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Abstract. A singular perturbation problem for a reaction-di¤usion equation with a

nonlocal term is treated. We derive an interface equation which describes the dynamics

of internal layers in the intermediate time scale, i.e., in the time scale after the layers are

generated and before the interfaces are governed by the volume-preserving mean

curvature flow. The unique existence of solutions for the interface equation is dem-

onstrated. A continuum of equilibria for the interface equation are identified and the

stability of the equilibria is established. We rigorously prove that layer solutions of the

nonlocal reaction-di¤usion equation converge to solutions of the interface equation on a

finite time interval as the singular perturbation parameter tends to zero.

1. Introduction

1.1. Nonlocal reaction-di¤usion equation. As a model describing phase sep-

aration in binary mixtures, Novick-Cohen proposed the following equation,

called the viscous Cahn-Hilliard equation (cf. [16, 17]):

aue
t ¼ �Dðe2Due þ f ðueÞ � ue

t Þ; t > 0; x A W;

que=qn ¼ qDue=qn ¼ 0; t > 0; x A qW:

�
ðVCHÞ

In (VCH), W is a smooth bounded domain in RN ðN b 2Þ and n stands for

the outward unit normal vector on the boundary qW. The function f is

derived from a smooth double-well potential W ; f ðuÞ ¼ �W 0ðuÞ, a typical

example being f ðuÞ ¼ u � u3. The constants a and e are some small positive

parameters. In particular, ue ¼ ueðt; xÞ represents, for instance, an order

parameter (or the concentration of one of the components) in the mixture, and

the term Due
t is regarded as a viscous e¤ect. If the viscous e¤ect is negligible,

then (VCH) is reduced to the well-known Cahn-Hilliard equation.

For (VCH), Rubinstein and Sternberg treated in [18] the case where a ! 0,

and they derived, by formally setting a ¼ 0, the following nonlocal reaction-

di¤usion equation
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ue
t ¼ e2Due þ f ðueÞ � 1

jWj

ð
W

f ðueÞdx; t > 0; x A W;

que=qn ¼ 0; t > 0; x A qW;

8><
>:ð1:1Þ

where jWj stands for the volume of W. Because of the presence of the nonlocal

term and no-flux boundary conditions, the spatial average of the solution ue is

preserved:

1

jWj

ð
W

ueðt; xÞdx1
1

jWj

ð
W

ueð0; xÞdx; t > 0:

Rubinstein and Sternberg discussed in [18] the dynamics of the solution ue

for (1.1) by employing the method of matched asymptotic expansions and the

method of multiple time scales. According to their results, the dynamics of ue

consists of three stages and is roughly summarized as follows.

1: The solution for an appropriate initial condition generates sharp in-

ternal transition layer in a narrow region of OðeÞ near an interface.

2: The interface begins to evolve according to a certain motion law,

called an interface equation. The interface equation is given by (2.15)

in [18].

3: Further evolution of the interface is governed by the so-called volume-

preserving mean curvature flow (cf. (3.2) in [18]). The interface is

driven in such a way that the volume enclosed by the interface is

preserved and the area of the interface decreases. Eventually, the

interface tends to a single sphere.

Let us refer to the dynamics in the stage 2 above as intermediate in the sense

that it occurs after the formation of layers and before the volume-preserving

mean curvature flow is e¤ective. Our results in this paper are concerned with

this intermediate dynamics.

Remark. As the interface in the stage 3 eventually approaches a sphere,

it is known that the corresponding layer solution with spherical shape (called

the bubble solution) drifts toward the boundary of domain qW with expo-

nentially slow speed without changing its shape. Such a motion is called a

bubble motion. For more detail of the motion, we refer to [23, 24] by Ward

and the references therein.

1.2. Interface equation. In order to capture the intermediate dynamics for

(1.1), it is adequate to rescale t in (1.1) by t ! e�1t and consider the following

problem:

eue
t ¼ e2Due þ f ðueÞ � 1

jWj

ð
W

f ðueÞdx; t > 0; x A W;

que=qn ¼ 0; t > 0; x A qW:

8><
>:ðRDÞ
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We present in this subsection a formulation of the interface equation which

corresponds to (2.15) in [18]. Throughout the remaining part of this paper,

an ‘‘interface’’ means a smooth, closed, ðN � 1Þ-dimensional hypersurface

embedded in WHRN , staying uniformly away from qW.

To give a precise expression of the interface equation for (RD), we recast

the equation in (RD), by introducing an auxiliary variable v A R, as

eue
t ðt; xÞ ¼ e2Dueðt; xÞ þ f ðueðt; xÞÞ � v eðtÞð1:2Þ

with

veðtÞ :¼ 1

jWj

ð
W

f ðueðt; xÞÞdx:ð1:3Þ

In this paper, we will work under the following conditions for the nonlinear

term f ðuÞ � v as a function of ðu; vÞ A R2.

(A1) The function f is Cy on R and the nullcline fðu; vÞ j f ðuÞ � v ¼ 0g
has three branches of solutions

C� ¼ fðu; vÞ j u ¼ h�ðvÞ; v A I� :¼ ðv;yÞg;

Cþ ¼ fðu; vÞ j u ¼ hþðvÞ; v A Iþ :¼ ð�y; vÞg;

C 0 ¼ fðu; vÞ j u ¼ h0ðvÞ; v A I v :¼ I� V Iþ ¼ ðv; vÞg;

with h�ðvÞ < h0ðvÞ < hþðvÞ for v A I v.

(A2) The following inequalities hold:

f 0ðhGðvÞÞ < 0 on IG; or equivalently hGv ðvÞ < 0 on IG:

(A3) Define JðvÞ by

JðvÞ :¼
ð hþðvÞ

h�ðvÞ
f ðuÞ � v du; v A I v:

Then there exists a unique point v� A I v such that Jðv�Þ ¼ 0 and

J 0ðv�Þ < 0.

Under the assumptions (A1) and (A2), it is known [9] that the following

problem

Qzz þ cQz þ f ðQÞ � v ¼ 0; z A ð�y;yÞ;
QðGyÞ ¼ hGðvÞ; Qð0Þ ¼ 0

�
ð1:4Þ

has a unique smooth solution ðQðz; vÞ; cðvÞÞ, where v A I v is regarded as a

parameter. Along the line of arguments employed in Fife [8], the interface

equation turns out to be

vðx;GðtÞÞ ¼ cðvðtÞÞ; t > 0; x A GðtÞ:ð1:5Þ
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In (1.5), G is the interface deviding W into two subregions WG such as

W ¼ W� UG UWþ, and vðx;GÞ stands for the normal velocity of G at x A G in

n-direction with the unit normal vector nðx;GÞ on G at x A G pointing into

the interior of Wþ. The function vðtÞ A I v is interpreted as the limit of the

nonlocal term veðtÞ as e ! 0.

Since the interface GðtÞ driven by (1.5) is regulated by the unknown

function vðtÞ, we need to derive another equation for GðtÞ and vðtÞ. To this

end, we employ the following conservation property of the solution ue to (RD):

d

dt

1

jWj

ð
W

ueðt; xÞdx

� �
1 0:ð1:6Þ

According to [8], the profile of the solution u e with ef 1 is expected to be of

the form

ueðt; xÞAhGðvðtÞÞ; t > 0; x A WGðtÞ:
Substituting this into (1.6) and using (1.5), we can calculate

0 ¼ d

dt

ð
W

ueðt; xÞdx

¼ d

dt

ð
W�ðtÞ

h�ðvðtÞÞdx þ d

dt

ð
WþðtÞ

hþðvðtÞÞdx

¼
ð
W�ðtÞ

h�
v ðvðtÞÞ _vvðtÞdx þ

ð
GðtÞ

h�ðvðtÞÞvðx;GðtÞÞdSGðtÞ
x

þ
ð
WþðtÞ

hþ
v ðvðtÞÞ _vvðtÞdx �

ð
GðtÞ

hþðvðtÞÞvðx;GðtÞÞdSGðtÞ
x _ :¼ d

dt

� �

¼ ½h�
v ðvðtÞÞjW�ðtÞj þ hþ

v ðvðtÞÞjWþðtÞj� _vvðtÞ � ½hþðvðtÞÞ � h�ðvðtÞÞ�cðvðtÞÞjGðtÞj;

 

Fig. 1. Profiles of nullcline fðu; vÞ j f ðuÞ � v ¼ 0g.
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where dSG
x , jG j and jWGj are the volume element of G at x A G , the surface area

of G and the volume of WG, respectively. Since hGv ðvðtÞÞ < 0 for vðtÞ A I v (cf.

(A2)), we obtain

_vvðtÞ ¼ hþðvðtÞÞ � h�ðvðtÞÞ
h�

v ðvðtÞÞjW�ðtÞj þ hþ
v ðvðtÞÞjWþðtÞj

cðvðtÞÞjGðtÞj; t > 0:ð1:7Þ

The interface equation for (RD) is now explicitly represented as the

following system of equations:

vðx;GðtÞÞ ¼ cðvðtÞÞ; t > 0; x A GðtÞ;
_vvðtÞ ¼ hðvðtÞ;GðtÞÞcðvðtÞÞjGðtÞj; t > 0;

Gð0Þ ¼ G0; vð0Þ ¼ v0;

8><
>:ðIEÞ

where the function hðv;GÞ is defined by

hðv;GÞ :¼ hþðvÞ � h�ðvÞ
h�

v ðvÞjW�j þ hþ
v ðvÞjWþj

; v A I v:ð1:8Þ

The interface equation (IE) is essentially an initial value problem for a system

of ordinary di¤erential equations (cf. (2.7) below), and also arises as the lowest

order compatibility condition in our construction of approximate solutions (cf.

§ 3.4 below).

Let us heuristically describe the interface dynamics for (IE). By the

property of cðvÞ

cðvÞ ¼ �
ðy
�y

½Qzðz; vÞ�2dz

� ��1

JðvÞ
> 0 on ðv�; vÞ;
¼ 0 at v ¼ v�;

< 0 on ðv; v�Þ;

8><
>:ð1:9Þ

and the fact that hð� ;GÞ < 0 on I v (cf. (A1)–(A2)), we find the following:

( i ) v A ðv�; vÞ ) v > 0, _vv < 0;

GðtÞ evolves in such a way that the bulk region W�ðtÞ grows

uniformly, and vðtÞ decreases monotonously toward v�.

( ii ) v A ðv; v�Þ ) v < 0, _vv > 0;

GðtÞ evolves in such a way that the bulk region W�ðtÞ shrinks

uniformly, and vðtÞ increases monotonously toward v�.

(iii) v ¼ v� ) v ¼ 0, _vv ¼ 0;

GðtÞ and vðtÞ do not evolve.

This description associated with the intermediate dynamics is the same as that

in [18]. Then a natural question arises:
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Does the interface equation (IE) have any solutions? Does a layer

solution of reaction-di¤usion equation (RD) converge to a solution of

the interface equation (IE) as e ! 0?

We will show that the answer to this question is a‰rmative.

1.3. Main results. We are now in a position to state our main results. The

first result is concerned with the unique existence of solutions and the stability

of equilibrium solutions to the interface equation (IE).

Theorem 1.1. Suppose that the initial pair ðG0; v0Þ satisfies

(S1) G0 is smooth and divides W into two subdomains WG
0 such as

W ¼ W�
0 UG0 UWþ

0 ,

(S2) v0 lies in the open interval I v ¼ ðv; vÞ,
(S3) m0 given by

m0 :¼ h�ðv0Þ
jW�

0 j
jWj þ hþðv0Þ

jWþ
0 j

jWj

lies in the open interval I u :¼ ðh�ðv�Þ; hþðv�ÞÞ.
Then the following statements hold:

(1) There exists a constant T > 0 such that (IE) has a unique smooth

solution ðG ; vÞ satisfying jWGj > 0 on the time interval ½0;T �.
(2) There exists a neighborhood I � H I v of v� such that for ðG0; v0Þ

satisfying (S1)–(S3) with v0 A I �, the unique solution ðG; vÞ in (1) is

defined on ½0;yÞ. Furthermore, there exists a smooth interface G �

such that

lim
t!y

ðGðtÞ; vðtÞÞ ¼ ðG �; v�Þ:

(3) A pair ðG0; v0Þ is an equilibrium solution of (IE) if and only if v0 ¼ v�.

Moreover, the equilibrium solution ðG0; v�Þ is asymptotically stable

(relative to the system of ordinary di¤erential equations (2.7) below).

For small d > 0, let GðtÞd denote the d-neighborhood of the interface

GðtÞ:

GðtÞd :¼ fx A W j distðx;GðtÞÞ < dg:

We also let

G d
T :¼ 6

t A ½0;T �
ftg � GðtÞd;

WG
T :¼ 6

t A ½0;T �
ftg �WGðtÞ:
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The second result is concerned with the existence of layer solutions of (RD)

which converge to a solution of (IE) on a finite time interval.

Theorem 1.2. Let ðG ; vÞ be the smooth solution of (IE) on a time interval

½0;T �. Then there exists a family of smooth solutions ue to (RD) which satisfies

the following property:

lim
e!0

u e ¼ hGðvÞ uniformly on WG
TnG d

T for each d > 0:

This paper is organized as follows. In § 2, Theorem 1.1 is demonstrated.

§ 3 and § 4 are devoted to the proof of Theorem 1.2. In § 3, approximate

solutions to the problem (RD) with an arbitrarily high degree of accuracy are

constructed by means of matched asymptotic expansions. More precisely, the

following proposition is demonstrated:

Proposition 1.3. Let ðG ; vÞ be the smooth solution of (IE) on a time

interval ½0;T �. Then for each integer k b 1, there exists a family of smooth

approximate solutions ue
A of (RD) which enjoys the following properties:

max
½0;T �

e
que

A

qt
� e2Due

A � f ðue
AÞ þ

1

jWj

ð
W

f ðue
AÞdx

����
����

LyðWÞ
¼ Oðekþ1Þ;ð1:10Þ

qu e
A

qn
¼ 0 on ½0;T � � qW;ð1:11Þ

lim
e!0

ue
A ¼ hGðvÞ uniformly on WG

TnG d
T for each d > 0:ð1:12Þ

The construction of approximate solutions consists of five parts;

(1) outer expansion (§ 3.1),

(2) inner expansion (§ 3.2),

(3) expansion of nonlocal relation (§ 3.3),

(4) C1-matching (§ 3.4),

(5) uniform approximation (§ 3.5).

In § 4, it is shown that there exist true solutions of (RD) near the ap-

proximate solutions constructed in § 3. Namely, the following proposition is

established:

Proposition 1.4. Let ue
A be the family of approximate solutions in

Proposition 1.3. Then there exists a family of smooth solutions ue of (RD) such

that

max
½0;T �

ku e � ue
AkLyðWÞ aMek�3N=2p;ð1:13Þ

where M > 0 is a constant independent of e > 0, and p is a constant satisfying

pb 3N.
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Theorem 1.2 follows from these two propositions, Proposition 1.3 and

Proposition 1.4. Since the comparison principle is not applicable to the

problem (RD) (cf. [3, 12]), we will establish Proposition 1.4 by employing a

method based upon a spectral analysis as in § 4.

Finally, we give in § 5 an overview of application of our approximation

method to the dynamics in the stage 3 (cf. § 1.1). It is described by the

following time-rescaled equation with slower time scale

e2u e
t ¼ e2Due þ f ðueÞ � 1

jWj

ð
W

f ðueÞdx; t > 0; x A W;

que=qn ¼ 0; t > 0; x A qW;

8><
>:ðRD-sÞ

and the corresponding interface equation is the volume-preserving mean

curvature flow

vðx;GðtÞÞ ¼ �kðx;GðtÞÞ þ 1

jGðtÞj

ð
GðtÞ

kðx;GðtÞÞdSGðtÞ
x :ðIE-sÞ

Here, the symbol kðx;GÞ stands for the sum of the principal curvatures of G at

x A G and its sign is chosen so that it is positive if the center of the curvature

sphere lies in W�.

The convergence of (RD-s) to (IE-s) as e ! 0 in a radially symmetric

setting was earlier established successfully by Bronsard and Stoth [3], in which a

variational method was employed. Our approximation method developed in

this paper gives another approach to some problems with nonlocal e¤ects, as

well as to higher order equations such as the viscous Cahn-Hilliard equation

(VCH).
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2. Analysis of interface equation

In this section we prove Theorem 1.1. For tb 0, we assume that GðtÞ is

expressed as a smooth embedding from a fixed ðN � 1Þ-dimensional reference

manifold M to RN :

gðt; �Þ : M ! GðtÞHW; M C y 7! x ¼ gðt; yÞ A GðtÞ:ð2:1Þ
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Let nðt; yÞ A RN be the unit normal vector on GðtÞ at x ¼ gðt; yÞ pointing into

the interior of WþðtÞ. We normalize the parametrization (2.1) in such a way

that gt is always parallel to n (cf. [6]). A point x A GðtÞd is uniquely rep-

resented as

x ¼ Fðt; r; yÞ :¼ gðt; yÞ þ rnðt; yÞð2:2Þ

by the di¤eomorphism Fðt; � ; �Þ : ð�d; dÞ �M ! GðtÞd. In particular, (2.2) gives

the transformation of coodinate systems ðt; xÞ $ ðt; r; yÞ.
Let Gðt; rÞ ¼ ðGijðt; rÞÞ ði; j ¼ 1; . . . ;N � 1Þ be the Riemannian metric

tensor on M induced from the metric on GðtÞd by Fðt; r; �Þ, and the contra-

variant metric tensor is denoted by Gðt; rÞ�1 ¼ ðG ijðt; rÞÞ. We set

Jðt; r; yÞ :¼
YN�1

i¼1

ð1 þ rkiðt; yÞÞ ¼
XN�1

i¼0

Hiðt; yÞri:

Here kiðt; yÞ ði ¼ 1; . . . ;N � 1Þ stand for the principal cuvatures of GðtÞ at

x ¼ gðt; yÞ, and Hi ði ¼ 0; . . . ;N � 1Þ are the fundamental symmetric functions

of k1; . . . ; kN�1:

H0 1 1; H1 ¼ k :¼ k1 þ � � � þ kN�1; . . . ; HN�1 ¼ k1 � � � kN�1:ð2:3Þ

(1) Following the treatment of Sakamoto [19], we recast (IE) as an initial

value problem for a system of ordinary di¤erential equations.

For a given initial interface G0, let us express the interface GðtÞ as the

graph of a function rðt; yÞ over G0:

GðtÞ ¼ fx A W j x ¼ gðt; yÞ ¼ gð0; yÞ þ rðt; yÞnð0; yÞ; y A Mg:ð2:4Þ

Then an elementary calculation yields that nðt; yÞ1 nð0; yÞ and rðt; yÞ1 rðtÞ.
Since vðx;GðtÞÞ ¼ gtðt; yÞ � nðt; yÞ, the first equation in (IE) is recast as _rrðtÞ ¼
cðvðtÞÞ.

By (2.4) and rðt; yÞ1 rðtÞ, the interface GðtÞ is expressed as

GðtÞ ¼ fx A W j x ¼ gð0; yÞ þ rðtÞnð0; yÞ; y A Mg ¼ Fð0; rðtÞ;MÞ:ð2:5Þ

On the other hand, the surface area of the interface Fð0; r;MÞ is given by

jFð0; r;MÞj ¼ gðrÞ :¼
ð
M

Jð0; r; yÞdS gð0; �Þ
y ¼

XN�1

i¼0

ð
M

Hið0; yÞdS gð0; �Þ
y

� �
ri;ð2:6Þ

where dS
gðt; �Þ
y stands for the volume element on M induced from dS

GðtÞ
x on the

interface GðtÞ at x ¼ gðt; yÞ by the embedding gðt; �Þ. Thus we have jGðtÞj ¼
gðrðtÞÞ from (2.5) and (2.6).

Furthermore, thanks to the relation
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d

dt
jW�ðtÞj ¼ � d

dt
jWþðtÞj ¼

ð
GðtÞ

vðx;GðtÞÞdSGðtÞ
x ;

it is easy to verify that the interface equation (IE) gives rise to

d

dt
h�ðvðtÞÞ jW

�ðtÞj
jWj þ hþðvðtÞÞ jW

þðtÞj
jWj

� �
1 0:

Therefore, we obtain the conservation property

h�ðvðtÞÞ jW
�ðtÞj
jWj þ hþðvðtÞÞ jW

þðtÞj
jWj 1m0; t > 0:

This, together with jW�ðtÞj þ jWþðtÞj1 jWj, implies that jWGðtÞj are represented

in term of vðtÞ alone:

jW�ðtÞj ¼ hþðvðtÞÞ � m0

hþðvðtÞÞ � h�ðvðtÞÞ jWj > 0; jWþðtÞj ¼ m0 � h�ðvðtÞÞ
hþðvðtÞÞ � h�ðvðtÞÞ jWj > 0;

from which hðvðtÞ;GðtÞÞ is rewritten as hðvðtÞÞ, where the function hðvÞ is

defined by

hðvÞ :¼ 1

jWj
½hþðvÞ � h�ðvÞ�2

h�
v ðvÞ½hþðvÞ � m0� þ hþ

v ðvÞ½m0 � h�ðvÞ� :

Thus the interface equation (IE) is recast as the following initial value problem

for ðr; vÞ:

_rr ¼ cðvÞ; t > 0

_vv ¼ hðvÞcðvÞgðrÞ; t > 0;

rð0Þ ¼ 0; vð0Þ ¼ v0:

8><
>:ð2:7Þ

The statement (1) immediately follows from (2.7).

(2) Let R� > 0 be a constant such that the interface Fð0; r;MÞ is smooth

for all r A ½�R�;R��. Then there exists a constant g� > 0 such that

gðrÞb g�; r A ½�R�;R��:ð2:8Þ

We now introduce the interval ½v� � h; v� þ h�H I v for some h > 0. Since

hðvÞ < 0 for all v A I v, there exists a constant h� > 0 such that

hðvÞa�h�; v A ½v� � h; v� þ h�:ð2:9Þ

Furthermore, the relation in (1.9) and (A3) yield that cðv�Þ ¼ 0 and

c 0ðv�Þ ¼ �
ðy
�y

½Qzðz; v�Þ�2dz

� ��1

J 0ðv�Þ > 0:
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Therefore, there exist constants k �, K � > 0 such that

k �ðv � v�Þa cðvÞaK �ðv � v�Þ; v A ½v�; v� þ h�;ð2:10Þ

K �ðv � v�Þa cðvÞa k �ðv � v�Þ; v A ½v� � h; v��:ð2:11Þ

The estimates (2.8), (2.9) and (2.10) yield that

hðvÞcðvÞgðrÞa�o�ðv � v�Þ; v A ½v�; v� þ h�;

where o� :¼ h�k �g� > 0. This estimate and the equation for v in (2.7)

imply that if v0 A ½v�; v� þ h�, then vðtÞ satisfies vðtÞ � v� a ðv0 � v�Þe�o �t. By

(2.11) and the same argument as above, we find that vðtÞ for v0 A ½v� � h; v��
satisfies vðtÞ � v� b ðv0 � v�Þe�o�t. Therefore, the solution vðtÞ starting from

v0 A ½v� � h; v� þ h� satisfies

jvðtÞ � v�ja jv0 � v�je�o �t:ð2:12Þ

Using (2.10), (2.11) and (2.12) in the equation for r, we obtain

jrðtÞja K �

o� jv0 � v�jð1 � e�o �tÞ:ð2:13Þ

By (2.12) and (2.13), we find that the solution ðr; vÞ of (2.7) for

v0 A ½v� � h; v� þ h� enjoys

jvðtÞ � v�ja jv0 � v�je�o�t; jrðtÞjaL�jv0 � v�j;

where L� :¼ K �=o� > 0.

Set h :¼ R�=L� > 0 and I � :¼ ðv� � h; v� þ hÞ. We immediately find that

if v0 A I �, then the solution ðrðtÞ; vðtÞÞ satisfies jrðtÞjaR� for t A ½0;yÞ. Hence

the corresponding interface GðtÞ ¼ Fð0; rðtÞ;MÞ is smooth for all t > 0.

Moreover, it is also easy to show that there exists r� A ½�R�;R�� such that

ðrðtÞ; vðtÞÞ ! ðr�; v�Þ as t ! y. Hence the smooth interface defined by G � :¼
Fð0; r�;MÞ is the limit interface as t ! y.

(3) The relation in (1.9) together with (A3) proves the first state-

ment. To prove the second statement, we linearize (2.7) arround the corre-

sponding equilibrium solution ð0; v�Þ. Then we obtain the eigenvalues 0 and

hðv�Þc 0ðv�Þgð0Þ < 0 because of the fact that hðv�Þ < 0, c 0ðv�Þ > 0 and

gð0Þ ¼ jG0j > 0. This completes the proof of Theorem 1.1. r

Remark. The equation (2.7) implies dv=dr ¼ hðvÞgðrÞ, from which we

have

Gðr�Þ ¼
ð v�

v0

dv

hðvÞ ;ð2:14Þ
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where

GðrÞ :¼
ð r

0

gðrÞdr ¼
XN�1

i¼0

ð
M

Hið0; yÞdS gð0; �Þ
y

� �
riþ1

i þ 1
:

The relation (2.14) is uniquely solvable with respect to r� A ½�R�;R��, and we

obtain

r� ¼ G�1

ð v�

v0

dv

hðvÞ

� �
:

3. Construction of approximate solutions

In this section, we prove Proposition 1.3. Let ue be a solution of (RD)

with an appropriate initial condition u eð0; �Þ ¼ ue
0 (appropriate initial functions

ue
0 will be chosen later, cf. § 4.2):

eue
t ðt; xÞ ¼ e2Dueðt; xÞ þ f ðueðt; xÞÞ � veðtÞ; t > 0; x A W:ð3:1Þ

Note that ve is related to u e as

veðtÞ ¼ 1

jWj

ð
W

f ðu eðt; xÞÞdx; tb 0:ð3:2Þ

For tb 0, we define the interface G eðtÞ as a level set of the solution u e.

Transition layers are expected to develop near fx A W j u eðt; xÞAh0ðv�Þg and

we may identify the point ðh0ðv�Þ; v�Þ with ð0; v�Þ in R2 by an appropriate

translation. Therefore, we define the family of e-dependent interfaces by

G eðtÞ :¼ fx A W j ueðt; xÞ ¼ 0g:ð3:3Þ

We also expect that G eðtÞ is expressed as the graph of a function over GðtÞ:

G eðtÞ ¼ fx A W j x ¼ gðt; yÞ þ eReðt; yÞnðt; yÞ; y A Mg:ð3:4Þ

In terms of ðt; r; yÞ, the di¤erential operators q=qt, D and the volume element

dx transform as follows:

q

qt
! q

qt
� gt � n

q

qr
� rnt � ðDyFÞG�1‘y;

D ¼ q2

qr2
þ K

q

qr
þ 1ffiffiffiffiffiffiffiffiffiffiffiffi

det G
p

XN�1

i; j¼1

q

qyi

ffiffiffiffiffiffiffiffiffiffiffiffi
det G

p
G ij q

qy j

� �
;

dx ¼ J drdSy ðdSy ¼ dS gðt; �Þ
y Þ:

ð3:5Þ
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Here Kðt; r; yÞ is the sum of the principal curvatures of the interface Fðt; r;MÞ
at x ¼ Fðt; r; yÞ, and is given by

Kðt; r; yÞ ¼
XN�1

i¼1

kiðt; yÞ
1 þ rkiðt; yÞ :

We note that Kðt; 0; yÞ ¼ kðt; yÞ.

3.1. Outer expansion. Let We;GðtÞ be the components of W separated by the

interface G eðtÞ such as W ¼ We;�ðtÞUG eðtÞUWe;þðtÞ. We substitute the formal

expansions

U eðt; xÞ ¼ U e;Gðt; xÞ ¼
X
jb0

e jU j;Gðt; xÞ; veðtÞ ¼
X
jb0

e jv jðtÞð3:6Þ

into (3.1) in order to approximate the solution away from the layer region.

Equating the coe‰cient of each power of e in the resulting equation, we obtain

the following equations:

f ðU 0;GÞ � v0 ¼ 0;ð3:7Þ

f 0ðU 0;GÞU 1;G ¼ v1 þ U 0;G
t ;ð3:8Þ

f 0ðU 0;GÞU j;G ¼ v j þ FG
j ; j b 2:ð3:9Þ

Here FG
j stand for terms depending only on U m;G ð0am < jÞ, and are

explicitly given by

FG
j :¼ U

j�1;G
t � DU j�2;G� 1

j!

d j

de j
f
X
mb0

emU m;G

 !�����
e¼0

þ f 0ðU 0;GÞU j;G:

As a solution of (3.7), we choose

U 0;Gðt; xÞ ¼ U 0;GðtÞ ¼ hGðv0ðtÞÞ; x A WGðtÞ:ð3:10Þ

Once we make this choice, U j;G ð j b 1Þ can be successively expressed, by (3.8)

and (3.9), as

U j;Gðt; xÞ ¼ U j;GðtÞ ¼ hGv ðv0ðtÞÞv jðtÞ þ VG
j ðtÞ; x A WGðtÞ;ð3:11Þ

with VG
j being some functions depending only on vm ð0am < jÞ. Note that

v j ð j b 0Þ are unknown at this stage and will be determined in § 3.4.

Setting

U e;GðtÞ :¼
X
jb0

e jU j;GðtÞ;
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and extending U e;G up to the interface G eðtÞ, we define

U eðt; xÞ :¼ U e;GðtÞ; x A We;GðtÞ:ð3:12Þ

3.2. Inner expansion. To describe layer phenomena near r ¼ eReðt; yÞ (cf.

(3.4)), we introduce a stretched variable z :¼ e�1½r � eReðt; yÞ�. Under this

change of variables, the di¤erential operators and the volume element in the

right hand side of (3.5) are replaced as

q

qt
! q

qt
� qRe

qt

q

qz
;

q

qr
¼ 1

e

q

qz
;

q

qyi
! q

qyi
� qRe

qyi

q

qz
;

J drdSy ¼ eJ e dzdSy;

where J eðt; z; yÞ is defined by

J eðt; z; yÞ :¼ Jðt; ez þ eReðt; yÞ; yÞ:ð3:13Þ

Our problem (3.1) is then recast in terms of ðt; z; yÞ as follows:

~uue
zz þ ðgt � nÞ~uu e

z þ f ð~uueÞ þ eRe
t ~uu

e
z � ve þDe~uue ¼ 0;ð3:14Þ

z A ð�d=e� Re; d=e� ReÞ:

In the equation above, De stands for the di¤erential operator defined by

De :¼ eK e q

qz
þ e2ðz þ ReÞnt � ðDFÞeðGeÞ�1 ‘� ‘Re q

qz

� �

þ e2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det Ge

p
XN�1

i; j¼1

q

qyi
� Re

y i

q

qz

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det Ge

p
ðGeÞ ij q

qy j
� Re

y j

q

qz

� �� �
� e

q

qt
;

where K e, ðDFÞe, and Ge are functions of ðt; z; yÞ defined by K , DF and G

with r being replaced by r ¼ ez þ eReðt; yÞ. In terms of ðt; z; yÞ, we write

U eðt; xÞ as

~UU eðt; z; yÞ :¼ U eðt; gðt; yÞ þ ðez þ eReðt; yÞÞnðt; yÞÞ:

By (3.12), it turns out that ~UU e is nothing but the function given by

~UU eðt; z; yÞ ¼ U e;�ðtÞ; z A ð�d=e� Reðt; yÞ; 0Þ;
U e;þðtÞ; z A ð0; d=e� Reðt; yÞÞ:

�

Let us now seek an asymptotic solution to (3.14) of the form

~uueðt; z; yÞ ¼ ~UU eðt; z; yÞ þ ~ffeðt; z; yÞ;ð3:15Þ
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where ~ffe is a layer correction. For this, we expand Re and ~ffe as

Reðt; yÞ ¼ R1ðt; yÞ þ eR2ðt; yÞ þ e2R3ðt; yÞ þ � � � ;ð3:16Þ

~uueðt; z; yÞ ¼ ~uue;Gðt; z; yÞ ¼ ~UU e;Gðt; z; yÞ þ ~ffe;Gðt; z; yÞð3:17Þ

¼
X
jb0

e jU j;GðtÞ þ
X
jb0

e j ~ff j;Gðt; z; yÞ

¼:
X
jb0

e j ~uu j;Gðt; z; yÞ;

and determine ~ff j;G in such a way that ~uue;G in (3.17) asymptotically satisfy

(3.14) for Gz A ð0;yÞ. We also expand De as De ¼
P

jb0 e
jDj. It is easy to

find that D0 1 0, D1 ¼ kq=qz � q=qt, and Dj ð j b 2Þ are di¤erential operators

with respect to t, z, y depending only on G , Rm ð1am < jÞ. Substituting the

formal expansion (3.17) and the expansion for ve in (3.6) into (3.14), and

equating the coe‰cient of each power of e in the resulting equation, we obtain

the following equations for ~uu j;G in Gz A ð0;yÞ:

~uu0;G
zz þ ðgt � nÞ~uu0;G

z þ f ð~uu0;GÞ � v0 ¼ 0;ð3:18Þ

~uu1;G
zz þ ðgt � nÞ~uu1;G

z þ f 0ð~uu0;GÞ~uu1;Gþ ðR1
t ~uu

0;G
z � v1 þ ~FFG

1 Þ ¼ 0;ð3:19Þ

~uu j;G
zz þ ðgt � nÞ~uu j;G

z þ f 0ð~uu0;GÞ~uu j;Gþ ðR j
t ~uu

0;G
z � v j þ ~FFG

j Þ ¼ 0; j b 2:ð3:20Þ

Here ~FFG
j ð j b 1Þ are functions defined by

~FFG
1 :¼ k~uu0;G

z � ~uu0;G
t ;ð3:21Þ

~FFG
j :¼

Xj�1

m¼1

Rm
t ~uu j�m;G

z þ
Xj

m¼1

Dm~uu
j�m;Gð3:22Þ

þ 1

j!

d j

de j
f
X
mb0

em~uum;G

 !�����
e¼0

� f 0ð~uu0;GÞ~uu j;G; j b 2:

Note that ~FFG
j depend only on G, Rm ð1am < jÞ and ~uum;G ð0am < jÞ.

Using (3.15) and the fact that ~UU e satisfies (3.14), we also obtain the

equations for ~ff j;G in Gz A ð0;yÞ:

~ff0;G
zz þ ðgt � nÞ ~ff0;G

z þ f ð ~ff0;Gþ hGðv0ÞÞ � v0 ¼ 0;ð3:23Þ

~ff j;G
zz þ ðgt � nÞ ~ff j;G

z þ f 0ð ~ff0;Gþ hGðv0ÞÞ ~ff j;Gþ ~GGG
j ¼ 0; j b 1;ð3:24Þ

where ~GGG
j are functions given by
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~GGG
j :¼

Xj

m¼1

Rm
t
~ff j�m;G
z þ

Xj

m¼1

Dm
~ff j�m;G

þ 1

j!

d j

de j
f
X
mb0

emð ~ffm;Gþ U m;GÞ
 !

� f
X
mb0

emU m;G

 !" #�����
e¼0

� f 0ð ~ff0;Gþ hGðv0ÞÞ ~ff j;G:

We impose the following boundary conditions for j b 0.

( i ) Boundary conditions at z ¼ 0 (interface conditions, cf. (3.3)):

~uu j;Gðt; 0; yÞ ¼ U j;GðtÞ þ ~ff j;Gðt; 0; yÞ ¼ 0:ð3:25Þ

(ii) Boundary conditions at z ¼Gy (outer-inner matching conditions):

~ff j;Gðt; z; yÞ ! 0 exponentially as z !Gy:ð3:26Þ

Lemma 3.1. Let ðQðz; vÞ; cðvÞÞ be the unique solution pair of (1.4). If the

condition gt � n ¼ cðv0Þ is satisfied and the solutions ~ff0;G of (3.23) are chosen so

that

~ff0;Gðt; z; yÞ ¼ Qðz; v0ðtÞÞ � hGðv0ðtÞÞ; Gz A ð0;yÞ;ð3:27Þ

then the boundary conditions (3.25) and (3.26) are valid for j ¼ 0. Moreover,

there exist unique solutions ~ff j;G of (3.24) satisfying (3.25) and (3.26) for each

j b 1.

Proof. When gt � n ¼ cðv0Þ and ~ff0;G are given by (3.27), they satisfy the

boundary conditions (3.25) and (3.26) ð j ¼ 0Þ thanks to (1.4).

We next consider the equations (3.24) ð j ¼ 1Þ. The equations are recast

as

~ff1;G
zz þ cðv0Þ ~ff1;G

z þ f 0ðQð� ; v0ÞÞ ~ff1;Gþ ~GGG
1 ¼ 0;ð3:28Þ

where

~GGG
1 ¼ ðR1

t þ kÞ ~ff0;G
z � ~ff0;G

t þ ½ f 0ðQð� ; v0ÞÞ � f 0ðhGðv0ÞÞ�U 1;G:ð3:29Þ

To treat this, we use the following result without proof:

Lemma 3.2. Let HGðzÞ be continuous functions and consider the following

initial value problems:

uGzz þ cuGz þ f 0ðQÞuGþHG ¼ 0; Gz A ð0;yÞ;
uGðGyÞ ¼ 0; uGð0Þ ¼ uG0 ;

�
ð3:30Þ

where ðQ; cÞ satisfies (1.4). Then the solutions uGðzÞ of (3.30) uniquely exist,

and are given by
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uGðzÞ ¼ QzðzÞ
uG0

Qzð0Þ
�
ð z

0

e�cz

½QzðzÞ�2
ð z
Gy

echQzðhÞHGðhÞdhdz

" #
:

If HGðzÞ decay exponentially as z !Gy, then uGðzÞ decay exponentially as

z !Gy.

Since ~GGG
1 in (3.29) decay exponentially as z !Gy, we can apply Lemma

3.2 by setting as HG :¼ ~GGG
1 and uG0 :¼ �U 1;G so that we obtain unique

solutions ~ff1;G of (3.28) which decay exponentially as z !Gy.

For j b 2, we proceed by induction on j. Consider the j-th equations in

(3.24). The equations are recast as

~ff j;G
zz þ cðv0Þ ~ff j;G

z þ f 0ðQð� ; v0ÞÞ ~ff j;Gþ ~GGG
j ¼ 0ð3:31Þ

with

~GGG
j ¼

Xj

m¼1

Rm
t
~ff j�m;G
z þ

Xj

m¼1

Dm
~ff j�m;Gð3:32Þ

þ 1

j!

d j

de j
f
X
mb0

emð ~ffm;Gþ U m;GÞ
 !

� f
X
mb0

emU m;G

 !" #�����
e¼0

� f 0ðQð� ; v0ÞÞ ~ff j;G:

Let us suppose that ~ffm;G ð0am < jÞ decay exponentially as z !Gy. We

note that the first line of (3.32) depends polynomially on ~ffm;G ð0am < jÞ,
while the second and third lines consist of the term ½ f 0ðQð� ; v0ÞÞ�
f 0ðhGðv0ÞÞ�U j;G and a polynomial in ~ffm;G ð0am < jÞ. Therefore, ~GGG

j decay

exponentially as z !Gy. Lemma 3.2 with HG :¼ ~GGG
j and uG0 :¼ �U j;G

again implies the unique existence of solutions ~ff j;G to (3.31) with exponential

decay as z !Gy. r

3.3. Expansion of nonlocal relation. In this subsection, we deal with the

nonlocal relation (3.2).

Lemma 3.3. The relation (3.2) is recast as

_UU e;�jW�j þ _UU e;þjWþj ¼ ð _UU e;þ � _UU e;�ÞPe þIe þ Oðe�1e�h=eÞð3:33Þ

for some h > 0. The functions PeðtÞ and IeðtÞ are given by

Pe :¼
X
ib0

ð
M

Hi

i þ 1
ðeReÞ iþ1

dSy;ð3:34Þ

Ie :¼
ð
M

ðy
�y

½ ~ffe
zz þ ðgt � nÞ ~ffe

z þ eRe
t
~ffe
z þDe ~ffe�J e dzdSy:ð3:35Þ
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Proof. We first rewrite the right hand side of (3.2) as

1

jWj

ð
W

f ðueðt; xÞÞdx ¼ 1

jWj

ð
W

f ðU eðt; xÞÞdx þ 1

jWj

ð
GðtÞ d

½ f ðueðt; xÞÞ � f ðU eðt; xÞÞ�dx

þ 1

jWj

ð
WnGðtÞ d

½ f ðueðt; xÞÞ � f ðU eðt; xÞÞ�dx

¼: N e
1 þ N e

2 þ N e
3 ;

and explicitly compute N e
j as follows.

By (3.12) and the fact that U e;G are spatially homogeneous and satisfy

(3.1) in We;G, N e
1 becomes

N e
1 ¼ 1

jWj

ð
We;�ðtÞ

f ðU e;�ðtÞÞdx þ 1

jWj

ð
We;þðtÞ

f ðU e;þðtÞÞdx

¼ 1

jWj f ðU e;�ðtÞÞjWe;�ðtÞj þ 1

jWj f ðU e;þðtÞÞjWe;þðtÞj

¼ 1

jWj ðv
eðtÞ þ e _UU e;�ðtÞÞ jW�ðtÞj þ

ð
M

ð eR eðt;yÞ

0

Jðt; r; yÞdrdSy

 !

þ 1

jWj ðv
eðtÞ þ e _UU e;þðtÞÞ jWþðtÞj �

ð
M

ð eR eðt;yÞ

0

Jðt; r; yÞdrdSy

 !

¼ veðtÞ þ e

jWj ð
_UU e;�ðtÞjW�ðtÞj þ _UU e;þðtÞjWþðtÞjÞ

� e

jWj ð
_UU e;þðtÞ � _UU e;�ðtÞÞPeðtÞ:

As for N e
2 , we can compute it by rewriting in terms of ðt; z; yÞ so that

N e
2 ¼ e

jWj

ð
M

ð d=e�R eðt;yÞ

�d=e�R eðt;yÞ
½ f ð~uueðt; z; yÞÞ � f ð ~UU eðt; z; yÞÞ�J eðt; z; yÞdzdSy

¼ � e

jWj

ð
M

ð d=e�R e

�d=e�R e

½ ~ffe
zz þ ðgt � nÞ ~ffe

z þ eRe
t
~ffe
z þDe ~ffe�J e dzdSy

¼ � e

jWjI
eðtÞ þ Oðe�h=eÞ;

since ~uue and ~UU e satisfy (3.14) and ~ffe ¼ Oðe�hjzjÞ for some h > 0. We

immediately have N e
3 ¼ Oðe�h=eÞ since the solution ue is Oðe�h=eÞ-near of

outer solutions U e;G on WnGðtÞd. The relation veðtÞ ¼ N e
1 þ N e

2 þ N e
3 yields

(3.33). r
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Using the expansion (3.16) and the definitions (3.13) and (3.34), we first

expand J e and Pe as

J eðt; z; yÞ ¼
X
ib0

Hiðt; yÞ ez þ
X
jb1

e jR jðt; yÞ
 !i

¼:
X
jb0

e jJ jðt; z; yÞ;ð3:36Þ

PeðtÞ ¼
X
ib0

ð
M

Hiðt; yÞ
i þ 1

X
jb1

e jR jðt; yÞ
 !iþ1

dSy ¼:
X
jb0

e jP jðtÞ;ð3:37Þ

where Hi (0a iaN � 1) are the same as in (2.3) and we define as Hi 1 0 for

ibN. We immediately find in (3.36) and (3.37) that

J 0 1 1; J 1 ¼ kR1 þ kz;

P0 1 0; P1 ¼
ð
M

R1 dSy:

For each j b 2, one can find that J j and P j depend on G, Rm ð1ama jÞ,
including R j as kR j and

Ð
M R j dSy, respectively. We expand Ie in (3.35) as

IeðtÞ ¼
P

jb0 e
jI jðtÞ, where I j ð j b 0Þ are given by

I0 : ¼
ð
M

ð0

�y
½ ~ff0;�

zz þ ðgt � nÞ ~ff0;�
z �J 0 dzdSyð3:38Þ

þ
ð
M

ðy
0

½ ~ff0;þ
zz þ ðgt � nÞ ~ff0;þ

z �J 0 dzdSy;

and for j b 1,

I j ¼
ð
M

ð0

�y
½ ~ff0;�

zz þ ðgt � nÞ ~ff0;�
z �J j dzdSyð3:39Þ

þ
ð
M

ðy
0

½ ~ff0;þ
zz þ ðgt � nÞ ~ff0;þ

z �J j dzdSy

þ
Xj

m¼1

ð
M

ð0

�y

"
~ffm;�
zz þ ðgt � nÞ ~ffm;�

z þ
Xm

l¼1

Rl
t
~ffm�l;�
z

þ
Xm

l¼1

Dl
~ffm�l;�

#
J j�m dzdSy

þ
Xj

m¼1

ð
M

ðy
0

"
~ffm;þ
zz þ ðgt � nÞ ~ffm;þ

z þ
Xm

l¼1

Rl
t
~ffm�l;þ
z

þ
Xm

l¼1

Dl
~ffm�l;þ

#
J j�m dzdSy:
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Substituting the expansions for U e, Pe and Ie into (3.33), and equating the

coe‰cient of each power of e in the resulting equation, we obtain the following

equations for j b 0:

_UU j;�jW�j þ _UU j;þjWþj ¼
Xj

m¼0

ð _UU m;þ � _UU m;�ÞP j�m þI j:ð3:40Þ

3.4. C1-matching. We show in this subsection that ðG ; v0Þ and ðR j; v jÞ can

be chosen in such a way that the following C1-matching conditions

~uu j;�
z ðt; 0; yÞ ¼ ~uu j;þ

z ðt; 0; yÞð3:41Þ

and the equations (3.40) are both satisfied for all j b 0.

Let us first begin with j ¼ 0 to determine ðG; v0Þ. Since the problem (1.4)

has the unique smooth solution pair ðQðz; vÞ; cðvÞÞ for v A I v, the equations

(3.18) together with the boundary conditions (3.25) and (3.26) ð j ¼ 0Þ have

unique solutions which satisfy ~uu0;�
z ðt; 0; yÞ ¼ ~uu0;þ

z ðt; 0; yÞ if and only if

gt � n ¼ cðv0Þ; v0 A I v:ð3:42Þ

When (3.42) is satisfied, the unique solutions are given by

~uu0;Gðt; z; yÞ ¼ Qðz; v0ðtÞÞ; Gz A ½0;yÞ:ð3:43Þ

Therefore, f0;G are given by (3.27). By these facts and (3.10), (3.38), J 0 1 1

and P0 1 0, the equation (3.40) ð j ¼ 0Þ becomes

½h�
v ðv0ÞjW�j þ hþ

v ðv0ÞjWþj� _vv0 ¼
ð
M

ðy
�y

ðQzz þ cQzÞdzdSy

¼ ½hþðv0Þ � h�ðv0Þ�cðv0ÞjG j:

Thanks to the fact that hGv ðvÞ < 0 for v A I v (cf. (A2)), this yields

_vv0 ¼ hðv0;GÞcðv0ÞjG j;ð3:44Þ

where hðv;GÞ is the function in (1.8). Thus (3.40) and (3.41) ð j ¼ 0Þ are recast

as (3.42) and (3.44), which are nothing but the interface equation (IE). Once

the initial condition ðGð0Þ; v0ð0ÞÞ ¼ ðG0; v0
0Þ is given so that the assumptions in

Theorem 1.1 are satisfied, ðG ; v0Þ is uniquely determined on a finite time

interval ½0;T �.
We move on to determine ðR1; v1Þ. The equations (3.19) are recast as

~uu1;G
zz þ c~uu1;G

z þ f 0ðQÞ~uu1;Gþ ðR1
t Qz � v1 þ ~FF1Þ ¼ 0;ð3:45Þ

where ~FF1 :¼ kQz � Qv _vv
0 by (3.21) and (3.43). Applying Lemma 3.2 to (3.45)

and (3.25) with j ¼ 1, we find that the equations (3.45), together with the
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boundary conditions (3.25), have unique solutions ~uu1;G satisfying ~uu1;�
z ðt; 0; yÞ ¼

~uu1;þ
z ðt; 0; yÞ if and only ifðy

�y
eczQzðR1

t Qz � v1 þ ~FF1Þdz ¼ 0:

This condition turns out to be equivalent to

R1
t ðt; yÞ ¼ c 0ðv0ðtÞÞv1ðtÞ þ r1ðt; yÞ;ð3:46Þ

where r1 is a function depending only on ðG ; v0Þ given explicitly by

r1 :¼ �kþ
Ð y
�y eczQzQv dzÐ y
�y eczðQzÞ2

dz
_vv0:

On the other hand, the equation (3.40) ð j ¼ 1Þ is

_UU 1;�jW�j þ _UU 1;þjWþj ¼ ð _UU 0;þ � _UU 0;�ÞP1 þI1ð3:47Þ

with

I1 ¼
ð
M

ð0

�y
ð ~ff0;�

zz þ c ~ff0;�
z ÞkðR1 þ zÞdzdSyð3:48Þ

þ
ð
M

ðy
0

ð ~ff0;þ
zz þ c ~ff0;þ

z ÞkðR1 þ zÞdzdSy

þ
ð
M

ð 0

�y
½ ~ff1;�

zz þ c ~ff1;�
z þ R1

t
~ff0;�
z þ ðk ~ff0;�

z � ~ff0;�
t Þ�dzdSy

þ
ð
M

ðy
0

½ ~ff1;þ
zz þ c ~ff1;þ

z þ R1
t
~ff0;þ
z þ ðk ~ff0;þ

z � ~ff0;þ
t Þ�dzdSy

¼: I1
1 þI1

2 þI1
3 þI1

4 :

Employing (3.46) and ~ff1;�
z ðt; 0; yÞ ¼ ~ff1;þ

z ðt; 0; yÞ (which are equivalent to the

C1-matching conditions ~uu1;�
z ðt; 0; yÞ ¼ ~uu1;þ

z ðt; 0; yÞ), we closely examine (3.47).

By the expression of outer solutions (3.11) ð j ¼ 1Þ, we find that the left

hand side of (3.47) is expressed as follows:

_UU 1;�jW�j þ _UU 1;þjWþj ¼ ½h�
v ðv0ÞjW�j þ hþ

v ðv0ÞjWþj� _vv1

þ ½ðh�
vvðv0ÞjW�j þ hþ

vvðv0ÞjWþjÞ _vv0�v1

þ ½ _VV�
1 jW�j þ _VVþ

1 jWþj�:

In the right hand side of (3.47), the first term becomes
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ð _UU 0;þ � _UU 0;�ÞP1 ¼ ½hþ
v ðv0Þ � h�

v ðv0Þ� _vv0

ð
M

R1 dSy:

For the second term I1, the term I1
1 þI1

2 in (3.48) is expressed as

I1
1 þI1

2 ¼
ð
M

ðy
�y

ðQzz þ cQzÞkR1 dzdSy þ
ð
M

ðy
�y

ðQzz þ cQzÞkz dzdSy

¼ ½hþðv0Þ � h�ðv0Þ�cðv0Þ
ð
M

kR1 dSy � ½hþðv0Þ � h�ðv0Þ�
ð
M

k dSy

þ cðv0Þ
ðy
�y

zQz dz

� �ð
M

k dSy;

while I1
3 þI1

4 becomes

I1
3 þI1

4 ¼ ðU 1;þ � U 1;�Þcðv0ÞjGj þ
ð
M

ðy
�y

½ðc 0ðv0Þv1 þ r1Þ þ k�Qz dzdSy

�
ð
M

ð0

�y
ðQ � h�ðv0ÞÞtdzdSy �

ð
M

ðy
0

ðQ � hþðv0ÞÞtdzdSy

¼ ½hþðv0Þ � h�ðv0Þ�c 0ðv0ÞjG jv1 þ ½hþ
v ðv0Þ � h�

v ðv0Þ�cðv0ÞjG jv1

þ ðVþ
1 � V�

1 Þcðv0ÞjG j þ ½hþðv0Þ � h�ðv0Þ�
Ð y
�y eczQzQv dzÐ y
�y eczðQzÞ2

dz
_vv0jGj

�
ð0

�y
ðQv � h�

v ðv0ÞÞdz þ
ðy

0

ðQv � hþ
v ðv0ÞÞdz

� �
_vv0jG j:

Then we arrive at the following equation:

_vv1ðtÞ ¼
ð
M

aðt; yÞR1ðt; yÞdSy þ bðtÞv1ðtÞ þ s1ðtÞ:ð3:49Þ

Here a and b are some functions depending only on ðG ; v0Þ, defined by

a :¼ hðv0;GÞcðv0Þkþ hþ
v ðv0Þ � h�

v ðv0Þ
h�

v ðv0ÞjW�j þ hþ
v ðv0ÞjWþj

_vv0;ð3:50Þ

b :¼ hðv0;GÞc 0ðv0ÞjG jð3:51Þ

þ ðhþ
v ðv0Þ � h�

v ðv0ÞÞcðv0ÞjG j � ðh�
vvðv0ÞjW�j þ hþ

vvðv0ÞjWþjÞ _vv0

h�
v ðv0ÞjW�j þ hþ

v ðv0ÞjWþj
:

The term s1, also depending only on ðG; v0Þ, is given by
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s1 :¼ �hðv0;GÞ
ð
M

k dSy

þ ½h�
v ðv0ÞjW�j þ hþ

v ðv0ÞjWþj��1 �
"

cðv0Þ
ðy
�y

zQz dz

� �ð
M

k dSy

�
ð0

�y
ðQv � h�

v ðv0ÞÞdz þ
ðy

0

ðQv � hþ
v ðv0ÞÞdz

� �
_vv0jG j

þ ðhþðv0Þ � h�ðv0ÞÞ
Ð y
�y eczQzQv dzÐ y
�y eczðQzÞ2

dz
_vv0jGj

þ ðVþ
1 � V�

1 Þcðv0ÞjG j � ð _VV�
1 jW�j þ _VVþ

1 jWþjÞ
#
:

Hence the equations (3.40) and (3.41) ð j ¼ 1Þ are recast as (3.46) and (3.49).

Once the initial condition ðR1ð0; yÞ; v1ð0ÞÞ ¼ ðR1
0ðyÞ; v1

0Þ is given, the

equations (3.46) and (3.49) determines ðR1; v1Þ uniquely. Indeed, this problem

is reduced to an initial value problem for a system of linear non-homogeneous

ordinary di¤erential equations as follows. From (3.46), it turns out that

R1
t ðt; yÞ � r1ðt; yÞ is independent of y A M. Defining R1ðtÞ by

R1ðtÞ :¼ R1ðt; yÞ � R1
0ðyÞ �

ð t

0

r1ðs; yÞdsð3:52Þ

and substituting this into (3.46) and (3.49), we obtain

d

dt
R1ðtÞ ¼ c 0ðv0ðtÞÞv1ðtÞ ¼: BðtÞv1ðtÞ;

d

dt
v1ðtÞ ¼

ð
M

aðt; yÞdSy

� �
R1ðtÞ þ bðtÞv1ðtÞ

þ
ð
M

aðt; yÞ R1
0ðyÞ þ

ð t

0

r1ðs; yÞds

� �
dSy þ s1ðtÞ

¼: CðtÞR1ðtÞ þ DðtÞv1ðtÞ þ E1ðtÞ:

Therefore our problem is now rewritten as

dR1ðtÞ
dt

¼ BðtÞv1ðtÞ;

dv1ðtÞ
dt

¼ CðtÞR1ðtÞ þ DðtÞv1ðtÞ þ E1ðtÞ;

R1ð0Þ ¼ 0; v1ð0Þ ¼ v1
0 :

8>>>>>><
>>>>>>:

ð3:53Þ
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This problem has a unique solution pair ðR1; v1Þ on the time interval ½0;T �,
from which and (3.52) the pair ðR1; v1Þ is uniquely determined. Consequently,

~uu1;G are smoothly joined at z ¼ 0 and give rise to the function ~uu1 defined by

~uu1ðzÞ ¼ ~uu1;GðzÞ ðGz A ½0;yÞÞ.
We will show that the same procedure as above works for each j b 2,

namely, the pair ðR j; v jÞ is chosen so that the condition ~uu j;�
z ðt; 0; yÞ ¼

~uu j;þ
z ðt; 0; yÞ and the j-th equation in (3.40) are satisfied. Let us assume that

ðRm; vmÞ ð1am < jÞ have been already determined in order to join ~uum;G

smoothly at z ¼ 0. We now deal with the j-th equation in (3.20). Since the

functions ~FFG
j in (3.22) depend only on G, Rm ð1am < jÞ and ~uum;G

ð0am < jÞ, they give rise to the smooth known function ~FFj defined on

ð�y;yÞ. Thus the equations (3.20) are recast as

~uu j;G
zz þ c~uu j;G

z þ f 0ðQÞ~uu j;Gþ ðR j
t Qz � v j þ ~FFjÞ ¼ 0:ð3:54Þ

Applying Lemma 3.2 to (3.54) and (3.25), we find that the equations (3.54) with

(3.25) have unique solutions ~uu j;G satisfying ~uu j;�
z ðt; 0; yÞ ¼ ~uu j;þ

z ðt; 0; yÞ if and

only if ðy
�y

eczQzðR j
t Qz � v j þ ~FFjÞdz ¼ 0:

This condition is equivalent to

R
j
t ðt; yÞ ¼ c 0ðv0ðtÞÞv jðtÞ þ rjðt; yÞ;ð3:55Þ

where rj is computed in terms of functions which have been already known.

Let us next rewrite the j-th equation in (3.40) by employing (3.55) and the

condition ~ff j;�
z ðt; 0; yÞ ¼ ~ff j;þ

z ðt; 0; yÞ. For this purpose, only the terms including

the pair ðR j; v jÞ are expressed explicitly, and we simply denote by ‘‘� � �’’ the

other terms with indices less than j. Then the left hand side of (3.40) is

represented, by (3.11), as

_UU j;�jW�j þ _UU j;þjWþj ¼ ½h�
v ðv0ÞjW�j þ hþ

v ðv0ÞjWþj� _vv j

þ ½ðh�
vvðv0ÞjW�j þ hþ

vvðv0ÞjWþjÞ _vv0�v j þ � � � :

In the right hand side of (3.40), the first term is expressed, by P j ¼Ð
M R j dSy þ � � � , as

Xj

m¼0

ð _UU m;þ � _UU m;�ÞP j�m ¼ ½hþ
v ðv0Þ � h�

v ðv0Þ� _vv0

ð
M

R j dSy þ � � � ;

while I j has the following expression thanks to (3.39) and J j ¼ kR j þ � � � :
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I j ¼
ð
M

ð0

�y
ð ~ff0;�

zz þ c ~ff0;�
z ÞJ j dzdSy þ

ð
M

ðy
0

ð ~ff0;þ
zz þ c ~ff0;þ

z ÞJ j dzdSy

þ
ð
M

ð0

�y
ð ~ff j;�

zz þ c ~ff j;�
z þ R

j
t
~ff0;�
z þ � � �ÞJ 0 dzdSy

þ
ð
M

ðy
0

ð ~ff j;þ
zz þ c ~ff j;þ

z þ R
j
t
~ff0;þ
z þ � � �ÞJ 0 dzdSy þ � � �

¼
ð
M

ð0

�y
ð ~ff0;�

zz þ cðv0Þ ~ff0;�
z ÞðkR j þ � � �ÞdzdSy

þ
ð
M

ðy
0

ð ~ff0;þ
zz þ cðv0Þ ~ff0;þ

z ÞðkR j þ � � �ÞdzdSy

þ
ð
M

ð0

�y
ð ~ff j;�

zz þ cðv0Þ ~ff j;�
z þ c 0ðv0Þv j ~ff0;�

z þ � � �ÞdzdSy

þ
ð
M

ðy
0

ð ~ff j;þ
zz þ cðv0Þ ~ff j;þ

z þ c 0ðv0Þv j ~ff0;þ
z þ � � �ÞdzdSy þ � � �

¼ ½hþðv0Þ � h�ðv0Þ�cðv0Þ
ð
M

kR j dSy

þ ½hþðv0Þ � h�ðv0Þ�c 0ðv0ÞjG jv j þ ½hþ
v ðv0Þ � h�

v ðv0Þ�cðv0ÞjGjv j þ � � � :

Hence we have the following equation from (3.40):

_vv jðtÞ ¼
ð
M

aðt; yÞR jðt; yÞdSy þ bðtÞv jðtÞ þ sjðtÞ:ð3:56Þ

Here a, b are the functions as in (3.50) and (3.51), while sj is a function

calculated by using functions which have been already determined.

By the same argument for j ¼ 1 as above, the equations (3.55) and (3.56)

with an initial condition ðR jð0; yÞ; v jð0ÞÞ ¼ ðR j
0ðyÞ; v

j
0Þ are recast as the fol-

lowing linear non-homogeneous equations for v jðtÞ and

R jðtÞ :¼ R jðt; yÞ � R
j
0ðyÞ �

ð t

0

rjðs; yÞds:

dR jðtÞ
dt

¼ BðtÞv jðtÞ;

dv jðtÞ
dt

¼ CðtÞR jðtÞ þ DðtÞv jðtÞ þ EjðtÞ;

R jð0Þ ¼ 0; v jð0Þ ¼ v
j
0:

8>>>>>><
>>>>>>:

ð3:57Þ
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Here the coe‰cient functions B, C and D are all the same as in (3.53) and the

non-homogeneous term Ej can be treated as a known function. Therefore,

once the initial condition ðR jð0; yÞ; v jð0ÞÞ ¼ ðR j
0ðyÞ; v

j
0Þ is given, the problem

(3.57) determines ðR j; v jÞ and ðR j; v jÞ uniquely on the time interval ½0;T �.

3.5. Uniform approximation. We are now ready to construct an approximate

solution ue
A. For each k b 1, we determine ðG ; v0Þ, ðR1; v1Þ; . . . ; ðRk; vkÞ by

the procedure described in the previous subsection, and define

Re
Aðt; yÞ :¼ R1ðt; yÞ þ eR2ðt; yÞ þ � � � þ ek�1Rkðt; yÞ;

ve
AðtÞ :¼

Xk

j¼0

e jv jðtÞ:ð3:58Þ

We also define the approximate interface G e
AðtÞ by

G e
AðtÞ :¼ fx A W j x ¼ gðt; yÞ þ eRe

Aðt; yÞnðt; yÞ; y A Mg;

and denote by We;G
A ðtÞ the subregions divided by G e

AðtÞ as W ¼ We;�
A ðtÞU

G e
AðtÞUWe;þ

A ðtÞ. Using the functions U j;G and ~ff j;G ð j ¼ 0; . . . ; kÞ determined

in the outer and inner expansions, we set U e;G
A and ~ffe;G

A as

U
e;G
A ðtÞ :¼

Xk

j¼0

e jU j;GðtÞ; ~ffe;G
A ðt; z; yÞ :¼

Xk

j¼0

e j ~ff j;Gðt; z; yÞ:

Let YðrÞ be a smooth cut-o¤ function defined by

YðrÞ :¼ 1; jrja d=2;

0; jrjb d;

�
0aYa 1;

and ðrðt; xÞ; yðt; xÞÞ A ð�d; dÞ �M the inverse map of Fðt; � ; �Þ in (2.2). We

now define our approximate solution ue
A on ½0;T � �W as follows:

u e
Aðt; xÞ :¼ U e

Aðt; xÞ þ fe
Aðt; xÞYðrðt; xÞÞ; ðt; xÞ A ½0;T � �W:ð3:59Þ

Here U e
A and fe

A are given by

U e
Aðt; xÞ :¼ U

e;G
A ðtÞ; x A We;G

A ðtÞ;

fe
Aðt; xÞ :¼ ~ffe;G

A t;
rðt; xÞ

e
� Re

Aðt; yðt; xÞÞ; yðt; xÞ
� �

:

fe
Aðt; xÞ is also denoted by ~ffe

Aðt; z; yÞ in terms of ðt; z; yÞ, where z ¼
e�1½r � eRe

Aðt; yÞ�:

fe
Aðt; xÞ ¼ ~ffe;G

A t;
r

e
� Re

Aðt; yÞ; y

� �
¼ ~ffe

Aðt; z; yÞ:
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We define J e
A, De

A; . . . by the same formula as J e, De; . . . with Re being replaced

by Re
A. In particular, Pe

A and Ie
A are defined as

Pe
A :¼

X
ib0

ð
M

Hi

i þ 1
ðeRe

AÞ
iþ1

dSy;

Ie
A :¼

ð
M

ðy
�y

½ð ~ffe
AÞzz þ ðgt � nÞð ~ffe

AÞz þ eðRe
AÞtð ~ff

e
AÞz þDe

A
~ffe
A�J e

A dzdSy:

By our way of construction and the Taylor-Cauchy formula with integral

remainder

mðeÞ ¼
Xk

j¼0

e j 1

j!
mð jÞð0Þ þ ekþ1

ð1

0

1

k!
ð1 � sÞk

mðkþ1ÞðseÞds;

we can easily find that the following approximations are valid:

( i ) Outer approximation (cf. § 3.1):

max
½0;T �

e
qU e

A

qt
� e2DU e

A � f ðU e
AÞ þ ve

A

����
����

LyðWÞ
¼ Oðekþ1Þ;ð3:60Þ

( ii ) Inner approximation (cf. § 3.2):

max
½0;T �

e
qu e

A

qt
� e2Due

A � f ðue
AÞ þ v e

A

����
����

LyðG d=2Þ
¼ Oðekþ1Þ;ð3:61Þ

(iii) Approximation of nonlocal relation (cf. § 3.3):

max
½0;T �

j _UU e;�
A jW�j þ _UU e;þ

A jWþj � ð _UU e;þ
A � _UU e;�

A ÞPe
A �I e

A j ¼ Oðekþ1Þ:ð3:62Þ

Using these results, we have the following

Lemma 3.4. Let ue
A, ve

A be the functions defined as in (3.59), (3.58),

respectively. Then the following estimates are valid:

max
½0;T �

e
que

A

qt
� e2Du e

A � f ðue
AÞ þ ve

A

����
����

LyðWÞ
¼ Oðekþ1Þ;ð3:63Þ

max
½0;T �

ve
A � 1

jWj

ð
W

f ðu e
AÞdx

����
���� ¼ Oðekþ1Þ:ð3:64Þ

Proof. Let us first prove (3.63). Since ue
Aðt; xÞ ¼ U e

Aðt; xÞ on WnGðtÞd,
the estimate (3.60) immediately yields that
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max
½0;T �

e
que

A

qt
� e2Due

A � f ðue
AÞ þ ve

A

����
����

LyðWnG dÞ
¼ Oðekþ1Þ:ð3:65Þ

In GðtÞdnGðtÞd=2, we can compute as

e2Du e
A þ f ðu e

AÞ � ve
A � e

que
A

qt

¼ e2DU e
A þ f ðU e

AÞ � ve
A � e

qU e
A

qt

þ e2Dðfe
AYðrÞÞ þ f ðU e

A þ fe
AYðrÞÞ � f ðU e

AÞ � e
qðfe

AYðrÞÞ
qt

¼ e2DU e
A þ f ðU e

AÞ � ve
A � e

qU e
A

qt

þ e2YðrÞDfe
A þ 2e2Y 0ðrÞ‘nf

e
A þ e2fe

AðY 00ðrÞ þY 0ðrÞDrÞ

þ fe
AYðrÞ

ð1

0

f 0ðU e
A þ sfe

AYðrÞÞds þ eY 0ðrÞfe
Av� eYðrÞ qf

e
A

qt
;

where the following identities are employed:

rtðt; xÞ ¼ �vðx;GðtÞÞ; ‘rðt; xÞ ¼ nðx;GðtÞÞ:

By the estimate (3.60) and the fact that fe
A and its derivatives with respect to t,

x of any order are Oðe�h=eÞ for some h > 0, we obtain

max
½0;T �

e
que

A

qt
� e2Due

A � f ðue
AÞ þ ve

A

����
����

LyðG dnG d=2Þ
¼ Oðekþ1Þ:ð3:66Þ

Combining (3.61), (3.65) and (3.66) together, we obtain (3.63).

Let us next prove (3.64). The terms in the left hand side of (3.64) are

recast as

1

jWj

ð
W

f ðue
AÞdx � ve

A ¼ 1

jWj

ð
W

½ f ðU e
AÞ � ve

A�dx þ 1

jWj

ð
W

½ f ðue
AÞ � f ðU e

AÞ�dx

¼ 1

jWj

ð
W

½ f ðU e
AÞ � ve

A�dx þ 1

jWj

ð
G d=2

½ f ðue
AÞ � f ðU e

AÞ�dx

þ 1

jWj

ð
G dnG d=2

½ f ðue
AÞ � f ðU e

AÞ�dx

þ 1

jWj

ð
WnG d

½ f ðue
AÞ � f ðU e

AÞ�dx

¼: N 1
A þ N 2

A þ N 3
A þ N 4

A:
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Using (3.60), (3.62) and (3.63), we treat N 1
A þ N 2

A as follows.

N 1
A þ N 2

A

¼ 1

jWj

ð
W

½eðU e
AÞt � e2DU e

A�dx þ 1

jWj

ð
G d=2

½eðfe
AÞt � e2Dfe

A�dx þ Oðekþ1Þ

¼ e

jWj ð
_UU e;�
A jWe;�

A j þ _UU e;þ
A jWe;þ

A jÞ

� e

jWj

ð
M

ð d=2e�R e
A

�d=2e�R e
A

½ð ~ffe
AÞzz þ ðgt � nÞð ~ffe

AÞz þ eðRe
AÞtð ~ff

e
AÞz þDe

A
~ffe
A�J e

A dzdSy

þ Oðekþ1Þ

¼ e

jWj ½
_UU e;�
A jW�j þ _UU e;þ

A jWþj � ð _UU e;þ
A � _UU e;�

A ÞPe
A �I e

A � þ Oðe�h=eÞ

þ Oðekþ1Þ

¼ Oðekþ2Þ þ Oðe�h=eÞ þ Oðekþ1Þ

¼ Oðekþ1Þ:

On the other hand, N 3
A is computed as

N 3
A ¼ 1

jWj

ð
G dnG d=2

½ f ðU e
A þ fe

AYðrÞÞ � f ðU e
AÞ�dx

¼ 1

jWj

ð
G dnG d=2

fe
AYðrÞ

ð1

0

f 0ðU e
A þ sfe

AYðrÞÞds

� �
dx

¼ Oðe�h=eÞ;

and N 4
A 1 0 since ue

Aðt; xÞ ¼ U e
Aðt; xÞ on WnGðtÞd. Therefore, we obtain (3.64).

r

It is easily verified that our approximate solution u e
A is smooth on W.

From Lemma 3.4, we immediately obtain (1.10). It also turns out that ue
A

satisfies the boundary conditions (1.11) since u e
Aðt; xÞ ¼ U

e;G
A ðtÞ on WnGðtÞd.

Furthermore, we can verify that

lim
e!0

ue
A ¼ hGðv0Þ uniformly on W

G
TnG d

T ;

in which ðG ; v0Þ is the solution of (IE) on ½0;T �. This means that (1.12) is

satisfied, and therefore our ue
A defined as in (3.59) is the desired approximate

solution. This completes the proof of Proposition 1.3. r
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Remark. The spatial average of the approximate solution ue
A above is not

preserved. However, it is approximately preserved in the following sense:

1

jWj

ð
W

ue
Aðt; xÞdx ¼ 1

jWj

ð
W

ue
Að0; xÞdx þ OðekÞ; t A ½0;T �:

4. Estimates for perturbation

In this section, we prove Proposition 1.4 based on the idea presented in

[11, 20]. For each t A ½0;T � fixed, let L eðtÞ be the linearized operator of (RD)

arround the approximate solution u e
A obtained in § 3:

LeðtÞj :¼ eDjþ e�1½ f 0ðue
Aðt; �ÞÞj� h f 0ðu e

Aðt; �ÞÞji�:

Here the symbol h�i stands for the statial average over W. We rescale the time

t in L eðtÞ by t ¼ e2t and seek a true solution ue of (RD) as follows:

ueðe2t; �Þ ¼ u e
Aðe2t; �Þ þ jeðtÞð�Þ; t A ½0;T=e2�:

Our equation (RD) is recast as an evolution equation for jeðtÞ

_jjeðtÞ ¼ AeðtÞjeðtÞ þNeðt; jeðtÞÞ þReðtÞ;ð4:1Þ

where dot ‘‘_’’ stands for the di¤erentiation with respect to t and

A eðtÞj :¼ e2Leðe2tÞj ¼ e3Djþ e½ f 0ðu e
Aðe2t; �ÞÞj� h f 0ðue

Aðe2t; �ÞÞji�;

Neðt; jÞ :¼ e½ f ðue
Aðe2t; �Þ þ jÞ � f ðue

Aðe2t; �ÞÞ � f 0ðue
Aðe2t; �ÞÞj

� h f ðue
Aðe2t; �Þ þ jÞ � f ðue

Aðe2t; �ÞÞ � f 0ðue
Aðe2t; �ÞÞji�;

ReðtÞ :¼ e e2Due
Aðe2t; �Þ þ f ðue

Aðe2t; �ÞÞ � h f ðue
Aðe2t; �ÞÞi� e

que
A

qt
ðe2t; �Þ

� �
:

Notice that the following estimates are valid for t A ½0;T=e2�:

Neðt; jÞ=e ¼ Oðjjj2Þ;ð4:2Þ

kReðtÞkLyðWÞ ¼ Oðekþ2Þ:ð4:3Þ

The unique existence of smooth solutions to (4.1) is known, and therefore our

task is only to have an estimate on kjeðtÞkLyðWÞ.

We now decompose a solution jeðtÞ to (4.1) as

jeðtÞð�Þ ¼ je
1ðtÞð�Þ þ je

2ðtÞ;ð4:4Þ
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in which je
1ðtÞ satisfies hje

1ðtÞi1 0 while je
2ðtÞ A R is spatially homogeneous,

and also decompose the equation (4.1) for jeðtÞ as an evolution equation for

je
1ðtÞ and an ordinary di¤erential equation for je

2ðtÞ:

_jje
1ðtÞ ¼ AeðtÞje

1ðtÞ þNeðt; je
1ðtÞ þ je

2ðtÞÞ þReðt; je
2ðtÞÞ;ð4:5Þ

_jje
2ðtÞ ¼ hReðtÞi:ð4:6Þ

Here Reðt; j2Þ is given by

Reðt; j2Þ :¼ ReðtÞ � hReðtÞiþAeðtÞj2ð4:7Þ

¼ ReðtÞ � hReðtÞiþ e½ f 0ðue
Aðe2t; �ÞÞ � h f 0ðu e

Aðe2t; �ÞÞi�j2

with j2 being spatially homogeneous.

4.1. Preliminaries. In order to deal with the evolution equation (4.5), let us

now set up appropriate function spaces.

Let pb 2 and we define the basic space X e
0 and the domain X e

1 of A eðtÞ
by

X e
0 :¼ L pðWÞVM; X e

1 :¼ W
2;p
e;B ðWÞVM;

where M stands for the space consisting of average-zero functions, and

W
2;p
e;B ðWÞ is the same as the usual Sobolev space

W
2;p

B ðWÞ :¼ fu A W 2;pðWÞ j qu=qn ¼ 0 on qWg

as a set, with the weighted norm

kuk
W

2; p

e;B
ðWÞ :¼ ðkukp

L pðWÞ þ ðe3=2kDukL pðWÞÞ
p þ ðe3kD2ukL pðWÞÞ

pÞ1=p:ð4:8Þ

For a A ð0; 1Þ, let X e
a be the real interpolation spaces between X e

0 and X e
1 (cf. [5,

22]):

X e
a :¼ ðX e

0 ;X e
1 Þa;p ¼ ðL pðWÞ;W

2;p
e;B ðWÞÞa;p VM;

where ð� ; �Þa;p stands for the standard real interpolation method (functor).

Thanks to the weighted norm (4.8), X e
a enjoy some continuous embedding

properties with embedding constants being independent of e > 0:

0a a < ba 1 ) u A X e
b ,! X e

a ; kuka aMkukb:

We note that the spaces ðL pðWÞ;W
2;p
e;B ðWÞÞa;p have the following character-

ization as sets (cf. [22], Theorem 4.3.3):

ðL pðWÞ;W
2;p
e;B ðWÞÞa;p ¼ B2a

p;p;BðWÞ; 0a aa 1 a0
1

2
þ 1

2p

� �
:ð4:9Þ
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Here Bs
p;p;BðWÞ ð0a sa 2Þ stand for the spaces defined by

Bs
p;p;BðWÞ :¼ fu A Bs

p;pðWÞ j qu=qn ¼ 0 on qWg; 1 þ 1=p < sa 2;

Bs
p;pðWÞ; 0a s < 1 þ 1=p;

(

with Bs
p;pðWÞ being the usual Besov spaces. As for the characterization in the

case where a ¼ 1=2 þ 1=2p, we refer to [22].

We also set up weighted Hölder spaces C a
e;pðWÞ for a A ð0; 1Þ, which plays

an important role in the treatment of the nonlinear term Neðt; jÞ in (4.5).

These spaces are the same as the usual Hölder spaces C aðWÞ as sets, with the

weighted norm

kuk
C a

e; pðWÞ :¼ ðe3=2ÞN=pkukLyðWÞ þ ðe3=2ÞaþN=p½u�
C aðWÞ;ð4:10Þ

where

½u�
C aðWÞ :¼ sup

x;x 0 AW;x0x 0

juðxÞ � uðx 0Þj
jx � x 0ja :

In particular, if the relation 2a� N=p > b is valid for some a; b A ð0; 1Þ, then

X e
a is continuously embedded in C b

e;pðWÞ with embedding constants being

independent of e > 0 (thanks to the weighted norms):

2a� N

p
> b ) u A X e

a ,! C b
e;pðWÞ; kuk

C
b
e; pðWÞ aMkuka:ð4:11Þ

4.2. Proof of Proposition 1.4. Let us first treat the ordinary di¤erential

equation (4.6) together with appropriate initial data je
2ð0Þ. We immediately

find that je
2ðtÞ is uniquely determined as

je
2ðtÞ ¼ je

2ð0Þ þ
ð t

0

hReðsÞids:ð4:12Þ

We now choose je
2ð0Þ so small that

jje
2ð0Þj ¼ Oðekþ1Þ:ð4:13Þ

Then (4.12) and (4.3) yield the estimates

jje
2ðtÞja jje

2ð0Þj þ
ð t

0

kReðsÞkLyðWÞds

aMekþ1 þ Mekþ2 � T

e2
:

Therefore, the solution je
2ðtÞ of (4.6) with (4.13) satisfies

jje
2ðtÞj ¼ OðekÞ; t A ½0;T=e2�:ð4:14Þ
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Substituting the solution je
2ðtÞ satisfying (4.14) into (4.5), we move on

to deal with (4.5). We simply denote by k � ka and k � ka;b the norm of X e
a

and the operator norm of a bounded linear operator X e
a ! X e

b , respectively.

One can find that the operator AeðtÞ �AeðsÞ ð0a t; saT=e2Þ consists of a

multiplication operator and an integral operator. In particular, it does not

involve any di¤erential operator. Thanks to this fact, the operator norm of

AeðtÞ �A eðsÞ has the following characterization.

Lemma 4.1. Let a A ½0; 1=2Þ. Then there exists a constant M > 0 such

that the following estimate holds for 0a sa taT=e2:

kA eðtÞ �AeðsÞk1;a aMe2ðt� sÞ:ð4:15Þ

On the other hand, by examining the principal eigenvalue of LeðtÞ, we

obtain the following

Lemma 4.2. The operator AeðtÞ is sectorial for all t A ½0;T=e2�. More

precisely, there exist some constants l� > 0, y� A ð0; p=2Þ and M� > 0 such that

rðA eðtÞÞIS� :¼ fl A C j l0 e2l�; jargðl� e2l�Þj < p=2 þ y�g

and the following resolvent estimate is valid for all t A ½0;T=e2�:

kðl�AeðtÞÞ�1k0;0 a
M�

jl� e2l�j
; l A S�:ð4:16Þ

Lemma 4.1 and Lemma 4.2 allow us to obtain some estimates on

Feðt; sÞ : X e
a ! X e

b with Feð� ; �Þ being the evolution operator associated with

the family fAeðtÞgt A ½0;T=e2�.

Lemma 4.3. For 0a aa ba 1, there exists a constant M > 0 such that

the following estimate holds for 0a sa taT=e2:

kFeðt; sÞka;b aMðt� sÞa�b
e e2ðl�þKÞðt�sÞ; ða; bÞ0 ð0; 1Þ;ð4:17Þ

where K > 0 is a certain constant.

We postpone the proof of Lemma 4.1 through Lemma 4.3 to § 4.3, and

treat the equation (4.5) with appropriate initial data je
1ð0Þ. Applying the

variation of constants formula to (4.5), we obtain

je
1ðtÞ ¼ Feðt; 0Þje

1ð0Þ þ
ð t

0

Feðt; sÞNeðs; je
1ðsÞ þ je

2ðsÞÞdsð4:18Þ

þ
ð t

0

Feðt; sÞReðs; je
2ðsÞÞds:
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Let pb 3N and choose a A ð1=2; 1Þ. Then there exists b A ð0; 1Þ such that

2a� N=p > b. Therefore, by (4.2), (4.10), (4.11), (4.14) and X e
a ,! X e

0 , we

have the following estimates for s A ½0;T=e2�:

kNeðs; je
1ðsÞ þ je

2ðsÞÞk0

aMekje
1ðsÞ þ je

2ðsÞkLyðWÞkje
1ðsÞ þ je

2ðsÞk0

aMeðkje
1ðsÞkLyðWÞ þ jje

2ðsÞjÞðkje
1ðsÞk0 þ jje

2ðsÞjÞ

aMeðe�3N=2pkje
1ðsÞka þ OðekÞÞðkje

1ðsÞka þ OðekÞÞ

aMðe1�3N=2pkje
1ðsÞk

2
a þ Mekþ1�3N=2pð1 þ e3N=2pÞkje

1ðsÞka þ Me2kþ1Þ

aMðe1�3N=2pkje
1ðsÞk

2
a þ ekþ1�3N=2pkje

1ðsÞka þ e2kþ1Þ:

Moreover, by using (4.3) and (4.14) in (4.7), we have for s A ½0;T=e2�

kReðs; je
2ðsÞÞk0 a kReðsÞ � hReðsÞik0

þ ek f 0ðue
Aðe2s; �ÞÞ � h f 0ðu e

Aðe2s; �ÞÞik0jje
2ðsÞj

a 2ðkReðsÞkLyðWÞ þ ek f 0ðue
Aðe2s; �ÞÞkLyðWÞjje

2ðsÞjÞ

¼ Oðekþ2Þ þ eOð1ÞOðekÞ

aMekþ1:

Using these estimates in (4.18), we find that

kje
1ðtÞka a kFeðt; 0Þka;akje

1ð0Þkað4:19Þ

þ Me1�3N=2p

ð t
0

kFeðt; sÞk0;akje
1ðsÞk

2
ads

þ Mekþ1�3N=2p

ð t
0

kFeðt; sÞk0;akje
1ðsÞkads

þ Mekþ1ðek þ 1Þ
ð t

0

kFeðt; sÞk0;ads:

Let reðtÞ be the function defined by

reðtÞ :¼ kje
1ðtÞkae�e2ðl�þKÞt; t A ½0;T=e2�:ð4:20Þ

Then, by the estimates (4.17), we can compute (4.19) in terms of reðtÞ so

that
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reðtÞaM

�
r eð0Þ þ eðl�þKÞT e1�3N=2p

ð t
0

ðt� sÞ�a
reðsÞ2

dsð4:21Þ

þ ekþ1�3N=2p

ð t
0

ðt� sÞ�a
reðsÞdsþ Mekþ1 T 1�a

1 � a
e�2ð1�aÞ

�

aM

�
r eð0Þ þ e1�3N=2p

ð t
0

ðt� sÞ�a
reðsÞ2

ds

þ ekþ1�3N=2p

ð t
0

ðt� sÞ�a
reðsÞdsþ ekþ2a�1

�
:

We now choose je
1ð0Þ so small that

reð0Þ ¼ kje
1ð0Þka ¼ Oðekþ1Þ:ð4:22Þ

Then from the continuity of r eðtÞ it follows that

reðtÞa ekð4:23Þ

for small t > 0. Setting T0 :¼ supft A ½0;T=e2� j reðsÞa ek for all s A ½0; t�g,

we have one of the alternatives r eðT0Þ ¼ ek or T0 ¼ T=e2. Assuming the

former situation is realized, and noting that k b 1, a A ð1=2; 1Þ and pb 3N, we

can compute by employing (4.22) in (4.21) so that

ek ¼ r eðT0ÞaM

�
ekþ1 þ e1�3N=2pe2k T 1�a

1 � a
e�2ð1�aÞ

þ ekþ1�3N=2pek T 1�a

1 � a
e�2ð1�aÞ þ ekþ2a�1

�

a ek Meþ 2MT 1�a

1 � a
ek�3N=2pþ2a�1 þ Me2a�1

� �

a
ek

2
;

which is a contradiction. Thus (4.23) is valid for t A ½0;T=e2�, and by (4.20)

we have

kje
1ðtÞka aMeðl�þKÞT ek ¼ OðekÞ; t A ½0;T=e2�:

By employing (4.10) and (4.11), it follows that

kje
1ðtÞkLyðWÞ ¼ Oðek�3N=2pÞ; t A ½0;T=e2�:ð4:24Þ

Combining (4.14) and (4.24) in (4.4), we have
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kjeðtÞkLyðWÞ a kje
1ðtÞkLyðWÞ þ jje

2ðtÞj

¼ Oðek�3N=2pÞ þ OðekÞ

¼ Oðek�3N=2pÞ; t A ½0;T=e2�:

Thus (1.13) is obtained, which completes the proof of Proposition 1.4. r

4.3. Proof of key lemmas. In this subsection, we prove Lemma 4.1, Lemma

4.2 and Lemma 4.3.

Proof of Lemma 4.1. For j A X e
1 and 0a sa taT=e2, we set

ue
t;s :¼ ðAeðtÞ �AeðsÞÞj:

Then an elementary calculation gives

ue
t;sðxÞ ¼ ½F e

t;sðxÞG e
t;sðxÞjðxÞ � hF e

t;sG e
t;sji�e2ðt� sÞ;ð4:25Þ

where

F e
t;sðxÞ :¼

ð1

0

f 00ðu e
Aðe2s; xÞ þ sðue

Aðe2t; xÞ � ue
Aðe2s; xÞÞÞds;

G e
t;sðxÞ :¼

ð1

0

e
que

A

qt
ðe2ðsþ sðt� sÞÞ; xÞds:

Since it is easily verified that F e
t;s and G e

t;s for 0a sa taT=e2 satisfy

kF e
t;skLyðWÞ ¼ Oð1Þ;

kG e
t;skLyðWÞ ¼ Oð1Þ;

ð4:26Þ

we obtain, by (4.25), (4.26) and the embedding X e
1 ,! X e

0 ,

kue
t;sk0 aMe2ðt� sÞkjk1;ð4:27Þ

which establishes (4.15) with a ¼ 0.

We move on to prove (4.15) for a A ð0; 1=2Þ. By virtue of (4.9) and

the relation between Besov and Sobolev-Slobodeckii spaces [1, 22], it turns out

that the space ðL pðWÞ;W
2;p
e;B ðWÞÞa;p coincides with W 2a;p

e ðWÞ, where W 2a;p
e ðWÞ ¼

W 2a;pðWÞ as a set, equipped with the following weighted norm equivalent to the

norm of ðL pðWÞ;W
2;p
e;B ðWÞÞa;p:

kuk
W

2a; p
e ðWÞ :¼ kukp

L pðWÞ þ ðe3=2Þ2ap

ð ð
W�W

juðxÞ � uðx 0Þjp

jx � x 0jNþ2ap
dxdx 0

 !1=p

:
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Let us now compute kue
t;skW

2a; p
e ðWÞ. From (4.25), we can calculate

ue
t;sðxÞ � ue

t;sðx 0Þ so that

u e
t;sðxÞ � ue

t;sðx 0Þ ¼ ½ðF e
t;sðxÞ � F e

t;sðx 0ÞÞG e
t;sðxÞjðxÞ

þ F e
t;sðx 0ÞðG e

t;sðxÞ � G e
t;sðx 0ÞÞjðxÞ

þ F e
t;sðx 0ÞG e

t;sðx 0ÞðjðxÞ � jðx 0ÞÞ�e2ðt� sÞ:

By (4.26) we thus easily find that

ðe3=2Þ2ap

ð ð
W�W

jue
t;sðxÞ � ue

t;sðx 0Þjp

jx � x 0jNþ2ap
dxdx 0ð4:28Þ

aM½e2ðt� sÞ�pðI e
1 þ I e

2 þ I e
3 Þ

with

I e
1 :¼ e3ap

ð ð
W�W

jjðxÞjpjF e
t;sðxÞ � F e

t;sðx0Þjp

jx � x 0jNþ2ap
dxdx 0;

I e
2 :¼ e3ap

ð ð
W�W

jjðxÞjpjG e
t;sðxÞ � G e

t;sðx 0Þjp

jx � x 0jNþ2ap
dxdx 0;

I e
3 :¼ e3ap

ð ð
W�W

jjðxÞ � jðx 0Þjp

jx � x 0jNþ2ap
dxdx 0:

We first examine I e
1 . Let Dd :¼ ðW�WÞnðG d=2 � G d=2Þ, namely,

Dd ¼ ½ðWnG d=2Þ � ðWnG d=2Þ�U ½ðWnG d=2Þ � G d=2�U ½G d=2 � ðWnG d=2Þ�:

We also define S d HDd by S d :¼ fðx; x 0Þ A Dd; jx � x 0j < d=4g and introduce

½u�LipðS dÞ :¼ sup
x;x 0 AS d;x0x 0

juðxÞ � uðx 0Þj
jx � x 0j :

It is easily verified that F e
t;s for 0a sa taT=e2 enjoys the following

properties:

½F e
t;s�LipðS dÞ ¼ Oð1Þ;ð4:29Þ

½F e
t;s�C bðG d=2Þ ¼ Oðe�bÞ for all b A ð0; 1Þ:ð4:30Þ

Since a A ð0; 1=2Þ, we can choose y > 0 so small that 0 < 2aþ y < 1. Using

299Internal layers in a nonlocal equation



(4.29), (4.30) with b :¼ 2aþ y and the embedding X e
1 ,! X e

0 together with

spherical coodinates, we can compute I e
1 as

I e
1 ¼ e3ap

ð ð
S d

jjðxÞjpjF e
t;sðxÞ � F e

t;sðx 0Þjp

jx � x 0jNþ2ap
dxdx 0

þ e3ap

ð ð
D dnS d

jjðxÞjpjF e
t;sðxÞ � F e

t;sðx 0Þjp

jx � x 0jNþ2ap
dxdx 0

þ e3ap

ð ð
G d=2�G d=2

jjðxÞjpjF e
t;sðxÞ � F e

t;sðx 0Þjp

jx � x 0jNþ2ap
dxdx 0

a e3ap½F e
t;s�

p

LipðS dÞ

ð ð
S d

jjðxÞjp

jx � x 0jNþð2a�1Þp
dxdx 0

þ Me3apkF e
t;sk

p

LyðWÞ

ð ð
fðx;x 0Þ AD d; jx�x 0jbd=4g

jjðxÞjp

jx � x 0jNþ2ap
dxdx 0

þ e3ap½F e
t;s�

p

C bðG d=2Þ

ð ð
G d=2�G d=2

jjðxÞjp

jx � x 0jNþð2a�bÞp
dxdx 0

aMe3ap

ð
W

jjðxÞjp

ð
W

dx 0

jx � x 0jNþð2a�1Þp

 !
dx

þ Me3ap

ð
W

jjðxÞjp

ð
WVfjx�x 0 jbd=4g

dx 0

jx � x 0jNþ2ap

 !
dx

þ Með3a�bÞp

ð
W

jjðxÞjp
ð
W

dx 0

jx � x 0jNþð2a�bÞp

 !
dx

aMe3apkjkp
1 þ Meða�yÞpkjkp

1 :

Choosing y > 0 so small that a� y > 0, we obtain

I e
1 aMkjkp

1 :

For I e
2 , we find that G e

t;s enjoys the same estimates as in (4.29) and (4.30)

for F e
t;s, and therefore I e

2 can be estimated, by the same computations as above,

so that I e
2 aMkjkp

1 . The estimate I e
3 aMkjkp

1 follows from the embedding

X e
1 ,! X e

a HW 2a;p
e ðWÞ.

By substituting these three estimates for I e
j into (4.28), the resultant es-

timate together with (4.27) implies
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kðA eðtÞ �AeðsÞÞjka aMkue
t;skW

2a; p
e ðWÞ aMe2ðt� sÞkjk1;

which completes the proof of Lemma 4.1. r

Proof of Lemma 4.2. We first treat the case where p ¼ 2. It is easy

to verify that L eðtÞ under the Neumann boundary condition is formally self-

adjoint in L2ðWÞVM, and therefore eigenvalues are real. We also obtain by

the variational characterization for the principal eigenvalue le of L eðtÞ that

le ¼ sup
j AW 1; 2ðWÞ;j00;hji¼0

Ð
W
�ej‘jj2 þ e�1f 0ðue

AÞjjj
2
dx

kjk2
L2ðWÞ

a sup
j AW 1; 2ðWÞ;j00

Ð
W
�ej‘jj2 þ e�1f 0ðue

AÞjjj
2
dx

kjk2
L2ðWÞ

a sup
j AW 1; 2ðG dÞ;j00

Ð
G d �ej‘jj2 þ e�1f 0ðue

AÞjjj
2
dx

kjk2
L2ðG dÞ

¼: me;

due to f 0ðu e
AÞ < 0 in WnG d and kjkL2ðWÞ b kjkL2ðG dÞ. This says that le is

estimated from above by the principal eigenvalue me of the Allen-Cahn operator

eDþ e�1f 0ðue
AÞ in a neighborhood G d. According to the results established by

Alikakos et al. [2] and Chen [4], it is known that me is bounded above for e > 0

and t A ½0;T �. Thus we have le
a me a m� for some m� > 0.

For l A C and a complex-valued function v with zero average, let us now

consider the resolvent equation

lu �LeðtÞu ¼ v;
qu

qn
¼ 0:ð4:31Þ

Multiplying the equation in (4.31) by the complex conjugate u of u and

integrating over W, we have

lkuk2
L2ðWÞ ¼ ðLeðtÞu; uÞL2ðWÞ þ ðu; vÞL2ðWÞ;ð4:32Þ

where the symbol ð� ; �ÞL2ðWÞ stands for the usual L2-inner product. We de-

compose l A C, u : W ! C and v : W ! C so that

l ¼ lR þ ilI ; u ¼ uR þ iuI ; v ¼ vR þ ivI :ð4:33Þ

We note that the real-valued functions uR : W ! R and uI : W ! R also have

zero average and satisfy the Neumann boundary conditions. Associated with

the decomposition in (4.33), the real part of (4.32) is computed as
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lRkuk2
L2ðWÞ ¼ ðLeðtÞuR; uRÞL2ðWÞ þ ðLeðtÞuI ; uI ÞL2ðWÞ

þ ðuR; vRÞL2ðWÞ þ ðuI ; vI ÞL2ðWÞ

a m�ðkuRk2
L2ðWÞ þ kuIk2

L2ðWÞÞ

þ kuRkL2ðWÞkvRkL2ðWÞ þ kuIkL2ðWÞkvIkL2ðWÞ

a m�ðkuRk2
L2ðWÞ þ kuIk2

L2ðWÞÞ

þ ðkuRk2
L2ðWÞ þ kuIk2

L2ðWÞÞ
1=2ðkvRk2

L2ðWÞ þ kvIk2
L2ðWÞÞ

1=2

a m�kuk2
L2ðWÞ þ kukL2ðWÞkvkL2ðWÞ

to obtain

ðlR � m�ÞkukL2ðWÞ a kvkL2ðWÞ:ð4:34Þ

On the other hand, the imaginary part of (4.32) becomes

lIkuk2
L2ðWÞ ¼ �ðLeðtÞuR; uI ÞL2ðWÞ þ ðLeðtÞuI ; uRÞL2ðWÞ

þ ðuR; vI ÞL2ðWÞ � ðuI ; vRÞL2ðWÞ

¼ ðuR; vI ÞL2ðWÞ � ðuI ; vRÞL2ðWÞ;

where integration by parts and the Neumann boundary conditions are used.

Thus we have

jlI j kukL2ðWÞ a kvkL2ðWÞ:ð4:35Þ

Setting l� :¼ m� > 0, we obtain, from (4.34) and (4.35), the estimate

½ðlR � l�Þ þ jl I j�kukL2ðWÞ a 2kvkL2ðWÞ;

which implies that

kukL2ðWÞ a
M�

jl� l�j
kvkL2ðWÞð4:36Þ

is valid for l A fl A C j l0 l�; jargðl� l�Þj < p=2 þ y�gH rðLeðtÞÞ with y� A
ð0; p=4Þ and M� :¼

ffiffiffi
2

p
=cosðy� þ p=4Þ.

Once this is established, then we find, along the line of arguments in

Tanabe [21], that the following L p-version ðp > 2Þ of (4.36)
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kukL pðWÞ a
M�

jl� l�j
kvkL pðWÞð4:37Þ

holds for all l A fl A C j l0 l�; jargðl� l�Þj < p=2 þ y�gH rðLeðtÞÞ with the

same l� > 0 in (4.36), replacing y� and M� by other constants. The estimate

(4.16) then follows from (4.37) and the rescale t ¼ e2t, which completes the

proof of Lemma 4.2. r

Proof of Lemma 4.3. Let a0 A ½0; 1=2Þ. By Lemma 4.1, it follows that

kAeðtÞ �A eðsÞk1;a0
aM0e

2ðt� sÞ:ð4:38Þ

Moreover, from Lemma 4.2 above and Proposition 2.3.1 in Lunardi [14], we

find that for 0a aa ba 1, there exists a constant M ¼ Ma;b > 0 such that the

estimate

keðt�sÞA eðsÞka;b aMðt� sÞa�b
ee2l�ðt�sÞð4:39Þ

is valid. We emphasize that M can be chosen independent of e > 0 thanks to

the weighted norm (4.8). We now define the operator k e
1ð� ; �Þ by

k e
1ðt; sÞ :¼ ðA eðtÞ �A eðsÞÞeðt�sÞA eðsÞ:

Then we can estimate k e
1 by employing (4.38) and (4.39) as

kk e
1ðt; sÞk0;a0

a kA eðtÞ �AeðsÞk1;a0
keðt�sÞA eðsÞk0;1 aM0Me2ee2l�ðt�sÞ:

For this k e
1, it is known [5] that the evolution operator Fe is the unique

solution of the integral equation

Feðt; sÞ ¼ eðt�sÞA eðsÞ þ
ð t
s

Feðt; sÞk e
1ðs; sÞds;

and that the solution Fe has the unique representation

Feðt; sÞ ¼ eðt�sÞA eðsÞ þ
ð t
s

eðt�sÞA eðsÞk eðs; sÞdsð4:40Þ

with resolvent kernel k eð� ; �Þ. This kernel can be successively constructed

starting from k e
1. We inductively define k e

mð� ; �Þ ðmb 2Þ by

k e
mðt; sÞ :¼

ð t
s

k e
m�1ðt; sÞk e

1ðs; sÞds:

By the repeated application of the following estimates

kk e
mðt; sÞk0;a0

a

ð t
s

kk e
m�1ðt; sÞk0;a0

kk e
1ðs; sÞk0;0ds;
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we find, by induction, that

kk e
mðt; sÞk0;a0

a
ðM0Me2Þm

ðm � 1Þ! ðt� sÞm�1
e e2l�ðt�sÞ; mb 1:

This immediately implies that the series

k eðt; sÞ :¼
Xy
m¼1

k e
mðt; sÞð4:41Þ

converges and that it can be estimated as

kk eðt; sÞk0;a0
aM0Me2e e2l�ðt�sÞ

Xy
m¼1

ðM0Me2ðt� sÞÞm�1

ðm � 1Þ!

" #

¼ M0Me2ee2ðl�þM0MÞðt�sÞ:

Therefore, there exist some constants M, K > 0 such that the resolvent kernel

k e defined in (4.41) satisfies the estimate

kk eðt; sÞk0;a0
aMe2ee2ðl�þKÞðt�sÞ:ð4:42Þ

Let us now examine the norm kFeðt; sÞka;b by using the estimates (4.39)

and (4.42) in (4.40). Suppose that 0a aa b < 1. Then, by using (4.42) with

a0 ¼ 0, we have

kFeðt; sÞka;b a keðt�sÞA eðsÞka;b þ
ð t
s

keðt�sÞA eðsÞk0;bkk eðs; sÞka;0ds

aMðt� sÞa�b
ee2ðl�þKÞðt�sÞ

þ M

ð t
s

ðt� sÞ�b
ee2ðl�þKÞðt�sÞkk eðs; sÞk0;0ds

aMðt� sÞa�b
ee2ðl�þKÞðt�sÞ þ Me2e e2ðl�þKÞðt�sÞ ðt� sÞ1�b

1 � b

aMðt� sÞa�b
ee2ðl�þKÞðt�sÞ þ MT 1�a

1 � b
e2aðt� sÞa�b

ee2ðl�þKÞðt�sÞ

aMðt� sÞa�b
ee2ðl�þKÞðt�sÞ:

In the case where 0 < aa b ¼ 1, we choose a0 > 0 so small that a > a0.

Then we have
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kFeðt; sÞka;1 a keðt�sÞA eðsÞka;1 þ
ð t
s

keðt�sÞA eðsÞka0;1
kk eðs; sÞka;a0

ds

aMðt� sÞa�1
ee2ðl�þKÞðt�sÞ

þ M

ð t
s

ðt� sÞa0�1
e e2ðl�þKÞðt�sÞkk eðs; sÞk0;a0

ds

aMðt� sÞa�1
ee2ðl�þKÞðt�sÞ þ Me2e e2ðl�þKÞðt�sÞ ðt� sÞa0

a0

aMðt� sÞa�1
ee2ðl�þKÞðt�sÞ

þ MT ð1�aÞþa0

a0
e2ða�a0Þðt� sÞa�1

e e2ðl�þKÞðt�sÞ

aMðt� sÞa�1
ee2ðl�þKÞðt�sÞ:

Thus (4.17) is obtained, which completes the proof of Lemma 4.3. r

Remark. Only the estimates kFeðt; sÞk0;a and kFeðt; sÞka;a are used in

the proof of Proposition 1.4. Even if ða; bÞ ¼ ð0; 1Þ, the norm kFeðt; sÞk0;1

can be also estimated, by employing (4.39) and (4.42) with a0 > 0, so that

kFeðt; sÞk0;1 aMee2ðl�þKÞðt�sÞ½1 þ ðt� sÞ�1�:

5. Discussion

In order to capture the dynamics occurs in the stage 3 mentioned in

§ 1.1, it is adequate to employ the following equation with the slower time

scale:

e2ue
t ¼ e2Du e þ f ðueÞ � 1

jWj

ð
W

f ðueÞdx:ðRD-sÞ

Let us recast (RD-s) as

e2utðt; xÞ ¼ e2Due þ f ðueðt; xÞÞ � veðtÞ;ð5:1Þ

where veðtÞ is given by

veðtÞ ¼ 1

jWj

ð
W

f ðu eðt; xÞÞdx:ð5:2Þ

Through the representation G eðtÞ ¼ fx AW j x ¼ gðt; yÞ þ eReðt; yÞnðt; yÞ; y AMg,

we substitute the expansions
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Re ¼ R1 þ eR2 þ e2R3 þ � � � ; v e ¼
X
jb0

e jv j

into (5.1) and (5.2). Then C1-matching conditions and the nonlocal relation

(5.2) also give rise to a series of equations. The lowest order equation is

v0 1 v�, which means that the interface dynamics of (IE) is in equilibrium in

this time scale.

The first order equation is

gt � n ¼ �kþ c 0ðv�Þv1;

c 0ðv�Þv1 ¼ 1

jG j

ð
M

k dSy;

8><
>:ð5:3Þ

which is nothing but the volume-preserving mean curvature flow:

vðx;GðtÞÞ ¼ �kðx;GðtÞÞ þ 1

jGðtÞj

ð
GðtÞ

kðx;GðtÞÞdSGðtÞ
x :ðIE-sÞ

In contract to the system of equations (IE), we can see in (5.3) that one of the

equations involves the other and consequently the scalar equation (IE-s) is

obtained. It is known [7, 10, 13] that if the initial interface is uniformly

convex, then the solution GðtÞ of (IE-s) exists globally in time and it converges

to a sphere as t ! y. We also mention that the flow (IE-s) can derive

interfaces to self-intersections in finite time (cf. [15]) because of the failure of

comparison principles for (IE-s).

The j-th ð j b 2Þ order equation is

R
j�1
t ¼ DM þ

XN�1

i¼0

k2
i

 !
R j�1 þ c 0ðv�Þv j þ � � � ;

c 0ðv�Þv j ¼ 1

jG j

ð
M

aR j�1 dSy þ � � � ;

8>>>><
>>>>:

which is equivalent to the scalar equation

R
j
t ¼ DM þ

XN�1

i¼0

k2
i

 !
R j þ 1

jG j

ð
M

aR j dSy þ bj; j b 1:ð5:4Þ

Here the symbol DM stands for the Laplace-Beltrami operator on M

induced from that on G, a is a function depending only on G , and the non-

homogeneous term bj depends only on G and Rm ð1am < jÞ. Since the

equation (5.4) for R j is non-homogeneous linear parabolic equation with

nonlocal term, the unique existence of solutions are known. Our method of

approximations developed for the equation (RD) also works for the rescaled

version (RD-s).
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