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THE HOMOLOGY GRAPH OF A PRECUBICAL SET
THOMAS KAHL

(communicated by Graham J. Ellis)

Abstract
Precubical sets are used to model concurrent systems. We
introduce the homology graph of a precubical set, which is a
directed graph whose nodes are the homology classes of the
precubical set. We show that the homology graph is invariant
under weak morphisms that are homeomorphisms.

1. Introduction

Precubical sets (i.e., cubical sets without degeneracies) are the principal struc-
tural ingredient of higher-dimensional automata, which provide a powerful model for
concurrent systems [4, 7, 8]. A higher-dimensional automaton (HDA) is a precubi-
cal set with initial and final states and labels on 1-cubes. The labeled edges of an
HDA represent the actions of the system modeled by the HDA. Squares and higher-
dimensional cubes indicate independence of actions: if two actions a and b are enabled
in a state and are independent in the sense that they may be executed in any order
or even simultaneously without any observable difference, then this is indicated, as
in Figure 1, by a square linking the two execution sequences ab and ba. Similarly, the
independence of n actions is represented by an n-cube.

a

Figure 1: Cubes represent independence of actions

The 1-skeleton of a precubical set is a directed (multi)graph, and therefore a pre-
cubical set can be called a “directed topological object.” Various notions of directed
homology have been defined in the literature for precubical sets and other directed
topological objects [1, 5, 9, 10, 11]. In this paper, we take a still different approach
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to directed homology and introduce the homology graph of a precubical set. This is
a directed graph whose nodes are the homology classes of the precubical set. The
definition and some basic properties of the homology graph of a precubical set are
given in Section 4.

Our main result on the homology graph is that it is invariant under weak mor-
phisms [12] that are homeomorphisms. Roughly speaking, a weak morphism of precu-
bical sets is a continuous map between the geometric realizations that sends vertices
to vertices and subdivided cubes to subdivided cubes. The precise definition is given
in Section 3. A weak morphism that is a homeomorphism is a kind of T-homotopy
equivalence in the sense of Gaucher and Goubault [6].

The concept of weak morphism can be extended to HDAs: a weak morphism of
HDASs is a weak morphism of the underlying precubical sets that preserves initial and
final states and labels of paths. Weak morphisms of HDAs have been used in [12] to
define a preorder relation for HDAs, called homeomorphic abstraction. An HDA A is
said to be a homeomorphic abstraction of an HDA B if there exists a weak morphism
from A to B that is a homeomorphism and that is a bijection on initial and on final
states. A homeomorphic abstraction of an HDA provides a smaller representation of
the modeled system. By the main result of this paper, the homology graph of an
HDA, i.e., the one of its underlying precubical set, is invariant under homeomorphic
abstraction.

2. Preliminaries on precubical sets and HDAs

This section, which is taken from [12], contains some basic and well-known material
on precubical sets and higher-dimensional automata.

2.1. Precubical sets

A precubical set is a graded set P = (P,)n>0 with boundary operators df P, —
Po_1(n>0, k=0,1, i =1,...,n) satisfying the relations d¥ o dé = dé_l odk (k,l=
0,1, ¢ < j) [2, 4, 6, 8]. The least n > 0 such that P, =@ for all i > n is called the
dimension of P. If no such n exists, then the dimension of P is co. If x € P,, we say
that x is of degree n and write deg(x) = n. The elements of degree n are called the
n-cubes of P. The elements of degree 0 are also called the vertices or the nodes of P.
A morphism of precubical sets is a morphism of graded sets that is compatible with
the boundary operators.

The category of precubical sets can be seen as the presheaf category of func-
tors 0O°° — Set where O is the small subcategory of the category of topological
spaces whose objects are the standard n-cubes [0, 1]™ (n > 0) and whose non-identity
morphisms are composites of the maps 6¥: [0,1]" — [0,1]"*! (k€ {0,1}, n >0, i €
{1,...,n+1}) given by 6¥(u1,...,un) = (u1,...,ui_1,k,u; ..., uy,). Here, we use the
convention that given a topological space X, X° denotes the one-point space {()}.

2.2. Precubical subsets

A precubical subset of a precubical set P is a graded subset of P that is stable under
the boundary operators. It is clear that a precubical subset is itself a precubical set.
Note that unions and intersections of precubical subsets are precubical subsets and
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that images and preimages of precubical subsets under a morphism of precubical sets
are precubical subsets.

2.3. Intervals

Let k and ! be two integers such that k <!I. The precubical interval [k,l] is
the at most 1-dimensional precubical set defined by [k, 1] = {k,...,l}, [k, {1
{lk;k+1],..., [l =11}, dI[j — 1,j] =7 — 1 and di[j — 1,j] = j. We shall use the
abbreviations Jk, l[[= [k, ] \ {k,{}, [k, U[= [k, ]\ {l}, and ]&,1] = [k, ]\ {k}.

2.4. Tensor product
Given two graded sets P and @, the tensor product P ® @ is the graded set defined
by (PRQ)n= [ P, xQq If Pand @ are precubical sets, then P ® @ is a pre-
ptg=n
cubical set with respect to the boundary operators given by
ey < | @D ), 1 < i < deg(a),
AP (2, dE oy ayy)s deg(r) +1 < i < deg(x) + deg(y)

(ctf. [2]). The tensor product turns the categories of graded and precubical sets into
monoidal categories.

The n-fold tensor product of a graded or precubical set P is denoted by P®". Here,
we use the convention P®Y = [0,0] = {0}. The precubical n-cube is the precubical set
[0,1]®™. The only element of degree n in [0, 1]®™ will be denoted by ¢,,. We thus have
to =0 and ¢, = ([0,1],...,[0,1]) for n > 0.

—_———

n times

2.5. The morphism corresponding to an element

Let = be an element of degree n of a precubical set P. Then there exists a unique
morphism of precubical sets z4: [0,1]®" — P such that x4(t,) = 2. Indeed, by the
Yoneda lemma, there exist unique morphisms of precubical sets f: O(—,[0,1]") — P
and g: O(—, [0,1]") — [0,1]®" such that f(id[ 1)) = = and g(id[p,1») = tn. The map
g is an isomorphism, and x4 = fog~'.

2.6. Paths

A path of length k in a precubical set P is a morphism of precubical sets w: [0, k] —
P. The set of paths in P is denoted by P'. If w € P! is a path of length k, we write
length(w) = k. The concatenation of two paths w: [0,k] — P and v: [0,1] — P with
w(k) = v(0) is the path w - v: [0,k + 1] — P defined by

o fw), 0<j<k,
“ ”(”){v(j—k), k<j<k+l

and

: , w(lj —1,74]) 0<j<k,
W'V([J_LJ]):{ V([]J'ikzl’jfk]) k<§§k+l.

Clearly, concatenation is associative. Note that for any path w € P! of length k > 1
there exists a unique sequence (1, ..., zy) of elements of P; such that dz;1 = djz;
forall 1 <j <kand w=wz4---Tpp.
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2.7. Geometric realization
The geometric realization of a precubical set P is the quotient space

1Pl = (T P x [0,1)")/ ~,

n=0

where the sets P,, are given the discrete topology and the equivalence relation is given
by

(dfz,u) ~ (xa(;f(u))v € Pppr, wel0,1]", i €{l,....,n+1}, k€ {0,1}

(see [2, 4, 6, 8]). The geometric realization of a morphism of precubical sets f: P — Q
is the continuous map |f|: |P| — |Q| given by |f|([z,u]) = [f(z), u]. We remark that
the geometric realization is a functor from the category of precubical sets to the
category Top of topological spaces. The geometric realization is left adjoint to the
singular precubical set functor S defined by S(X),, = Top([0,1]"*, X), d¥o = 0 o 6F
and S(f)(o) = foo.

Ezamples 2.1. (i) The geometric realization of the precubical n-cube can be identified
with the standard n-cube by means of the homeomorphism [0, 1]" — |[0, 1]®"|, u
[tn, u].

(ii) The geometric realization of the precubical interval [k,[] can be identified
with the closed interval [k,{] by means of the homeomorphism |[k,[]| — [k,[] given
by [4,()] — j and [[j — 1,j],t] — j — 1 + t. Using this correspondence, the geometric
realization of a precubical path [0,k] — P can be seen as a path [0,k] — |P|, and
under this identification we have that |w - v| = |w| - |v].

We note that for every element a € |P| there exist a unique integer n > 0, a unique
element x € P,, and a unique element u €]0, 1[® such that a = [z, u].

The geometric realization of a precubical set P is a CW-complex [6]. The n-
skeleton of | P| is the geometric realization of the precubical subset Pg,, of P defined
by (P<p)m = Pm, (m < n) and (P<p)m = 0 (m > n). The closed n-cells of | P| are the
spaces |x4([0,1]®™)|, where z € P,,. The characteristic map of the cell |z4([0,1]®")]
is the map [0,1]" 3 |[0, 1]®"| il |P|,u > [x,u]. The geometric realization of a pre-
cubical subset @ of P is a subcomplex of |P].

The geometric realization is a comonoidal functor with respect to the natural
continuous map ¥pg: |P ® Q| — |P| x |Q] given by

wF’,Q([(m7 y)7 (ula R 7udcg(z)+dcg(y))])
= ([wv (ulv s ,udeg(:c))]a [ya (udeg(x)—i-l’ cee udeg(w)+deg(y)])~

If P and @ are finite, then ¥p g is a homeomorphism and permits us to identify
|P ® Q| with |P| x |Q|. We may thus identify the geometric realization of a precubical
set of the form [k1,11] @ - - ® [kn, ln] (k; < ;) with the product [k, 1] X -+ X [kn, ln]
by means of the correspondence

[([ilail + 1]7 SERE) [Zn7ln + 1])& (ula s 7un)] = (Zl + UL, ... 7in + Un)
2.8. Higher-dimensional automata

Let M be a monoid. A higher dimensional automaton over M (which we shall
abbreviate to M-HDA or simply HDA) is a tuple A= (P,1,F,\), where P is a
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precubical set, I C Py is a set of initial states, F' C Py is a set of final states, and
A: PL — M is a map, called the labeling function, such that A(d%z) = A\(d}z) for all
x € Py and i € {1,2}. A morphism from an M-HDA A= (P,I,F,)\) to an M-HDA
B=(P',I')F',\) is a morphism of precubical sets f: P — P’ such that f(I) C I,
fE) C F',and N(f(z)) = AMxz) for all x € P;. The extended labeling function of an
M-HDA A = (P,I,F,)) is the map A\: P — M defined as follows: If w = x4 - - - 24y
for a sequence (z1,...,zx) of elements of Py such that d¥z;11 =dlz; (1< j<k),
then we set A(w) = A(w1) -+~ A(z); if w is a path of length 0, then we set A(w) = 1.

The definition of higher-dimensional automata given here is essentially the same
as the one in [7]. Besides the fact that we consider a monoid and not just a set of
labels, the only difference is that in [7] an HDA is supposed to have exactly one initial
state. The use of a monoid of labels permits one to equip the edges of an HDA with
decomposable labels and to model a system by HDAs of different size (see Figure 2
for an example). Note that 1-dimensional M-HDAs and morphisms of 1-dimensional
M-HDAs are the same as automata over M and automata morphisms as defined
in [13].

3. Weak morphisms

Morphisms of HDAs are often too rigid to be useful for the comparison of HDAs.
For instance, the two HDAs A and B in Figure 2 model the same system, but there
are no morphisms of HDAs between them. In order to overcome this problem, weak
morphisms have been introduced in [12]. In Figure 2, there exists a weak morphism
from A to B (but not from B to A). This section contains the definition and the basic
properties of weak morphisms.

Q O O 0 O O—0
T

wx C D) ©)
w

C D C 0O 0
v

uv O q D)
U

ab cd a b c d
—0O O O —0 O O O O
(a) A (b) B

Figure 2: Two {a,b, ¢, d, u,v,w,z}*-HDAs modeling the same system. Parallel edges
are meant to have the same label.

3.1. Weak morphisms of precubical sets

A weak morphism from a precubical set P to a precubical set ) is a continuous
map f: |P| — |Q| such that the following two conditions hold:
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1. For every vertex v € Py there exists a (necessarily unique) vertex fo(v) € Qo

such that f([v,()]) = [fo(v), ()].

2. For all integers n, k1,...,k, > 1 and every morphism of precubical sets
& [0,k]®---®[0,k,] — P,
there exist integers ly,...,[, > 1, a morphism of precubical sets

X |[07l1]] Q- & IIO;ln]] — Q7
and a homeomorphism

¢ |[0,k1] @ - ®[0,kn]| = [0, k1] X -+ x [0, kp]
— ||[07ll]]®"'®|[0ﬂln]]| = [0,l1] X X [Ovln]

such that f o |£] = |x| o ¢ and ¢ is a dihomeomorphism, i.e., ¢ and ¢! preserve
the natural partial order of R™.

It is clear that the geometric realization of a morphism of precubical sets is a
weak morphism. We remark that weak morphisms are stable under composition. It
is also important to note that the integers ly,...,l, = 1, the morphism of precubical
sets X, and the dihomeomorphism ¢ in condition 2 above are unique and that ¢
is itself a weak morphism [12, Proposition 2.3.5]. In the case of the morphism of
precubical sets xy: [0,1]®™ — P corresponding to an element = € P, (n > 0), we
shall use the notation R, = [0,1] ® --- ® [0,1,], ¢z = ¢, and x, = x. We shall also

write R, =]0,1,[®---®]0,1,[ and AR, = R, \ R..

3.2. Weak morphisms and paths

Let f: |P| — |Q| be a weak morphism of precubical sets, and let w: [0,k] — P
(k > 0) be a path. If k> 0, we denote by f!(w) the unique path v: [0,1] — Q for
which there exists a dihomeomorphism ¢: |[0, k]| = [0, k] — |[0,!]| = [0,!] such that

folwl=v[e¢.

If k = 0, f{(w) is defined to be the path in @ of length 0 given by f'(w)(0) = fo(w(0)).
Note that if g: P — @Q is a morphism of precubical sets such that f = |g|, then f'(w) =
g o w. Note also that the path f!(w) leads from fo(w(0)) to fo(w(k)) and that the map
ft: P' — Q" is compatible with composition and concatenation [12, 2.5].

3.3. Weak morphisms of HDAs
A weak morphism from an M-HDA A = (P, I, F, \) to an M-HDA B = (Q, J,G, )
is a weak morphism f: |P| — |Q| such that fo(I) C J, fo(F) C G and fio ff = \.

3.4. Weak morphisms and precubical subsets

Weak morphisms are more flexible than morphisms of precubical sets, but they are
much more rigid than arbitrary continuous maps. Here, we show that, like morphisms
of precubical sets, they send precubical subsets to precubical subsets:

Proposition 3.1. Let f: |P| — |Q| be a weak morphism of precubical sets, and let
X be a precubical subset of P. Then there exists a unique precubical subset A of Q
such that f(|X]) = |A|. It satisfies dim(A) = dim(X). If X is finite, so is A.
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Proof. Set A= fo(Xo)U |J a,(Rz). Then A is a precubical subset of @ such

zeXso
dim(A) = dim(X). If X is finite, so is A. We have X = XoU |J a3([0, 1]®de8())
r€Xs0
and
[X|=1XolU | lzs([0,1]% ).
r€X>0
Hence
FIXD = F(Xohu ([ Fllze([0,129¥O)) = [fo(Xo)l U [ la(Ra)] = |Al.
re€X>0 rz€X>0
Suppose that A’ is another precubical subset of @ such that f(]X]) = |A’|. Then
|A’| = |A|. Consider an element a € A. Then [a,(3,...,3)] € |4'|. It follows that
there exist elements a’ € A’ and v €]0, 1[4°8(@) such that [a, (3,....3)] =[d,u]. This
implies that a = a’. Thus, A C A’. Similarly, A’ C A. O

Definition 3.2. Let f: |P| — |Q| be a weak morphism of precubical sets, and let
X be a precubical subset of P. The unique precubical subset A of @ such that
F(X]) = |4] is called the image of X under f and will be denoted by f(X).

Remarks 3.3. (i) Let g: P — @ be a morphism of precubical sets, and let X be a
precubical subset of P. Then |g|(X) = g(X).

(ii) Let f: |P| — |Q| be a weak morphism of precubical sets, and let {X;};cs be a
family of precubical subsets of P. Then f(l,c; Xi) = U,c; [(Xi) and f(N;c; Xi) €
Nicr f(Xi). Given two precubical subsets X,Y C P such that X C Y, one has f(X) C
.

(iii) Consider a weak morphism of precubical sets f: |P| — |Q| and an element
xz € P,. If n > 0, then f(z4(]0,1]®™)) = 2, (Ry). Indeed, f(z4([0,1]%™)]) = |@,(Ry)]|-
1f n= 0, then f(zy([0,112")) = {fo(x)}. Tndeed, f(|{z}]) = [{fo(z)} .

4. The homology graph

In this section, we define the homology graph of a precubical set and establish
its basic properties. We consider singular homology with coefficients in an arbitrary
commutative unital ring R.

4.1. The pointing relation and the homology graph

Let P be a precubical set. We say that a homology class o € H,.(|P|) points to a
homology class (of a possibly different degree) 5 € H,(|P|) and write a * 8 if there
exist precubical subsets X,Y C P such that o € im H, (| X| — |P|), 8 € im H. (Y| —
|P|) and for all x € Xy and y € Y} there exists a path in P from x to y. The homology
graph of P is the directed graph whose vertices are the homology classes of |P)|
and whose edges are given by the relation . The homology graph of an M-HDA
A= (P,I,F,\) is defined to be the homology graph of P.

Ezxamples 4.1. The directed circle is the precubical set with exactly one vertex and
exactly one edge. Every homology class of the directed circle points to every homology
class.
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The precubical set with two vertices v and w and two edges from v to w has the
same homology as the directed circle but not the same homology graph. No non-trivial
1-dimensional class points to a non-trivial 1-dimensional class.

Another such example is depicted in Figure 3. The precubical sets P and @ have
the same homology but distinct homology graphs. In the case of P, the homology
class representing the lower hole points to the homology class representing the upper
hole. In the homology graph of @, there are no edges between non-trivial homology
classes of degree 1.

(a) P (b) @

Figure 3: Precubical sets with the same homology but different homology graphs

4.2. Some basic properties
Let P be a precubical set.

Proposition 4.2. Let a, f € H.(|P]) be homology classes such that o /* 8. Then for
allr,s € R, ra /8.

Proof. This is obvious. O

Proposition 4.3. Consider a homology class o € H,.(|P|) and the class 0 of an arbi-
trary degree. Then 0 /* o and o /0.

Proof. This follows from the fact that 0 € im H,(|0| < |P]). O

As a consequence, we obtain that the pointing relation is in general very far from
being a partial order:

Corollary 4.4. The relation  is
(i) anti-symmetric if and only if P = 0;
(ii) transitive if and only if a /B for all homology classes a, 8 € H.(|P|).

Ezamples 4.5. (i) An example of a homology class that is not related to any non-
trivial class is given in Figure 4.

(ii) In a precubical set with exactly one vertex, every homology class points to
every homology class.

4.3. Compatibility with weak morphisms
Consider a weak morphism of precubical sets f: |P| — |Q|.

Theorem 4.6. Let o, § € H.(|P]) be two homology classes such that oo /* 3. Then
ful@) 7 [« (B).
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[ ]

Figure 4: The homology class representing the hole is not incident with any edge from
or to a non-trivial class

Proof. Let X, Y C P be precubical subsets such that « € im H.(|X| < |P]|), 8 €
im H,(]Y| < |P|), and for all vertices € Xy and y € Y, there exists a path from
7 0 y. Then f.(a) € im H,(f(X)| = |QI) and £, () € im H.(If(V)] = |QI).

Consider vertices a € f(X)g and b € f(Y)o. We have to show that there exists a
path in Q) from a to b. Since | f(X)| = f(|X|), there exist an integer n and elements x €
X, and u €]0, 1[" such that [a, ()] = f([z,u]). We choose a path ¢ in () beginning in a
as follows: If n = 0, then ¢ is the constant path from a to a. Suppose n > 0. Let R, =
[0,k1] ® -+~ ® [0, ky,]. Consider elements @ € R, and w €]0, 1[4°&(@ such that ¢, (u) =
[@, w]. Then [a, ()] = f o |z4|(u) = |xp| 0 ¢ (v) = [z,(a@), w]. It follows that deg(a) =0
and a = z,(a). Let p be a path in R, from a to (ki,...,ky), and set 0 = x; o p. Then
o is a path in @ from a to x},(k1, ..., k,).

Since | f(Y)| = f(|Y]), there exist an integer m and elements y € Y,,, and v’ €]0, 1[™
such that [b, )] = f([y,«']). In a similar fashion as above, we choose a path 7 in @
ending in b: If m = 0, then 7 is the constant path from b to b. Suppose m > 0. Then
there exists a vertex b € R, such that y,(b) = b. Let 6 be a path in R, from (0,...,0)
to b, and set T = y, 0 6. Then 7 is a path in @Q from y,(0,...,0) to b.

Consider the vertices v € X and w € Y defined by

- x’ n:07 nd — y’ m:07
T 21,1, n>0 0 M YT 4(0,...,0), m>0.

Let w be a path from v to w. If n = 0, then f(w)(0) = fo(w(0)) = fo(v) = fo(z) = a.
If n > 0, then fH(w)(0) = fo(v) = fo(zy(1,...,1)) = x,(k1,...,ky). The last equality
holds because

[folzg(L,...,1)), O] = f(lzs(L, ..., 1), 0])
= folx|(1,...,1)
=|zp| 0 d.(1,...,1)
= |zp|(k1, .- kn)
=[xy (k1 ..., kn), O]

A similar argument shows that the end point of f*(w) is b if m = 0 and ,(0, ... ,0)
else. It follows that o - f'(w) - 7 is a path in Q from a to b. O

4.4. A remark on d-spaces

The geometric realization of a precubical set is a d-space in the sense of Grandis
[10]. A d-space is a topological space together with a set of paths, called d-paths,
which is subject to certain conditions. It is straightforward to adapt the definition of
the homology graph of a precubical set to define the homology graph of a d-space:
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one basically substitutes precubical subsets by subsets (or d-subspaces) and paths by
d-paths. It is then natural to ask whether the homology graph of a precubical set P
coincides with the homology graph of the d-space |P|. Unfortunately, although this
seems reasonable to conjecture, it appears that such a result would not be very easy
to establish.

Indeed, consider two homology classes a, 8 € H.(|P|) and two subspaces A, B C
|P| such that o € im H,(A — |P|), 8 € im H,(B — |P|),and foralla € Aand b € B
there exists a d-path from a to b. If one wanted to show that the two concepts of
homology graph coincide, one would have to construct, from these data, two precu-
bical subsets X,Y C P such that « € im H,(|X| < |P|), 8 € im H.(]Y| < |P]), and
for all vertices x € X and y € Y there exists a precubical path from x to y. In order
to replace the d-paths by combinatorial paths, one could try to generalize the con-
structions of [3], which have been developed for certain particular precubical sets,
called non-self-intersecting O-sets. One could restrict oneself to non-self-intersecting
O-sets, but this would exclude important examples of precubical sets such as the
directed circle. One would also have to construct the precubical subsets X and Y
from the subspaces A and B. In the particular case where A and B are the geometric
realizations of two precubical subsets of some subdivision of P, this is done in the
next section. In the general case, more work would be necessary.

Not surprisingly, there exist d-space versions of the results of this section and in
particular of Theorem 4.6. The proof of this result is much easier in the setting of
d-spaces than in the setting of precubical sets. However, in order to deduce the results
of this or the next section from results on the homology graph of d-spaces, one would
need the theorem that the two concepts of homology graph coincide for precubical
sets.

In this paper, we are interested in the homology graph of precubical sets rather
than in the homology graph of d-spaces. The reason for this is that the combinatorial
homology graph is, at least in principle, computable. It should also be noted that
it is not always true that results on the homology graph are easier to prove for
d-spaces than for precubical sets. Consider, for example, the situation where one has
a precubical set P and a precubical subset ) and one wants to show that there is an
edge in the homology graph of @ between two given homology classes if there is an
edge between them in the homology graph of P. In the proof of such a result, which
could be useful for the reduction of the complexity to compute the homology graph,
one would have to construct new paths connecting the homology classes from those
existing in P and one would have to guarantee that the new paths stay in Q. If Q
has the same 1-skeleton as P, then this is automatically true for precubical paths but
not for d-paths.

5. Weak morphisms that are homeomorphisms

Our aim in this section is to establish that the homology graph is invariant under
weak morphisms that are homeomorphisms. We fix a weak morphism of precubical
sets f: |P| — |Q| that is a homeomorphism.
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5.1. Carriers
The carrier of an element a € () with respect to f is the unique element c¢(a) € P
for which there exists an element u €]0, 1[4°8(¢/(2)) such that

f([cf(a),u]) = [a7 (%a IR %)]

The carrier of a precubical subset A C @ with respect to f is the precubical subset
cf(A) of P defined by

er(A) = | ep(a)s([0,1]% desler @),
acA
We shall normally suppress the subscript f and simply write ¢(a) and ¢(A) to denote

carriers of elements and precubical subsets.

Remarks 5.1. (i) If f = |g| for a morphism of precubical sets g: P — @, then g is an
isomorphism and g~ is given by g71(a) = c(a).

(i) Let {A;}ier be a family of precubical subsets of @. Then

C(U A;) = U c(4;)
i€l iel

and ¢(V;c; Ai) € N;er ¢(As). Given two precubical subsets A, B C @ such that A C
B, one has ¢(A) C ¢(B).

(iii) For any element a € @, deg(c(a)) > deg(a). If deg(c(a)) = 0, then

la. (5> 3)] = £(le(a), O]) = [fole(a), O]
)

s}

and hence deg(a) = 0. Suppose that deg(c(a)

c(a)) =n > 0. Let u €]0,1[" be the unique
element such that |c(a)y|(¢e(a)(w)) = f([c(a),u]) = [a, (3, ..., 3)]. Consider elements
2 € Ry(q) and v €]0, 1[%°8() such that ¢.(q)(u) = [z, v]. Then

[e(a), (2),v] = [a, (5., 5)].

Hence a = ¢(a),(z) and therefore deg(a) < n.
The easy proof of the following proposition can be found in [12]:

Proposition 5.2. Consider a second weak morphism of precubical sets g: |P'| —
|Q’| that is a homeomorphism and two morphisms of precubical sets £: P — P and

x: Q — Q such that fo|&| =|x|og. Then for all a € Q’', cy(x(a)) = &(cq(a)).
Images and carriers are related as follows:
Proposition 5.3. Consider precubical subsets of X C P and A C Q and an element
a € Q. Then
(i) a € f(X) if and only if c(a) € X;
(i) AC f(c(A));
fiii) e(f(X)) = X.
Proof. (i) Let wu €]0,1[4°8(¢(?)) be the unique element such that f([c(a),u]) =

[a,(3,---,3)]- Then a € f(X) <= [a,(5,---,3)] € [f(X)| <= [f([c(a),u]) € [(IX]
< [c(a),u] € |X]| <= c(a) € X.
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(ii) Let b € A. Since ¢(b) € c(A), by (i), b € f(c(A4)).
(iii) For b € f(X), c(b) € X and hence ¢(b);([0, 1]®de(c(®)) C X. Tt follows that
c(f(X)= U e(b)s([0,1]®%e®)) C X. For the reverse inclusion, consider an ele-
bef(X)
ment x € X. Suppose first that x is a vertex. Then z = ¢(fo(x)) € ¢(f(X)). Suppose
now that deg(xz) =n > 0. Consider an element z € R, such that deg(z) = n. Then
c(z) = tp. Hence = x4 (1) = z4(c(2)) = c(xy(2)). Since

2y(Re) = f(2([0,1]°") € £(X),
we have x,(z) € f(X) and therefore © = ¢(x,(2)) € ¢(f(X)). O

Proposition 5.4. [12] The map f': P' — Q' admits a right inverse p: Q' — PL
If wis a path in Q from a to b, then p(w) is a path in P from c(a)4(0,...,0) to
c(b)4(0,...,0).

Lemma 5.5. Consider a precubical subset B of Q and an element b € B. Then
c(b4(0,...,0)) € c(b)g([0, 1[® deg(C(b)))'

Proof. Suppose first that deg(b) = 0. Then b4(0,...,0) = b and therefore

c(bg(0,...,0)) =c(b) = c(b)ﬂ(bdeg(c(b))) c C(b)ﬁ(ﬂoa 1|[® deg(c(b)))'

Suppose that deg(b) > 0 and set n = deg(c(b)). Then by(0,...,0) =dJ---d% and
n > 0. Let v €]0,1[" be the unique element such that

F([e®),ul) = [b.(5,- - 5)]-
Consider elements z € R ) and v €]0, 1[4e(*) such that bevy(u) = [2,v]. Then
[c(0)s(2), 0] = |e(b)s] © beqr) (u) = f o fe(b)sl(u) = f([e(b),u]) = [b. (5, 5)]
and hence deg(z) = deg(b), c(b),(z) =b and v = (3,...,1). Write

z = (il, . ,isl_l, [islaisl + 1],isl+1,. .. 7i52—17 [i527i52 + 1]7 Cey
[is,y0s,. + 1], 05 415y in)-
Then
¢c(b)(u) = [Z, (%7 SRR %)]
= (ila ce aisl—laisl + %aisl+17' < 7i82—17i52 + %7' < 7isr + %aisr-&-la s aZn)

Write m = deg(c(d - - d}z)), and let w €]0,1[™ be the unique element such that
(bc(b)([c(dcl) e d?’z)a w]) = [dtl) e dcl)zv ()] = [Za (07 s 70)] = (ih s 77’7L) Since ¢C(b) isa
dihomeomorphism, we have [c(d{ - - - d92), w] < u and hence [c¢(d] - - - d92),w] € [0, 1[".
By Lemma 5.6, below, this implies that ¢(d? - --d{z) € [0,1][®". By Proposition 5.2,
c(df -+ d¥b) = c(c(b)y(dY -+~ diz)) = c(b)s(c(d? - - - dYz)). The result follows. O
Lemma 5.6. Consider elementsb € [0,k1] ® --- ® [0, k] (n,k1,..., ky > 1) andu €
10, 1[48(®) . Then

(2) b 6]07 k1 |[® T ®]I0a kjnl[ A [b7 ’U,] 6]07 kl[x T X]07 kn[;

(i) b€]0, k] ®---®]0,k,] < [b,u] €]0, k1] x --- x]0, ky];
(iii) b€ [0,k1[®- - @ [0, k[ < [b,u] € [0,k1[x -+ x [0, k.
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Proof. The last statement is [12, Lemma 4.7.1]. The proofs of the other statements
are analogous. O

5.2. Top cubes
We say that an element z € P is a top cube of a precubical subset X C P if z €

X and there does not exist any element x € X such that deg(z) < deg(z) and z €
([0, 1]® d=)).

Lemma 5.7. Let A be a precubical subset of Q, and let z € P be a top cube of c(A).
Then there exists an element a € A such that z = c(a).

Proof. Since z € ¢(A) = |J c(a)s([0,1]®9°8(c(9)) there exists an element a € A such
acA

that 2 € c(a)y ([0, 1]®9e(c(2))). Since 2 is a top cube of ¢(A), deg(z) > deg(c(a)). Thus,
z = c(a). O

Definition 5.8. Let A be a precubical subset of @), and let z be a top cube of ¢(A).
We set A ={a € A:c(a) # z}.

Proposition 5.9. Let A be a precubical subset of Q, and let z be a top cube of c(A).
Then A7 is a precubical subset of A and z ¢ c(A7).

z

Proof. Consider an element a € A7 such that deg(a) > 0. Suppose that d¥a ¢ A
Then ¢(d¥a) = z. Since c(a) € c(a);([0,1]® @) a € f(c(a)y(]0, 1]® desle(@))
c(a)y(Re(ay). Write a = c(a),(y). Then

2 = c(dfa) = c(dfc(a)y (y)) = elc(a)y (dy)) = e(a)y(c(dfy)) € c(a)y([0, 12 ),

Since z is a top cube of ¢(A4) and c(a) € ¢(A4), we have deg(z) > deg(c(a)) and hence
z = ¢(a). This contradicts the fact that a € A, . It follows that A is a precubical
subset of A.

Suppose that z € c(A7) = | c(a)y([0,1]®°8(c(@)). Then there exists an ele-

2 -

a€EA;
ment a € A7 such that z € ¢(a)([0, 1]®9°8(¢(4). Since a € A7, c¢(a) # z and there-
fore deg(z) < deg(c(a)). This is impossible because z is a top cube of ¢(A). O

Lemma 5.10. Suppose that ¢: |[0,1]%"| = |[0,k1] ® - -- ® [0, k,]| (n > 0) is a weak
morphism that is a homeomorphism, and let b be an element in [0,k1] ® -+ @ [0, k,,].
Then b €]0,k1[® - - - ®]0, k[ if and only if c(b) = ty.

Proof. Let u € ]0,1[%¢(¢(®) be the element such that (b([c(b), u) =[b,(3,...,3).
Since ¢ is a homeomorphism, [b,(3,...,2)] €10,ki[x - x]0, k[ if & d only if
[c(b),u] €]0,1[". Lemma 5.6 implies the result. O

Lemma 5.11. For any element x € P of degree > 1, the restriction of x, to Ry is
injective.

Proof. Let deg(xz) =n, and let R, = [0,k1] ® - -- ® [0, k,,]. Let a,b € R, be distinct
elements of the same degree. Then [a, (3, ..., 2)] b, (,...,3)] €10, k1[x - x]0, ky[

27

and therefore ¢;1([a, (3,..., 2)]) # o7 ([b, ( 7...,2)]) €]0, 1[ Let uG]O,l[deg(C(a))

2
and v €]0,1[%8((®) be the uniquely determined elements such that ¢, ([c(a),u]) =
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[a,(3,...,3)] and ¢, ([c(b),v]) = [b, (3, ... %) From Lemma 5.10, ¢(a) = ¢(b) = ty,.

Thus u # v, and hence |z4|([c(a), u]) # |z4|([c(b),v]). Since f is injective, it follows
that

2] ([a, (55, 3)) # sl (1B, (35, 5)])
and hence that z;,(a) # (D). O

Proposition 5.12. Let A be a precubical subset of Q, and let z be a top cube of c¢(A)
of degree n > 0. Then the diagram

is a pushout of precubical sets.

Proof. Let R, =[0,k1] ® --- ® [0, k,]. Since A is the disjoint union of A, and the
graded set B={a € A:c(a) = 2}, zb_l(A) is the disjoint union of zb_l(AZ‘) and
2z, ' (B). We have z, '(B) C R.. Indeed, if y € z '(B), then z(c(y)) = c(z(y)) = 2.
This implies that ¢(y) = ¢, and hence, by Lemma 5.10, that y €]0, k1 [® - - - ®]0, k.
By Lemma 5.11, it follows that z,: zb_l(B) — B is injective. This map is also surjec-
tive because for b € B, ¢(b) = z € 2([0,1]®™) and hence b € f(z4([0,1]%")) = 2,(R.).
It follows that the diagram of the statement is a pushout of graded sets. This implies
that it is a pushout of precubical sets. O

5.3. Broken cubes
Let A be a precubical subset of Q. An n-cube x € P is said to be broken in A if
z € ¢(A) and f(z4(]0,1]%™)) € A.

Proposition 5.13. Let z be a top cube of c(A) and x € P be an n-cube that is broken
in A, . Then x is broken in A.

Proof. Suppose that z is not broken in A. Since z € ¢(A;) C ¢(A), we have
f(ay([0,1]%M)) € A.

It follows that there exists an element b € f(z4([0,1]®™)) such that b & A7 but b € A.
Since b € f(z4([0,1]®™)), ¢(b) € z4([0,1]®™). Since b ¢ A7, ¢(b) = z. It follows that
z € x4([0,1]®™) C ¢(A). By Proposition 5.9, this is 1mp0331ble O

Proposition 5.14. Suppose that A is finite and that some element of P is broken in
A. Then there exists top cube of ¢(A) that is broken in A.

Proof. Let x € P be broken in A. Since A is finite, so is
e(4) = | e(a)x([0,1]2 =),
acA

It follows that there exists a top cube z of ¢(A) such that = € z([0, 1]9%¢(*)). Thus,
([0, 1]9°8@)) C 24([0, 1]9°8(*)) and therefore f(z4([0,1]9°8))) C f(z ([0, 1]d&(2))).
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Since z is broken in A, we have f(z4([0,1]9°8(*))) ¢ A and hence also

J(z([0,1]%5¢))) ¢ A.
Thus, z is broken in A. O

Proposition 5.15. Let z be a top cube of ¢(A) that is broken in A. Then deg(z) > 0.

Proof. Suppose that deg(z) = 0. By Lemma 5.7, there exists an element a € A such
that z = ¢(a). Since deg(c(a)) = 0, also deg(a) = 0. We have
[fo(c(a)), O] = f(lela), O = la, ()]

and hence fo(2) = fo(c(a)) = a. Thus, f(z4(]0,1]9¢())) = {fy(2)} C A. This contra-
dicts the assumption that z is broken. O

Proposition 5.16. Suppose that no element of c(A) is broken in A. Then A=
f(c(A)).

Proof. By 5.3, A C f(¢(A)). Since no element of ¢(A) is
FOU zy([0,1]2)) = U flay([0,1]2 %)) C A.

z€c(A) z€c(A)

broken in A, f(c(A))

Ol

5.4. Past-complete cubes
Let A be a precubical subset of (). Consider an n-cube x € ¢(A4). We say that z is
past-complete in A if either n = 0 or for all vertices (I1,...,l,) € R,

l’b(lh...,ln) ceA= xb([[O,ll]] R [[OJn]I) C A.

Proposition 5.17. Let z be a top cube of c(A). If all elements of c¢(A) are past-
complete in A, then all elements of c(A) are past-complete in A .

Proof. Suppose that there ex1sts an n-cube z € ¢(A}) that is not past-complete in
A7 . Consider a vertex (ly,...,l,) € Ry such that x,(l1,...,l,) € A, but

xb([[OJl] QR Hovlnﬂ) g Ai-

Consider an element y € [0,/;] ® --- ® [0, 1,] such that x,(y) ¢
complete in A, z,(y) € A. Hence c(z,(y)) = 2. Since z,(y) € f(z4([0,1]®™)), we have
c(zy(y)) € z4([0,1]®™). Tt follows that z € x4([0,1]®™) C ¢(A7 ). By Proposition 5.9,
this is impossible. O

A7 . Since x is past-

5.5. Order-convex sets

A subset B of a partially ordered set (S, <) is called order-convez if for all z,y € B,
{z€S:y<z<z}C B. Asubset B of S with a minimal element m is order-convex
if and only if for each element z € B, {z € S:m < 2 <z} C B.

Let B be an order-convex subset of [0, k1] X - -+ X [0, k,] \ {(k1,...,kn)} such that
(0,...,0) € B. Then B is contractible. A contraction G: B x [0,1] — B is given by
G(z,t) = (1 —t)x.

Write 9([0, k1] X -+ x [0, kn]) = ([0, k1] X -+ x [0, k,]) \ (JO, k1[X - - - X]0, kp[). Let
B be an order-convex subset of O([0, k1] x --- x [0,k,]) \ {(k1,...,kn)} such that



134 THOMAS KAHL

(0,...,0) € B. Then B is contractible. A contraction ®: B x [0,1] — B is given by

2,
x_%((klaakn)_m% tg%a
lilgmilgn ki
b(x,t) = v
2= 2)(@ — === S (o k) — @), £ L
171I<11Ll£n, ki
Let B be an order-convex subset of [O kq] x -+ x [0,kn] \ {(k1,...,kn)} such that
(0,...0) € B. Then BN ([0, k1] x --- x [0, &, ]) is an order-convex subset of
n]

O([0, ka] > -+ [0, k) \ {(Fr, -, Kn) Y

and (0,...,0) € BNJ([0,k1] x -+ x [0,ky]). Therefore, BN ([0, k1] x --- X [0, ky])
is contractible.

5.6. A homotopy equivalence

Let A be a precubical subset of @, and let z be a top cube of ¢(A) that is broken
but past-complete in A. We shall show that the inclusion |[A | < |A]| is a homotopy
equivalence. Set n = deg(z). By 5.15, n > 0. Let R, = [0,k1] ® - - - ® [0, k,].
Lemma 5.18. (0,...,0) € z, '(A).
Proof. By Lemma 5.7, there exists an element a € A such that z = ¢(a). We have
a € f(c(a)s([0,1]%™)) = 2,(R.). It follows that there exists an element y € R, such
that z,(y) = a. Since a € A, y € 2, '(A) and therefore 2, '(A) # 0. Let (I1,...,1,) be
a vertex in zb_l(A). Since z is past-complete in A, 2,([0,l1] ® --- ® [0,1,]) C A. This
implies that (0,...,0) € 2, '(A). O
Lemma 5.19. (ki,....k,) ¢ 2, ' (A).
Proof. Suppose that (ki,...,k,) € zb_l(A). Since z is past-complete in A,

F(z([0,1]%7)) = 2 ([0, k] @ - - - @ [0, kn]) C A.
This contradicts the fact that z is broken in A. O

Lemma 5.20. |z, '(A)| is an order-convex subset of

[0, k1] x -+ x [0, kn] \ {(K1y ..  kn)}
and (0,...,0) € [z, ' (A)].

Proof. By Lemmas 5.18 and 5.19, |2, '(A)| is a subset of [0,k] x -+ x [0,kn] \
{(k1,...,kn)} that contains (0,...,0). It remains to show that |2, '(A)| is order-
convex. Consider an element [y, u] € |z, ' (A)|, where y € 2, '(A) and u €]0, 1[1ee®).
Write y = (y1,...,yn) and suppose deg(y) = p. Then there exist indices 1 < i3 <

- <ip <n such that deg(y;,) =1 for g€ {1,...,p} and y; € {0,... ,k;} for i ¢
{i1,...,ip}. For each ¢ € {1,...,p}, there exists an element j, € {0,...,k, — 1} such
that y;, = [jq,q + 1]. We have

v, u]l = [y, (1, .., up)] = (t1,. .., tn) €[0,k1] x - x [0, k],
where t; = y; for i ¢ {i1,...,4,} and t;, = j, +uy for g € {1,...,p}. Set l; = y; for
i ¢ {ir,... ip} and I, = jg +1for g€ {1,...,p}. Then (I1,...,1,) = [y, (1,...,1)] €
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yy([0,1]%P) C zb_l(A) and [y,u] < (l1,...,1,). Since z is past-complete in A,
[0,L]®-- ®[0,1,] C 2 '(A)
and hence [0,1;] x -+ x [0,1,] C |2, ' (A)|. Consider an element
z € [0,k1] X o x [0, ko] \ {(k1,y. .o Ekn)}

such that = < [y,u]. Then x < (I1,...,1,) and therefore x € [0,11] x --- x [0,1,] C
|2, (A)]. a

Lemma 5.21. |2 (A7)] = |2 (A)| N A([0, k1] x -+ x [0, k]).

Proof. We have |0R,| = ([0, k1] X - -+ x [0, ky]). It is therefore enough to show that
2 (A7) = z, '(A) N OR,. Consider an element y € z, ' (A). We have y € 2, '(A) &
%) € Ay S c(z(y) # 2z < z(c(y) # z < c(y) # tn &y € OR,. O

Proposition 5.22. The inclusion |A; | < |A] is a homotopy equivalence.

Proof. As a left adjoint, the geometric realization preserves pushouts. Hence, by
Proposition 5.12, the diagram

1, 4 5l _

|25 H(AD)]| —— A7 |

_ A

|2, (A)] —— 4]

is a pushout of topological spaces. By Lemmas 5.5, 5.20, and 5.21, |zb_1(A)\ and
|2, " (A7 )| are contractible. Therefore the inclusion |z, '(A7 )| < |z, '(A)| is a homo-
topy equivalence. Since it is the inclusion of a sub CW-complex, it is a closed cofi-
bration. The result follows. O

5.7. Invariance of the homology graph
After the next two lemmas, we will finally be ready to show that P and @ have
isomorphic homology graphs.

Lemma 5.23. Let A be a finite precubical subset of Q such that all elements of c(A)
are past complete in A. Then there exists a precubical subset A of A such that the
inclusion |A| — |A| is a homotopy equivalence and no element of P is broken in A.

Proof. Suppose that the result is not true. Let B be a precubical subset of A such that
all elements of ¢(B) are past-complete in B, the inclusion |B| < |A] is a homotopy
equivalence, and the number ¢ of elements of P that are broken in B is minimal. By
the hypothesis, ¢ > 0. By Proposition 5.14, there exists a top cube z € ¢(B) that is
broken in B. By Proposition 5.17, all elements of ¢(B; ) are past-complete in Bj .
By Proposition 5.22, the inclusion |B | < |B]| is a homotopy equivalence. It follows
that the inclusion |B; | < |A| is a homotopy equivalence. Since A is finite, so are B,
B_, ¢(B), and ¢(B} ). Hence g and the number r of elements of P that are broken
in B are finite. By Proposition 5.13, any element of P that is broken in B} is also
broken in B. By Proposition 5.9, z ¢ ¢(B; ). Hence z is broken in B but not in B} .
It follows that r < ¢g. This contradicts the minimality of q. O
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Lemma 5.24. Consider homology classes a, f € H,(|P]). Let X C P and B C Q be
precubical subsets such that o € im H.(|X| — |P|), f«(f) € im H.(|B| — |Q|), and
for all vertices a € f(X)o and b € By there exists a path in Q from a to b. Then

a N B.

Proof. Since B C f(¢(B)), we have f.(8) € im H.(|f(c(B))| = |Q|). Therefore 8 €
im H,(Je(B)] < | P]). Consider vertices z € Xy and y € ¢(B)o. Let b € B be such that
y € c(b)4([0, 1]® 4e&(c(®)) "and let w be a path in Q from fo(x) to by(0, . . .,0). Then, by
Proposition 5.4, p(w) is a path in P from ¢(fo(x)) = 2 to ¢(by(0,...,0))¢(0,...,0). By
Lemma 5.5, we have that c(b;(0,...,0)) € c(b)([0, 1[®4e8(c(®)). Since [0, 1[® desc(t)
is closed under the operators d?, so is c(b)y([0, 1[®dee(c(®)). Tt follows that
c(bs(0,...,0))4(0,...,0) € c(b);([0, 1]® 9°8(c(®)) and hence that

C(bﬁ(O, . ,O))u(o, 5,0 = C(b)n(o, .., 0).

Let v be a path in P from ¢(b)4(0,...,0) to y. Then p(w) - v is a path in P from z to
y. It follows that o 7 . O

Theorem 5.25. For all homology classes a, B € H,(|P|), we have a /' 8 if and only
if felo) 7 f(B)-

Proof. We only have to show the if part of the statement. Consider homology classes
a, € H.(|P|) such that f.(a) 7 fi(B). Let A and B be precubical subsets of @
such that f.(a) € im H.(|A| = |Q|), f«(B8) € im H.(|B|] <= |Q]), and for all vertices
a € Ay and b € By there exists a path in @ from a to b. We may suppose that A is
finite. Then also f(c(A)) is finite. Let A’ be the largest precubical subset of f(c(A))
such that A C A’ and for all vertices a € Af, and b € By there exists a path in @ from
a to b. Then A’ is finite and f.(a) € im H.(JA'| — |Q]). We have ¢(4) C ¢(4") C
c(f(e(A))) = ¢(A) and hence ¢(A’) = c(A).

We show that all elements of ¢(A’) are past-complete in A’. Suppose that there
exists an element x € ¢(A’) that is not past-complete in A’. Then deg(z) =n > 0 and
there exists a vertex (l1,...,l,) € R, such that z,(l1,...,1,) € A’ but

xb([[ovll]l K- & [[Ovln]l) g Al-

Since x,(I1,...,1,) € A, for all vertices a € z,([0,1] ® --- ® [0,1,,]) and b € B, there
exists a path in @ from a to b. Since

2([0,h] @ -+ @ [0,1]) € @y (Ra) = f(4([0,1]%™)) C f(e(A")) = F(e(A)),

the maximality of A" implies that A’ Uz, ([0,1] ® --- ® [0,1,]) € A" and hence that
([0, 1] ® -+ - ®[0,1,]) C A’, a contradiction. It follows that all elements of ¢(A’) are
past-complete in A’.

By Lemma 5.23, there exists a precubical subset A of A’ such that the inclusion
|A| < |A’| is a homotopy equivalence and no element of P is broken in A. Since
A C A, for all vertices a € Ay and b € By there exists a path in @ from a to b. Since
the inclusion |A| < | 4’| is a homotopy equivalence, f.(a) € im H,(|A| < |Q]). Since
no element of P is broken in A, by Proposition 5.16, f(c(A)) = A. It follows that
o € im H,(J¢(A)| < |P|) and consequently, by Lemma 5.24, that a * 3. O
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Remark 5.26. 1t is not true that the homology graph of d-spaces is invariant under
morphisms that are homeomorphisms. If one wanted to derive thereom 5.25 from
results on the homology graph of d-spaces, then one would have to use the invariance
of the homology graph of d-spaces under isomorphisms. Of course, one would also
need to show that the homology graph of a precubical set and the homology graph
of its geometric realization coincide.

5.8. Homeomorphic abstraction

We say that an M-HDA A= (P,I,F,\) is a homeomorphic abstraction of an
M-HDA B = (Q, J,G, ), or that B is a homeomorphic refinement of A, if there exists
a weak morphism f from A to B that is a homeomorphism and satisfies fo(I) = J
and fo(F) = G [12]. For instance, in Figure 2, A is a homeomorphic abstraction of
B. It follows from Theorem 5.25 that if an M-HDA A is a homeomorphic abstraction
of an M-HDA B, then A and B have isomorphic homology graphs.
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