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ABSTRACT. In this paper we consider a multivariate parallel profile model with poly-
nomial growth curves. The covariance structure based on a random effects model is
assumed. The maximum likelihood estimators (MLE’s) are obtained under the random
effects covariance structure. The efficiency of the MLE is discussed.

1. Introduction

Suppose that m response variables xi,...,x, have been measured at p
different occasions on each of N individuals, and each individual belongs to
one of k groups or treatments. Let xj(-g) be an mp-vector of measurements on
the j-th individual in the g-th group arranged as

(9) _ ( (9) (9) (9) X )’

x X{Ls oo r Xy - oe e s Xp1j s Xpm

]

and assume that xj(.g)’s are independently distributed as N, (x4, Q), where Q
is an unknown mp X mp positive definite matrix, j=1,..., Ny, g=1,...,k.
Further, we assume that mean profiles of k groups are parallel polynomial
growth curves, i.e.,

(1.1) 19 =1, ®5,)¢9 + (B'®L)é,  g=1,....k,

where 1, is a p-vector of ones, (1, ® I,) defines the Kronecker product of 1,
and the m x m identity matrix,
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is a ¢ x p within-individuals design matrix of rank ¢ (< p), €9 :mx 1 and

2000 Mathematics Subject Classification. 62H12.
Key words and phrases. multivariate parallel profile model, random effects covariance structure,
maximum likelihood estimator, efficiency.



198 Takahisa YOKOYAMA

& :mgq x 1 are vectors of unknown parameters. Yokoyama [7] considered a
multivariate parallel profile model with

w9 = a, ® I,)EYW + p, g=1,... k.

Therefore, the model (1.1) means that 4 has a linear structure. Without loss
of generality, we may assume that ¢¥) = 0. In the following we shall do this.
Let

X:[x(lw,...,xsvll), ...... ,xEk),...,xS\]fz]’, N =N;+---+ Ng.

Then the model of X can be written as

(13) X"’NNme(AIEl(1;®Im)+1Né£(B®Im)aQ®IN)a
where
_lNl 0
di=1 o 1y,
0

is an N x (k—1) between-individuals design matrix of rank k—1 (< N —
p—1), 5 =W, ... && D) is an unknown (k —1) x m parameter matrix.
The model (1.3) may be called the multivariate parallel growth curve model.
The model (1.3) with B = I, is a special case of mixed MANOVA-GMANOVA
models considered by Chinchilli and Elswick [2], Kshirsagar and Smith [4,
p. 85], etc. The mean structure of (1.3) can be written as

E1 0
SIS
where &) =&y and &) = (&, ¢&5,). We note that the model (1.3) is the
multivariate growth curve model (Reinsel [5]) with a linear restriction on mean
parameters.

Chinchilli and Carter [1] discussed the LR test for a patterned covariance
structure

Q= (lp ® Im)zi(lll, ® Im) + (W ® Im)ET(W, ® Im) + Ip ® Zev

(1.4) E(X) = 4, m{ }(B@M,

in a multivariate GMANOVA model, where W is a known p x (p — 1) matrix
of rank p—1 such that IIQW =0, 2, is an arbitrary m(p — 1) xm(p — 1)
positive semi-definite matrix, 2, and X, are arbitrary m x m positive semi-
definite and positive definite matrices, respectively. We are now interested in a
multivariate random effects covariance structure
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(1.5) Q=(1,®1,)2;1,1,) +1,®Z,.
The covariance structure (1.5) is based on the following model:

(1.6) 2 = (1, @ L)W + A0) + (B'® L)& + ¢,

where l}”)’s and ej(f’)’s are independently distributed as N, (0,%;) and

Nup(0,1, ® 2,), respectively. From (1.6), we have
Var(x\’) = Q = (1, ® 1) Z,(1, ® Ly) + I, ® Z,.
Therefore, the model of X with random effects can be written as
(1.7) X ~ Nysmp(A121(1), ® 1) + 1nE(B® L),
(1, ®L)Z:(1, @ L) + 1, ® ) ® Iy).

Fujikoshi and Satoh [3] obtained the MLE’s in the growth curve model with
two different within-individuals design matrices when the covariance matrix has
no structures, i.e., is any unknown positive definite. In this paper we consider
the problems of estimating unknown mean parameters =, and & when Q
has the structure (1.5). By making this stronger assumption about Q, we can
expect to have more efficient estimators. In §2 we obtain the MLE’s of =,
and ¢, in the model (1.7), using a canonical form of (1.7). In §3 it is shown
how much gains can be obtained for the maximum likelihood estimation of =
by assuming a multivariate random effects covariance structure.

2. The MLE’s

First we reduce the model (1.7) to a canonical form. Let H =
[Hy, N~'21y H;] be an orthogonal matrix of order N such that

_ Ly 0
A L] = [ N”“N][zgl Nl/z}
=Hp)L,

where H, : N x (k— 1), and Ly; : (k— 1) x (k— 1) is a lower triangular matrix.
Similarly, let Q = [p~'/?1, Q} Q4] be an orthogonal matrix of order p such
that

[11’7@1,”] _ [pl/zlm 0 leﬁl;,@lm]
B, ®1, Ry Ry 0, ® Iy,

= RQ(Z)a
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where Qy:(¢q— 1) x p, and Ry :m(q—1)xm(qg—1) is a lower triangular
matrix. Then the mean structure of (1.7) can be written as

21) ME(, @ L) + WE(B® L) = p ' PHi01(1, @ L) + N~/ 130,00),
where
0, =p'’Ly 5, 0, = N'PER+15[E1 OR.

Here we note that (&,&,) is an invertible function of (6;,0,). In fact, =,
and &, can be expressed in terms of ®; and 6, as

(22) = =p 2L}, & =N120,RTY — NTV2L [p V2L e, 0).

Using the above transformation, we can write a canonical form of (1.7)

as
Yiu Y Yis

(23) Y=H'X(Q' ®Ln)= |y Vn Vu|~Nvam(E(Y),¥® Iy),
Ysi Y Y3

where the mean E(Y) and the covariance matrix ¥ are given by

&, 0 0
e 0 =) 0
I R S B A B b
0 0 0 21 22 21 22

@12911, 9;2[951 9;2], @11:(k—1)><m, (921:m><1, szzm(q—l)xl,

(2.5) ¥ = (0@ 1,)2Q ® L) = [”Zﬂf - Ipl(ézj,
P+ 2. i mx m, I 1 ®2,:m(p—1)xm(p—1).
From (2.3), it is easy to see that the MLE’s of ©; and 6, are given by
6, = Y, 0, = Y2
where yé(m) = [y}, ). Hence the MLE’s of Z| and &, are given by
(2.6) Z1=p "Lyl Y, & =Ny R =NV [ PL Y 0]

Now we express the MLE’s given in (2.6) in terms of the original obser-
vations. Let

1 N 1
(2.7) A, = <1N - NINI,’V>A1, B, =B, <1p —;11,1,’,).

Then, from the definitions of L and R it is seen that
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1

= ALy}, Iy = N

1Ay,

- 1
Q2 ® Im = R2_21 (BZ ® Im)a R21 = 7]—)(32117 ® Im)~

Using these results, we have the following theorem.

THEOREM 2.1. The MLE’s of E1 and &, in the multivariate parallel profile
model (1.7) are given as follows:

[

éél = xl{(lp - BE(BZBé)ilBZ) ® Im}

1

fﬁl Aj(AjA) A X |1, ® L),

2 =X {(Bz(Bsz) ) ®Im}>

where A, and B, are given by (2.7), and X is the sample mean vector of
observations of all the groups.

We note that the MLE’s of unknown variance parameters 2, and X, in
the model (1.7) are complicated and impractical. The MLE’s of 2, and X, in
the model (1.7) are the same ones as in the model of Yokoyama [7], in which u
has no structures. For a detailed discussion of the MLE’s of these parameters,
see Yokoyama [7].

3. Efficiency of él

In this section we consider the efficiency of the MLE for &} in the case
when the covariance structure (1.5) is assumed. Let S,, be the matrix of the
sums of squares and products due to the within variation, i.e.,

Sy =X'H:H;X = Z Z g> —zlo)y,
g=1 j=

where ¥ is the sample mean vector of observations of the g-th group. When
no special assumptions about Q are made, the MLE of & is given by

(3-1) B = (A41A) T 41XS,' (1, ® L){(1, ® L)S, (1, ® 1)}
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(see, e.g., Srivastava [6]). The estimators Z; and =, have the following
properties.

THEOREM 3.1. In the multivariate parallel profile model (1.7) it holds that
both the estimators =\ and =, are unbiased, and

Var(vec(Z))) = %(pz;y +Z)® (441",
Var(vec(Z))) 2;—){1 +N — krf(ni(_p 1_) e 1}(1721 +2)® (447,

where A, is given by (2.7).

ProoF. From (2.2), (2.6) and A|A; = L} L;;, we obtain the result on ;.
It can be shown that for any positive definite covariance matrix €,

1) =

[I] !

E(

()

1

and

Var(vec(Z)))

- {1 + N — kn_/l(:l(;)l_) 1) _ 1}{(11/1 ®Im)971(1p ®Im)}7l ® (1‘1{1{1)71

(see, e.g., Fujikoshi and Satoh [3], Yokoyama [7]). Under the assumption that

Q=(1,® I,,,)Z;ﬁ(l}') L) +1,® 2%,
it holds that

_ 1
{(lzl? ® In)R2 1(lp Q@ In)} L= ;(PZJ. +Ze),
which proves the desired result on Z.
From Theorem 3.1, we obtain
(3.2)  Var(vec(&))) — Var(vec(5)))

- p{N — km_(‘z;qul)_ D=1} (P, 4+ 2.) @ (Al 4)" >0,

which implies that Z| is more efficient than =) in the model (1.7). This shows
that we can get a more efficient estimator for = by assuming a multivariate
random effects covariance structure. Especially, when p is large relative to N,
we can obtain greater gains. It is not simple and is left as a future problem
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how much gains can be obtained for the maximum likelihood estimation of &,
by assuming the covariance structure (1.5).
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