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CELLULAR DECOMPOSITION AND FREE RESOLUTION
FOR SPLIT METACYCLIC SPHERICAL SPACE FORMS

L.L. FEMINA, A.P.T. GALVES, O. MANZOLI NETO AND
M. SPREAFICO

(communicated by Nigel Ray)

Abstract

Given a free isometric action of a split metacyclic group
on odd dimensional sphere, we obtain an explicit finite cellu-
lar decomposition of the sphere equivariant with respect to the
group action. A cell decomposition of the factor space and an
explicit description of the associated cellular chain complex of
modules over the integral group ring of the fundamental group
follow. In particular, the construction provides a simple explicit
4-periodic free resolution for the split metacyclic groups.

1. Introduction

In [11] S. Tomoda and P. Zvenwgrovski studied the cohomology ring of the tridi-
mensional spherical space forms. The basic idea is to produce an explicit resolution
for the fundamental group 7 of these spaces (the family of such groups is explic-
itly known). This is indeed a longstanding problem in algebraic topology, and we
refer to the clear and complete description given in the first sections of [11] (see
also [1]). The abelian case, i.e., T a cyclic group, was studied in seminal works of
de Rham and Seifert. The next case to be investigated was 7 a generalized quater-
nionic group. A resolution for these groups can be found, for example, in [2, Chap.
XII, Sec. 7], but as observed in [11], no proof is presented. Proceeding along this
line of investigation, Tomoda and Zvengrowski presented explicit resolutions for gen-
eralized quaternionic, binary tetrahedral, octahedral, and icosahedral groups, with
explicit contracting homotopies. They also gave the ring structure of the remaining
two families of groups, the split metacyclic groups and the Py 3+ (generalized binary
tetrahedral) by using other techniques. For complete this investigation explicit res-
olutions for these two last families of groups is needed. This is the purpose of our
project, which starts in this work where we study the case of the split metacyclic
groups.

Our approach is based on the original idea of Swan [9]. Let a finite group 7 act
freely on a sphere S™. Then, in order to obtain a resolution for =, it is sufficient
to obtain a m-equivariant CW decomposition of S™. Of course, the main problem
in applying this approach is computational, and this is the reason why, after it was
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successfully exploited for the cyclic groups, it was somehow abandoned. We were
back to this technique in [7], where we studied the generalized quaternionic groups.
In particular, we followed the clever geometric setting introduced by F. Cohen in [3,
Chap. 9]. In that work, the cyclic group is considered, and a sophisticated description
of the cellular complex was obtained using the join decomposition of a sphere in
some spheres of lower dimension. We refer to that book for all the basic details of
the construction. In [7], the ideas of Cohen were used, and after some substantial
improvement of his technique, a cellular decomposition of the sphere S™, equivariant
with respect to the action of the generalized quaternionic groups, was obtained. We
show in this work that this technique is, in fact, powerful enough in order to deal
with another class of groups: the split metacyclic groups.

2. Preliminaries and notations

2.1. Split metacyclic groups
We denote by Dai(ap41), with £ > 2 and h > 0, the split metacyclic groups with
presentation [14, 2.2]

D an1y = (2,9 | 2 =2 = 1 yay !t = z™h.

The trivial case t = h = 0 is not considered. The case h = 0 gives a cyclic group Cy:
(7,/2 in multiplicative notation), the case t = 1 gives the dihedral group Dy 241y and
the case ¢ = 2 gives the generalized quaternionic group Qu2n41) ([14, 2.2] and [11,
Section 5.2]). All these cases have been studied elsewhere, so we will assume here that
t>3and h > 1.

The split metacyclic groups also have the following semidirect product struc-
ture [11, Section 5.2]:

Dot op41) = Copyr Xy Co,

with ¢: Cy¢ — Aut(Cap1), defined by (1) = —1. This is related with the split short
exact sequence

1 Con1 —> Dot(aps1) ——> Cor —> 1,
-

S

where i is an inclusion onto the normal subgroup generated by i(xz) =z, p(y) =y
(the generator of Cat), p(z) = 1, and the splitting maps is s(y) = y. Note also that

(D3t (2h41))ab = Cor.
Remark 2.1. The elements of Dyt (a,41) can be written as follows:

— 2 2h 2h 2t—1 2t—1 2h, 2"—1
D2f(2h+1)_{17x3x7"'7m Y Yy XYy ey XYy Y , LY yeey Y }

2.2. Matrix representation of group actions

Since notation will have a relevant bearing on the following developments, we
spend a few lines recalling the notation adopted for the matrices representing the
groups actions, according to [13]. Let V, W be fixed finite dimensional vector spaces
over a field F of characteristic zero, with dimV = n, dim W = k. Denote by VI =
Homp (V, ) the dual space. Let e = {ey,...,e,} and b = {by,...,b;} be given bases
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of V and W, respectively. Let M (n, k;IF) denote the set of matrices with n lines and
k columns, with standard matrix product. To each homomorphism ¢ € Homp(V, W)
we associate the matrix M(¢) € M(n,k;F) defined by M(p) = (¢ji = bl(cp(ej))),
where (p;;) denotes the matrix with entry ¢,; at line j and column [, i.e.,

k
p(ej) = Z ©j,1b1-
=1

The application M : Homp(V,V) — M(n,n;F) is a homomorphism of groups, if
we equip Homp(V, V') with the product ¢1 - o2 = w21 (juxtaposition denotes com-
position), i.e., M (1 - @2) = M(p1)M(p2).

Next, let p: G — Autp(V') be a group representation. We identify representations
with right 7 actions on V', and hence we use the multiplication - in Autg(V'), namely
p(g1) - p(g2) = p(g2)p(g1). Then, the composite Mp: G — M (n;TF) is a group homo-
morphism: Mp(g192) = Mp(g1)Mp(g2).

We conclude by observing that we will, in general, denote by juxtaposition the
action of a group element g on a vector v, whenever the representation is clear. We
will use the following equivalent notations:

vg = p(g)(v) = (v1 - v,))Mp(g).

2.3. Free actions on spheres

The groups Ds¢ (2541 are groups of type I according to the table of Theorem 6.1.11
of J.Wolf [18], with A=z, B=y,m=2h+1,n=2" r=-1,d=2,n" =271 and
satisfy any of the three conditions given below the table (where d is defined, n'
is defined in [13, Theorem 5.5.1]). Then, according to Wolf [13, Theorem 5.5.6] the
irreducible faithful complex representations of Dy (ap,41) have degree 2, are fixed point
free and are explicitly given by (note we use transposed notation with respect to [13])

2mki
e2ht 0
Wk’l(fE) = Mpk’l(l') = ( 27rk'i> )

0 e 2h+1

wli
0 ez
i) = i) = (377

where k and [ are integers with (k,2h + 1) = ({,2) = 1. By the same theorem, all
possible automorphisms of Dj¢(2541) are of the form

T — %,
Pa,b,c* b
Y= ylat,

with integers a,b, ¢ with (a,2h + 1) = (b,2) = 1, b =1 mod 2. Moreover, the compo-
sition 7y 1@q.b,c is equivalent to mqy 5, and g is equivalent to my ;o if and only if
I'=1mod 2=t and k¥’ = +k mod (2h + 1).

These facts allow us to determine the following set of representative representations
for the different classes of equivalent representations:
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Lemma 2.2. The non-equivalent irreducible complex representations of Dyt (2p41) are

7T]€’l : D2t(2h+1) — U(2, C),

2mki
e2h+1 0
X — onki |
0 e e
wli
0 e2t—2
Y =
1 0,

with k=1,2,...,h, [ =1,3,...,2""1 — 1 and (k,2h + 1) = (1,2) = 1. All these rep-
resentations are fixed point free.

Th,l:

Next, consider the actions of Dyt (a541) on odd spheres Sin=1 By [13, 7.4], all
possible actions are direct sums of the 7 ;. Namely, let k = (kq,...,ky) be a vector
of integers prime to (2h + 1) and let 1= (Iy,...,1,) be a vector of integers prime to
2. Then define the representation

Tl = Ty, @ - @ Thy 1,0 Darang1y — U(2n, C),

where 7,1, ¢ Datan+1) — U(2, C) have the following form:

27kji

eZhFT 0 ¢k 0 >
TE. 1.\T) = ki == —ki |
kj,l]( ) ( 0 e~ 22hk+]1> < 0 C ki

Tyt l;
T— 0 J
Trkjalj (y) = (? 620 2) = <1 60 > .

Remark 2.3. Note that all the real representations associated to the representations
in Lemma 2.2 are orthogonal.

We call the factor 54"’1/7rk;1(D2t(2h+1)) a split metacyclic spherical space form,
and we denote it by Sg?&i Dkl It is not difficult to see that the following repre-
sentatives of homeomorphic classes of split metacyclic spherical space forms can be
chosen.

The proof of the following proposition is straightforward and will be omitted (com-

pare with [8, Section 12] and [7, Lemma 2]).

Proposition 2.4. Any split metacyclic spherical space form is homeomorphic to one
dn— .
of type s;@;ﬂ);kl ,,,,, bty With 1<k Sk <o <hy <h, 1Sh <l <o <

271 and (k,2h +1) = (1,2) = 1.

2.4. Curved join

Given two unitary complex numbers z1, 23 € C, consider the ordered pair (21, 22)
in € x C = R*. Since there exists only one plane in R* through the origin, z; and
2o, we can take the oriented arc from z; to z5 in the unitary circle on this plane and
with length 7/2. We denote this arc by z1 * 2o and its end points by 2z * 0 and 0 * 2.
If the two points, say w; # we, lay on the same circle, then we use the notation
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[w1,ws] for the oriented arc from w; to wsy. For any two subsets Z; and Zs, with
Zy x Zy C 81 x ST € € x C, we define their curved join by

Zl*ZQZ{Zl*ZQ |21 GZl,ZQGZQ}. (2.1)

For example, S* * S' = §3. This process generalizes as follows: Identify C™ with
R2?™, and, given the standard orthonormal basis {e1, ..., e, } of R*™, for each r # s,
denote by II, s the plane generated by {e,, es}. Suppose I, 5, N1IL,, 5, = {0}. Let Z;
and Zy be subsets of the unit circles of II,, 5, and II,, s,, respectively. Then the
curved join Z; * Zs is well defined by equation (2.1). In particular, we denote by
¥, the unit circle laying in the I-th complex hyperplane of C2". Then, we have an
homeomorphism of the iterated curved join

SRcmEi ) RENESNS 5 N

For further use, it is convenient to identify the basis vector with their final points
and to use the e; to denote the points in S4*~!. Then, for example, the canonical
basis of R* in S? is

61:(130,0,0):1*0)3 62:(0>17070):i*®7
es = (0,0,1,0) = 0 =1, es = (0,0,0,1) = 0 1.

It will be also useful to identify S = S' x S! with the union of two solid torus
along the common boundary. Each S! is then the central circle inside one of the
solid torus. We can then represent the two half spheres S* x S1 (where S1 denotes
the north/south hemisphere of S!) as in Figure 1, where the framing is given by the
geodesic lines joining the end points of the basic vectors e; (see [3, Section 26] for
details).

Figure 1

It is clear that the curved join is homeomorphic to the usual join:
XxIxY
{z} x0xY)U (X x1x{y})

However, the usual join J(X,Y") and the curved join X % Y are not isometric. The

J(X,Y)=
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metric of the curved join is the metric of the sphere, and the segments are segments
of geodesic. In particular, this is fundamental when we describe the natural action
appearing definition of the spherical space forms. More precisely, let m be a finite
group acting freely and orthogonally on a sphere S™, and let h be a positive integer.
Then, there is a natural action of 7 on S*"TD=1 defined by

(SMFDL (R x G SMHEDL (R,

(2.2)
((x1,---,2n),9) = (921, ..., 92h).

This action coincides with the action

(Sh(n+1)71 _ S(hfl)(nqu)fl * Sn) % G — Sh(n+1)71 — S(hfl)(nJrl)fl % Sn7
((z,t,y).9) = (92,1, 9y),

where the join is the curved join.
We conclude with a technical result.

Lemma 2.5. We have the following formula for the boundary:

X *Y)=0(X)*Y + (—1)ImXHL X+ 9(Y).

3. The tridimensional case

In this section we present the two major technical results of this work: in the first
subsection we describe the fundamental domain F for the action of Dyt (ap,41) via the
representation 7y ; on the tridimensional sphere S3, and in the second subsection we
achieve a CW decomposition of F by first obtaining an equivariant CW decomposi-
tion of S3. Both the fundamental domain and the CW decomposition for the higher
dimensional cases will follow by those for the tridimensional case and some general
results, and will be presented in Section 4.

3.1. The fundamental domain

In order to deal with the fundamental domain, we will use the approach and the
notation introduced in [7]. First, recall that if G is a finite group acting on a space
S, then a fundamental domain of the action of w on S is a connected closed subset F
of 8 such that S =J, g7 and gF N g'F has empty interior for all g # ¢’ € G. The
first important difference with respect to the case of the quaternion studied in [7]
is that in the present case the fundamental domain can change when we change the
representation. We start by observing that the image of the cyclic subgroup generated
by z, 7, ({z)) is independent on k and [, while the image of the subgroup generated
by y, 7k, ((y)) is independent on k but depends on . This means that the fundamental
domain cannot change when we change the parameter k, but, in principle, depends
on [. Thus, in order to determine the fundamental domain, we can fix £k = 1 in the
representation.

Next, consider the curved join description of §% = S % S! given in the previous
section. Let us introduce the following minimal angle:

- 4 B 2T
|Dae(angny| 2071 (2R 4 1)

g
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Since [ is odd it is prime to 2!~!, and we have 2!=2 distinct values for I. So for

each fixed [ we have % = 2(2h + 1) possible different fundamental domains

in S3. Let us introduce some further notation. We denote the final point of the basis

vector e by the same notation e. Recall from Section 2.4 that this is the point of

the circle ¥ with real coordinates (0,...,0,1,...0) in R*". Let A; denote the arc
———

k
of X1 of length %1 = 27 2¢ starting at e, in the positive direction, and let Ay denote
the arc of ¥y of length 05 = (2h + 1)e starting at e4 in the negative direction; see

Figure 2 (recall ¢ = e#1h &= 625_31):
Al:[z’,C%i]>s<[Z)=eg>|<§%eg7 Ag = 0% [i,&i] = eq x Eey.

Next, we describe the action of the group generators  and y in the representation
71,1 Let a; = [2;,w;] be an arc of ¥;, and let R(6) denote the rotation of angle 6.
Then,

p11(2) (a1 * az) = R(01)(ar1) x R(—61)(a2),
p11(y) (a1 * az) = R(02)(az) * as.

Observe that the notation oy * ap means the arc a; = [21,w;] in 3, starting at
the point z; of ¥; and ending at the point w; of 31, joins the arc ag = [22, ws] in Xo,

starting at the point zy of ¥ and ending at the point wy of s.
In more detail, we have:

(X1) pra(@)(aq *0) = [R(61)(21), R(01)(w1)] % 0.,
i.e., = rotates a; by 2!~ '¢ in the positive sense in ¥;.

(X2) pra(@)(0* az) = 0« [R(—01)(22), R(—01)(w2)],
i.e., T rotates ap by 2!~ !¢ in the negative sense in .

(Y1) pra(y)(ar x0) =0 [z1,w1],
i.e., y moves a from ¥ into X,.

(Y2) p11(y)(0* az) = [R(02)(22), R(62)(w2)] * 0,
i.e., y moves s from X5 into X1 and rotates it by (2h + 1) in the positive sense
in 21 .
The proof follows by definition and Lemma 2.2, and the fact that the action of the
group generators on the standard basis vectors by = (1,0) and by = (0,1) of C? are

pra(@)(b) = C2by, pra(w)(b2) = (2ba,
p1,1(y)(b1) = ba, p1.1(y)(b2) = &br.
Remark 3.1. Note that
p11(2%) (1 * a2) = R(aby)(aq) * R(—ab2)(az),
pLa(y*) (a1 * as) = R(bba)(ar) * R(bba)(az),
pLa(y? ) (e x az) = R((b+ 1)6s)(a2) * R(bfa)(cxr).
The main purpose of this section is to prove the following result:

Proposition 3.2. A fundamental domain for the action of the group Dat(api1) on
S3 wvia the representation w1 1 is F11 = A1 * Ay = [i, C%i] * (4, &i).
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g & (2h+l)e

-e, o :§61 -eabf o e,
-e, -e,
The arc A, The arc A,
Figure 2

In Figure 3 we represent the fundamental domain JF;; using the description of
53 introduced at the end of Section 2.4. In the figure the fundamental domain is
illustrated as embedded in S3, framed by the geodesic line joining the end points of
the basis vectors e;. The end points of the arcs A; are also displayed. In Figure 4 the
fundamental domain appears without the framing. This will be useful in the following
lemmas in order to describe the cell decomposition of the fundamental domain:

Figure 3

The proof of Proposition 3.2 is based on the following lemmas:

Lemma 3.3. Consider P« Q and P' Q' as two subsets in S* * S, Int(P+Q)N
Int(P % Q") # 0 if and only if Int(P) N Int(P") # 0 and Int(Q) N Int(Q’) # 0.

Lemma 3.4. The rotations on the two circles ¥; determined by the action of the
group elements on Fi 1 in the representation p1,1 satisfy the following bounds:
1. For all a=1,2,...,2h, p11(z*)(A1 * A2) = R(ab1)(A1) * R(—ab1)(Asz), with
0 < 0, < 2w, i.e., the rotations determined by = on 31 and Yo are less than
27.
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te.
I

(2h+1) &

Figure 4

2. Forallb=1,2,...,2t7 L,
P11 (") (AL x Ag) = R(b2)(A2) * R((b— 1)62) (A1),

with 0 < by < 27 e 0 < (b—1)03 < 27, i.e., the rotation determined by y2b-1
on X1 s less than or equal to 2w, and that on Yo s less than 2.

3. Foralla=1,2,...,2h, b=1,2,...,27 1
p11, (2?71 (Ar % Ag) = R(afy + b62)(As) ¥ R(—afy + (b — 1)62) (A1),

with 0 < aby + bby < 47 and 0 < —aby + (b — 1) < 2w, i.e., the rotation deter-
mined by x%y**~" on X is less than 47, and that on Lo is less than 2.

4. For all b= ]., 2, .. .,Qtil — ]., pl,l(be)(Al * AQ) = R(beg)(Al) * R(bGQ)(AQ),
with 0 < by < 2m, i.e., the rotations determined by y?® on X1 and Xy are less
than 2.

5. Foralla=1,2,...,2h, b=1,2,...,271 — 1, p1 1 (2%9?*)(A; * A2) = R(ab; +
b02)(A1) x R(—afy + bO2)(Az), with 0 < aby + bly < 47 and 0 < —aby + by <
21, i.e., the rotation determined by x%y?® on ¥, is less than 47, and that on Yo

is less than 2m.

Proof. This follows by lengthy direct verification. We show the proof for one illustra-
tive case, and we refer to [6, 2.2.7] for the complete details. We prove case (3). The
rotation on ¥; determined by the action of z%y?*~1 on F1,1 consists of rotating the
arc A; by an arc of length (2!=1a + (2h + 1)b)e in the counterclockwise sense by (X1)
and (Y2). Since the maximum values of a and b are max(a) = 2h and max(b) = 2!71,
the maximum rotation is

(2" max(a) + (2h + 1) max(b))e = (2°h 4+ 271 (2h + 1))e.

Since 2'h < 271(2h + 1), it follows that 2'h +2071(2h + 1) < 2(2!71) (2h + 1).
Whence, the maximum rotation of A; will be less that 47 (recall 28=1(2h + 1)e = 27).



262 L.L. FEMINA, A.P.T. GALVES, O. MANZOLI NETO anxp M. SPREAFICO

The rotation on ¥ determined by the action of x%4?*~! on JF ; consists of rotating
the arc Ay by an arc of length (—2"'a + (2h + 1)(b — 1))e in the counterclockwise
sense by (X2) and (Y1). Taking the maximum and minimum values for a and b
(min(b) = 1), the maximum rotation is

(=2 min(a) + (2h + 1)(max(b) — 1))e = ((2' — 2)h — 1)e < 2. O
Lemma 3.5. The following affirmations are true:
Foralla=1,2,...,2h, Int(p11(z*)(F11)) NInt(Fi 1) = 0.
Forallb=1,2,...,271 — 1, Int(p1,1 (¥**)(F1,1)) NInt(F1 1) = 0.
For allb=1,2,...,2!7" Int(p1 1 (y** =) (F11)) NInt(Fy 1) = 0.
Foralla=1,2,...,2h, andb=1,2,...,2"71 — 1,
Int(p1 1 (%) (Fi1)) N Int(Fi 1) = 0.

5. Foralla=1,2,...,2h, and b=1,2,...,2"71,

Int(p11 (x%* 1) (Fi1)) N Int(Fip) = 0.

e v o~

Proof. The method of proving these facts is always the same: we first show that
the geometric condition is equivalent to some equations in Z, and then that such
equations have no solutions, by contradiction. We outline the proof here; all details
can be found in the proof of Proposition 2.2.8 of [6].

1. In order to prove Lemma 3.5 first recall that the action of  does not interchange
the points of the two planes of £; and ¥, and the rotation determined by z¢ is 2!~ qe.
Then, by direct analysis of the geometric description and by Lemmas 3.3 and 3.4,
Int(p11(2%)(F11)) NInt(F11) N 21 = Int(p1,1(x?)(A1)) NInt(A;) can be non-empty
only if the following condition is fulfilled:

(al) 27la =¢, with e =1,2,...,2!72 — 1.
If this is the case, since max(c) = 272 — 1, then a < 2;# < 1 is not an integer.

2. The proof is analogous to the previous one, given that Int(p171(y2b)]-'1,1) N
Int(F1,1) N S = Int(p1,1(y?*)(A2)) N Int(A2) can be non-empty only if:

(b1) (2h+1)b=2"1(2h + 1) —d, with d = 1,2,...,2h.

3. In order to prove this affirmation, we need a combination of the previous con-
ditions, since now the action of the group elements can interchange the planes. First,
we find that Int(py 1(y?*~1)F1,1) N Int(F1,1) N 1 can be non-empty only if:

(al) (2h+1)b=c,c=1,2,...,2h+2,

while Int(p1,1(y?°~1)(F1,1)) N Int(F11) N X2 can be non-empty only if one of the fol-
lowing two conditions is fulfilled:

(bl) 2h+1)(b—1)=—d, d=1,2,...,2h+2,
(b2) (2h+1)(b—1)=2"1(2h+1)—d, d=1,2,...,2h +2.

We show that none of the combinations (al) and (bk), k = 1,2, is possible. Assume
(al) and (bl) hold. Then there are integers a and b such that
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(al) (2R +1)b=
(1) (2h+1)(b— 1) —d.

Since 1 < ¢,d < 2h + 2, and b is an integer, the (al) gives c=2h + 1, and b =1,
while (b1) gives d = 2h 4+ 1 and b = 0, and hence the system has no integer solutions.
Assume (al) and (b2) hold. By (al) we get, as before, that ¢ =2h + 1, and b =1,
while (b2) gives d = 2h + 1, and b = 2!~1, whence again the system is incompatible.

4. We have that Int(pM( ay2)(F1.1)) NInt(Fy 1) NSy can be non-empty only if
one of the following two conditions is fulfilled:

(al) 27 la+ (2h+ )b =220 + 1) + ¢, c=1,2,...,2"7% — 1,
(a2) 27 la+ 2+ 1)b=2""" 20 +1) —¢c,e=1,2,...,22 — 1,

while Int(p1 1 (z%y?")(F1,1)) N Int(F; 1) N Tz can be non-empty only if one of the fol-
lowing three conditions is fulfilled:

(bl) —27ta+ (2h+1)b=—d,d =1,2,...,2h,
(b2) —27ta+ (2h+1)b=d,d=1,2,...,2h,
(b3) —27ta+ (2h+1)b=2"12h +1)—d,d=1,2,...,2h.
Next we show that none of the combinations (aj), j = 1,2, and (bk), k =1,2,3,

is possible. Assume, for example, that (al) and (b1) hold. Then, there are integers a
and b such that

27la + (2h + 1)b=2"1(2h + 1) + ¢
—27lg + (2h 4+ 1)b = —d.

This gives

b— 2t~ (2h+1)+c—d

{a —hd 3+ 9
202ht1)

We show that either a or b is not an integer. If d = ¢, then 2? < 2;2?1 < 2, and

hence h<a=h+ 5 —|— ¢ < h+1, and a is not an integer. Next assume ¢ # d and
h > 273, Then, 51nce mm(d) — 1 and max(c) = 2072 — 1,
c—d o 203 1
2(2h+1) ~ 2h+1
While since max(d) = 2h and min(c) = 1,
c—d < 1—2h o
22h+1) 7 2h+1
Since ¢ # d, it follows that b is not an integer The last possibility is ¢ # d and
h<2’5_3 Then, Qﬁ < 2— < Z and 2¢ < Qt < <. This means that: h <a=h+
—i— + ” d < h+1, s0 ais not an integer. The proofs for the other combinations are
smular
5. We find that Int(py 1 (2%y?°~1)(F1.1)) NInt(F1.1) N ;1 can be non-empty only if
one of the following two condltlons is fulfilled:
(al) 2t7ta+ (2h+1)b=c, c=1,2,...,2h + 2,
(a2) 2t7ta+ (2h+ )b =271 (2h +1) —¢,c=1,2,...,2h + 2,

<1
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while Int(p1 1 (2%y?®)(F1.1)) N Int(Fy 1) N o can be non-empty only if one of the fol-
lowing two conditions is fulfilled:
(bl) —27ta+ (2h+1)(b—1)=—d,d=1,2,...,2h + 2,
(b2) —2"ta+ (2R +1)(b—1)=2"12h+1)—d,d=1,2,...,2h + 2.
The proof consists of showing that none of the combinations (aj), j = 1,2, and

(bk), k = 1,2, is possible. Assume, for example, that (al) and (bl) hold. Then there
are integers a and b such that

2t=la + (2h + 1)b = ¢,
—27lg+ (2h+1)(b—1) = —d.

This gives
o= —(2h+21t)+c+d’
{b =3+ ani-
Next we show that either a or b is not an integer. If d = ¢, then b = % is not an integer.
Now, assume ¢ # d. Then, since min(d) = 1 and max(c) = 2h + 2,

c—d 1

- < —.
22h +1) 2
While since max(d) = 2h 4+ 2 and min(c) = 1,
c—d 1
22h+1)~ 2
So b=1 and ¢ = 5. It follows that c is not an integer. The proofs for the other
combinations are similar. O

The proof of Proposition 3.2 follows by these lemmas and by the fact that Fj ;
has the correct volume. Next, we give the fundamental domain F;; for the other
representations. A pictorial description of F ; is given in Figures 5, 6 and 7, which
corresponds to Figures 2, 3 and 4, where z = m(2h + 1), with | = 2m + 1.

v ZEi e @htD) e
Fzg e, .-\L §e4
EJm sz ez:
-.e2 ......... -;4
The arc R(m6,)A, The arc A,

Figure 5
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Figure 6

(h+1) e

Figure 7

Proposition 3.6. A fundamental domain for the action of the group Dat(ap41) on
S3 wvia the representation my ;, where l = 2m + 1, is

Fio = R(mba)(Ar) x Ay = [€7,€7CFi] * [i, &i).
Proof. First, note that the action of the group elements in the representation g,
I =2m+1is as follows: p1(x) = p1,1(z), while
p11(y) (a1 * ag) = R(102)(a2) * a1,
where «; are arcs in some X, i.e.,

1. y moves «; from ¥ into o,

2. y moves ay from Yo into ¥; and rotates it by (2h + 1)le in the positive sense
in 21.
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Thus,
P11(Y)(F11) = R(102)(A2) * R(mba) (A1),
and by Remark 3.1,
p1i(y*)(Fi1) = R((cl +m)f2) (A1) * R(clbs)(As),
pri(* ) (Fra) = R((e+ 1)102)(Az) * R((cl + m)0)(Ay).
Second, note that, by definition,
R((el +m)82) (A1) % R((el +m)82)(A2) = pra(y* ™) (Fu),
R((c+ 1)16)(Az) = R((cl +2m)02)(A1) = p1,1 (y V2 (Fy 0,
and
R(clhs)(Ay) * R(cl2) Az = p11(y*)(Fr1),
R((cl +m + 1)8)(As) * R((cl + m)b2) (A1) = p1.1(y > DY (Fry).
These equalities show that
pra(y)(Fir) N E1 = pra(@™ ™) (Fia) N3, (3.1)
pri(y") (Fir) N Es = pra(y™)(Fip) N o (3.2)

We are now able to prove that the translated of F; ; do not have common internal
points. Assume that

Int(py 7 (zy")(Fr1) N Int(Fy ) # 0.
Recalling Lemma 3.3, this means that both affirmations below are true:
Int(py 1 (2%y®)(Fi1)) N Int(Fr ) NSy # 0,
Tnt(py (%) (Fi)) N Int(Fr ) N X # 0.
Suppose first that
Int(py 1 (2y") (Fr)) N Int(Fr) N Ty # 0. (3.3)
By equation (3.1), this means that
Int(py,1 (zy" ™) (F1,1)) N Int(Fr ) NSy # 0,
and by definition this gives the equation (in %)
{R(a01 + (el +m)62)(Int(Aq)) N R(aby + mby)(Int(A,)) #0, b=2c,
R(aby + (c+1)162)(Int(A2)) N R(aby +mb2)(Int(A1)) #0, b=2c+1.

Since this is just an equation in 31, it is invariant under rotation, whence equivalent
to the equation

{R(a01 + ¢clfy)(Int(Ay)) N Int(Ay) # 0, b= 2,

R(ab; + (cl +m + 1)02)(Int(A2)) NInt (A1) # 0, b=2c+1. (3:4)

By definition, equation (3.4) comes from the condition

Tnt(py1 (") (F11)) N Int(Fy 1) NSy # 0. (3.5)
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Since F1 1 is a fundamental domain with respect to the representation pq 1, condi-
tion (3.5) implies that

Int(le( @ bl)(]:1 1)) N Int(]:l,ﬁ Ny = @,
and by (3.2), and recalling that F; ; N Xy = F7,1 N Lg, we have that
Int(p1,(z*y")(Fiy)) N Int(Fr) N Eo = 0. (3.6)

So we have proved that condition (3.3) implies condition (3.6). Next, observe that
all the implications used to prove the last equation are in fact double implications,
and hence condition (3.6) implies condition (3.3). This conclude the proof. O

3.2. Cellular decomposition

In whole generality, if X = S¥/r, where 7 is some finite group acting freely by
isometries, F is the fundamental domain of the action of 7, and ¢: S™ — X is the
natural quotient map, then ¢ is a covering map, S™ = X is the universal covering
space of X, ¢|r: F — X is surjective, and it is a relative homomorphism for the pair
(F,0F) — Int(Top(X)), onto the interior of the top cell of X (recall X is a compact
manifold). It is clear that a 7 equivariant cell decomposition K of 8™ determines a
cell decomposition L of F, where L is a subcomplex of K, and K = 7L, and that
q(li) will give a cell decomposition L of X. Moreover, at least one lift of each cell
of L will lay in L. Therefore, we can choose for each cell ¢ € L one single cell ¢ € L,
which will be called a representative lift of c. Since all the other cells of L are in the
orbit of some cell ¢ (i.e., are translated by the action of some group element), the cell
complex of L can be described using the cells ¢ and some of their translations. This
set of cells Z will be called a minimal set of representative lifts, and Z a minimal cell
decomposition of F. It is clear that q(Z ) = L. Taking all the complete orbits of the
cells in Z, we will obtain the cell complex K = 7TZ which is a 7 equivariant cellular
decomposition of S™.

We pass now to determine a Dyt (z41) equivariant cell decomposition of S3. By
Proposition 3.6, F1; = A1 (l) * As C X4 % X9, where A;(l) = R(mb3)A1, as defined in
the theorem, and for simplicity will be denoted by A; here. The A; are segments of
geodesic arcs in the two factors ¥; of S = ST % S'. The end pomts of the A; are
obviously images of some common p01nt of S3 by the action of some different group
elements. This defines a cell decomposition Nj of the >;, as follows: Fix a point of
53, and identify this point with e,. The O-cells of Nj are the elements of the orbit
Dyi(an41)€4 that lay in ;. The 1-cells of Nj are the geodesic arc segments joining
such points (that all lay in 3;, since the action is orthogonal). It is clear that the A;
are realized by two subcomplexes B; C N;. Since the join preserves subcomplexes the
join L =B *B gives a cell decomposition of 77 ;. It is clear that K= Dgt(2h+1)L is
a Dyt (2p41) equivariant cell decomposition of 53 = 1 * By. This gives the following
lemma:

Lemma 3.7. A Dji(a,41) equivariant cell decomposition of 53 is K = D2t(2h+1)i:/,
where L is defined above. The subcomplex L is a cell decomposition of Fiy. The
quotient L = L/my (Dt (2n+1)) gives a cell decomposition of Sgt(2h+1)~k:l'

In order to proceed, we need the group elements that define the minimal action
on each of the two circles 3J;, i.e., the two elements g; € Da:(2541) such that, for any
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given fixed z; € £;, j = 1,2,
gjzj % 2j = €. (3.7)

A straightforward calculation gives the following relationships:

Lemma 3.8. The elements g; € Dat(any1), which satisfy equation (3.7), are g; =
x%y?Pi | where a; and B; are integers satisfying the following equations:

k2o +12h +1)B =1 mod 271 (2h + 1),
—k2"7 g +1(2h +1)B2 = -1 mod 271 (2h + 1).

It is easy to see that if the pair (aq, 1) satisfies the first equation of Lemma 3.8,
then the pair (ag = a1, 82 = —f1) satisfies the second equation of the lemma. Thus,
we define the pair (a, §) as the two integers that satisfy the following equation:

k2" a +1(2h 4+ 1)8 = 1 mod 27 (2 + 1). (3.8)

We are now in the position of describing the minimal set of lifts Z of the cells
of L in S? and their boundaries. In order to describe this complex, we use a “semi-
algebraic” notation, namely, after fixing one 0-cell, e4, we denote the other 0-cells by
action of the groups elements. Higher dimensional cells are obtained by joining lower
dimensional ones as before. Addition is used to denote cells constructed by glueing
adjacent cells.

Since the description changes if 2h + 1 is greater or smaller than 2¢~2, we split the
statement in the following two lemmas. The proof is the same.

Proposition 3.9. Let z = m(2h + 1), and let (o, 3) be integers satisfying the con-
ditions given in equation (3.8). Assume 2h+1 > 2'=2. Then, a minimal set Z of
representative lifts ¢, s (where the first index denotes the dimension) of the cells of

the cellular decomposition L of Sgt(2h+1);k;l (recall | = 2m + 1) defined in Lemma 3.7
18:

Co,1 = €4,
Er1 = eqx (2% 2P)ey,
C1,2 = €q * (»’Uayw)zwt yles,
G = eqx (z°Y?*0) 7y ey,
Ea1 = (2% ) 7y teax (%Y 20 ey« (a0y?0) Ty ey,
Gog = (xay72,8)2h+1 2t~ 264*(xay72ﬁ)2h+1 (wayw)zyq ea,
C2,3 = €4 % (fl?txllim)zhﬂfzt_2 x (z7Y*P) 2y ey,
2h 2t~2
C3,1 = Z(il?ayfw)s(ﬁ,l * Z(l’ayw)zﬂy C1,1,
5=0 s=1

with the boundaries:
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(
~ t—=2 ~
01(é12) = ((x*y*?)" ™ Ty~ =)o,
O1(e13) = ((x°y*?)*y~' — 1)ég.1,
2t—2
32(62’1) _ (xay2,8)z+sy 10171 o (xay2,8)z+2 y 101’2 + (xay26)zy 161737
s=1
2h
02(C22) = Z (@Y~ )%e ) + (a°y? )y e s — (a°y™F) Py e s,
s=2h+1—2t—2
2h—2t72
Da(C2,3) = Z (%Y 2) e 1 — (@) Py Era — Cua,
s=0

03(¢31) = (1 — ((xayw)zwtiz?/_l)_1)52,1 + (1= ((z°y*)7y™ ) éae
+ (1= (2% %)% ey

Proof. The proof of this lemma is geometric, and it is based on an explicit descrip-
tion of the cell decomposition L of the fundamental domain. First, since Sgt(2h+1);k;l
is connected, one O-cell cg is sufficient in L, and we fix the lift ¢y of cgo by
identifying it with the end point of the basis vector e4. Next, since the quotient
space is a manifold and the fundamental domain is a 3-dimensional disc, it is clear
that we can take just one top cell. Namely, we can lift the top cell of L, and
this will be exactly L, with the boundary glued on the 2-skeleton of L, which is
precisely its boundary. By definition, L = By * Bs. So the next step is to identify
the Bj. The main problem here is that it is not difficult to realize that the two
1-dimensional complexes Bj are, in fact, in the same Dy (2541) orbit, and hence
they cannot give a set of lifts of 1-cells. This can be seen in detail in the con-
tent of Lemma 3.8. In fact, by definition, the 0-cells of Bj are the points in the
orbit of e, that belong to A;. By definition (Proposition 3.6), A;(l) = (z*1y?51)%ey *
(xa1y251)z+2‘*2e2 _ (x(xlyQﬂl)zyQt—le4 % (xa1y2ﬁ1)z+2f*2y2t—1e4, since eq = y2t—1€47
and Ay = ey * (z92y?P2)?h ey ((ay, ;) are defined in Lemma 3.8). Thus, the points
of the orbit of e4 that belong to B; are the g%y2t_1647 where g; = 2*4?%1, and
z < u < z+ 2'72, while the points of the orbit of e, that belong to B, are the gyeq,
where go = 229?52 and 0 < u < 2h + 1. Thus, choosing one 1-cell

G117 =€y * (x“2y252)e4,

we have that

242072 2h
- t_ 4 ~ ~
B, = U (xa1y2ﬁ1)uy2 710171’ By = U (zazy2ﬁ2)ucl71.
U=z u=0

We are now in the position of giving representative lifts in Z of the 1-cells of L.

Note that the 1 skeleton of L contains, beside the B;, the arcs segments I; = e4 %
J g

(zoy?P) 427 2 ey Iy = ey % (a01y200) 2y ey, I = (a0y?P) 22 ey

(wo2y?P2)2htle, and I} = (xalyzﬁl)zy?_lezl * (z2y?P2)2htle, . see Figure 8. (The
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corresponding figure for the case 2h + 1 < 2!72 is Figure 9.) We see that I} and
I and I} and I are respectively in the same orbit, and none of them is in some orbit
of the IN;. Thus we choose the minimal set of lifts of 1-cells to be the set:

é11 = eq * (2°2y?P2)ey,

~ a1, 2B1\2+2t72 2t—1
Gro = eq * (x™y?Pr) Y

~ a1,2B81\2,,2'—1
Grg = eqx (zy?P)2y? ey,

€4,

where the last two cells represent, respectively, onto I; and I5.

(Xuy»ZB)2h+164

(Xay72]!)2h+| e,

(meza)z+2"y2‘-1 |1

xy*yy*l,
7z, 241

2P
(X y )V |2 (X“y'Z“)Zh”'Z”eA

(Xotyzﬁ)z»fz‘fyz‘-1 e, (x“y'z“)eA
I
, &
ay 2B\z, ,2-1 2
o - X
(X yzﬁ)zyz 1e4 ( y )y e,
o, -2p\2h+1
Xy ™e,
a, 2p\z+27 241
Xy") "y
a, 2By 2%
xy*) e,
Oy y e, 5
:‘\/
oy 2Bp\2+27 241 e, y"yy*e,
(XYyT) "y e, 1
Figure 8

We pass now to choose the 2-cells of Z. The procedure is similar; we need to
identify the orbits of the two cells in L. Figure 8 can again be useful, where the three
2-cells with different orbits are displayed in different colors. The final minimal set of
2-cells is given in the statement. It is not difficult to see that the unique 3-cell of Z
is &3,, and is, in fact, the whole L.

Eventually, we compute the boundaries using Lemma 2.5, and we write the coef-
ficients in ZDyt(2,41) using the known description of the orbit of the point e4. This
completes the proof. O
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)2|’H1e

(Xa -2 )zw e, (x“y'zu

2| +27 9l
(xy*)* y*

Yy,
(meZB)z 241 |

(Xuy2|3)z+2 y e4

(Xuyzu)yz “(2h+1)+1 yz 1e
2B\ z+2-(2h+1),
(xy™)* y*le,

ZB)Z g

Xy
(XayZB)zyz “1 5

9
-1
Iy

(Xayz[ﬁ)zﬂ”yz

42 241

xy*y

€,

(Xuym)z»?"(zw)

241
y e,

€ oYy,

Figure 9

Proposition 3.10. Let z = m(2h + 1), and let (o, B) be integers satisfying the con-
ditions given in equation (3.8). Assume 2h+1 < 2!=2. Then, a minimal set Z of
representative lifts ¢qs (where the first index denotes the dimension) of the cells of
the cellular decomposition L of Sgt(2h+1)~k~l (recall l = 2m + 1) defined in Lemma 3.7
18:

Co,1 = €4,

G110 =eqx (x%Y~ 2'8)64,

o 2,8>z+2t Qy—l

C12=eqx (z% €4,
G5 = ea* (2%y*P) 7y ey,
G ( )z+2t 2—(2h+1) 64 % (xay—2,6)2h+1e4 % (mayQ,B)z-i-T 2y_1e4,
G2 = (@*yPP) Py eq x (@Y TP ey x (a0y?P) T O ey,
623 _ 64*( ay 2ﬁ)2h+1 ( ayZB)zy—l eu,

2h 2t=2
C3,1 = Z(xa NERE: Z ay2Bytey=le |

s=0

with the boundaries:
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- t—2 ~
31(01,2) = ((= ZJ%)Z+2 Y 1— 1)00,17
d1(ers) = ((@*y*?)Py " = 1o,
gt—2
} t—2 _
82(02,1) _ Z (xayQ,B)ersy Cl,l _ ((xayQ,B)z+2 y 1 + (xay 2,3)2h+1)cl 9
s=2t=2_2h
272 (2h+1)
Do(laz) = Y (@) e+ (2 )P e + (e P) Ty e,
s=1
2h
Do(Ea3) = D (Y )11 — ((2°y*)7y ™" + 1)er s,
s=0

85(G31) = (1 — (@) "y Da + (1 — ((2%y )2+ gy
+ (L= (@)Y~ ") ezs.

We displayed in Figures 10 (case 2k + 1 > 2¢72) and 11 (case 2h + 1 < 2!72) the
cells of the decomposition L of Sgt(% 1)kl which are in bijective correspondence

with the cells of the minimal set Z.

4. The higher dimensional cases

The definition of a fundamental domain for the action of the split metacyclic
groups on the higher dimensional spheres and the construction of the equivariant
cell complex of S47~! are based on the following general result, which permits us to
reduce the natural cellular decomposition of a join of spheres by considering blocks
of cells. Recall the action on the join representation of the spheres, as described at
the end of Section 2.4.

Lemma 4.1. Let m be a finite group acting freely and orthogonally on a sphere S™.
Assume we have a m-cellular decomposition K of S™, with fundamental domain F,
and hence that we have a cellular decomposition L of F, where L is a subcom-
plex of K, K =7L, and L = L/ﬂ' is a cell decomposition of S™/mw. Assume that
we have a subcomplex Z of L that is a minimal decomposition of F of lifts of
the cells of L. Let k be a positive integer k < 2, and consider the natural action
of m on S* ”*1) in equation (2.2). Then we have a w-cellular decomposition K’
of SF D=L with fundamental domain F' = S*=DHTD=1« F and @ minimal cell
decomposition L' of F', where L is defined as follows: The (k —1)(n+1) — 1 skele-
ton of L is L((,C Dnt1)—1) = =K. The (k—1)(n+1) skeleton L((k 1)(n+1)) of L is

obtained by attaching ko (k — 1)(n + 1)-cells to L((,C Dnt1)—1) = = K, where kg is the

number of 0-cells ¢y, of Z and the attaching map is given by the join K x Co,1- The
(k—1)(n+1) + 1 skeleton of L is obtained by attaching k1 (k —1)(n+ 1) + 1-cells
to the (k—1)(n+ 1) skeleton L((szl)(n+1) , where ky is the number of 1-cells ¢

of Z and the attaching map is given by the joint [N’I((kﬂ)(nﬂ)) * C1,1. This procedure
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CO,1

C1,1 C01

Figure 10

continues up to dimension k(n + 1) — 1, giving the cell decompositions L' of F', and
K/ _ 7T[~/ Of Sk(n+1)—1

Proof. Identify Sk +D—1 with §(k=D(n+1D=1 gn Tt is clear by the definition of join,
that the join B=Kx*K provides a 7 cellular decomposition of Sk=1)(n+1)—1 4 gn
Since the join preserves subcomplexes, C=K=«Lis a cel decomposition of F' =
SE=1)(nt+1)=1 4 F We now define a new decomposition L’ of F’ reducing the number
of the cells of C by defining new cells that are blocks of the cells of B. This procedure
simplifies the resolution of the group Z[r].

First, let the subcomplex L((k Dnt1)—1) = = K %0 = {[x,0,y0]} of KL be the
(k—=1)(n+1) — 1 skeleton of L'. Note that C is a k(n+1) — 1 disc, and that the

boundary of C' is precisely K % 0L, because K has no boundary. Thus, the action of
7 onto B will send the interior of C in sets that intersect only in their boundaries,
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Figure 11

and hence C is a fundamental domain of the 7 action on B.

Next, we start the construction of L’ Let co,j be a O-cell of L, and ¢y ; a lift of
Co,j that lays inside L. Include ¢o; in C as B¢ j. Then, (% é& ; belongs to K x
OL, and K % & ; is a disc of dimension (k; 1)(n 4 1), that is, in fact, a block of
cells of dimensions up to (k—1)(n +1) of C. Note that, by definition of the join,
the interiors of each pair of discs K * co ; and K * & h#; are disjoint, and that the
intersection of the boundaries lays in K * (). Let the discs c(,C D(nt1)) = =K« Co,; be
the ko (k — 1)(n + 1) cells of L’. They are attached to the (k — 1)(n + 1) — 1 skeleton
by the definition of the join. The (k—1)(n+1) skeleton of L is Li; 1), 41)) =
UCh—1)(ns1)4-

Let ¢1; be a 1-cell of L, and &, ; a lift of ¢; ; that lays inside L. Include & ; in C
as () x ¢ j. Then, () x ¢; ; belongs to K % OL. Moreover, c(,C Dnt1)41,5 = =K ¢1jisa

disc of dimension (k — 1)(n 4 1) 4 1 whose interior lays inside K * dL — L =1y (nt1))>
while the boundary belongs to L((k—l)(n +1))- By definition of the join,the interiors
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of each pair of discs E’(k D(nt1)+1,5° 6’(k (nt1)+1,kj AT disjoint, and the inter-

section of the boundaries of the two discs lays in L (k=1)(n+1))" The c(k D(n+1)+1,5

are, in fact, blocks of cells of dimensions up to (k—1)(n+1)+1 of C. The discs
Clh—1)(nt1)+1,; are the ko (k—1)(n+1)+1 cells of L'. They are attached to the
(k —1)(n + 1) skeleton by the definition of the join. The (k — 1)(n + 1) + 1 skeleton
of L' is Li_yyut1y) = Uuymrnyng:

This procedure continues up to the dimension k(n + 1) — 1 and gives a complex of
dimension k(n + 1) — 1 that has the same realization of C' and thus the desired new
cell decomposition L of S*=Dn+1)—1 4 F

Since the ¢, ; are lifts of the ¢, ;, it follows that K’ = wL’ has the same realization
as B. This completes the proof. O

Applying the lemma, we see that the fundamental domain of the action of Dot (2441)
on S4"~! via any representation 7y, follows immediately from the definition of the
fundamental domain F given in Proposition 3.6. In a similar way, the equivariant cell
decomposition of S4"~! follows by that of S? given in Propositions 3.9 and 3.10. The
unique point to be completed is the boundary of the cell ¢44,1, ¢ > 0. But this follows
easily considering that ¢4q1 = S%97! % G441 1, and hence its boundary is given by the
collection of all the cells of S%971, i.e., all the orbits of 7. All details can be found in
the chain complex, which is explicitly given in the next section.

5. The chain complex

We are now in the position of giving the chain complex of Z Dy (o, 1) modules for
the split metacyclic spherical space forms S2t(2h+1) el = 4”_1/7Tk;1(D2t(2h+1)).

Following standard notation in algebraic topology, we will denote by C(f( , i)
the integer chain complex of the universal covering space of a finite complex K with
the action of the fundamental group acting by covering transformations. This is a
complex of free finitely generated modules over Zm.

Theorem 5.1. The chain complex C(S;lf(ziﬂ) ap ZDa (2n41) ) of the universal cov-

ering space of the split metacyclic spherical space forms 82?(2i+1) Kl with the action
of the fundamental group acting by covering transformations, is the followmg periodic

complex of free finitely generated ZDa:(2p41) modules:

O3 o) o1
Cag+3 Cagt2 Cigp1 —> Cag —— -+,

where

C = ZDQt 2h+1) C4q]

C4q+1 = ZDyt(241)[Caq+1,15 Cag 41,25 Cagt1,3],
Cigqy2 = LDyt (2h41)[Cag12,1, Cag 12,2, Cagy2,3],

Cagt3 = LDy (2p41)[Caqr3]-

The boundaries are 9y = 0 and
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t
Osqcaq) =1+ 2z +- 4 22 )(1+y+~'+y2 71)044—1,
O1q+1(Cag11,1) = (2 —1)cuq,
t—2
Oaq+1(Cagt1,2) = ((z%y )Z+2 Yt = 1)cag,
Oagr1(Cagrrs) = @771 = Deyg
If2h +1 > 2172,
2t—2
Oaq+2(Cagr2,1) = Z/Qﬁz_1 Z(xayzﬁ) Caq+1,1 — (xay%) C4q+172 + Cag+1,3 |
s=1
2h+1
Oug+2(Cagt22) = Z (%Y ") Cagr11 + 4777 (Caga12 — Cagr1.3),
s=2h+1-2t-2
2h—2t72
a4q+2(‘34q+2,3) = Z ($a972ﬁ)sc4q+1,1 - ymz7104q+1,2 — C4¢+41,3;
s=0
t—2 t—2
Osgr3(Cagy3) = (1 — (xQ y2ﬁz+2 71)71)C4q+2,1 + (1 - y172ﬂz)c4q+2,2
t—2
+ (1 — (.’ﬂay72’3)2 )C4q+2,3.
If2h +1 < 2172,
2t—2
t—2
Oug+2(Cagr2,1) = Z (may26)sy2ﬁz 1C4q+1,1 - (xay25)2 e 1C4q+1,2
s=2t—2_2h
+ y72ﬂ(2h+1)c4q+1,37
2t=2_(2h41)
84q+2(c4q+2,2) = Z (ﬂfayw)qygﬁz Caq+1,1 T+ y_26(2h+1)04q+172
=1
—y** ey 13,
2h
O1q12(Cagr23) = Z(xay_25)sc4q+1,1 — W7+ Deagras,
s=0
t—2 t—2 1. _
a4q+3(c4q+3) = (1 - (x2 ?JZBZ+2 1) 1)C4q+2,1 +(1 - y26(2h+1))04q+2,2
+ (1 =y " cygras,

m(2h + 1), with | =
~ ker(d)),

here (a, B) is a pair of integers satisfying equation (3.8), and z =
2m + 1. This complex is exact in all middle dimensions, namely Im(0;41)
forO<j<dn—1.

Remark 5.2. One can show by direct calculations that the complex in Theorem 5.1
is semi-exact.

It is clear that taking the augmentation of the complex described in Theorem 5.1 we
obtain a 4-periodic free resolution of Z over Dyt (ap,41). This result should be compared
with the ones given in [12, Chap. 7] (on which [11] is based), which has a larger rank
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in all dimensions. On the other side, we note that the resolution in Theorem 5.1
is not the minimal one, since according to the work of O. Talelli [10], a minimal
resolution for Z over the split metacyclic groups has two generators in dimensions
4q — 2 and 4q — 1. Also note that, by applying the method of Gruenberg [5], we
obtain a resolution with one generator in dimension 0, two generators in dimension 1
and three generators in dimension 2 (see, for example, [4, 4.6]). With some algebraic
manipulations we could modify the boundaries given in Theorem 5.1 in such a way
that two of the boundaries of the 1-dimensional chains coincide with the boundaries
obtained by the Gruenberg resolution. However, we are not able to proceed further
in this direction.
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