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Abstract. This paper is concerned with the null distribution of the modified normal

likelihood ratio criterion for testing the null hypothesis that a covariance matrix is a

given one, i.e., S ¼ S0, under nonnormality. We obtain an asymptotic expansion of

the null distribution of the test statistic up to the order n�1, where n is the sample size,

under nonnormality by using an Edgeworth expansion of the density function of a

sample covariance matrix.

1. Introduction

Let x1; . . . ; xn be p� 1 random vevtors, where n is the sample size. It is

assumed that each vector xj is i:i:d: with the mean EðxÞ ¼ m and the covariance

matrix CovðxÞ ¼ S. Consider testing the null hypothesis that the covariance

matrix is a given one, i.e.,

H0 : S ¼ S0: ð1:1Þ

Then a commonly used test statistic is

T ¼ �2 log L; ð1:2Þ

which is a modified likelihood ratio statistic for a multivariate normal pop-

ulation, where

L ¼ e

n� 1

� �pðn�1Þ=2
jSS�1

0 jðn�1Þ=2 exp � 1

2
trðSS�1

0 Þ
� �

;

S ¼
Xn
j¼1

ðxj � xÞðxj � xÞ0; x ¼ 1

n

Xn
j¼1

xj:
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Under normality, it is well known that the null distribution of T converges

to the chi-squared distribution with q ð¼ pðpþ 1Þ=2Þ degrees of freedom, as

n tends to infinity. Under nonnormality, the limiting distribution of the null

distribution of T depends on the fourth cumulants of the true population dis-

tribution (see, e.g., Ito, 1969). When xj is distributed as an elliptical distri-

bution, the null distribution of T is asymptotically distributed as a weighted

sum of two independent chi-squared variables, i.e.,

PðT a xÞ !D ðpþ 2Þkþ 2

2
w21 þ ðkþ 1Þw2q�1 ðn ! yÞ;

where k is a kurtosis parameter, and w21 and w2q�1 are chi-squared variables

with 1 and q� 1 degrees of freedoms, respectively (see, e.g., Muirhead and

Waternaux, 1980, and Tyler, 1983). Under more general distribution, Satorra

and Bentler (1988) and Yanagihara, Tonda and Matsumoto (2002) introduced

an explicit asymptotic distribution of the null distribution of T . The null

distribution of T converges to a weighted sum of q chi-squared variables, i.e.,

PðT a xÞ !D
Xq
j¼1

ljw
2
1; j ðn ! yÞ;

where each w21;a is independently and identically distributed as a chi-squared

distribution with 1 degrees of freedom and la is an eigenvalue of Ws. Here Ws

is an asymptotic covariance matrix of q� 1 vector vecsðUÞ whose elements are

only distinct ones of

U ¼
ffiffiffi
n

p
S�1=2 1

n� 1
S � S

� �
S�1=2; ð1:3Þ

and is defined (see, Hample, et al., 1986, pp. 272) by

vecsðUÞ ¼ 1ffiffiffi
2

p u11;
1ffiffiffi
2

p u22; . . . ;
1ffiffiffi
2

p upp; u12; . . . ; u1p; u23; . . . ; up�1 p

� �0
; ð1:4Þ

where uab is the ða; bÞth element of U . Our main purpose is to obtain an

asymptotic expansion of the null distribution of T up to the order n�1 under

general condition. Note that the test statistic in (1.2) is invariant linear trans-

formation x to S�1=2ðx� mÞ when the hull hypothesis (1.1) is true. Therefore,

without loss of generality, we may assume S ¼ Ip and m ¼ 0. In the following,

we shall do that, and we regard S and m as Ip and 0, respectively.

The present paper is organized in the following way. In Section 2, we

prepare the Edgeworth expansion of the density function of U in (1.3). In

Section 3, we derive an expansion of the null distribution of T by expanding a

characteristic function of T . In Section 4, we give a simple form of expansion

of EðTÞ under the null hypothesis by using an alternative method.
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2. Edgeworth expansion of sample covariance matrix

In this section, we obtain an Edgeworth expansion of the density function

of the transformed sample covariance matrix U in (1.3) by using the random

vector z and the random matrix V

z ¼
ffiffiffi
n

p
x; V ¼ 1ffiffiffi

n
p
Xn
j¼1

ðxjx 0
j � IpÞ; ð2:1Þ

which have asymptotic normality. Note that U can be expanded as

U ¼ V þ 1ffiffiffi
n

p ðIp � zz 0Þ þ 1

n
V þOpðn�3=2Þ: ð2:2Þ

Under the elliptical distribution, Iwashita (1997) and Wakaki (1997) obtained

an expansion of the joint density function of z and V up to the order n�1.

Under the nonnormality, Fujikoshi (2002) obtained an expansion of the joint

density function of ðz;VÞ and ðz;UÞ up to the order n�1=2. Also, Kano (1995),

who derived an asymptotic expansion of the distribution of Hotelling’s T 2-

statistic under general distribution, considered about the joint characteristic

function of z and V in the derivation process. However, our result is an

expansion on U . Further, we expand up to the order n�1 under nonnormality,

not only for the elliptical distribution.

We consider alternative type of vector staking the columns of a matrix U

whose elements are only distinct ones of U as

vechðUÞ ¼ ðu11; u21; . . . ; up1; u22; . . . ; up2; u33; . . . ; up p�1Þ0; ð2:3Þ

(see, Henderson and Searle, 1979 and Magnus and Neudecker, 1999, pp. 48).

In what following, we consider the distribution of uh ¼ vechðUÞ as the distri-

bution of U . From a simple calculation, we can see that uh is asymptotically

distributed as the q-dimensional normal distribution with the mean 0 and the

covariance matrix Wh ¼ CovðuhÞ.
Let e ¼ ðe1; e2; . . . ; epÞ0 ¼ S�1=2ðx� mÞ and ma1a2...al be the lth moment of e

defined by

ma1a2...al ¼ Eðea1ea2 . . . eal Þ:

Similarly the corresponding lth cumulant of e is denoted by ka1a2...al . Note that

there are the following relations between moments and cumulants.

mabc ¼ kabc; mabcd ¼ kabcd þ
X
½3�

dabdcd ;

mabcde ¼ kabcde þ
X
½10�

dabmcde;
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mabcdef ¼ kabcdef þ
X
½10�

kabckdef þ
X
½15�

dabkcdef þ
X
½15�

dabdcddef ;

mabcdefgh ¼ kabcdefgh þ
X
½56�

kabckdefgh þ
X
½35�

kabcdkefgh þ
X
½28�

dabkcdefgh

þ
X
½280�

dabkcdekfgh þ
X
½210�

dabdcdkefgh þ
X
½105�

dabdcddef dgh;

where dab is the Kronecker delta, i.e., daa ¼ 1 and dab ¼ 0 for a0 b and
P

½ j�
means the sum of all j possible combinations of indices a; b; c; d; e; f ; g and h,

i.e.,
P

½3� dabdcd ¼ dabdcd þ dacdbd þ daddbc.

Let Dp and Dþ
p be the duplication matrix and its Moore-Penrose inverse

(see, Henderson and Searle, 1979 and Magnus and Neudecker, 1999, pp. 48),

respectively, which are defined by

vecðUÞ ¼ Dp vechðUÞ; vechðUÞ ¼ Dþ
p vecðUÞ ¼ ðD 0

pDpÞ�1
D 0

p vecðUÞ:

By using Dþ
p , the covariance matrix Wh can be expressed as

Wh ¼ Dþ
p CkD

þ
p

0 þ Iq þ vechðIpÞ vechðIpÞ0;

where

Ck ¼
Xp
abcd

kabcdfðep;ae 0p;bÞn ðep; ce 0p;dÞg:

Here ep;a is the p-dimensional vector whose ath elements is 1 and others 0, i.e.,

Ip ¼ ðep;1; ep;2; . . . ; ep;pÞ and the notation
Pp

a1a2...
means

Pp
a1¼1

Pp
a2¼1 . . . .

We obtain an asymptotic expansion of the density function of uh by

inverting the characteristic function of uh. The derivation of the characteristic

function is the same as the one in Yanagihara (2001), and Wakaki, Yanagihara

and Fujikoshi (2002). Let t1 ¼ ðtð1Þ1 ; t
ð1Þ
2 ; . . . ; t

ð1Þ
q Þ0, t2 ¼ ðtð2Þ1 ; t

ð2Þ
2 ; . . . ; t

ð2Þ
p Þ0 and

�� ¼ ð�1; �2; . . . ; �qÞ0 ¼ vechðee 0 � IpÞ;

then the joint characteristic function of V and z, Cðt1; t2Þ, is expressed as

Cðt1; t2Þ ¼ E½expfit 01 vechðVÞ þ it 02zg�

¼ E exp
iffiffiffi
n

p
Xq
a¼1

tð1Þa �a þ
Xp
a 0¼1

t
ð2Þ
a 0 ea 0

 !( )" #n

¼ E½expfiAðt1; t2Þg�n ¼ fhðt1; t2Þgn ¼ expfHðt1; t2Þg:

Noting that Hðt1; t2Þ ¼ n logfhðt1; t2Þg. The characteristic function of U ,

Cuhðt1Þ, is given as
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Cuhðt1Þ ¼ E

�
expfit 01 vechðVÞg

�
1þ iffiffiffi

n
p t 01 vechðIp � zz 0Þ

þ 1

n
it 01 vechðVÞ þ i2

2
ft 01 vechðIp � zz 0Þg2

� ���
þ oðn�1Þ

¼ C0ðt1Þ þ
1ffiffiffi
n

p C1ðt1Þ þ
1

n
C2ðt1Þ þ oðn�1Þ: ð2:4Þ

In order to calculate each term in (2.4), we define the functions l1ðaÞ and

l2ðaÞ ðl1ðaÞb l2ðaÞÞ denoting a relation between an index of an element of

matrix X and the one of vechðXÞ as follows. Through the functions, we

assume the ath element of vechðX Þ is equal to the ðl1ðaÞ; l2ðaÞÞth element of X .

Then the relation among a; l1ðaÞ and l2ðaÞ is written as

a ¼ p� l1ðaÞ
2

� �
ðl1ðaÞ � 1Þ þ l2ðaÞ; l1ðaÞb l2ðaÞ:

By using Cðt1; t2Þ, the functions l1ðaÞ and l2ðaÞ and di¤erential operators, the

each term in (2.4) can be rewritten as

C0ðt1Þ ¼ Cðt1; 0Þ; ð2:5Þ

C1ðt1Þ ¼ i
Xq
a¼1

tð1Þa dl1ðaÞl2ðaÞ � i�2 q2

qt
ð2Þ
l1ðaÞqt

ð2Þ
l2ðaÞ

0
@

1
ACðt1; t2Þjt2¼0 þ oðn�1=2Þ; ð2:6Þ

C2ðt1Þ ¼ i
Xq
a¼1

tðaÞa i�1 q

qt
ð1Þ
a

Cðt1; t2Þjt2¼0

þ i2

2

Xq
a¼1

tð1Þa dl1ðaÞl2ðaÞ � i�2 q2

qt
ð2Þ
l1ðaÞqt

ð2Þ
l2ðaÞ

0
@

1
A

8<
:

9=
;

2

Cðt1; t2Þjt2¼0 þ oð1Þ: ð2:7Þ

We prepare the following notation for represent (2.5), (2.6) and (2.7) with using

the joint moments of �� and e. The ði þ 2jÞth joint moment of �� and e is

expressed as

h
½iþ2j�
a1a2...ai ;b1b2...bj

¼ Eðea1ea2 . . . eai�b1�b2 . . . �bj Þ

¼ E
Yi
a¼1

eaa

( ) Yj
a¼1

ðel1ðbaÞel2ðbaÞ � dl1ðbaÞl2ðbaÞÞ
( )" #

: ð2:8Þ

Specially, the marginal moments are represented as follows.
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h½i�a1a1a2...ai ;� ¼ Eðea1ea2 . . . eaiÞ; h
½2j�
�;b1b1b2...bj

¼ Eð�b1�b2 . . . �bj Þ:

The number in a bracket shows the maximum number of degrees of moment

on e in the joint moment. By using this joint moment, (2.5), (2.6) and (2.7)

are rewritten as

C0ðt1Þ ¼ exp � 1

2

Xq
ab

tð1Þa t
ð1Þ
b h

½4�
�;ab

( )"
1þ i3

6
ffiffiffi
n

p
Xq
abc

tð1Þa t
ð1Þ
b tð1Þc h

½6�
�;abc

þ 1

n

(
i4

24

Xq
abcd

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d h

½8�
�;abcd

þ i6

72

Xq
abcdef

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d tð1Þe t

ð1Þ
f h

½6�
�;abch

½6�
�;def

)#
þ oðn�1Þ; ð2:9Þ

C1ðt1Þ ¼ �exp � 1

2

Xq
ab

tð1Þa t
ð1Þ
b h

½4�
�;ab

( )"
i3
Xq
abc

tð1Þa t
ð1Þ
b tð1Þc h

½3�
l1ðaÞ;bh

½3�
l2ðaÞ; c

þ 1ffiffiffi
n

p
(
i2
Xq
ab

tð1Þa t
ð1Þ
b h

½4�
l1ðaÞl2ðaÞ;b

þ i4

2

Xq
abcd

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d ðh½3�

l1ðaÞ;bh
½5�
l2ðaÞ; cd þ h

½3�
l2ðaÞ;bh

½5�
l1ðaÞ; cdÞ

þ i6

6

Xq
abcdef

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d tð1Þe t

ð1Þ
f h

½3�
l1ðaÞ;bh

½3�
l2ðaÞ; ch

½6�
�;def

)#
þ oðn�1=2Þ; ð2:10Þ

C2ðt1Þ ¼
1

2
exp � 1

2

Xq
ab

tð1Þa t
ð1Þ
b h

½4�
�;ab

( )(
i2
Xq
ab

tð1Þa t
ð1Þ
b ð2h½4��;ab þ dl1ðaÞl1ðbÞdl2ðaÞl2ðbÞ

þ dl1ðaÞl2ðbÞdl1ðbÞl2ðaÞÞ þ i4
Xq
abcd

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d ðdl1ðaÞl1ðbÞh

½3�
l2ðaÞ; ch

½3�
l2ðbÞ;d

þ dl1ðaÞl2ðbÞh
½3�
l2ðaÞ; ch

½3�
l1ðbÞ;d þ dl1ðbÞl2ðaÞh

½3�
l1ðaÞ; ch

½3�
l2ðbÞ;d þ dl2ðaÞl2ðbÞh

½3�
l1ðaÞ; ch

½3�
l1ðbÞ;dÞ

þ i6
Xq
abcdef

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d tð1Þe t

ð1Þ
f h

½3�
l1ðaÞ; ch

½3�
l2ðaÞ;dh

½3�
l1ðbÞ; eh

½3�
l2ðbÞ; f

)
þ oð1Þ: ð2:11Þ

Substituting (2.9), (2.10) and (2.11) into (2.4) yields

Cðt1Þ ¼ exp � 1

2

Xq
ab

tð1Þa t
ð1Þ
b h

½4�
�;ab

( )"
1þ 1

6
ffiffiffi
n

p
Xq
abc

tð1Þa t
ð1Þ
b tð1Þc m

½6�
abc
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þ 1

n

(
i2

2

Xq
ab

tð1Þa t
ð1Þ
b m

½4�
ab þ

i4

24

Xq
abcd

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d m

½8�
abcd

þ i6

72

Xq
abcdef

tð1Þa t
ð1Þ
b tð1Þc t

ð1Þ
d tð1Þe t

ð1Þ
f m

½12�
abcdef

)#
þ oðn�1Þ; ð2:12Þ

where

m
½4�
ab ¼ dl1ðaÞl1ðbÞdl2ðaÞl2ðbÞ þ dl1ðaÞl2ðbÞdl1ðbÞl2ðaÞ;

m
½6�
abc ¼ h

½6�
�;abc � 6h

½3�
l1ðaÞ;bh

½3�
l2ðaÞ; c;

m
½8�
abcd ¼ h

½8�
�;abcd � 12ðh½3�

l1ðaÞ;bh
½5�
l2ðaÞ; cd þ h

½3�
l2ðaÞ;bh

½5�
l1ðaÞ; cdÞ

þ 12ðdl1ðaÞl1ðbÞh
½3�
l2ðaÞ; ch

½3�
l2ðbÞ;d þ dl1ðaÞl2ðbÞh

½3�
l2ðaÞ; ch

½3�
l1ðbÞ;d

þ dl1ðbÞl2ðaÞh
½3�
l1ðaÞ; ch

½3�
l2ðbÞ;d þ dl2ðaÞl2ðbÞh

½3�
l1ðaÞ; ch

½3�
l1ðbÞ;dÞ;

m
½12�
abcdef ¼ h

½6�
�;abch

½6�
�;def � 12h

½3�
l1ðaÞ;bh

½3�
l2ðaÞ; ch

½6�
�;def þ 36h

½3�
l1ðaÞ; ch

½3�
l2ðaÞ;dh

½3�
l1ðbÞ; eh

½3�
l2ðbÞ; f

ð2:13Þ

By inversing (2.12), we have Theorem 2.1.

Theorem 2.1. Suppose that the following two conditions on xj are sat-

isfied;

A1. Eðkxjk8Þ < y.

A2. the joint characteristic function xjx
0
j and xj is absolutely integrable, i.e., for

some cb 1,ð
< q

ð
< p

jE½expfit 01 vechðxjx 0
j � SÞ þ it 02xjg�j

c
dt1dt2 < y:

Let gqðuh;WhÞ be the density function of the q-dimensional multivariate normal

distribution with mean 0 and covariance Wh as

gqðuh;WhÞ ¼
1ffiffiffiffiffiffi
2p

p
� �q

jWhj�1=2 exp � 1

2
u 0
hW

�1=2
h uh

� �
: ð2:14Þ

Then, an asymptotic expansion of the density function of uh is given by

gqðuh;WhÞ
"
1þ 1

6
ffiffiffi
n

p
Xq
abc

m
½6�
abcHabcðuh;WhÞ

þ 1

n

(
1

2

Xq
ab

m
½4�
abHabðuh;WhÞ þ

1

24

Xq
abcd

m
½8�
abcdHabcdðuh;WhÞ
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þ 1

72

Xq
abcdef

m
½12�
abcdef Habcdef ðuh;WhÞ

)#
þ oðn�1Þ

¼ gqðuh;WhÞ 1þ 1ffiffiffi
n

p Q
ðhÞ
1 ðuhÞ þ

1

n
Q

ðhÞ
2 ðuhÞ

� �
þ oðn�1Þ; ð2:15Þ

where the coe‰cient m’s are defined by (2.13). Here Ha1a2...aj ðuh;WhÞ is the jth

general Hermite polynomial defined by

Ha1a2...aj ðuh;WhÞ ¼ ð�1Þ j q j

qu
ðhÞ
a1 qu

ðhÞ
a2 . . . qu

ðhÞ
aj

gqðuh;WhÞ;

where uh ¼ ðuðhÞ1 ; u
ðhÞ
2 ; . . . ; u

ðhÞ
q Þ0. By letting z

ðhÞ
ab be the ða; bÞth element of W�1

h ,

we have

Habðu;WhÞ ¼
Xq
ij

u
ðhÞ
i u

ðhÞ
j z

ðhÞ
ai z

ðhÞ
bi � z

ðhÞ
ab ;

Habcðu;WhÞ ¼
Xq
ijk

u
ðhÞ
i u

ðhÞ
j u

ðhÞ
k z

ðhÞ
ai z

ðhÞ
bj z

ðhÞ
ck �

Xq
i¼1

u
ðhÞ
i

X
½3�

z
ðhÞ
ab z

ðhÞ
ci ;

Habcdðu;WhÞ ¼
Xq
ijkl

u
ðhÞ
i u

ðhÞ
j u

ðhÞ
k u

ðhÞ
l z

ðhÞ
ai z

ðhÞ
bj z

ðhÞ
ck z

ðhÞ
dl

�
Xq
ij

u
ðhÞ
i u

ðhÞ
j

X
½6�

z
ðhÞ
ab z

ðhÞ
ci z

ðhÞ
dj þ

X
½3�

z
ðhÞ
ab z

ðhÞ
cd ; ð2:16Þ

Habcdef ðu;WhÞ ¼
Xq
ijklmn

u
ðhÞ
i u

ðhÞ
j u

ðhÞ
k u

ðhÞ
l uðhÞm uðhÞn z

ðhÞ
ai z

ðhÞ
bj z

ðhÞ
ck z

ðhÞ
dl z

ðhÞ
emz

ðhÞ
fn

�
Xq
ijkl

u
ðhÞ
i u

ðhÞ
j u

ðhÞ
k u

ðhÞ
l

X
½15�

z
ðhÞ
ab z

ðhÞ
ci z

ðhÞ
dj z

ðhÞ
ek z

ðhÞ
fl

þ
Xq
ij

u
ðhÞ
i u

ðhÞ
j

X
½45�

z
ðhÞ
ab z

ðhÞ
cd z

ðhÞ
ei z

ðhÞ
fj �

X
½15�

z
ðhÞ
ab z

ðhÞ
cd z

ðhÞ
ef :

The conditions of validity can be obtain by the same way as in Bhat-

tacharya and Rao (1976) and Bhattacharya and Ghosh (1978).

By changing the moment of vechðee 0 � IpÞ to one of vecsðee 0 � IpÞ in

Theorem 2.1, we can obtain an asymptotic expansion of the density function

of us ¼ vecsðUÞ. The covariance matrix of us;Ws, is shown as

Ws ¼
1

2
D 0

s;pCkDs;p þ Iq;
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where Ds;p is the standardized duplication matrix (see, Yanagihara, Tonda and

Matsumoto, 2002) defined by

vecðUÞ ¼
ffiffiffi
2

p
Ds;p vecsðUÞ; vecsðUÞ ¼ 1ffiffiffi

2
p D 0

s;p vecðUÞ:

Let us define the functions i1ðaÞ and i2ðaÞ by i1ðaÞa i2ðaÞ and

a ¼ i1ðaÞdi1ðaÞi2ðaÞ þ ð1� di1ðaÞi2ðaÞÞ
1

2
ð2p� i1ðaÞ � 1Þ þ i2ðaÞ

� �
:

Then the ath element of vector vecsðXÞ is equal to the ði1ðaÞ; i2ðaÞÞth element

of matrix X . Moreover, we are necessary to define new joint moment of ��s ¼
vecsðee 0 � IpÞ and e. The ðiþ 2jÞth complex moment of ��s and e, h

½iþ2j�; ðsÞ
a1a2...ai ;b1b2...bj

,

is represented by changing �� to ��s ¼ ð�ðsÞ1 ; �
ðsÞ
1 ; . . . ; �

ðsÞ
q Þ0 in (2.8) as

h
½iþ2j�; ðsÞ
a1a2...ai ;b1b2...bj

¼ Eðea1ea2 . . . eai�
ðsÞ
b1
�
ðsÞ
b2

. . . �
ðsÞ
bj
Þ

¼ E
Yi
a¼1

ea

( ) Yj
a¼1

ei1ðbaÞei2ðbaÞ � di1ðbaÞi2ðbaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ di1ðbaÞi2ðbaÞ

p
( )" #

: ð2:17Þ

Specially, in the case of moment of only ��s, it is represented as

h
½2j�; ðsÞ
�;b1b1b2...bj

¼ Eð�ðsÞb1
�
ðsÞ
b2

. . . �
ðsÞ
bj
Þ:

Therefore, an asymptotic expansion of the density function on us is shown as in

the following Corollary.

Corollary 2.2. Under the same assumption as in Theorem 2, an asymp-

totic expansion of the density function of us is given by

gqðus;WsÞ
"
1þ 1

6
ffiffiffi
n

p
Xq
abc

m
½6�; ðsÞ
abc Habcðus;WsÞ

þ 1

n

(
1

2

Xq
ab

m
½4�; ðsÞ
ab Habðus;WsÞ þ

1

24

Xq
abcd

m
½8�; ðsÞ
abcd Habcdðus;WsÞ

þ 1

72

Xq
abcdef

m
½12�; ðsÞ
abcdef Habcdef ðus;WsÞ

)#
þ oðn�1Þ

¼ gqðus;WsÞ 1þ 1ffiffiffi
n

p Q
ðsÞ
1 ðusÞ þ

1

n
Q

ðsÞ
2 ðusÞ

� �
þ oðn�1Þ; ð2:18Þ

where the coe‰cient m½i�; ðsÞ
...; ... s are defined by changing h½ j�...; ... to h½ j�; ðsÞ...; ... in (2.13).
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3. Asymptotic expansion of the null distribution of T

In this section, we obtain an asymptotic expansion of the null distribution

of T up to the order n�1 by using the Edgeworth expansion of the density

function of us under nonnormality. Since T is the modified normal likelihood

ratio test statistic, it is known that its null distribution is asymptotically

distributed as the chi-squared distribution with q degrees of freedom under

normality. Under normality, many authors introduced asymptotic expansions

of the null distribution of T , see, e.g., Sugiura (1969). Under an elliptical

distribution, Hayakawa (1986, 1999) obtained an expansion of non-null dis-

tribution of T up to the order n�1=2. However, asymptotic expansion of T

under general distribution has not been obtained at this time, though there are

some results. Nagao and Srivastava (1992) derived an expansion of non-null

distribution of test statistics for sphericity test up to the order n�1=2 and Tonda

and Wakaki (2003) obtained an expansion of the null distribution of test sta-

tistic for the equality of covariance for k-groups in univariate case up to the

order n�1.

In order to obtain the null distribution of T , we derive an expansion of the

characteristic function CTðtÞ of T up to the order n�1. Our method is similar

to the one as in Yanagihara (2001) and Wakaki, Yanagihara and Fujikoshi

(2002). Let us ¼ ðuðsÞ1 ; u
ðsÞ
2 ; . . . ; u

ðsÞ
q Þ0 and a p� p matrix

Ka ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ di1ðaÞi2ðaÞ
p ðep; i1ðaÞe 0p; i2ðaÞ þ ep; i2ðaÞe

0
p; i1ðaÞÞ;

then the matrix U is rewritten as

U ¼
Xq
a¼1

uðsÞa Ka:

Therefore, we have a perturbation expansion of the test statistic as follows.

T ¼ 1

2
trðU 2Þ � 1

3
ffiffiffi
n

p trðU 3Þ þ 1

4n
ftrðU 4Þ � 2 trðU 2Þg þOpðn�3=2Þ

¼ u 0
sus �

1

3
ffiffiffi
n

p
Xq
abc

uðsÞa u
ðsÞ
b uðsÞc trðKaKbKcÞ

þ 1

4n

Xq
abcd

uðsÞa u
ðsÞ
b uðsÞc u

ðsÞ
d trðKaKbKcKdÞ � 4u 0

sus

( )
þOpðn�3=2Þ: ð3:1Þ

Then, CTðtÞ can be expended as
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CTðtÞ ¼ E½expðitTÞ�

¼ E expfitu 0
susg 1þ 1ffiffiffi

n
p R1ðusÞ þ

1

n
R2ðusÞ

� �� �
þ oðn�1Þ; ð3:2Þ

where

R1ðusÞ ¼ � it

3

Xq
abc

uðsÞa u
ðsÞ
b uðsÞc kabc;

R2ðusÞ ¼
it

4

Xq
abcd

uðsÞa u
ðsÞ
b uðsÞc u

ðsÞ
d kabcd � 4u 0

sus

( )

þ ðitÞ2

18

Xq
abcdef

uðsÞa u
ðsÞ
b uðsÞc u

ðsÞ
d uðsÞe u

ðsÞ
f kabckdef ;

and

kabc ¼ trðKaKbKcÞ; kabcd ¼ trðKaKbKcKdÞ:

From (2.18), (3.2) and

expðitu 0
susÞ exp � 1

2
u 0
sW

�1
s us

� �
¼ exp � 1

2
u 0
sðW�1

s � 2itIqÞus
� �

;

CTðtÞ is rewritten as

CTðtÞ ¼
ð
< q

expðitu 0
susÞ 1þ 1ffiffiffi

n
p R1ðusÞ þ

1

n
R2ðusÞ

� �

� gqðus;WsÞ 1þ 1ffiffiffi
n

p Q
ðsÞ
1 ðusÞ þ

1

n
Q

ðsÞ
2 ðusÞ

� �
dus þ oðn�1Þ

¼
Yq
j¼1

ð1� 2itljÞ�1=2 � Ey

�
1þ 1ffiffiffi

n
p R1ðG 1=2yÞ þ 1

n
R2ðG 1=2yÞ

� �

� 1þ 1ffiffiffi
n

p Q
ðsÞ
1 ðG 1=2yÞ þ 1

n
Q

ðsÞ
2 ðG 1=2yÞ

� ��
þ oðn�1Þ;

where lj’s ð1a ja qÞ are the eigenvalues of Ws, y@Nqð0; IqÞ and G�1 ¼
W�1

s � 2itIq. Since G 1=2y@Nqð0;GÞ, CTðtÞ is represented as

CTðtÞ ¼
Yq
j¼1

j
1=2
j Ey

�
1þ 1ffiffiffi

n
p R1ðyÞ þ

1

n
R2ðyÞ

� �

� 1þ 1ffiffiffi
n

p Q
ðsÞ
1 ðyÞ þ 1

n
Q

ðsÞ
2 ðyÞ

� ��
þ oðn�1Þ;
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where j�1
j ¼ 1� 2itlj and y@Nqð0;GÞ. Thus, the characteristic function

CTðtÞ is derived from calculations of moments on the multivariate normal

distribution.

We consider the calculations of the moments on y@Nqð0;GÞ. From the

simple calculation, we obtain

Ey½yayb� ¼ gab; Ey½yaybyc� ¼ 0;

Ey½yaybycyd � ¼
X
½3�

gabgcd ; Ey½yaybycydyeyf � ¼
X
½15�

gabgcdgef : ð3:3Þ

Let a q� q orthogonal matrix P be defined by P 0WsP ¼ diagðl1; l2; . . . ; lqÞ ¼ L

and P 0P ¼ PP 0 ¼ Iq. Then G ¼ PWP 0, where

W ¼ diagðl1j1; l2j2; . . . ; lqjqÞ:

Therefore, gab for the ða; bÞth element of G and z
ðsÞ
ab for the ða; bÞth element of

W�1
s have the following relations.

gab ¼
Xq
i¼1

rairbiliji; ðG ¼ PWP 0Þ;

z
ðsÞ
ab ¼

Xq
i¼1

rairbil
�1
i ; ðW�1

s ¼ PL�1P 0Þ;

Xq
i¼1

z
ðsÞ
ai rbi ¼ rabl

�1
b ; ðW�1

s P ¼ PL�1Þ:

ð3:4Þ

From (3.3) and (3.4), the expectations of the Hermite polynomials yields

Ey½Habðy;WsÞ� ¼
Xq
i¼1

rairbil
�1
i ji � z

ðsÞ
ab ;

Ey½Habcðy;WsÞ� ¼ 0;

Ey½Habcdðy;WsÞ� ¼
Xq
ij

X
½3�

rairbircjrdj

0
@

1
Al�1

i l�1
j jijj

�
Xq
i¼1

X
½6�

rairbiz
ðsÞ
cd

0
@

1
Al�1

i ji þ
X
½3�

z
ðsÞ
ab z

ðsÞ
cd ;

Ey½Habcdef ðy;WsÞ� ¼
Xq
ijk

X
½15�

rairbircjrdjrekrfk

0
@

1
Al�1

i l�1
j l�1

k jijjjk
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�
Xq
ij

X
½45�

rairbircjrdjz
ðsÞ
ef

0
@

1
Al�1

i l�1
j jijj

þ
Xq
i¼1

X
½45�

rairbiz
ðsÞ
cd z

ðsÞ
ef

0
@

1
Al�1

i ji �
X
½15�

z
ðsÞ
ab z

ðsÞ
cd z

ðsÞ
ef :

Besides, we have

Ey½y 0y� ¼
Xq
i¼1

liji;

Ey

Xq
abcd

yaybycydkabcd

" #
¼
Xq
abcd

kabcd
Xq
ij

X
½3�

rairbircjrdj

0
@

1
Aliljjijj;

Ey

Xq
abcdef

yaybycydyeyf kabckdef

" #

¼
Xq
abcdef

kabckdef
Xq
ijk

X
½15�

rairbircjrdjrekrfk

0
@

1
Aliljlkjijjjk;

Ey

Xq
abcdef

yaybyckabcm
½6�; ðsÞ
def Hdef ðy;WsÞ

" #

¼
Xq
abcdef

kabcm
½6�; ðsÞ
def

2
4Xq

ijk

8<
:

X
½6�

0
rairdirbjrejrckrfk

0
@

1
Alil

�1
k

þ
X
½9�

0
rairbircjrdjrekrfk

0
@

1
A
9=
;jijjjk

�
Xq
ij

X
½3�

rairbircj

0
@

1
A X

½3�
rdjz

ðsÞ
ef

0
@

1
Alijijj

3
5;

where
P 0

½6� rairdirbjrejrckrfk and
P 0

½9� rairbircjrdjrekrfk mean the following sum-

mations.

X
½15�

rairbircjrdjrekrfk ¼
X
½6�

0
rairdirbjrejrckrfk þ

X
½9�

0
rairbircjrdjrekrfk;
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X
½6�

0
rairdirbjrejrckrfk ¼ rairdirbjrejrckrfk þ rairdirbjrfjrckrek þ raireirbjrdjrckrfk

þ raireirbjrfjrckrdk þ rairfirbjrdjrckrek þ rairfirbjrejrckrdk:

From these expectations, we can obtain the characteristic function CTðtÞ as

CT ðtÞ ¼
Yq
a¼1

j1=2
a 1þ 1

n
bð0Þ þ

Xq
i¼1

b
ð1Þ
i ji þ

Xq
ij

b
ð2Þ
ij jijj þ

Xq
ijk

b
ð3Þ
ijk jijjjk

 !( )

þ oðn�1Þ;
where

bð0Þ ¼ q

2
� 1

2

Xq
ab

m
½4�; ðsÞ
ab z

ðsÞ
ab þ 1

24

Xq
abcd

m
½8�; ðsÞ
abcd

X
½3�

z
ðsÞ
ab z

ðsÞ
cd

þ 1

72

Xq
abcdef

m
½12�; ðsÞ
abcdef

X
½15�

z
ðsÞ
ab z

ðsÞ
cd z

ðsÞ
ef ;

b
ð1Þ
i ¼ � 1

2
þ 1

2

Xq
ab

m
½4�; ðsÞ
ab rairbil

�1
i � 1

24

Xq
abcd

m
½8�; ðsÞ
abcd

X
½6�

z
ðsÞ
ab rcirdi

0
@

1
Al�1

i

� 1

8

Xq
abcd

kabcd
X
½3�

dabrcirdi

0
@

1
Ali þ

1

72

Xq
abcdef

m
½12�; ðsÞ
abcdef

X
½45�

z
ðsÞ
ab z

ðsÞ
cd reirfi

0
@

1
Al�1

i

þ 1

72

Xq
abcdef

kabckdef
X
½15�

z
ðsÞ
ab z

ðsÞ
cd reirfi

0
@

1
Ali

� 1

36

X
abcdef

kabcm
½6�; ðsÞ
def

X
½3�

dabrci

0
@

1
A X

½3�
rdiz

ðsÞ
ed

0
@

1
A; ð3:5Þ

b
ð2Þ
ij ¼ 1

24

X
abcd

ðm½8�; ðsÞ
abcd l�1

i l�1
j þ 3kabcdliÞ

X
½3�

rrairbircjrdj

0
@

1
A

� 1

72

Xq
abcdef

m
½12�; ðsÞ
abcdef

X
½45�

z
ðsÞ
ab rcirdirejrfj

0
@

1
Al�1

i l�1
j

þ 1

36

Xq
abcdef

kabcðkdef li þm
½6�; ðsÞ
def l�1

i Þ
X
½15�

dabrcirdirejrfj

0
@

1
A
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þ 1

36

Xq
abcdef

kabcm
½6�; ðsÞ
def

X
½3�

rairbircj

0
@

1
A X

½3�
rdjz

ðsÞ
ef

0
@

1
A;

b
ð3Þ
ijk ¼ 1

72

Xq
abcdef

fm½12�; ðsÞ
abcdef l

�1
i l�1

j l�1
k þ kabcðkdef li � 2m

½6�; ðsÞ
def l�1

i Þg

�
X
½15�

rairbircjrdjrekrfk

0
@

1
A:

Finally, by inverting CTðtÞ, we have a following Theorem.

Theorem 3.1. If xj satisfies the condition A1 and

A3. the joint characteristic function xjx
0
j and xj satisfies the Cramér condition,

i.e.,

lim sup
t 0
1
t1þt 0

2
t2!y

jE½expfit 01 vechðxjx 0
j � SÞ þ it 02xjg�j < 1:

Then the null distribution of T can be expanded as

PðT a xÞ ¼ Fqðx;LÞ þ
1

n

(
bð0ÞFqðx;LÞ þ

Xq
i¼1

b
ð1Þ
i Fqþ2ðx;LiÞ

þ
Xq
ij

b
ð2Þ
ij Fqþ4ðx;LijÞ þ

Xq
ikj

b
ð3Þ
ijk Fqþ6ðx;LijkÞ

)
þ oðn�1Þ; ð3:6Þ

where coe‰cients bð0Þ; b
ð1Þ
i ; b

ð2Þ
ij and b

ð3Þ
ijk are defined by (3.5) and the diagonal

matrices Li;Lij and Lijk are given by

Li ¼ diagðl1; l2; . . . ; lq; li; liÞ;

Lij ¼ diagðl1; l2; . . . ; lq; li; li; lj ; ljÞ;

Lijk ¼ diagðl1; l2; . . . ; lq; li; li; lj ; lj; lk; lkÞ:

By denoting W ¼ diagðo1;o2; . . . ;omÞ, we have

Fmðx;WÞ ¼
Xy
l¼0

elðWÞGmþ2lðx=bÞ;

where Gf ð�Þ is the distribution function of the chi-squared distribution with f

degrees of freedom,
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erðWÞ ¼
Qm

l¼1ðb=olÞ1=2; ðr ¼ 0Þ
ð2rÞ�1Pr�1

l¼0 Hr�lðWÞelðWÞ ðrb 1Þ;

(
; HrðWÞ ¼

Xm
l¼1

ð1� b=olÞr;

and a coe‰cient b is a suitably chosen constant for a rapid convergence.

The conditions of validity can be obtain by the same way as in Bhat-

tacharya and Rao (1976) and Wakaki, Yanagihara and Fujikoshi (2002).

Let

T ðLÞ ¼
Xq
a¼1

law
2
1;a; T

ðLÞ
i ¼

Xq
a0i

law
2
1;a þ liw

2
3; i;

T
ðLÞ
ij ¼

Xq
a0i; j

law
2
1;a þ liw

2
3; i þ ljw

2
3; j;

T
ðLÞ
ijk ¼

Xq
a0i; j;k

law
2
1;a þ liw

2
3; i þ ljw

2
3; j þ lkw

2
3;k;

where each w2f ;a’s are independent chi-squared random variables with f degrees

of freedom. From Johnson and Kotz (1970), pp. 149, the following equations

hold.

PðT ðwÞ
a xÞ ¼ Fqðx;LÞ; PðT ðwÞ

i a xÞ ¼ Fqþ2ðx;LiÞ;

PðT ðwÞ
ij a xÞ ¼ Fqþ4ðx;LijÞ; PðT ðwÞ

ijk a xÞ ¼ Fqþ6ðx;LijkÞ:

Explicit forms of F ð�Þ can be given by

Fqðx;LÞ ¼
Xy
l¼0

elðLÞGqþ2lðx=bÞ;

erðLÞ ¼
Qq

l¼1ðb=llÞ
1=2; ðr ¼ 0Þ

ð2rÞ�1Pr�1
l¼0 Hr�lðLÞelðLÞ; ðrb 1Þ

(
;

HrðLÞ ¼
Xq
l¼1

ð1� b=llÞr;

Fqþ2ðx;LiÞ ¼
Xy
l¼0

elðLiÞGqþ2þ2lðx=bÞ;

erðLiÞ ¼
ðb=liÞ

Qq
l¼1ðb=llÞ

1=2; ðr ¼ 0Þ

ð2rÞ�1Pr�1
l¼0 Hr�lðLiÞelðLiÞ; ðrb 1Þ

(
;
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HrðLiÞ ¼
Xq
l¼1

ð1� b=llÞr þ 2ð1� b=liÞr;

Fqþ4ðx;LijÞ ¼
Xy
l¼0

elðLijÞGqþ4þ2lðx=bÞ;

erðLijÞ ¼
ðb=liÞðb=ljÞ

Qq
l¼1ðb=llÞ

1=2; ðr ¼ 0Þ

ð2rÞ�1Pr�1
l¼0 Hr�lðLijÞelðLijÞ; ðrb 1Þ

(
;

HrðLijÞ ¼
Xq
l¼1

ð1� b=llÞr þ 2ð1� b=liÞr þ 2ð1� b=ljÞr;

Fqþ6ðx;LijkÞ ¼
Xy
l¼0

elðLijkÞGqþ6þ2lðx=bÞ;

erðLijkÞ ¼
ðb=liÞðb=ljÞðb=lkÞ

Qq
l¼1ðb=llÞ

1=2; ðr ¼ 0Þ

ð2rÞ�1Pr�1
l¼0 Hr�lðLijkÞelðLijkÞ; ðrb 1Þ

(
;

HrðLijkÞ ¼
Xq
l¼1

ð1� b=llÞr þ 2ð1� b=liÞr þ 2ð1� b=ljÞr þ 2ð1� b=lkÞr:

4. Expansion of the expectation of T

The result in Theorem 3.1 has very complicated form. However, the

expansion of EðTÞ under the null hypothesis can be expressed simply as

follows.

Substituting (2.2) to (3.1) yields

T ¼ 1

2
trðV 2Þ � 1ffiffiffi

n
p 1

3
trðV 3Þ þ trfVðzz 0 � IpÞg

� �

þ 1

n

1

2
trðV 2Þ þ 1

4
trðV 4Þ þ 1

2
trfðzz 0 � IpÞ2g þ trfV 2ðzz 0 � IpÞg

� �

þOpðn�3=2Þ: ð4:1Þ

Note that

E½trðV 2Þ� ¼ k
ð1Þ
4 þ 2q;

E½trðV 3Þ� ¼ 1ffiffiffi
n

p fkð1Þ6 þ 2ð2kð1Þ3;3 þ 3k
ð2Þ
3;3Þ þ 3ðpþ 3Þkð1Þ4 þ pðp2 þ 3pþ 4Þg;
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E½trðV 4Þ� ¼ k
ð1Þ
4;4 þ 2k

ð2Þ
4;4 þ 4ðpþ 2Þkð1Þ4 þ pð2p2 þ 5pþ 5Þ;

E½trfðzz 0 � IpÞ2g� ¼ 2qþOðn�1Þ;

E½trfVðzz 0 � IpÞg� ¼
1ffiffiffi
n

p ðkð1Þ4 þ 2qÞ;

E½trfV 2ðzz 0 � IpÞg� ¼ k
ð1Þ
3;3 þ k

ð2Þ
3;3 þOðn�1Þ;

where

k
ð1Þ
4 ¼

Xp
ab

kaabb; k
ð1Þ
3;3 ¼

Xp
abc

k2
abc k

ð2Þ
3;3 ¼

Xp
abc

kaabkbcc

k
ð1Þ
6 ¼

Xp
abc

kaabbcc; k
ð1Þ
4;4 ¼

Xp
abcd

k2
abcd ; k

ð2Þ
4;4 ¼

Xp
abcd

kaabckbcdd :

ð4:2Þ

By using these results, we obtain the following Theorem.

Theorem 4.1. If xj has the sixth moment, the asymptotic expectation of T

can be given by

EðTÞ ¼ qþ k
ð1Þ
4

2
þ 1

12n
f3ðkð1Þ4;4 þ 2k

ð2Þ
4;4Þ � 4ðkð1Þ6 þ k

ð1Þ
3;3 þ 3k

ð2Þ
3;3Þ

� 18k
ð1Þ
4 þ pð2p2 þ 3p� 1Þg þ oðn�1Þ; ð4:3Þ

where each k’s are given by (4.2).

From Theorem 4.1, we can use the Bartlett correction of T when esti-

mators of higher order cumulants are obtained.
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