ~TTG gives better size than TO and TG. Furthermore, ~TTG

under the condition (5.5) gives the best size in all the cases. Therefore, we can

say that test statistics ~TTG, which satisfies the conditions (5.2) and (5.5), is robust

for nonnormality. So, when we consider a test statistic which satisfies the con-

dition (5.2), we recommend to get the sample data satisfying the condition (5.5)

and transforming the test statistic by the modified Bartlett transformation.

Appendix

A.1. Some basic results on validity

The aim of this section is to prepare some basic theorems in order to

assure the validity of asymptotic expansions in Appendices A.2 and A.3, which

are given later.

In this section, we may assume, without loss of generality, that S ¼ Ip.

Let x1; x2; . . . be a sequence of non-random k-dimensional vectors and e; e1; e2; . . .

be a sequence of i:i:d: random vectors with EðeÞ ¼ 0 and CovðeÞ ¼ Ip. Set

Z ¼ ðX 0XÞ�1=2X 0E; V ¼ 1ffiffiffi
n

p
Xn
j¼1

ðeje 0j � IpÞ;

and Q 0 ¼ ðX 0X Þ�1=2X 0 ¼ ðq1; . . . ; qnÞ and qj ¼ ðqð jÞ1 ; . . . ; q
ð jÞ
k Þ0. The assump-

tions in Section 2 are used, but A1 and B1 are replaced by more general ones

as follows:

A1. For some integer sb 3, lim sup
n!y

1

n

Pn
j¼1

kxjks < y:

B1. For some integer sb 3, Eðkek2sÞ < y.
We prepare the following two lemmas.
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Lemma A.1. Under the assumptions A1, A2 and A3,

maxfkqjk : j ¼ 1; . . . ; ng ¼ Oðn�d=2Þ;

1

n

Xn
j¼1

jqð jÞ
ið1Þ . . . q

ð jÞ
iðrÞj ¼ Oðn

�r=2Þ ð0 < ra sÞ;

where ið1Þ; . . . ; iðrÞ are arbitrary positive integers not larger than k.

The proof of Lemma A.1 is easy, and is therefore omitted.

Lemma A.2. Set

LðnÞ ¼ j : 1a ja n; inf
T100

nq 0
j T1T

0
1qj

trðT1T 0
1Þ

>
1

2


 �
;

where T1 is a k � p matrix, then under the assumptions A1, A2 and A3,

lim inf
n!y

n�daLðnÞ > 0;

where aLðnÞ denotes the number of integers in LðnÞ.

Proof. If T10 0, then

1 ¼
Xn
j¼1

q 0
jT1T

0
1qj

trðT1T 0
1Þ

a
n�aLðnÞ

2n
þaLðnÞ maxfq 0

jqj : 1a ja ng

a
1

2
þ n�dKaLðnÞ;

for some positive constant K .

For the underlying distribution of e, we make alternative assumptions:

B10. For some integer sb 3, EðkeksÞ < y.
B2 0. The Cramér’s condition holds, that is, for any b > 0,

sup
ktk>b

jEðexpðit 0eÞÞj < 1;

where t is a p� 1 vector.
In the proof of the following theorem, Bhattacharya and Ranga Rao [5] is

referred to as BR because of its frequent usage.

Theorem A.1. Under the assumptions A1, A2, A3 and B10, B2 0,

sup
B ABc; a

PðZ A BÞ �
ð
B

cs;nðzÞdz
����

���� ¼ oðn�ðs�2Þ=2Þ; ðA:1Þ
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where cs;n is the asymptotic expansion of the density function of Z which is

formally derived up to the order n�ðs�2Þ=2, and

Bc;a ¼ fB A Bk�p : FððqBÞeÞa cea for all e > 0g:

Here, Bk�p denotes the class of all k � p-dimensional Borel sets.

Proof. Set rj ¼ vecðxje 0j Þ ð j ¼ 1; 2; . . .Þ and Vn ¼ n�1
Pn

j¼1 CovðrjÞ. Then

Vn ¼ n�1Ipn ðX 0XÞ and

vecðZÞ ¼ ðIpn ðX 0X Þ�1=2Þ
Xn
j¼1

rj;

which is a standardized sum of independent random vectors. If the result

(20.56) of Theorem 20.6 of BR is true in our problem, then it implies Theorem

2.1. The moment conditions (i), (ii) and (iii) in Theorem 20.6 can be easily

checked as well as (20.54) in our case. In our problem, each distribution of

rj is degenerate, and so, the uniform Cramér condition (20.55) is not satisfied.

The proof of Theorem 20.6 is similar to that of Theorem 20.1 of BR. There-

fore we have to check the parts where the nonsingularity of each covariance

matrices and the condition (20.55) have been used. The first part where the

nonsingularity of CovðrjÞ is required is (20.21) and (20.22) with Theorem 9.10

of BR. In the non-i.i.d. case, instead of Theorem 9.10, Theorem 9.9 of BR is

used in order to estimate (20.21). In Theorem 9.9, the nonsingularity is not

required. Let gjðt1Þ be the characteristic function of rj, where t1 ¼ vecðT1Þ.
Then Lemma A.1 implies that for any positive constant d, there exists a positive

constant d such that

kt1k < d implies sup
j

jgjðt1Þ � 1j <
1

2
� d;

lim
n!y

maxfPðkrjk >
ffiffiffi
n

p
Þ : j ¼ 1; . . . ; ng ¼ 0;

sup
n
max

ð
fkrjk>

ffiffi
n

p
g
krjks

0
: j ¼ 1; . . . ; n

( )" #
< K ;

ðA:2Þ

for some K > 0 and s 0 b 3. Replace the right-hand side of (20.21) with

c6ðs; kÞn�ðsþk�1Þ=2hsþkþ1;

and An in (20.22) with

An ¼ c7ðs; kÞn1=2ðhsþkþ1Þ
�1=ðsþk�1Þ;

where

hr ¼
1

n

Xn
j¼1
EðkV�1=2

n rj;nkrÞ ðr > 0Þ:
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Here rj;n is a truncated and centralized version of rj as in Theorem 20.1. Then

(20.23) holds with

rs ¼
1

n

Xn
j¼1
EðkrjksÞ:

In the rest of the proof of Theorem 20.1, (20.26), (20.35), (20.36), (20.37),

(20.39), (20.42) and (20.43) use the covariance matrix Dn of (in our problem)

rj;n. In the non-i.i.d. case we can replace Dn with

1

n

Xn
j¼1

Covðrj;nÞ

which is nonsingular for su‰ciently large n by (20.54). Therefore we do not

need to require the nonsingularity of each covariance matrix of rj . It remains

to check the parts where the uniform Cramér condition (20.55) is used. The

unique part where (20.55) is used is the estimation of I1 in (20.26). Let gj;nðt1Þ
be the characteristic function of Rj;n. Then the left-hand side of (20.28) is esti-

mated as

jDb�aQ̂Q 0
nðt1Þj ¼ Db�a

Yn
j¼1

gj;nðn�1=2V�1=2
n t1Þ

�����
�����

a njb�aj n

ln

� �jb�aj
sup
1a jan

Eðkn�1=2rj;nkjb�ajÞ
" #

� sup
Jn

Y
j B Jn

gj;nðn�1=2V�1=2
n t1Þ

�����
�����

" #
;

where b � a is a nonnegative integral vector, jb � aj ¼
P

ni, D
b�a ¼ ðq=qt1Þn1 . . .

ðq=qtkpÞnkp for b � a ¼ ðn1; . . . ; nkpÞ, t1 ¼ ðt1; . . . ; tkpÞ0 and Jn ¼ f j1; . . . ; jjb�aj :

1a j1a � � � a jjb�aj a ng. From Lemma 14.1 of BR and A3, we see that if

s 0 ¼ jb � aj > s, then

Eðkn�1=2rj;nkjb�ajÞa 2s
0
nðs

0�sÞ=2n�s=2kxjksEðkeksÞ ¼ oðnðs
0�sÞ=2Þ;

and if s 0 a s, then

Eðkn�1=2rj;nkjb�ajÞa 2s
0
n�s=2kxjksEðkeksÞ ¼ oð1Þ:

Furthermore,

jgj;nðn�1=2V�1=2
n t1Þj

a jE½expfit 01ðIpn ðX 0XÞ�1=2Þðejn xjÞg
j þ 2Pðkek > n1=2M�1
n Þ

¼ jEðexpðiq 0
j T1eÞÞj þ 2Pðkek > n1=2M�1

n Þ:
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Therefore

sup
trðT1T 0

1
Þ>b

Y
j B Jðm;nÞ

Eðexpðin1=2q 0
jT1ejÞÞ

������
������

a
Y

j A Jðm;nÞ c VLðnÞ
sup

trðT1T 0
1
Þ>b

jEðexpðin1=2q 0
jT1ejÞÞj

a
Y

j A Jðm;nÞVLðnÞ
sup

t 0
j
tj>b=2

jEðexpðit 0j ejÞÞj

a sup
t 0t>b=2

jEðexpðit 0eÞÞj
 !aLðnÞ�m

;

where tj ¼ n1=2T 0
1qj. By the same argument as in Theorem 20.1, from Lemma

2.2 and (A.2) we see that I1 ¼ oðn�ðs�2Þ=2Þ.
In order to expand the joint distribution of ðZ;VÞ up to the order

oðn�ðs�2Þ=2Þ, we use the assumptions B1 and B2.

Corollary A.2. Under the assumptions A1, A2, A3 and B1, B2,

sup
B ABc; a

PððZ;VÞ A BÞ �
ð
B

cs;nðz; vÞdzdv
����

���� ¼ oðn�ðs�2Þ=2Þ; ðA:3Þ

where cs;n is an asymptotic expansion of the joint density function of ðZ;VÞ
formally derived up to the order n�ðs�2Þ=2, and

Bc;a ¼ fB A Bkpþpð pþ1Þ=2 : FððqBÞ eÞa cea for all e > 0g:

Here, Bkpþpð pþ1Þ=2 denotes the class of all kpþ pðpþ 1Þ=2-dimensional Borel sets,
considering ðZ;VÞ as a point of kpþ pðpþ 1Þ=2-dimensional Euclidean space.

A.2. Edgeworth expansion of t-statistic

In this section, using the assumption S ¼ Ip as in the previous section, we

derive an asymptotic expansion for the distribution function of U.

In order to get a valid expansion of U up to the order n�1, we need

some assumptions for the design matrix X and the distribution of e. For the

design matrix X, we assume A1 with s ¼ 4, A2 and A3, given in Appendix A.1.
Moreover, for the distribution of e, we also assume B1 with s ¼ 4 and B2.

Since Se is rewritten as Se ¼ E 0E�Z 0Z ¼ nIpþ
ffiffiffi
n

p
V �Z 0Z, we can expand

ðSe=nÞ�1=2 as

1

n
Se

� ��1=2
¼ Ip �

1

2
ffiffiffi
n

p V þ 1
n

3

8
V 2 þ 1

2
Z 0Z

� �
þOpðn�3=2Þ:
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Therefore

U ¼ Z � 1

2
ffiffiffi
n

p ZV þ 1
n
Z
3

8
V 2 þ 1

2
Z 0Z

� �
þOpðn�3=2Þ: ðA:4Þ

Using (A.4), under the assumptions A1, A2, A3 and B1 the characteristic func-

tion CUðT1Þ of U can be expanded as

CUðT1Þ ¼ E½expfi trðT 0
1UÞg


¼ E
"
expfi trðT 0

1ZÞg
(
1� i

2
ffiffiffi
n

p trðT 0
1ZVÞ

þ 1
n

(
3

8
i trðT 0

1ZV
2Þ þ i

2
trðT 0

1ZZ
0ZÞ þ i

2

8
ðtrðT 0

1ZVÞÞ2
))#

þ oðn�1Þ

¼ C
ð0Þ
U ðT1Þ þ

1ffiffiffi
n

p C
ð1Þ
U ðT1Þ þ

1

n
C

ð2Þ
U ðT1Þ þ oðn�1Þ;

where T1 ¼ ½tð1Þa 0a
 is a k � p matrix. Each term in the expansion of CUðT1Þ can
be evaluated by using the joint characteristic function of Z and V, which can be

expressed as

CðT1;T2Þ ¼ E½expfi trðT 0
1Z þ n�1=2T2VÞg


¼
Yn
a¼1

E½expfi trðT 0
1qae

0 þ n�1=2T2ðee 0 � IpÞÞg


¼
Yn
a¼1

haðT1;T2Þ ¼ exp
Xn
a¼1
logfhaðT1;T2Þg

" #
;

where T2 is defined in § 2. Then the following identities hold:

E½expfi trðT 0
1ZÞgfi trðT 0

1ZVÞg


¼ �i
Xk
a 0¼1

Xp
ab

t
ð1Þ
a 0a

q2

qt
ð1Þ
a 0bqt

ð2Þ
ab

CðT1;T2Þ
�����
T2¼0

;

E½expfi trðT 0
1ZÞgfi trðT 0

1ZV
2Þg


¼
Xk
a 0¼1

Xp
abc

t
ð1Þ
a 0c

q3

qt
ð1Þ
a 0aqt

ð2Þ
ab qt

ð2Þ
bc

CðT1;T2Þ
�����
T2¼0

;
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E½expfi trðT 0
1ZÞgfi trðT 0

1ZZ
0ZÞg


¼
Xk
a 0b 0

Xp
ab

t
ð1Þ
a 0b

q3

qt
ð1Þ
a 0aqt

ð1Þ
b 0aqt

ð1Þ
b 0b

CðT1;T2Þ
�����
T2¼0

;

E½expfi trðT 0
1ZÞgfi trðT 0

1ZVÞg2


¼
Xk
a 0b 0

Xp
abcd

t
ð1Þ
a 0c t

ð1Þ
b 0d

q4

qt
ð1Þ
a 0aqt

ð1Þ
b 0bqt

ð2Þ
ac t

ð2Þ
bd

CðT1;T2Þ
�����
T2¼0

:

Note that

q2

qt
ð1Þ
a 0bqt

ð2Þ
ab

CðT1;T2Þ
�����
T2¼0

¼
Xn
a¼1

"
q2

qt
ð1Þ
a 0bqt

ð2Þ
ab

logfhaðT1;T2Þg

þ q

qt
ð1Þ
a 0b

logfhaðT1;T2Þg
q

qt
ð2Þ
ab

logfhaðT1;T2Þg
#
CðT1;T2Þ

�����
T2¼0

;

and

CðT1; 0Þ ¼ exp
(
i2

2
trðT 0

1T1Þ þ
i3

6
ffiffiffi
n

p
Xk
a 0b 0c 0

Xp
abc

t
ð1Þ
a 0at

ð1Þ
b 0bt

ð1Þ
c 0cwa 0b 0c 0kabc

þ i 4

24n

Xk
a 0b 0c 0d 0

Xp
abcd

t
ð1Þ
a 0at

ð1Þ
b 0bt

ð1Þ
c 0c t

ð1Þ
d 0dwa 0b 0c 0d 0kabcd þ oðn�1Þ

)
;

where the coe‰cient wa1...aj is defined by

wa1...aj ¼
1

n

Xn
i¼1

Yj
l¼1

ffiffiffi
n

p
qð jÞal ;

e.g.,

wabc ¼
ffiffiffi
n

p Xn
j¼1

qð jÞa q
ð jÞ
b q

ð jÞ
c ; wabcd ¼ n

Xn
j¼1

qð jÞa q
ð jÞ
b q

ð jÞ
c q

ð jÞ
d :

Therefore we can get an expansion of CUðT1Þ, whose formal inversion
yields a valid expansion of the distribution function of U as in the following

Theorem A.2.
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Theorem A.2. Suppose that X and E satisfy A1, A2, A3, B1 and B2

with s ¼ 4. Set u ¼ vecðUÞ, then the distribution function of U can be ex-

panded as

PðvecðUÞa xÞ ¼
ð x1
�y

. . .

ð xpk
�y

fpkðuÞ 1þ
1ffiffiffi
n

p R1ðuÞ þ
1

n
R2ðuÞ

� �
duþ oðn�1Þ;

where

R1ðuÞ ¼ � 1
2

Xk
a 0¼1

Xp
ab

wa 0kabbHa 0aðuÞ

þ 1
6

Xk
a 0b 0c 0

Xp
abc

ðwa 0b 0c 0 � 3wa 0db 0c 0 ÞkabcHa 0a;b 0b; c 0cðuÞ; ðA:5Þ

R2ðuÞ ¼
1

8

Xk
a 0b 0

Xp
abcd

wa 0wb 0 ðkacckbdd þ 3kabckcdd þ 4kacdkbcdÞHa 0a;b 0bðuÞ

þ 1
2
ð pþ k þ 1Þ

Xk
a 0

Xp
a

Ha 0a;a 0aðuÞ

þ 1

24

Xk
a 0b 0c 0d 0

"Xp
abcd

ðwa 0b 0c 0d 0 � 3da 0b 0dc 0d 0 Þkabcd

� 2
Xp
abcde

fwa 0b 0c 0wd 0 ðkabckdee þ 3kadekbceÞ

� 3wa 0wb 0dc 0d 0 ðkaeekbcd þ kabekcde þ 2kacekbdeÞg
#
Ha 0a;b 0b; c 0c;d 0dðuÞ

þ 1
4

Xk
a 0b 0

Xp
ab

Ha 0a;a 0b;b 0a;b 0bðuÞ

þ 1

72

Xk
a 0b 0c 0d 0e 0f 0

Xp
abcbdef

ðwa 0b 0c 0wd 0e 0f 0 � 6wa 0b 0c 0wd 0de 0f 0

þ 9wa 0db 0c 0wd 0de 0f 0 Þkabckdef Ha 0a;b 0b; c 0c;d 0d; e 0e; f 0f ðuÞ: ðA:6Þ

Here fpkðuÞ is the probability density function of Npkð0; IpkÞ given by fpkðuÞ ¼
ð2pÞ�pk=2 expð�u 0u=2Þ, and Ha 0

1
a1;...;a

0
j
aj ðuÞ is the Hermite polynomial defined by

Ha 0
1
a1;...;a 0j aj

ðuÞ ¼ ð�1Þ j q j

qua 0
1
a1 . . . qua 0j aj

fpkðuÞ;
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where ua 0a is the ða 0; aÞth element of U. Furthermore, we call the integrand for

the distribution function of U the pseudo density function of U.

Using Corollary A.2, we can prove the validity of Theorem A.2 in the same

manner as in Bhattacharya and Ghosh [3].

When k ¼ 1, the test statistic becomes the usual multivariate t-statistic
defined by

u ¼
ffiffiffi
n

p
S�1=2ðy� EðyÞÞ;

where y ¼ n�1
Pn

j¼1 yj and S ¼ n�1
Pn

j¼1ðyj � yÞðyj � yÞ0. Its pseudo density

can be written as

fpðuÞ
"
1� 1

6
ffiffiffi
n

p 3
Xp
ab

kabbHaðuÞ þ 2
Xp
abc

kabcHa;b; cðuÞ
( )

þ 1

24n

(
3
Xp
abcd

ðkacckbdd þ 3kabckcdd þ 4kacdkbcdÞHa;bðuÞ

þ 12ðpþ 2Þ
Xp
a

Ha;aðuÞ þ 4
Xp
abcde

ðkaeekbcd þ 3kabekcdeÞHa;b; c;dðuÞ

� 2
Xp
abcd

kabcdHa;b; c;dðuÞ þ 6
Xp
ab

Ha;a;b;bðuÞ

þ 3
4

Xp
abcdef

kabckdef Ha;b; c;d; e; f ðuÞ
)#

:

The corresponding results in the case where S ¼ ðn� 1Þ�1
Pn

j¼1ðyj � yÞðyj � yÞ0
was derived by Fujikoshi [10].

The moment condition B1 will be replaced with B10 with s ¼ 4 in Appendix
A.1 as in Hall [14], Bhattacharya and Ghosh [4] and Babu and Bai [2].

A.3. Outline of computation on Theorem 2.1

In this section, we explain our method for finding an asymptotic expansion

of the null distribution of TG up to the order n
�1. Without loss of generality,

we may replace E by ES�1=2, which has E½vecðEÞ
 ¼ 0 and Cov½vecðEÞ
 ¼ Inp,

in the expressions of TG, since TG is invariant under the transformation from Y

to YS�1=2.

Suppose that X and the distribution of e satisfy A1 with s ¼ 4, A2, A3, B1
with s ¼ 4 and B2. Note that TG is a smooth function of U. From the results

of Chandra and Ghosh [6] and Corollary A.2, it can be shown that TG has a
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valid expansion up to the order n�1 under the assumptions A1, A2, A3, B1 and

B2. In the following we will derive an asymptotic expansion of the character-

istic function of TG up to the order n
�1, which can be inverted formally. From

(1.1), we can write the characteristic function of TG as

CTG ðtÞ ¼ C0ðtÞ þ
1

n
C1ðtÞ þ oðn�1Þ; ðA:7Þ

where

C0ðtÞ ¼ E½expfit trðU 0WUÞg
;

C1ðtÞ ¼ itE½fðr1 � kÞ trðU 0WUÞ þ r2ðtrðU 0WUÞÞ2g expfit trðU 0WUÞg
:

For an evaluation of each term in (A.7), we will use the pseudo density function

of U in Theorem A.2.

For the computation of C0ðtÞ, using the pseudo density of U, we have

C0ðtÞ ¼
ð
R pk

expfit trðU 0WUÞg

� fpkðuÞ 1þ 1ffiffiffi
n

p R1ðuÞ þ
1

n
R2ðuÞ


 �
duþ oðn�1Þ;

where R1ðuÞ and R2ðuÞ are defined by (A.5) and (A.6) respectively. Set j ¼
ð1� 2itÞ�1 and G ¼ Ik þ ðj� 1ÞW. Then

expfit trðU 0WUÞg exp � 1
2
trðU 0UÞ


 �
¼ exp � 1

2
trðU 0G�1UÞ


 �
:

Using the transformation from U to U � ¼ G�1=2U and the equation u ¼
vecðG 1=2U �Þ ¼ ðIpnG 1=2Þu�, where u� ¼ vecðU �Þ, C0ðtÞ is expressed as the
expectation on U �, that is

C0ðtÞ ¼ EU � 1þ 1ffiffiffi
n

p R1ððIpnG 1=2Þu�Þ þ 1
n
R2ððIpnG 1=2Þu�Þ

� �
þ oðn�1Þ: ðA:8Þ

This expectation is taken with respect to U � whose columns are independently

distributed as Npð0; IpÞ. Set W ¼ G 1=2U �, then it is seen that w ¼ vecðWÞ@
Npkð0; IpnGÞ. Therefore the expansion (A.8) can be rewritten as

C0ðtÞ ¼ j ph=2EW 1þ 1ffiffiffi
n

p R1ðwÞ þ
1

n
R2ðwÞ

� �
þ oðn�1Þ: ðA:9Þ
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Applying a similar method to C1ðtÞ yields

C1ðtÞ ¼
1

2
ð1� j�1Þj ph=2EW ½fðr1 � kÞ trðW 0WWÞ

þ r2ftrðW 0WWÞg2g
 þ oð1Þ: ðA:10Þ

Through the calculations of (A.9) and (A.10), we use the following identities

which are expectations of the Hermite polynomials, and the relations among

the elements of W. As for the former, let the ða; bÞth elements of W and G be

denoted by oab and gab respectively. Note that gab ¼ dab þ ðj� 1Þoab and

EW ½Ha 0aðwÞ
 ¼ 0; EW ½Ha 0a;b 0bðwÞ
 ¼ ðj� 1Þoa 0b 0dab;

EW ½Ha 0a;b 0b; c 0cðwÞ
 ¼ 0;

EW ½Ha 0a;b 0b; c 0c;d 0dðwÞ
 ¼ ðj� 1Þ2
X
½3


oa 0b 0oc 0d 0dabdcd ;

EW ½Ha 0a;b 0b; c 0c;d 0d; e 0e; f 0f ðwÞ
 ¼ ðj� 1Þ3
X
½15


oa 0b 0oc 0d 0oe 0f 0dabdcddef ;

ðA:11Þ

where
P

½ j
 means the sum of all j possible combinations of the set ai and a
0
i ,

for exampleX
½3


oa 0b 0oc 0d 0 dabdcd ¼ oa 0b 0oc 0d 0 dabdcd þ oa 0c 0ob 0d 0 dacdbd þ oa 0d 0ob 0c 0 dad dbc:

As for the latter, using the property that W is an idempotent matrix, we have

Xk
c¼1

oacobc ¼ oab;

trðWÞ ¼
Xk
a¼1

oaa ¼ h; trðW2Þ ¼
Xk
ab

o2ab ¼ h;

trðW3Þ ¼
Xk
abc

oabobcoac ¼ h; trðW4Þ ¼
Xk
abcd

oabobcocdoad ¼ h:

ðA:12Þ

Substituting (A.11) and (A.12) into both of (A.9) and (A.10) yields

CTðtÞ ¼ j ph=2 1þ 1
n

X3
j¼0

bjj
j þ oðn�1Þ

" #
; ðA:13Þ

where the coe‰cients bj’s are defined by (2.1). Finally, by inverting (A.13), we

have Theorem 2.1.
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